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Abstract. A detailed analysis of a general class of STRS epidemic models s given.
Sufficient conditions are derived which guarantee the global stability of the
endemic equilibrium solution. Further conditions are found which ensure
instability for the equilibrium. Finally, the dependence of the stability on the
contact number and the ratio of the mean length of infection to the mean
removed time is considered.
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§1. Introduction

The study of time-lag induced oscillations in cyclic epidemic models has been the
subject of considerable interest. The purpose of this paper is to give a more detailed
analysis of a general class of SIRS models derived in [4] and to determine to what
extent the special cases of this model discussed there are representative of the model
as a whole.

In the SIRS model under consideration the population (assumed to be uniform,
homogeneously mixed and of constant size) is subdivided into subclasses of
susceptibles, infectives and removed individuals, who are, respectively, capable of
becoming infected, infectious and isolated or immune as a result of having been
infectious. The respective fractions of the entire population in each of these classes
at time 7 will be denoted by S(¢), I(f) and R(¥). Individuals are assumed to pass from
the susceptible class to the infective class to the removed class and back again to the
susceptible class with the expected length of time of traversal for such a “cycle”
finite. The transfer rate from the susceptible class, S, to the infective class, 1, is
assumed to be proportional to product ST with the proportionality constant, § > 0,
interpreted as the mean number of effective contacts per unit time per infective.
Individuals enter the removed class from 7 at a rate proportional to I; the
proportionality constant, y > 0, is the reciprocal of the mean infective time. To
describe the transfer rate from R to S, we define P(¢) for ¢ > 0 to be the probability
that an individual who became removed at time 0 is still removed at time ¢. P(?) is
non-negative, non-increasing, P(0*) = P(0) = 1 and P(cc) = 0. We assume that
the average length of immunity, @ = [ P(¢)dt, is finite. Additional requirements
will be imposed on P later.
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With the preceding delineations, the SIRS model is described by the system of
equations,

I(t) = Lye ™ + ﬁjt S(xM(x)e 72 dx, (1.1)

R(1) = Ro(t) + vy Jl I(x)P(t — x)dx, (1.2)
and

SO+ IH+ R =1 for t=0. (1.3)

I(0) = I, > 0 is the initial fraction infected and Ry(¢) = 0 is the fraction of the
population initially removed and still removed at time ¢. Clearly Ry(f) < 1 and is
non-increasing, and moreover, we assume R, (?) tends to 0 as t - + oo. It is shown
in[4] that (1.1) —(1.2) — (1.3) admits a unique solution defined for all > 0 and that
the model is “well-posed” in the sense that S(¢), I(z), R(¥) > 0 for all > 0.
Moreover, when the contact number ¢ = f/y < 1 all solutions, (S(¢), I(f), R(?)) of
(1.1)—(1.2)—(1.3) approach (1, 0, 0) as t - + 0.

Equations (1.1)—(1.2)-(1.3) may be reformulated as an equivalent scalar
equation,
T

I'(t) = —yI+ BI[I — I — Ro(t) - yj It — w)P(u) du] (1.4)

0
with initial condition I(0) = I,. When ¢ > 1 (1.4) has a positive “endemic”
equilibrium solution defined by L(#) = (1 — (1/6))/(1 + wy) which satisfies (1.4)
when Ro(f) = y [* LP(u) du.

If the removed period is assumed to have a constant duration (i.e. P(¢) = 1 for
0<t<w; P()=0 for t> w), the equilibrium solution, /,, may be locally
asymptotically stable or unstable depending on the parameters (y, o). Using Hopf
bifurcation techniques it is shown in [4] that the model supports stable, non-trivial
periodic solutions for parameter values (y, o) near those at which the endemic
equilibrium changes stability. Similar results hold when the removed class is divided
into n = 3 subclasses, where the transfers R; > R;,; (i=1,...,n — 1)and R, —» S
all occur at a rate &, proportional to R;(f) and R,(?), respectively.

In section 2 we consider the general model (1.4) and derive sufficient conditions
on P(t) so that the endemic equilibrium is the asymptotic limit of all positive
solutions of (1.4). Section 3 is devoted to determining qualitative conditions on P()
that ensure that the endemic equilibrium is unstable for some choice of ¢ and y. In
the final section we consider the dependence of the stability of the endemic
equilibrium on the parameters, (wy, 7).

§2. Global Stability

The goal of this section is to derive conditions on the probability P(#) which imply
global stability of the endemic equilibrium state for the model (1.1)—(1.2) —(1.3). A
general, yet unintuitive, condition is provided by the following theorem.
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Theorem 2.1. Assume

J‘ j P(u#)duds < oo 2.1
0 s
and
1+ yj cos(vs)P(s)ds >0  for all veR. 2.2)
0

Then all solutions of (1.1)—(1.2)—(1.3) satisfy

lim (S(2), (1), R(2)) = G L, a)yle> .

=0

Proof. The limits of S(¢) and R(z) will follow from (1.2) and (1.3) once the limit of I(¢)
is established. Thus it suffices to consider (1.4) alone.
Since I(z) > 0 for all 1 > 0 we may make the change of variable

2(t) = In(I(5)/L). 2.3)

In terms of the new variable z(¢), (1.4) becomes

7)) = - J g(z(t — w) du(u) + f(2) 24
(]

and

z(0) = In(Jo/1,)
where

g@) =€ -1,  u0)=0,
u(uy = Bi, + vpl, fﬂ P(v)dv for u>0,

and

() = — BRy(®) + yﬁ]ef P(u) du for t=0.
t
Clearly f{r) > 0 as 7 — oo and the measure p has finite total variationon 0 < u € w
equal to (e — 1).

Equation (2.4) isnow in the form studied by Londen; in order to make use of his
results there we must verify: (i) solutions of (2.4) are bounded and (ii) Re ji(v) > 0,
where [ denotes the Fourier transform of the measure u. An argument by
contradiction may be used to verify (i). Details are omitted. (ii) follows equally
easily from (2.2) since, for all v,

ac

0

Re fi(v) = BI, [1 + yj cos(vs)P(s) ds:|.

Thus, Theorem 3 of [6] applies and we may conclude g(z(¢)) — 0 as ¢ — o0, and the
theorem is established.
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Remark 2.2. If the length of time an individual spends in the removed class is
denoted by the random variable 7, it is easily seen that (2.1) is equivalent to
requiring t to have two moments. Also, (2.2) holds whenever o = [J P()dr < 1/y,
i.e. whenever the mean removed time is less than the mean infective time.

Remark 2.3. Both (2.1) and (2.2) are implied by
P(t + 5) < P(H)P(s) for all ¢,5=0. (2.5)

Indeed, A(?) = In P(¢) is a non-positive subadditive function for ¢ > 0. By Theorem
7.6.1 of [5]

o= lim@=inf@

t—= o0 t t>0 t

is finite. Since P(f) -0 as t— oo, we conclude o < 0 so that for all large ¢,
h(?) < (2/2)t and P(¢) < e*?"; (2.1) follows since « < 0.
For (2.2) it suffices to note from (2.5) that for v > 0 and- each n =0,1,2, ...

(n+ 1)(2n/v) (n+$)(2n/v) T
J‘ cos(vs)P(s)ds = f cos(vs) [P(s) - P <s + —)] ds = 0.
v

n(2nv) n(2n/v)

Note that P(t + s)/P(s) may be given the interpretation as the conditional
probability that an individual will remain immune ¢ more units given that he has
already been immune s units. Thus, (2.5) asserts that the probability that an
individual remains immune an additional ¢ units is a non-increasing function of
time, that is, short removed periods in a sense are more likely than long ones. In
discussing a non-cyclic STR model with delay in the infective class, Wang [10]
makes use of the assumption (2.5) with a similar interpretation to obtain estimates
on the maximum number of infectives.

Example 2.4. Consider the SIRS model in which the class R is divided into two
subclasses, R, and R,. Denote by R;(¢) and R,(¢) the fractions of the;population in
each of these classes and assume the transfer rate between R, and R, is proportional
to R,(?), the transfer rate from R, to Sis proportional to R,(¥) and the transfer rates
from S to I and Ito R, are as described earlier. The model S - 7 — Ry - R, —» S'is
governed by the equations

I'= —yI + BIS; 10) = I, > 0, (2.6)
R, = — &R, +yI; Ri(0) =Ry ,0 20, @2.7)
R, = — &R, +&Ri;  Ry(0)=R;020 2.8)
and
S@+I0) + R+ Ry()=1; >0 29

with &, &, positive proportionality constants.
Equations (2.7) and (2.8) may be integrated so that

t

R() = Ry(t) + Ry(t) = Ry(8) + yj I(t — s)P(s)ds

o]
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where

t
Ro(t) = Ry (0)e ™" + Ry(0)e™ % + Ry(0)ese™* J e e gy
0

and

3
P(f) = e % 4+ sle‘sz’f elez e gy
0
With P and R, as above, each solution of (2.6)—(2.7)—(2.8)—(2.9) may be
identified with a solution of (1.1)—(1.2) —(1.3). Since &3, &, > 0, (2.1) is satisfied by
P and Ry(f) » 0 as t > c0. For (2.2), an elementary computation reveals

® e182(e1 + &2)
1+ cos(vs)P(s)ds = 1 + >0 for all v.
y!o (VS) ( ) y(gi, + VZ)(Sg + VZ) v

Therefore, by the theorem all solutions of (2.6) —(2.7) —(2.8) —(2.9) satisfy

Loy
(S(t)> I(t)! Rl(t)s RZ(I)) - (; H Ie: E_Ie’ _Ie)

1 &

1 5
Ie=<1 —_>/<1 +l+i).
2 &1 &y

Remark 2.5. For the more general model S -7/—- R; - R, » -+ - R, — S where
n > 2, it is known that the endemic equilibrium ceases to be globally attracting for
all values of the parameters, in fact, in the case g, = &, = - - - = g, = ¢, the model
possesses (for various g, y and &) an unstable endemic equilibrium and a stable
periodic solution (see [4] and Example 3.3). For the case » = 1 global stability of
the endemic equilibrium was shown in [3].

where

§3. An Instability Criterion

As discussed in the remarks following Theorem 2.1, the endemic equilibrium for
(1.1)—(1.2) — (1.3) is globally attracting provided the removed time is in some sense
“small”. We will now show, on the other hand, that when the removed time is
“large” the endemic equilibrium can always be made unstable for appropriate
choices of ¢ and y.

Theorem 3.1. Assume (2.1) and

1+ yj cos(vs)P(s)ds < 0 3.1

0
Jor some v,y > 0. Then for some ¢ > 1 the “equilibrium solution” K(t) = I, of (1.4) is
unstable. That is, there exists a 6 > 0 and sequences {1,(0)}, {Ro (*)} and {t,} such
that tm > Oa Im(o) - Iea ”-RO(t) - er j:o P(u) du”oo d 0 and |I(tm7 Im(O): RO,m) - Ie|
2 0. (|||l denotes the usual L®-norm on R*.)
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Proof. Under the change of variables (2.3), it suffices to show that the zero solution
of (2.4) (where () = 0 and z(0) = 0) is unstable. By [ 7] we need only show that for
some y > 0 and o > 1 there is a zero, 4, of

A = Ao, = 4+ 20 [1 T J " o 4p(s) ds] (3.2)
1 + oy 0

with Re A > 0. Let 4 = u + iv and consider real and imaginary parts of 4(1) = 0:

0=M+““1”D¢¢mew@fwmgm] (3.3)
1 4+ wy 0
_ 2 @
0=v—gl—glj sin(vs)e*P(s) ds. (3.4)
1+a)y 0

By (2.1) the function v — [ cos(vs)P(s) ds is continuously differentiable and is non-
constant by the Riemann-Lebesgue lemma. Therefore by (3.1) we may find vy > 0
8o that [ cos(ves)P(s)ds < 0 and

o

B = (d/dv) j cos(vs)P(s) ds
0

= — j sin(vys)sP(s) ds # 0.
0

Let y5 ' = — [7 cos(ves)P(s)ds and g, > 1 be defined so that (3.4) holds when
u=0,v=yvyand y =y,

Define F: Rt x R%2 - R? by
me+wm%q

Ku;v,0) =
37,0) [ImA(qu 30, 70)

By the choice of y,, 6 and vo, F(0; vy, 5o) = (0,0). By (2.1), F can be extended to a
continuously differentiable function in a neighborhood of (0, v¢, 6o) and, in fact,

'Ycz)ﬂVo

det D, ,F(0, vo, 00) = — T+ on
0

The result now follows from the Implicit Function Theorem.

Remark 3.2. The hypothesis, (3.1), of the theorem is satisfied if for some s > 0
1 — P(25) > 4(1 — P(s)). (3.5)

We demonstrate that (3.5) implies the existerice of a v such that {¥ cos(vs)P(s) ds < 0
(which in turn implies (3.1) for some y). Assume the contrary and define Q to be the
even extension of P to R. The Fourier transform of Q satisfies

a0

oW = jw e O(s)ds = 2 J cos(vs)P(s)ds =0  for all v.

—

A standard fact from harmonic analysisA(e. g.[9], p. 15) asserts that since Q € L'(R),
0 > 0 and Q is continuous at 0, then Q € L'(R), the inversion formula holds and
0(0) = [* O(x) dx. Thus integrating the trigonometric inequality

1 — cos(2vs) = 2(1 — cos?(vs)) < 4(1 — cos(vs))
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against Q(v), we obtain

[1-0@s)] <41 - Q]

Since Q(s) = P(s) for s = 0, (3.5) is contradicted, establishing the implication.

As before (1 — P(s))/(1 — P(2s)) may be interpreted as the conditional proba-
bility that an individual’s immune period is less than s units given that it is less than
2s units. Thus (3.5) suggests that instability of the endemic equilibrium results when
long removed periods are more likely than short ones. Condition (3.5) is clearly
satisfied when the removed period is assumed to have constant length w. (See
section 1.)

Example 3.3. For the general multiple removed class model, S—»7— R, - R, —
« = R, — S, of Remark 2.5 (withe = ¢; = ¢, = -+ = g,), the associated proba-
bility is

TR = D)1

P(t) = [1 +(st)+(8t) R e }e‘*"‘.

One obtains easily that

. 1 —=P@) 1
Iim ———M— = —.
no | — P21y 27

Thus, (3.5)is satisfied for n > 2;forn = 1,2 (3.5) must obviously fail to hold in light
of Example 2.4 and Remark 2.5.

§4. Dependence of Stability on ¢ and wy

We conclude with a brief discussion of the stability of the endemic equilibrium as a
function of the ratio of the mean removed time to the mean length of infection and
the contact number. The following lemma easily adapted from [1, 2] provides a
useful way of determining local asymptotic stability of the endemic equilibrium.

Lemma 4.1. Assume that
A(A) #0 for all Rel> 0. 4.1)

Then the endemic equilibrium solution of (1.4) is locally asymptotically stable in the
sense that given ¢ > 0, there exists ann > 0 such that if || Ro(t) — yI, [ P(u)dull,, < 5
and|ly — L] < nthen ||I(t, In, Ry(*)) — L||, < eand I(t, Iy, Ro(*)) > I,as t = + .

We now proceed to show that (1.1) —(1.2) —(1.3) has a locally asymptotically
stable endemic equilibrium if either (i) the ratio of the second moments of the
infective time to the removed time is sufficiently large compared to the contact
number or (ii) the ratio of the mean removed time to the mean infective time is
sufficiently small compared to the contact number.

Theorem 4.2. Assume (2.1) and wy = 1. If either

I+ wy

ym

) o—1<
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or

(ii) g—1>2(1 + wy)

holds where m = {7 sP(s)ds is finite by (2.1), then the endemic equilibrium is locally
asymptotically stable.

Proof. For (i), we apply a result of Stech [8, Theorem 1] (where “a” = (¢ — 1)y and
“n(s)” = u(— s)/(y(¢ — 1))) and conclude that all zeros of A have non-positive real
parts when (¢ — 1)y(my/(1 + wy)) < 1. Moreover, since Im A(iv) = 0 implies

1+y0 j © sin(vs)
(c—1p* Jo s

purely imaginary zeros are also impossible.
Suppose (i) holds; we first show that there are no purely imaginary roots. Since
A =0 is never a root, we may integrate by parts to obtain

J e MP(s)ds =~ ‘:1 + J e’ dP(s)].
0 A 0

Using this relation in A(iv) = 0 and separating real and imaginary parts, we arrive at

SP(s)ds < m

r sin(vs) dP(s) = - 4.2)
0 v
and
f " cos(s) dP(s) = T2 _\2 1, 4.3)
) (6 — Dy

Squaring each equation and adding,
2 1 + 2
() -1 -
v (o — 1)y

2
0<<m> <2<1+a)y>_1
(o — 1)y g—1
and the assertion.

To show that there are no roots with Re A > 0 we fix g, and y, so that (ii) holds
and assume A(Ao; 0o, 7o) = 0 with Re g > 0. For 6 > 0 define P,(s) = e~ *P(s) and
denote by w; and A4, the corresponding entities obtained by replacing P with P; in
their definitions. Routine estimates show that A; (analytic for Rel > —d)
converges uniformly on compact subsets of Re A > 0 as § — 0 and with y [0, yo].
Rouche’s theorem applied to a small disk centered at 4, implies that 4,,(2; 60, y0)
has atoot 1 with Re 1 > Onear A, if 5, > 01is chosen sufficiently small. Also, choose
8o so small that (i) holds for w = w;,, 6 = 0, and y = y,. Now, the zeros of
A5(* ;00,y) must leave Re 4 > 0 as y decreases from y, to less than w;_ -1 (by Remark
2.2). An easy estimate of (3.2) shows that any zero, 7, of Az, with Re 7 > 0 must

2

r ™ dP(s)

0

which gives
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satisfy |4] < (g4 — 1)yo. Thus 4;(4) must have a purely imaginary zero for some y €
[a)(;)l,yo]. This is a contradiction, proving the final assertion.

To summarize, when the mean removed time, w, is less than the mean infective
time, 1/y, the endemic equilibrium is always globally attracting (see Remark 2.2).
Theorem 4.2 implies that when the ratio wy exceeds one there is at most a bounded
interval of contact numbers, given by

2(1 + wy)
P(Z? + 0?)
(where X2 is the variance of t) on which the endemic equilibrium can fail to be
locally asymptotically stable. For fixed variance, this interval increases in size as the

ratio wy increases. This was observed in the special case of constant removed period
in [4].

1
<o —1<2(1 + wy); m=§(22+w2)

References

1. Grossman, S. 1., Miller, R. K.: Perturbation theory for Volterra integrodifferential systems. J. Diff.
Equations 8, 457474 (1971)

2. Grossman, S. I., Miller, R. K.: Nonlinear Volterra integrodifferential systems with L!-kernels.
J. Diff. Equations 13, 551 — 556 (1973)

3. Hethcote, H. W.: Qualitative analyses of communicable disease models. Math. Biosci. 28, 335 —356
(1976)

4. Hethcote, H. W_, Stech, H. W., van den Driessche, P.: Nonlinear oscillations in epidemic models.
SIAM J. Appl. Math., in press (1981)

5. Hille, E., Phillips, R. S.: Functional analysis and semi-groups. Amer. Math. Soc. Colloq. Publ. Vol.
31, Providence, R.I., 1957

6. Londen, S. O.: On the variation of the solutions of a nonlinear integral equation. J. Math. Anal.
Appl. 52, 430—449 (1975)

7. Miller, R. K., Nohel, J. A.: A stable manifold theorem for a system of Volterra integrodifferential
equations. SIAM J. Math. Anal. 6, 506 —522 (1975)

8. Stech, H. W.: The effect of time lags on the stability of the equilibrium state of a population growth
equation. J. Math. Biol. 5, 115—130 (1978)

9. Stein, E. M., Weiss, G.: Introduction to Fourier analysis on Euclidean spaces. Princeton Univ.
Press, 1971

10. Wang, F. J. S.: Perturbation and maximum number of infectives of some SIR epidemic models.

SIAM J. Math. Anal. 10, 721 —727 (1979)

Received September 10, 1979/Revised July 16, 1980



