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Abstract. We consider the classical single locus two alleles selection model
with diffusion where the fitnesses of the genotypes are density dependent.
Using a theorem of Peter Brown, we show that in a bounded domain with
homogeneous Neumann boundary conditions, the allele frequency and popu-
lation density converge to a constant equilibrium lying on the zero population
mean fitness curve. The results agree with the case without diffusion obtained
by Selgrade and Namkoong. Frequency and density dependent selection is
also considered.
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1. Introduction

The purpose of this paper is to study the asymptotic behavior of solutions to the
following system of reaction-diffusion equations

{pt szx+(nA_na)p(l _P)
(1.1)

N,=N,+nN

in the domain [a, b] x [0, c0) subject to the following boundary and initial condi-
tions

p(a, t)=p.(b, 1)=0
N.(a, )= N,(b,1)=0 (1.2)
p(x,0)=po(x), N(x,0)= Ny(x).
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In the above equations, p represents the frequency of an allele A in a single-locus
two alleles model and N represents the size of the population. The functions
na, M. and 7 represent the fitnesses of allele A, allele a and the population
respectively. They are given by

{nA=pnAA+(1—p)nAa, Na = PNaa+(1—p)na,, and (1.3)

n=pnat(1-p)n.
where Maa, Maq, Mae are the fitnesses of the three genotypes, AA, Aa and aa in
the population. These fitness functions in general may depend on x, £, p or N.
However in this paper, except for the last section, we shall assume that they
are a function of N only (density dependent). Note that 7=
P277AA+2P(1"P)"7Aa+(1 _p)znaa-

Without diffusion, that is without the terms p,, and N,,, (1.1} is a special
case of the continuous time, multi-alleles selection model in [3], p. 191. The
dynamics of that model, with the assumption that the fitnesses of all genotypes
are density dependent, have been studied by Ginzburg [4]. In the two alleles
case, Selgrade and Namkoong studied the model allowing the fitnesses to depend
on both p and N [7]. Roughgarden considered a discrete-time version of the
two-alleles model in [9], also without diffusion. Hadeler proved the global stability
of spatially homogeneous solutions of the multi-alleles selection model with
diffusion in [5]. Hadeler’s method is by constructing a Lyapunov functional
which is different from the approach in this paper.

In the absence of diffusion, when n., M4, and 7,, are density dependent
and nn <0, Selgrade and Namkoong showed that the system of o.d.e. has no
periodic solution and that the solution of the o.d.e. evolves to maximize, locally,
the population size lying on the curve n =0[1]. These facts can be proved by
applying the Poincaré-Bendixson theorem and by showing that the eigenvalues
of the linearized matrix at an equilibrium point, which occurs at a local maximum
of the curve n =0, are both negative.

Suppose now we assume that the population lives in a homogeneous habitat
and that individuals in the population diffuse randomly. Then the obvious
question is whether the results of Selgrade and Namkoong are still valid. The
purpose of this paper is to show that the answer is yes if we assume only density
dependent fitnesses and that the population lives in a bounded region with no
flux boundary conditions. For simplicity, we assume that the bounded region is
the interval [a, b] and that random diffusion is modelled by second derivative
in x.

This paper is organized into five sections. For the rest of this section, we show
that simply adding p.. and N, to the o.d.e. is only an approximation to the true
model. We also provide some justification to the study of (1.1). In the next section,
we state our hypotheses and summarize the different cases to be considered in
(2.3). In Sect. 3, we collect the mathematical results which we need to prove our
theorem. The statement of the theorem and proofs are given in Sect. 4. In Sect.
5, we consider the frequency and density dependent case where the techniques
in Sect. 4 are still applicable.

Let 2n be the total number of allele A in the population and suppose that
all the individuals in the population diffuse at the same (unit) rate. Then if we
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think of 1, and 5 as per capita growth rates of aliele A and the population, we
have

N, = Ny + nan
( >
N, =N, +7N.
Since p =n/ N, a simple calculation shows that
{pt=pxx+(m—m)p(l—p)+2(log N).p. (1.5)
N,= N,,+7N. )

Except for the last term in the first equation, (1.5) is just (1.1). On the other
hand, let ( p, N) be a solution to (1.1) and (1.2). We can prove later that (p, N)
converges uniformly in [a, b] to a constant so that (p, N) satisfies (1.5) at least
approximately for large time.

2. Hypotheses

For notational convenience, we define 17, = 144, 12= Naa, M3 = Nag- We assume
the following about the functions n;, 74— 7, and 7.

(i) m(N)eC'[0, );
(ii) 7;(0)>0 and there exists K;> 0 such that
7:(N)>0 on {0, K;) and 7,(N) <0 for N> K;; (2.1)
(iii) (ma—m.) <0 for small N and (n4—7,)>0
for large N;
(iv) (ma—na)n>0;
(v) nn<0.

Remark 2.1. Conditions (iii)-(v) say that allele A (allele a) is more fit in a large
(small) population and the average fitness of the population decreases when the
population size increases.

From conditions (1v) and (v) and the implicit function theorem, there exist
two functions N and N such that n(p, N(p)) 0and (ns—n.)(p, N(p)) 0 for
0<p=<1. Let I'; and T, be the graphs of these functions in Q={(p, N)|[0<p=1
and N=0}. Let B,=(0, K;5), B,=(1, K;) denote the endpoints of I';, y,, ;
denote the left and right-hand endpoints of I',. We assume the following about
I'yand I,.

If Iy # I',, then I'} and I, intersect no more than once in the interior of Q
and any intersection must be nontangential. (2.2)

Assuming Iy # I',, there are then four cases to consider:
Case 1. I is above TI.

Case 2. T, is below I,.

Case 3. TI'] intersects I, once with B> vy, and B, < y,.

Case 4. I'; intersects I, once with B,<%, and B,> v;.
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From the definition of N we have N’ (p)=—m,/m~. Since 0, =2(na—Ma),
the function N is monotone increasing in Case 1 and monotone decreasmg in
Case 2. Also N (p) =0 at the point where I'y, I', intersect. From (2.2), N has at
most one extremum. The point of 1ntersect10n of I'; and I is a local maximum
of N in Case 3 and a local minimum of N in Case 4.

There is also a relationship between the K;’s and the shape of I',. Suppose
K <K, <K, Then Case 2 cannot occur since in that case N is decreasmg and
N(O)—K3, N(l) K. If N<K;,n=p 2p+2p(1—p)m,+(1—p)n; is positive
for 0sp=1 so that N cannot have a minimum in (0, 1). This eliminates Case
4.1f N> K, then 7 is negative for 0= p <1 and this eliminates Case 3. Therefore,
if K;<K,<K,, we are in Case 1. Similarly, if K,> K,> K,, we are in Case 2.
We call these two cases the (heterozygote) intermediate case. If K; < K, K; < K,,
then we are in Case 3 or the (heterozygote) superior case and if K, < K3, K, < K|,
we are in Case 4 or the (heterozygote) inferior case. Note that (0, 0), (1,0), Bo
and B, are the boundary equilibria of (1.1) in all four cases. Internal equilibrium,
denoted by (p*, N*), exists for Case 3 and 4 where I, and I, intersect. We
summarize the situation below.

Case 1. T lies above I'); Ks< K, <K, or Ks<K,=K;;
I, is increasing; no internal equilibrium; only 8, is stable.
Case 2 T, lies below I,; K;=K,> K, or K;> K, = K5
TI'; is decreasing; no internal equilibrium; only B, is stable. (2.3)

Case 3. I'; intersects I', at an internal equilibrium (p*, N¥); K;<K,,
K, <K
I, has a maximum at (p*, N*) which is stable. All the four
boundary equilibria are unstable.

Case 4. T', intersects I', at an internal equilibrium (p*, N*); K;> K,,
K> K5;
I', has a minimum at ( p*, N*) which is unstable. The boundary
equilibria 8, and B, are stable while (0, 0), (1, 0) are unstable.

There is also the special case when K, = K, = K;= K. Then (94 —7,)=0 or
n =0 can only be satisfied by N = K because of (2.1) (iv) and (v). We regard
this as

Case 5. I'y=1TI, which coincides w1th the line N=K; K,=K,=K;=K.
Every point on the line N=Kis an equlllbrlum point.

3. Mathematical preliminaries
The following lemma follows easily from the maximum principle [10, Thm. 10.1].
Lemma 3.1. Let u(x, t), v(x, t) satisfy the inequalities
U, — U —f(x, 1, U) = 0, — v, — f(x, t, v) in (a, b)x (0, T)
u(x,0)=0v(x,0) in [a, b]
u(x, t)=v,(xt) forx=a,b, t>0.

where u,, v, denote differentiation in an outward normal direction. Then u=v.
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If u(x,0)>0v(x,0) for x in an open subinterval of (a,b), then u>v in
[a, b]x (0, T].

Lemma 3.2 (Existence). Let 0<< py(x)<1 and 0< Ny(x)=< M be nontrivial. Then
the system (1.1) and (1.2) admits a unique bounded nonnegative solution p(x, t),
N{x, t) in [a, b]x[0, 0©). Furthermore, 0<p(x, t)<1 in [a, b] for t>0.

Proof. We may assume that M is so large that the line N = M is above the curves
n=0 and ns—m,=0. Since 7 is negative above 7 =0, the region Q'=
{(p, N)|0<p=<1,0< N =< M} is an invariant rectangle for (1.1). First half of the
lemma follows from [10, Theorem 14.11] and (p, N)e Q' for all t=0. Let
a(x, t)=(ns—mn,)(1—p). Then p, — p,, — a(x, t)p = 0. From Lemma 3.1 with u = p,
v=0 and f(x,t,p)=a(x, t)p, we have p>0 on [a, b]x (0, ). Similarly p<1.
The proof of Lemma 3.2 is complete.

The following is taken from Exercise 7, p. 127 of Henry’s book [6].

Lemma 3.3. Suppose 2 =[a, b],f: R->R is C', f(0) =0, f(u)/uis strictly monotone
for u>0 and lim, . f(u)/u<0. Then any solution u=0 of u,=u.+f(u) in
O xR with u=0 on 32 (or du/dv+hu=0 on 442, given h==0) will tend to a
nonnegative equilibrium. If the linearization about u =0 has no positive eigenvalues,
then u(-,t)->0 as t—»>co. Otherwise, u tends to the unique positive equilibrium
solution, or u=0.

Corollary. In Lemma 3.3, suppose f(u)/ u is decreasing for u > 0 so that there exists
K >0 such that f(u)>0 on (0, K), f(u) <0 for u> K. Let u satisfy the boundary
conditions w.(x, t)=0 for x=a, b and t > 0. Then lim,_ . u{(x, t) = K uniformly on
[a, b].

Lemma 34. Let p(x,t), N(x,t) be the nonnegative, nontrivial solutions of (1.1)
and (1.2). Let K, =max{K,, K;, K3), K_=min(K,, K,, K;). Then given £ >0,
there exists T>0 such that K_—e<N(x,t)<K,.+efort=Tand xe[a,b].

Proof. We only prove the right inequality, the proof of the left inequality is
similar. Let g(N)=max(7;, 72, 71). Then clearly n{N)=<g(N) for N=0. We
can construct an f that satisfies the conditions in the corollary of Lemma 3.3
with K, <K<K,+& and g(N)N<f(N). Then N,—N,—-nN=
N,— N —f(N) in [a, b]X [0, ). Let N be the solution to N,— N —f(N)=0
in [a, b]x[0, ), N(x,0)= N(x,0) on [a, b] and N,(x, t)=0 for x=a, b and
t>0. Then according to the corollary of Lemma 3.3, N converges uniformly to
K as t-o0. Therefore, given >0, there exists T>0 such that for t=T, N<
K, + ¢ From Lemma 3.1 with u = N, v= N, we have N < N. Therefore N< N<
K. +e on[a, b]x[T, ). The proof of Lemma 3.4 is complete.

The following theorem is taken from Theorem 2.3 of Brown’s paper [2] which
deals with the system

u, = Du,, + F(u) in 2 xR" (3.1)

where u=(u,, ..., u,), F:R™>R™ is a smooth function, D =diag(d,, ..., d.),
d;>0foreachi,and 2 =R or[a, b]. When 2 =[a, b], we assume that u,(x, ) =0
for x=a, b and 1> 0. Also, u(x, 0) = uy(x) is a bounded function defined on £2.
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Theorem 3.5. Let F be smooth and assume there is an isolated critical point u* of
F, i.e. F(u®)=0. Assume that there exists a one-parameter family of rectangles
X(r)={ueR™|a(r)<u<A(r)}, 7€[0, 1] with (1) ={u*}, X (7) contracting for
7€[0,1) and where a(7) and A(7) are continuous with a(r) increasing and A(t)
decreasing.

Then if u(x, t) is a solution to the Cauchy problem mentioned above satisfying
u(x, T)e X(0) for all x& 2 and some T =0, then lim,_, u(x, f) = u™*, uniformly
for x € £2.

Remark 3.1. Contracting in the above theorem means that the vector field F(u)
points strictly into 3 (r) for u belonging to the boundary of X (7).
The following is taken from Theorem 14.17 of Smoller’s book [10].

Theorem 3.6. Consider (3.1) with 2=[a, b], u.(x,t)=0 for x=a,b and t>0,
u(x, 0) = ug(x). Assume that (3.1) admits a bounded invariant region X and that
ug(x)e X for all xe Q. Let o =Ad — C where A >0 is the principal eigenvalue of
~3*/ax* on L with homogeneous Neumann boundary conditions, d=
min{d;; i=1,..., m} and C =max{|dF,|: ue 3}. dF, is the Jacobian matrix of F
at u. If 0> 0, then there exist positive constants C,, C, such that |u(x, t)— a#(t)|<
C, e uniformly for x in [a,b], |g(t)|<C,e " for t>0 where (1)=
1/1Q2|fqu(x, t) dx and g(t) = da/dt — F(i1).

4, Theorem and proofs

We show in this section that the solutions to (1.1) and (1.2) with appropriate
initial conditions, converge uniformly to the stable constant equilibrium for Cases
1 through 4 of our model. Case 5 has to be treated differently. Recall that Cases
1 through 5 are described in (2.3).

Theoreh 4.1. Let (p, N) be a nontrivial bounded solution to (1.1), (1.2). Then in
Case 1. lim,,.(p, N)=(1, K,) uniformly on [a, b].

Case 2. If T, is above the line N =K; or if p(x,0)<p in [a, b], where p is the
smallest positive root to the equation (na—n,)(p, K3)=0, then lim,,(p, N)=
(0, K3) uniformly on [a, b].

Case 3. Let (p*, N¥*) be the internal equilbrium and suppose v, < K, where vy, is
the left-hand endpoint of I',. Suppose also that there exist ¢ >0 and a curve I' in
Q'={(p, N)|o<p=<1, 0< N < M} such that I' is increasing, lies between I', and
I, and passes through the points (e, K, —¢), (p*, N*) and (1—¢, Ky+¢). Then
lim,,«(p, N)=(p*, N*) uniformly on [a, b].

Case 4 (Threshold behavior). Let (p*, N*) be the internal equilibrium. Suppose
there exist € >0 and I that lies between I'y and I, for p*+e<p=<1, I increases
from the point (p*+e, K,—¢€) to B,=(1, K,) and p|(x)=p*+¢ on [a, b]. Then
lim,.(p, N)=(1, K;) uniformly on [a,b]. However, if (po(x), No(x)) is
sufficiently close to (0, K3), then lim,.(p, N)= (0, K3) uniformly on [a, b].
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Case 5. Let A be the principal eigenvalue of the operator —3*/3x” on [a, b] with
homogeneous Neumann boundary conditions. Let f={(ns—n,)p(1—p), g=nN
and C =max{|f,|, | fv|- g, |g~|: 0<p=<1, 0< N<M}. Suppose A >4C. Then
lim,_(p, N)=(p, K) uniformly in [a, b] for some constant p.

Proof. From Lemmas 3.2 and 3.4, we may assume that there exists £ >0 such
that e<py(x)<1—¢ and K —e< Ny(x)<K,+¢ on[aq, b]. From Theorem 3.5,
it suffices to show that there exists a family of contracting rectangles 2(7),
decreasing to the constant equilibrium such that (py(x), No(x)) € Z(0). We do
so by defining the appropriate 2(7) in each case. For convenience, we define

f(p, N)=(na—m,)p(1—p) and g(p, N)=nN.

Case 1. From (2.3), there exists a curve I" in Q' such that I" is between I', and
I',, I' is increasing, ¢ defined above is so small that (g, K;—¢) lies on I and
finally, the right-hand endpoint of I' equals B,=(1,K;). Let A(r)=
(1, 7K, + (1 —7)M) and a(7) lies on I" such that a(0) = (¢, K5 —¢), a{7) increases
to a(1)=p, as 711. Let () ={(p, N)|a(7)<(p, N)< A(r)} for 0< 7<1. Then
X (7) is a family of rectangles in Q' decreasing to X(1)= 8, as 711. For each
0= 7 <1, since the upper and lower sides of X(7) lie on opposite sides of ['; and
the left side of X (7) lies above I',, 2(7) is a contracting rectangle except for the
right side that lies on p=1. There, f=0 and (f, g) points toward 8,. Brown’s
theorem can be extended to cover this case. Since e<py(x)<1 and K;—¢<
No(x}< M, we have ( po(x), No(x))e 2(0) on [a, b]. Our result then follows from
Theorem 3.5.

Case 2. We first assume that I', is above the line N = K;. By continuity, we may
assume that I', is above the line N = K;+ ¢ where ¢ is defined at the beginning
of the proof and is sufficiently small. Since I', is decreasing, there exists a curve
I" such that I' lies between I, and I',, I' is increasing, the left-hand endpoint
of I'is By=(0, K;) and (1 —¢, K;+¢) lieson I Let A(7) lieon I"' for0s7<1,
A(0)=(1—¢, Kste), A(r) decreases to A(l)=B, as 711. Let a(7r)=
(0, TK3;+(1—7)(K,—¢)) and 2 () ={(p, N)|a(r)<(p, N)< A(7)} for 0=r=<1.
We also choose A(7) such that the lower right corner of the rectangle 2 (7) lies
below I';. Then X(7) is a contrcting rectangle (except on the left side) and X (1)
decreases to 2 (1) =(0, K3) as 711. Also ( py, No) € 2(0). Our result then follows
from Theorem 3.5. For the second half of Case 2, we observe that I, is above
I') on the interval [0, p]. A proof similar to the first half would yield the desired
result.

Case 3. We assume that K, < Kj;, this being the more difficult case to prove.
Note that v, , the right-hand endpoint of I',, is above K, since (94— 7,)(1, K,) =
1.(K,) <0. Similarly K,> N*. Let A(7) lie on I" for 0= =<1 and decreases from
A(0)=(1-¢, Kr+e) to A(1)=(p*, N*¥) as 771 1. Similarly, let a(7) lic on I for
0= r=1and increases from a(0) = (g, K, — &) to a(1) =(p*, N*). We also choose
A(7) and a(7) such that the rectangle 3(7) ={(p, N)|a(7)=<(p, N)=<A(7)} has
its lower right-hand corner lie below I';. Then it is easy to see that 3(7) is
contracting for 0<7<1, 3(1)=(p*, N*) and (p,, No)€ X(0). Our result then
follows from Theorem 3.5. One way to guarantee the existence of I' in the
hypotheses of the theorem is for I'; to be increasing. This happens for example
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if m;+71;—27m,<0 on [0, M]. Note that if vy, is above K, and K, < K3, then
contracting rectangles cannot be constructed since (f, g) will be pointing outward
on the left-side below I',. (See Fig. 1).

Case 4. Without loss of generality, we assume that K, < K;. Note that since
7(p,K;)>0 for all p, K,<N* Also y,<K,. Now let A(r)=
(1, 7K, +(1—7)(K;+¢€)) and a(r) lie on I, a(r) increases from a(0)=
(p*+e K,—e) to a(l)=(1,K,) as +71. Let ZX2(7r)={(p, N)a(r)=
(p, N)< A(7)}. Then X(r) is a contracting rectangle (except on the right side)
for each 0< r <1 and decreases to (1) =(1, K,) as 71 1. Also { ps(x), Ny(x)) e
3(0) from our hypotheses. The first half of Case 4 follows from Theorem 3.5.
The proof of the second half is the same. Sufficiently close means (py, N,) belong
to a rectangle that lie under I, and contains B, = (0, K;) on its left side. Note
that I, is decreasing if n;+ n3—27,>0.

Case 5. All points on the line N =K are equilibrium points. The solutions to
(1.1) without diffusion increases and turn left below N = K, decreases and turn
right above N =K. From Lemma 3.4, N converges to K uniformly on [a, b].
From Theorem 3.6 and our hypotheses, to show that p converges to some value
p it suffices to show that the spatial average p approaches a constant. Note that
the norm of the matrix dF, is no greater than 4C by Schwarz’s inequality. Since
dp/dt=(1—-N/K)e(x, t)+g(t) where |¢(x, t)| is bounded and |g(1)|< C, e,
it suffices to show that N converges to K sufficiently fast so that |1— N/K| is
integrable. Let 7. (N)=max{n,(N), n,(N), 7:(N)} on [0, ). Then "7+>0 on
[0,K), n.<0on (K, ). Also =<7, and 0= N,—~ N, ,—-n9N=N,— ~n.N.
Let y, B> 0 satisfy N(x,0)< K+ vy on{a, b]and § — >0 where § > 0 is chosen
so that 5. (N)<8(1—- N/K) on [0, K+ vy]. Then w=(K +ye ?) satisfies w, —
W — w20, w, =0 and w(x, 0) = N(x, 0). The first inequality follows from the
fact that —m.(w)w=—n,(w)K =8ye ®. Therefore, Lemma 3.1 implies that

~K<ye ™ Similarly we can show that —y' e ®"< N—K so that N, and

N
A Yl
A B
s > r -
«
(p*,N* ry
Y, 7
0 « 1 K Fig. 1. Initially, DC has to be below K,. If
D C o Yo> K, then part of AD will be below I, so
0 1 that 2(0) cannot be contracting
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hence N, converges to K exponentially. The proof of Case 5 is complete and so
is Theorem 4.1.

5. Frequency and density dependent selection

In this section, we shall examine the possibility of extending the results in Sect.
4 to the case when 7,, 1., n; are both frequency and density dependent. Consider
the reaction-diffusion equations (1.1) subject to the boundary and initial condi-
tions (1.2). We continue to assume conditions (2.1) except that we replace (2.1)(i)
by m:(p, N)e C'([0, 1]1X[0, 0)) and (2.1)(ii) by :(p, 0)> 0 and 7;(p, M) <0 for
some M > 0. Of course (1.3) is still valid.

Let Q' be defined as before. Then Q' is an invariant rectangle so that solutions
of (1.1), (1.2) with initial data in Q' exist for all >0 and lie in Q’. From (2.1)(iv)
and (v), N(p) and ](J(p) are defined on [0, 1]. Let I'}, I', be their graphs and
let By, B, be the endpoints of I'j, v,, v, be the endpoints of I, in Q'. Since
np #2(na—m7,), We cannot say anything about the monotonicity of I;. We
continue to assume (2.2) so that we have the four cases listed right after (2.2).
In Cases 3 and 4, let (p*, N*) be the intersection of I}, I, inside Q’. It is clear
that Bo, B, (0,0), and (1, 0) are the boundary equilibria in all four cases and
(p*, N*) is the internal equilibrium in Cases 3 and 4. The stability properties of
these equilibria (assuming no diffusion) remain the same as in the frequency
independent case. Thus B, is stable in Case 1, 8 is stable in Case 2, (p*, N*)
is stable in Case 3 and B, B, are stable in Case 4. Lemmas 3.1, 3.2 and Theorem
3.5 are results taken from elsewhere and will not be affected by our new assump-
tions. Lemma 3.4 is still valid if we replace K., K_by K, = max{N(p)|O$p <1}
and K_= min{N (p)|0=<p=<1}. The proof is very similar to that given in Sect. 3.

We are now ready to examine the results of Cases 1 through 4 of Theorem
4.1. The idea is to find a family of contracting rectangles X(7)=
{(p, N)|a(r)<(p, N)<A(7)}in Q',0=< r=<1, such that ( p,, Np) € £(0) and Z(1)
equals to the desired stable equilibrium. X (7) is contracting if the left side lies
above I, the right side lies below I', and the top and bottom of X(7) lies on
opposite sides of I';. Since I'; and I', are not monotone, there is no general way
of constructing X(7) like the frequency independent case and the fact that
(po, Ny) € 2(0) generally becomes an additional hypothesis on the initial data.
We discuss the four cases briefly below.

In Case 1, suppose B, is the maximum point of I} (i.e. K, occurs at p=1).
Then one can construct an increasing curve I between I'; and I, such that its
right hand endpoint is 8;. The left hand endpoint (= a(0)) should be extended
as close to the p =0 axis as possible. Then one can choose a(7) to lie on I” and
A(7) to lie on the p =1 axis above B, for 0= 7=<1, both converging to 8, as 711.
In Case 2, suppose B, is the maximum point of I';. Then the method used in the
second half of Case 2 of Theorem 4.1 may be employed to construct 3 (7). Case
3 is perhaps the most difficult case since the internal equilibrium ( p*, N*) need
not be a local maximum of ;. All one can say is that I', is increasing at (p*, N*)
and if I' is also increasing there, then one can construct locally an increasing
curve I" between I, and I', that passes through (p*, N*). Then one can construct
X (r)at(p*, N*).If I', has a very negative slope at (p*, N*), then the construction
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of (1), even locally, may not be possible. Finally in Case 4, suppose B, is the
maximum point of I'; for p*< p<1, then one can construct an increasing curve
I between I', and I', with right hand endpoint at 8;. One can then construct
2(7) as in the frequency independent case.
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