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Abstract. We consider discrete time stochastic processes defined by solutions to
some non-linear difference equations whose coefficients are autocorrelated
random sequences. It is proved that these processes converge weakly in D[0, T']
to diffusion processes, under the assumption that the random sequences satisfy
some mixing condition. Diffusion approximation for stochastic selection
models in population genetics is discussed, as the application of this limit
theorem.
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1. Introduction

The change of gene frequency is usually described by a discrete time model in
population genetics. Stochastic selection and size (random sampling) effect are the
main stochastic factors for gene frequency change. Generally, the stochastic
selection is autocorrelated from generation to generation.

Experimentally observable quantities in population genetics are the distribution
of gene frequency, moments of gene frequency, and so on. It is difficult, however, to
obtain in the discrete time model the explicit expression for these quantities. To
obtain it, so-called “diffusion model” (diffusion approximation) is frequently made
use of for the original discrete time model. The explicit expression for the above
quantities can then be obtained in the diffusion model with the help of the theory of
diffusion processes; here, Kolmogorov forward and backward equations are
extensively used [Kimura (1955, 1964); Jensen and Pollak (1969); Crow and
Kimura (1970); Kimura and Ohta (1971); Gillespie (1973a, b; 1978); Hartl and
Cook (1973, 1974); Cook and Hartl (1974); Karlin and Levikson (1974); Karlin
and Lieberman (1974); Levikson and Karlin (1975); Takahata et al. (1975); Hartl
(1977); Li (1977); Maruyama (1977); Ewens (1979)].

However, in these treatises the diffusion approximation has been introduced
more or less heuristically. As to the adequacy of the diffusion approximation, Feller
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(1951) studied for the first time how a passage from a Markov chain of gene
frequencies to a diffusion process could be effected. For such discrete time Markov
processes the convergence to the corresponding diffusion processes has been proved
for many cases where the stochastic factor is size effect [ Trotter (1958); Watterson
(1962); Guess (1973); Sato (1976a, b, c; 1978)] and/or stochastic selection without
autocorrelation [Okada (1979)]. On the other hand, rigorous results are few for the
case of autocorrelated stochastic selection, where gene frequencies of a discrete time
model do not form a Markov process. For results of weak convergence of a
sequence of continuous time non-Markovian processes to a diffusion process, see
Papanicolaou and Kohler (1974) and Kurtz (1975). Norman (1975) studied the
diffusion approximation of discrete time non-Markovian processes, but his result is
not suitable to the autocorrelated stochastic selection. Guess and Gillespie (1977)
proved weak convergence of the discrete time processes defined by solutions to
linear first-order stochastic difference equations of the form

Xyr1 — X = A(sy) + B(s) Xy (k=0,1,2,..), (1.1

where 4 and B are functions of an autocorrelated stochastic variable s,.

However, the difference equation of stochastic selection in population genetics
is usually non-linear. For instance, consider a haploid model in which the genotypes
A and a have fitness 1 + s, and 1 in the kth generation. In this model the change of
the gene frequency of A allele is given by

5 X (1 — X))

Xes1— Xy = T ok (1.2)
where X, is the gene frequency in the kth generation. For such non-linear cases,
Gillespie and Guess (1978) heuristically gave the form of the limiting diffusion
processes by patching together of linear processes.

In this paper, we consider discrete time stochastic processes defined by solutions
to some non-linear first-order stochastic difference equations such as (1.2). We
prove weak convergence of the processes assuming that the sequence of bounded
random variables {s,} is a certain ¢-mixing process with mean zero. The definition
of the ¢-mixing process and the related inequalities are given in §2. In §3 we consider
discrete time processes {Z} defined by solutions to

Zw

m = ZW =g+ 2G(ZW, s, &) (1.3)

Here, {s{"} (n = 1,2,...)is a sequence of ¢-mixing processes with mixing rate ¢,(k)
such that v, = Y ¢2(k) < co. The sequences of positive parameters ¢, and v,
satisfy the condition lim, _, ., £,v, = 0. We prove, under certain conditions on the
function G(Z", 5", ¢,), weak convergence of z(r) = Z{}), | to some diffusion
process, applying a theorem of Gikhman [Gikhman (1969)].

In §4, we consider the more general case of discrete time processes {X |}, which

are defined by solutions to
X, = X0 = e f(XNSY + eg(X0, 57, 6)}, (1.4)

where f(x) and g(x, s, &) are certain functions of x and (x, s, ¢). Using the results of

§3, we also prove weak convergence of x™(¢) = X{7, | to some diffusion process.
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The limiting properties of { X, } of (1.2) can then be studied as a special case of that of
{X of (1.4). In §5 we apply our result to stochastic selection models in population
genetlcs.

2. Preliminaries
2.1 ¢-Mixing Processes and Inequalities for Moments

Let {s(w)};. _, be a strictly stationary sequence of random variables on a
probability space (Q,7,P). Let #}> be a c-algebra generated by {s.}i2,
(—oo <k <k, < oo) Consnder a functlon ¢: {0,1,2,...} »[0,1] such that
L=¢0)2¢(1) 2 -, lim, ., $(m) =

Definition. {5} _  is ¢-mixing (uniformly mixing) if, for each k (— o0 < k < )
and for each m (m > 0)

SUp{|P(E,|E ) — P(E,)|; E\e F* , E,e 5, ,.} = p(m). 2.1
Here we regard P(E,|E ) — P(E,) = 0, if P(E|) = 0 [see Billingsley (1968) p. 166].

In this section, we assume that {s,}°. _ _ is a strictly stationary ¢-mixing process
withy =Y'" ¢'2(k) < o0, S = sup, ,, |si(w)] < oo and E{s,} = 0. E{x} means the
expectation of x. For this process we get the following inequalities.

Lemma 2.1.

Y k) <, 2.2)

=0

-

b8

kp(k) < (v — D2 (2.3)

1

1)

k

Proof. The first inequality is obvious since 0 < ¢(k) < 1. For each integer n(n > 1)

g ko(k) = Z Z o(k) < Z ¢2(j) Z M2(k) < (v — D2 24

i=1k=j =j

This leads to the second inequality.

Lemma 2.2. If £ is F* _-measurable and |£| < C; < oo and y is F . m-measurable
(m = 0) and ln| < C, < o0, then for each ky and k, (— o0 <k, <k, <k)

\E{EnlF 52} — E{EF 2 E{n}] < 2C1Ca¢(m). 2.5)

Proof. Since we can approximate & and n by simple random variables, in treating the
general case we may suppose that

¢ = Yuita, 2.6)

n= ) Vixs, Q.7
j

where {4} ({B;}) is a finite decomposition of Q into elements of F* _ (F =, ). y4is
the indicator function of 4. In this case
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E{n} = ZUjP(Bj)a (2.8)

J
E{{ 73 = Z_uiP(Ailﬁ’,if ) (2.9)
E{£n|97’,:f} = Zuiij(Aileﬁﬁf). (2.10)

For each Fe # {2, P(F) > 0 we have

2. uivP(4:B|F) — {Z uiP(AiIF)} {Z v;P(B j)}

= ZuinP(AilF)P(BjIAiF) - zuinP(AilF)P(Bj)
< CICZZP(AJF)Z]P(BAAiF) — P(B))|. (2.11)

J

AsA,FeF* and Bje 7, ,,the proof of Lemma 20.1 of Billingsley (1968) implies
Y |P(B|A:F) — P(B)| < 2¢(m). (2.12)
J

Therefore we have

Y uw;P(4:Bj|F) — {Z uiP(AiIF)} {Z v,-P(Bj)}

This leads to (2.5).
Lemma 2.3. For each i, j and k (k < i <j)

<2C,Cp(m).  (2.13)

) |E{sis;}| <282¢(j — 1), 2.14)
(i1) \E{sis]| T~} < 282¢( — ), . (2.15)
(iii) \E{sis)|F~ ) — E{sisi}l < 482¢(( = k) (7 — 1), (2.16)

where m°n = max(m, n).

Proof. As E{s;} = 0, Lemma 20.2 of Billingsley (1968) and Lemma 2.2 lead to (1)
and (ii) immediately. We show (iii). If j — i > i — k, we have

|E{sisi|F* o} — E{sisi} < |E{sisi|F X |+ |E{sis;}

< 48%¢(i - ), 217
using (i) and (). If j — i < i — k, we have
|E{sis)|F* o} — E{sis}l < 28%¢(i — k). (2.18)

Here we used Lemma 2.2 for le #* _ and sis;€ #°.

Lemma 2.4. For each k and m (— 0 <k < o0, m > 1)

(& el( B

<168%(v — 2. (2.19)
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Proof. By an inequality

m m m-—j
< Z sk+_]> 2 Z Z sk+1sk+1+l (220)
j=1

j=1i=0

and (iii) of Lemma 2.3, we have

n 2 nt 2 m m-j
(5ol ol e 5 Fo
ji=1 ji=1 ji=11i=0
< 168? Z #(j) = 1682 Z Jd() < 1682y — 1A (22D
ll_]\Jl
Lemma 2.5. For each k and m (— 0 <k < 0, m=1)
m 2
’E{( Y sk+j) }—- mV| < 4S%(v — 1), (2.22)
j=1
where
Y E{ses;} (2.23)

j==o00
Proof. By stationarity, we have

&)1

S (m— DEGsos) —m Y, Efsos;)

j=-m j=—w
<2m Z [E{s08;}] + 2 Z JIE{S0S;}|
j=m+1 i=1

< 4msS? Z ¢(J)+4SZZJ¢>(}) 48y — 1),

j=m+1

(2.24)
Corollary 2.6.
0 V<485, (2.25)
Proof. By Lemma 2.5, we have
m 2
)E{( Y sk+j> }/m — V| <45y - 1)¥/m. (2.26)
j=1
As v < 00, (2.26) means V = 0.
On the other hand, by stationarity, we have
VI<2 Y |E{sos;} <48 ) ¢(j) < 4S%. .27
i=0 j=0

By Lemma 2.4 and Lemma 2.5, we have the following proposition.
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Lemma 2.7. For each k and m (— o0 <k < o0, m>=1)

A5

The following inequality is obvious from Lemma 20.4 of Billingsley (1968).

<208%(v — )2, (2.28)

ﬁ"_w}—mV

Lemma 2.8. For each positive 4,

P( Z Sk
k=1
where ¢ > 0 and ¢* = 768.

> 5) < (cS5/6)*m?v? m=1, (2.29)

The following inequality estimates the maximum of the partial sums.

Lemma 2.9. For each m (m > 1),

k 4
E{[max( Y s )] } < KS*m%v?, (2.30)
k€m j=1
whergz K is a positive constant.
Proof. Let
t; = 5;/Sv'/? A<j<m, (2.31)

then by Lemma 20.4 of Billingsley (1968), we have

E{( f z,-)4} < c*m?. (2.32)

Therefore, by Corollary Bl of Serfling (1970),

E{[max( i t]- )]4} < Km?, (2.33)
k<m

j=1
where K is a constant. Substituting (2.31) into (2.33), we have (2.30).

Corollary 2.10. For each positive 9,

P(max(
k<m

where K is a positive constant.

k

XS

j=1

) > 5) < KS*m*v/s* (mz 1), (2.34)

2.2 A Criterion for the Convergence of the Finite-Dimensional Distribution

Gikhman (1969) gave a criterion for the convergence of the finite-dimensional
distribution of a sequence of R%valued random processes to that of a diffusion
process. We consider the simple case of 4 = 1 and time homogeneity.

Let {y,(?), ([0, T])} be a sequence of real-valued random processes satisfying
the following conditions.

(1) There exist a sequence of families of monotonically increasing o-algebras
{F,0), (te[0,T])}, a sequence of decompositions {t,, k=0,1,2,...,m,;
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n=1,2,...}of theinterval [0,7],0 =t <t, < " <ty = T, max, dt, —0
(n — o0), and real-valued continuous functions a(z) and b(z), (ze R) such that
a) y.(t) is # (t)-measurable for any te{0,T],n=1,2,...,

b) P(| Ayl > O|F o(tui)) = Py Aluks (2.35)
C) E{Xé(Aynk)AynkIg;n(tnk)} = b(yn(znk)) Atnk + p;;kAtnk’ (236)
d) E{1s(49u)(AYu)*|F (1w} = a(0u(tui)) Atuic + iy Al (2.37)

where Aty = tus 1) = to AV = Vallute+ 1)) = Yallue)s x5(x) = 1, 1f [x] <6, and
1s(x) = 0 otherwise, § is an arbitrarily fixed positive constant.

(2) The functions b(z) and c(z) = a*/?(z), together with their derivatives up to
fourth order inclusive, are continuous and bounded.

my—1

3) S E{pl, + ol + 10l At~ 0 as n— . (238)
=0

k

(4) The distribution of y,(0) converges weakly to that of a random variable y,.

Theorem 2.11 (Gikhman). Assume (1), (2), (3) and (4), then the finite-dimensional
distribution of y,(t), (te [0, T) converges weakly to that of a diffusion process with
diffusion term a(z) and drift term b(z). Its initial distribution is the distribution of y,.

3. The Case Corresponding to Diffusion Processes with Constant Diffusion Term

In this section we consider weak convergence of a sequence of real-valued discrete
time stochastic processes {Z", k = 0,1,2,...} ,, defined by solutions to (1.3).

Considering (1.3), we introduce the following conditions:

[S] {s"> __ (n=1,2,...)is a sequence of strictly stationary ¢-mixing processes,
on a probability space (Q,%,P), with v, =32 ¢ (k) <, S=
SUP, 1.0 IS™(w)] < 00 and E{s"} =0 (k=0,1,2,..., n=1,2,...). Here, ¢,(k) is
mixing rate of the process {s™}. {v,}®, is a non-decreasing sequence. s’
(n=1,2,...) have a common distribution.

[E] ¢, and &,v, tend to O as n tends to co. Let V, = )
then there exists a positive constant ¥ = lim,_, ., V,,/v,.

E{sPsi™ (n=1,2,...),

— o0

Remark. If ¥ exists, then 0 < ¥ < 452 is obvious by Corollary 2.6.
[1] G(z,s,¢) is a function on R x [— S, 8] x (0, 1) satisfying

) G(z,s,8) = H(z,s) + R(z, s, ¢). (3.1)
Here R(z,s,¢) is a uniformly bounded function, and lim,., R(s) = 0, where
R(e) = sup. ;|R(z, 5, ¢)|.

(ii) H(z, s) is fourth continuously differentiable with respect to z, and together
with its derivatives up to fourth order inclusive are continuous and uniformly

bounded.
(iii)) H(z,s) is continuous and uniformly bounded on R x [ — S, S7.
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[II] ZPeR (n =1,2,...) are random variables satisfying

i) Z™ is independent of {s"}*® _ (n=1,2,...).
0 k Jk © .
(i) Z{ converges weakly to a random variable zoe R as n — oo.

First, we prove the convergence of the finite-dimensional distribution applying
Theorem 2.11. From here on, let T be an arbitrarily fixed positive constant.

Theorem 3.1. Assume [S], [E], [1] and [I1]. Define a sequence of continuous time
stochastic processes {z'"(t), te[0, T1}2,, by
() = ZW

HEN G2
where [ x] is the largest integer that does not exceed x.
Then the finite-dimensional distribution of 2(¢), (te [0, T]) converges weakly to

that of a diffusion process z(t), (te [0, T]) whose inﬁnitesimal generator 4 is

Y= 3 %2 22 +u s(z) 3.3)
and the distribution of z(0) is that of z,. Here we put
= lim i, 3.4
n->aw Vn
and
Hy(2) = E{H(z,s{(w))}, (zeR). (3.5)

Remark. Hz) is fourth continuously differentiable, and together with its de-
rivatives up to fourth order inclusive are uniformly bounded, since H(z, s) satisfies

(i) of [17.

Proof. Let FO (m > > 1) be a g-algebra generated by {s{”}7"_, and Z{’, and
F™ beao- algebra generated by Z®. Z{"is # | -measurable by the deﬁmtlon of
VA "‘) Let

(t) - gl/)snw.] -1 (n 1) (36)

{F (1), te[0, T}, is a sequence of monotonically increasing o-algebras, and
20(t) is & ,(t)-measurable.

Next, we define a sequence of decompositions {¢,,, k = 0,1,2,...,m,;n = 1} of
the interval [0, 7] as follows. Let

ti=ky,  (O<k<m,—1), 1, =T (3.7
where
o = eava[1/e(en)’]l, (O <a<?), (3.8)
and
m, = [T/y,] + 1. (3.9)

Yo and Aty = typ+1) — tw (0 < k <m, — 1) tend to 0 as n tends to oo, because of

[E].
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Let
a(z) =7, (3.10)
b(z) = pHz). (3.11)

We prove that the condition (3) of Theorem 2.11 is satisfied for {z"(z),
te[0, 71} . Fork=0,1,2,...,m, — 2,

Az = 2t 1) — 27(t) = AnZ s (3.12)

where
m = [1/&,(,v,)"], (3.13)
AZP =270, -2 (ki 0). (3.14)

By (3.6) and (3.12), we have
P = PUAZR] > OIF (tu))/ Ay
= P(|4,,Z"” | > d|lF ™ )/mekv,, (3.15)

[tnx/edvnl [tni/edvn] — 1
P = E{AZ 3 s(AZNF (1)} At — b2 (1))
= E{A'"Zgl:k/E%vn]X‘s(AmZ(n) vn])l‘o/7 g‘:k/s%vn]‘ 1}/?)183\1,,

[tni/e?:
— BHAZE, ) (3.16)
o = E{(AZE) 4 A2SNF Wt} At — a(2(1,1))
= E{(AnZi) jo)”* XA Z ) sits N (- 1} Imeve = ¥, (3.17)

for k=0,1,2,...,m, — 2, where ¢ is an arbitrarily fixed positive constant.

In the following, it is enough to assume that H(z, s) is a linear combination of the
product of uniformly bounded functions on R and [ — S, S, because we can obtain
the essentially same estimations in Lemma A.4 and Lemma A.5 under the condition
(iii) of [I] using Stone-Weierstrass theorem and the uniform tightness of the
distribution of Z{.

The right-hand sides of the inequalities in Lemma A.1, Lemma A.3 and Lemma
A.5 tend to 0 as n — o, since me, — oo and m>g*y, — 0 asn - oo in this case. If we
consider sufficiently large n, the condition me? < §/M in these lemmas is satisfied
for all m since me? — 0 as n — co in this case. By (3.15), (3.16), (3.17) and these
lemmas, we have

mp—2
S E{py + oLl + ol Aty -0 as n— 0. (3.18)
k=0
It is easy to see that E{prim,— 1)} E{1pym, - 1|} and E{|p}, yl} tend to O asn — co,
by the same way.

Therefore, condition (3) of Theorem 2.11 is satisfied. Since all the other
conditions of this theorem are clearly satisfied, we get the conclusion.

Next, we consider weak convergence in D[0, T]. D[0,T] is the space of
functions on [0, T'] that are right-continuous and have left-hand limits, and with
the Skorohod topology, D[0, 7'] is a separable metric space (see Billingsley (1968)).
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Let P, be a probability measure on D[0, T'] induced by z™(¢), (t [0, T]). The
convergence of the finite-dimensional distribution of z(z) to z(¢) leads weak
convergence of z(¢) to z(t) in D[0, T'], if {P,} >, is uniformly tight (see Theorem
15.1 of Billingsley (1968)). By Theorem 8.2, Theorem 8.3 and Theorem 15.5 of
Billingsley (1968), a sufficient condition for uniform tightness of {P,} in D[0, T] is
that following [T-1] and [T-2] are satisfied.

[T-17 For each positive #, there exists a K such that
P(Z"O0) >K)<n  (n=1). (3.19)

[T-2] For each positive s and 7, there exists a §, with 0 < é < 1, and an integer n,
such that

P< sup |z2%(s) — z(1)| = s) / <y (n = ny), (3.20)

t<s<t+4
for all 1[0, T — 5].
We can really show that [T-17 and [T-2] are satisfied, as follows.

Theorem 3.2. Assume all the conditions of Theorem 3.1, then {z™(¢)}2. | converges
weakly in D0, T'], to the diffusion process z(t).

Proof. [T-1] is obvious, as we assume (ii) of [II]. We show that [T-2] is satisfied.
By the definition of z™(¢), we have

sup [27(s) — 2N = sup |Z{D,, ) — Z{ls,,l
t<s<st+46 1<s€t+d

<max(4Z0, 15 1 <k <[§/e2v]+1). (321)

[t/ehvn

If we put m = [6/¢2v,] + 1, then the condition m < &/Me? in Lemma A.6 is satisfied
for all mand n (n > n,) for sufficiently small 6 (§ > 0) and large n;. We choose such
a ¢ and consider # such that n > n;. Using Lemma A.6, we have

P( sup |2(s) — z(¢)| = 8)
(<s<t+4

< Pmax(4Z0,, 3 1 <k <[8/ev,] + 1) > &)

< 62K([6/e2v,)e2va/d + €2v,/0)*[{e — ([8/e2v,)e? + e IM}*,  (3.22)
where K and M are positive constants. Since g, and ¢v, tend to 0 as n — oo, we can

choosea d with 0 < 6 < 1 and an integer n, (ny = n,) such that (3.20) is satisfied for
all 1[0, T].

4. General Case
In this section, we consider a sequence of discrete time processes
(X, k=0,1,2,...}%,

defined by solutions to (1.4). We prove that a sequence of continuous time processes
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X(t) = X1,

vl (te[0,T]) 4.1
converges weakly to a diffusion process x(¢). Considering (1.4), we introduce the

following conditions:

[1II] f(x) is a function satisfying

(i) There exists an open interval L = (x,x;), (— o0 < x; < X, < 00) such
that f(x) > 0 on L.

(ii) If |x;| < oo, then f(x;) = 0 and there exists a positive constant B such that
f(x) < Blx ~ x;| for any xe L in some neighbourhood of x;. If |x;| = oo, then
lim,.,,. (= 1) {*(1/f(y))dy = o for fixed ce L (i = 1,2).

(iil) f(x) is fifth continuously differentiable on L. f(x), together with its
derivatives up to fifth order inclusive, are continuous and uniformly bounded on L.

[1V] g(x,s,¢) is a function on L x [~ §,S] x (0, 1) satisfying
O g(x, s,€) = h(x,s) + r(x,s,¢). (4.2)

Here r(x,s,¢) is a uniformly bounded function, and lim,.,7(c) =0, where
?(8) = Supx,s\r(-xa 55 8)]

(i) A(x,s)is fourth continuously differentiable with respect to x, and together
with its derivatives up to fourth order inclusive are continuous and uniformly
bounded.

(iii) A(x, s) is continuous and uniformly bounded on L x[— S, S7].

[V] X?eL (n=1,2,...) are random variables satisfying
(i) X is independent of {s"}> _  (n=1,2,...).
(i) X% converges weakly to a random variable xo€ L as n — oo.
Applying Theorem 3.2, we prove the following theorem.

Theorem 4.1. Assume [S], [E], [I1], [IV] and [V], then {x"(z), (t€ [0, T]},
converges weakly in D[0, T'] to a diffusion process x(t) whose infinitesimal generator
g is

174 V- 0
= /% ) A ){ £ —f—(x> + uhs(x)} (43)
and the distribution of x(0) is that of x,. Here we put
hy(x) = E{h(x,s8(@))}  (xeL) (4.4)
and
v = E{(s™)2). (4.5)

Remark. (i) The solution X" of (1.4) always stays in the interval L for sufficiently
small g,, because of [III] and [IV].

(ii) Weak convergence in D[0, T implies the convergence of the finite-
dimensional distribution in this case, since x(¢) is continuous with probability one
(see Billingsley (1968), p. 124).

(iii) Recently, Kushner and Huang (1981), using a method of the martingale
problem of Stroock and Varadhan (1979), obtained general results for weak
convergence of a sequence of stochastic difference equations defined on R to a



118 M. lizuka and H. Matsuda
diffusion process, where the mixing rate ¢,(k) is independent of ». In this case, for
L = R, Theorem 4.1 reduces to a special case of their results.

Proof. Define a sequence of discrete time processes {Z", k =0,1,2,...}>*  bya
transformation of the sequence of processes {X\", k =0,1,2,...} , as follows.

ZP =FXP)  (k=0,n>1), (4.6)
where
* ]
Fx)=| —d L), 4.7
) Lf(y)y (el) @D

for fixed ce L. By [III], {Z{"} is a sequence of real-valued processes, F(x) is sixth
differentiable on L, and F(x) is invertible. Let F = F(z) be the inverse function of
F(x).

First, we prove weak convergence of z"(t) = Z{7,, |
applying Theorem 3.2. The increment of Z{" is

42 = Z{, - ZP = gL, - FOP)

to some diffusion process

2
F
XONAXPY + QX0 87, 8,), (4.8)

— dF(X(n)) AX(") + 1d (
Cdx Ok k2 dx?
where
AXM =X ;C"j{ L= X, (4.9)
and

dr 1 d°F
QX P, ) = FIXYL ) = FOX) = — (X) AX(P = - == (XP)(4X ) (4.10)
X X

is a function of (X{™, s, ¢.), since X . and AX™ are functions of (X, s ¢,).
i A k k n k+1 k k k
We show in Appendix that
sup|Q(x, s, &)|/e® < o 4.11)
X,5,¢

for sufficiently small ¢ (see Lemma A.7). Substituting (1.4), (4.2) and (4.7) into (4.8),
we have

AZY = s + & {h(X sy — %(Si”’)Z%(X i’”)} +e,q(X, 57, &), (4.12)
where
g(x,s,8) = r(x, 5,8) + Q(x, 5, €)/e%. (4.13)
By condition (i) of [IV] and (4.11), g(x, 5, &) is uniformly bounded and
suplg(x, s, &)l = 0 (e —0). (4.14)

X8

Therefore, we have
AZP = g, + 2H(ZP, sM) + 2R(Z, s, &), (4.15)
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where
2 df
H(z,s5) = h(Fz),s) — — ——( F(z)), (4.16)
and
R(z, 5, ¢) = q(F(2), 5, ¢). 4.17)
By [1I1], [IV] and (4.14), we have
sup |H(z, 5)| < oo, (4.18)
sup|R(z, s, &)| < o0, (4.19)
sup [R(z,s,¢)| —» 0 (e~ 0). (4.20)

z,§

Using [1I17, [TV], [V], (4.18), (4.19) and (4.20), we can see that all the conditions of
Theorem 3.2 are satisfied for the sequence of processes {Z™} defined by the
transformation of { X"} by F. Therefore, {z"(¢)} converges weakly in D[0, T]to a
diffusion process z(¢). By Corollary 1 to Theorem 5.1 of Billingsley (1968), we have
weak convergence of {x"(¢)} in D[0, T'], since F{(z) is continuous.

Finally, we decide the infinitesimal generator of the limit process x(¢). We can
represent z(z) by the following stochastic differential equation of Ito type,

dz(t) = VY2 dB, + pH,(z(t)) dt, 4.21)

where Hy(z) = E{H(z,5{")}, (ze R), and B, is a one-dimensional Brownian motion.
Using Ito’s formula [Ito (1961), p. 187], we have a stochastic differential equation
for x(z) = F(z(t)) as follows.
dx(t) dFd (t) L &F Vdt
=g

o 7 df
= fx(){V'?>dB, + pH((z(1))dt} + ~f (X(t))a(x(t)) dt

il _J:(x(z))+uhs(x(z))} 1 (4.22)

= P'2f(x(1)) dB, +f(x(l)){

Therefore,

14 0% V—w df 0
G =—f2x)— — h — 2
2f (x) e + /1 (X){ 7 dr (x) + phy(x) " (4.23)
is the infinitesimal generator of the limiting diffusion process x(z).

5. Stochastic Selection Models in Population Genetics

Let us interpret and apply the result of the preceding section to stochastic selection
models in population genetics.
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First, consider the haploid model represented by (1.2). In order to include the
case E{s,} # 0, we write the random variable s, of the stationary stochastic process
in (1.2) as

S, = €0y + £°6, (5.1
where
E{oy} =0, (5.2)

¢ is a positive constant much smaller than 1, and ¢ is a constant of the order of 1.
Random variables {5,} are uniformly bounded, and {¢,} __ is a strictly
stationary ¢-mixing process with v =)'  ¢'/*(k) < oo. The parameter vis a kind
of relaxation time.

Then, (1.2) can be rewritten as

5 X3)?
AXk = Xk+1 - Xk = Ska(l - Xk){l —Ska +M}

1+ Ska

= X (1 — X) {sak — (e6)* X, + £%6

. (0r + €6)° X, :|}
-l 260, +62 ————— —— 15, 5.3
¢ [ 7ok T e 1 + &loy + €6) X, (5-3)
Taking g, for s{” in (1.4), we get comparing (5.3) with (1.4):
Jfx) = x(1 — x), (5.4)
+ £6)%x
g(X,O',S)=&—62x+8{—(250+52)+%}. (5.5)

These functions are easily verified to satisfy conditions [111]} and [IV] of Theorem
4.1 by setting x; = 0, and x, = 1. Therefore, if ev is sufficiently smaller than 1, the
diffusion approximation is justified by Theorem 4.1 noting the condition [E].

In (4.1) the continuous time ¢ is associated with the [#/¢2v,]th generation of the
original discrete model. However, in the diffusion approximation of population
genetics it is natural and convenient to'take a generation as a unit of time. In order
to obtain an appropriate infinitesimal generator of the approximative diffusion
process in this time unit, we only have to multiply ¢ in (4.3) by ¢2v,. Thus, from
(4.3), (5.4) and (5.5) we obtain the diffusion and drift term of the generator
corresponding to the case yu # 0 as

G- a(x) 0* b 0 56
AT 0
a(x) = V{x(1 — x))2, (5.7)

and

V—v
b(x) = x(1 — x) {s’ —ux + T(] — 2x)}, (5.8)
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where
5= &G = E{sy}, (5.9)
v = e2E{g2} = Var{s3}, (5.10)
V=2¢ > Efoeo}= ) Covisy,s}. (5.11)
k=— k=—o0

Thecase u = 0can beregarded as an extreme case of u # 0 such that max(|5|,v) « V
as aresult of a significant autocorrelation. Therefore, in the following we apply our
theorem for u # 0.

Remark. The cases u # 0 and p = 0 correspond to the “mildly autocorrelated” and
the “moderately autocorrelated” cases of Gillespie and Guess (1978).

Next, let us consider the diploid model. Let W, ,(k), W (k) and W, (k) be the
fitness of genotypes A4, Aa, and aa in the kth generation. We give these fitnesses in
the form

WAA(k) = 1 + O(Sk,
Waak) = 1 + Bsi, (5.12)
W.ok) =1+ ps,

where ¢, B, and y are constant parameters. Assuming random mating, we obtain the
gene frequency change of A-allele as

WaaXE + W Xi(1 — X))

A WX = X) + Wl — X
_Z ; l s;ff(;kii;) {1+ 02X, — D)}, (5.13)
where
J(x) = ax? + 2Bx(1 — x) + y(1 — x)?, (5.14)
and
g2t (5.15)
o=
Here, we restrict ourselves to the case
a#v and |0 <1, (5.16)

in order that Theorem 4.1 can be used.

When the selection is genic, we have § = 0 by definition, so that we may call the
constant parameter 6 ‘‘non-genicity index”. It is related to the degree of dominance
h of A-aliele as

0=1-2h (5.17)
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where / is defined by

W alk) — Wk
b 4a(K) ( ). (5.18)
WAA(k) - Waa(k)
In the same way as we have obtained (5.4) and (5.5) from (5.3), we get from
(5.13):

F0) =2 1 — {1 — 6(1 — 2x)}, (5.19)

hy(x) =

" x(1 = x){1 — 61 — 2x)}é — E[a21J(x)}. (5.20)

Therefore, by Theorem 4.1 the appropriate infinitesimal generator for the above
diploid model has the diffusion and drift term given by

a(x) = V(“—;ly (x(1 = 01 = 61 — 20112, (5.21)

bx) = 2 x(1 — 0){1 — 61 — 2x)} {s )

yV
2

where 5, v and V are given by (5.9), (5.10) and (5.11).
Noting in (5.12) that without loss of generality we can put

—0(1 — 6x + 6x2)]}, (5.22)

=7
=1 .
5 , (5.23)
we can write instead of (5.18) and (5.19) as
a(x) = V{x(1 — x)[1 — 0(1 — 2x)]}2, (5.24)

b(x) = x(1 — x){1 — 6(1 — 2x)} {E — vJ(x)

+ V—;f[(l —2x) — 6(1 — 6x + 6x2)]}. (5.25)

When the stochastic variables have no autocorrelation, we have by (5.10) and
(5.11) ¥V = v. For V = v, the drift term may give a delicate effect dependent on the
detail of the selection scheme. Indeed, even for the case of genic selection, 6 = 0,
where we have

b(x) = x(1 — x){§ + vo(1 — 2x — B)}, (5.26)

this drift term acts either centrifugally or centripetally to gene frequency x
according to the value of §.

On the other hand, when the autocorrelation is significant to the extent
max(|5],v) « V, and the non-genicity index 6 is close to zero, then the diffusion and
drift term a(x) and b(x) are invariably approximated by
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ap(x) = V{x(1 — x)}2, (5.27)

V.
box) = = (1 = x)(1 = 2x). (5.28)

Using the diffusion model for stochastic selection essentially based on the
diffusion and drift term given by (5.27) and (5.28), Matsuda and Gojobori (1979)
analyzed the data of protein polymorphism.

When the effect of mutation is included, g(x,s,¢) in (1.4) cannot satisfy
condition [1V], since f{(x) — 0 as x — 0 or x — 1, while f(x)g(x, s, ¢) does not vanish
there in the presence of mutation. In this sense, there still remains a logical gap in the
mathematical foundation of the diffusion approximation of stochastic selection
models. Apart such drawbacks our result shows that the diffusion approximation is
indeed valid even in the presence of autocorrelation so long as we have ev « 1, that
is so long as the gene frequency change during the time span of the relaxation time
of the mixing process is very small compared to 1. It also gives the correct
infinitesimal generator of the approximating diffusion process to be used.
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Yamada for their advice from mathematical points of view. We are indebted to Dr. K. Ishii for his
interest and comments.

Appendix

We prove several lemmas that are necessary for the estimate in §3 and §4. Without loss of generality, we
can assume that all the bounded functions appearing in these sections have common bound M (M < o).
All the quantities that are not defined in this section are defined in these sections. First, we estimate the
cummulative sum 4,2 = Z{) | — ZP.

Lemma A.1. For each positive 5,
P(|4,Z7)| > 8)/melv, < {cS/6 — Mmze2)}*me2y, A <m< /M2, k =0) (A1)
where c is a positive constant.

Proof. For each positive integer m (m < 5/Me?), we have

P4, 2] > 8) < P(e,,

+Mm£,2,>5>=P(

m—1 m—1

{n) {n)
> s, > s >5/£,,‘Mme,,>
j=0 ji=0

< {eS/(6 — Mme?)}*melv,. (A2)
Here, we used Lemma 2.8 for the estimate of the last inequality.
Lemma A.2. For each integer k (k = 0),
E{E[nZMF 0 ] — me2V, |}
< 208%82(v, — D)* + 2eSMm®2e3y12 + M2m2e? (m = 0). (A.3)
Proof. For each integer m (m = 1) and k (k = 0), we have
(4,2 F P ) — a2V

m—1 2
(5
i=0

<é?

9";"11} —mV,

+ 2MmelE {

m-1

|| g 2,24
Y s, J’k‘l}+M m2g?
Jj=0
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m-1 4 1/4

< 20522y, — 1)* + 2Mms} <E{< ¥y Sf‘"ij) 5'7;"11}) + M2im?et.
j=0

We applied Lemma 2.7 for the last inequality. Here, by Lemma 20.4 of Billingsley (1968),

A(E e <l e

i=0 j=0

m-1 4\ 174
= (E{( 3 s}‘"ij) }) < eS(mv,)'2.
j=o0

We have the conclusion from (A.4) and (A.5).
Lemma A.3. For each positive o,
E{ET{AnZY AnZEVF P ] — me2 Vi mel,
< 208%(v, — D)¥/my, + 2eSM(mel/v,)'? + M2*mel/v,
+ (S + Me)*{eSH6 — MmeD)Y¥miedv, (1 <m < /M2, k = 0).
Proof. For each integer m (m > 1), we have

|E{X6(AmZ}¢"))(AmZ;;"))2|'97;;"1 1} - msf Vil

< |E{(AnZAF M 3 — ma2V,| + (Sme, + Mme2)*E{l — y5(AnZMNF ™ 3.

By Lemma A.1,
E{E[1 ~ 1(4nZNF 1} = P(4nZ{| > 6) < (cS/(6 ~ MmeZ)}mPeiv?.
We have the conclusion from Lemma A.2 and (A.8).
Lemma A.4. For each integer k (k = 0),
E{E[4,Z0\F (). ] — me2H(ZP)]}
€ 28e,(vy — 1) 4+ 2LM?e2(v, — 1) + cSMm32e3v1/2 + M2m?c} + R(egme?  (m > 0),
where L is the number of terms of linear combination in H(z,s).
Proof. For simplicity, we consider the case of L = 1. We can write
H(z, 5) = f(2)g(s),

where f(z) and g(s) are uniformly bounded functions on R and [ — S, S] respectively.
For each integer m (m = 1) and &k (k = 0), let’

T = |E{4nZP\F 0} — mel HA(ZP).
We expand H(Z{", , 5", ) as follows.
n) {n) n) o) 0H (n) (n) olm) n}
H(ZY .55 ) = HZP, s ) + —a‘z‘(Zk + 04,27, 5% ) 4,

where 0 < 0(w) < 1. Substituting (A.12) into (A.11), we have

m—1
JO, < Y {eEls | F 0 | + e ELHEZY, s NF ) — H(ZON + Rienyme;
j=0

m m-1
<286, Y, ¢) +er 1 {IE[H(Zi"‘, SUANFL ] — H(ZP)
j=1

i=1

oH ~
+ 'E [a— @0 + 0(w) 4,20, 57 ) 4,2 97;:'11]} + Rieyme?
zZ

(A.4)

(A.5)

(A.6)

A7)

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)
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m—1
< 28e,vs — D+ ) ¥ AELHEZP, sg I F01 — H(ZD)

j=0
+ ME[A,ZO| F 1)+ Riemel. (A.13)
Since Z{" js #" ,-measurable, we have
VEVH(ZE, SO F0 1) — HAZD) < SZPVEG(SE )N 730 1) — FZD)Eg (s}
S MIE{g(sO 20} - Elgs )N <2M2,(j+ ). (A14)

We used Lemma 2.2 for the estimate of the last inequality. On the other hand, by Lemma 20.4 of

Billingsley (1968), we have
j-1 4 1/4
} + Mjel < 8"<E{< > s,“"li> }) + Mje?
i=0

< ,eSv) ' + Mjel. (A.15)
By (A.13), (A.14) and (A.15), we have

i1
()
DI

i=0

E{l4,Z) < snE{

E{J0 ) < 28e,(v, — 1) + 2M €2 (v, — 1) + cSMm* 22y} + M*m?e} + R(e)mel.  (A.16)
For the case of L = 2, the proof is analogous to the case of L = 1.
The following lemma is easily proved as the same way to the proof of Lemma A.3.
Lemma A.5. For each positive 6,
E{EUo(AnZ) AnZPN F L1 — mel HA(Z)} fmelv,
< 28(v, — 1)/megv, + 2LM*(v, — 1)/mv, + cSM(me2/v)'? + M*me2fv, + R(e,)/v,
+ (S + Me,){cS/HS — Mme?)y*m?elv, (1 <m < §/MeZ, k2 0), (A.17)
where L is given in Lemma A 4.
The next lemma is necessary for proving the tightness condition.

Lemma A.6. For each positive s,
P( max (|4,Z")) > s> < Km?ev2 /(e — Mme2)* (1 <m<e/Me2 k= 0), (A.18)
1<j<m
where K is a constant.

Proof. We apply Lemma 2.10. For each positive integer m (m < g/Me?), we have

>+ Mmg? 2 s)

P< max (4,Z7) > 8> < P<£,, max (

J

(n)
2 s
=1

1<js$m 1sjsm N
J

=P| max {|Y s".1) 2= (e — Mmed)e,
1€jsm i=1

< Km?ev2 /(e — Mmel)*. (A.19)
Finally, we prove the following lemma that is necessary for the estimate in §4.
Lemma A.7. For Q(x,s,¢) given by (4.10),
suplQ(x, 5, e)l/e® < 0. (A.20)

Proof. We can write Q(x, s, &) as follows.

a3F
Q(x,s,8) = ——(x + 6 Ax)(4x)3/6, (A.21)
dx?
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where 6 (0 < 6 < 1) is a constant. Substituting

(4x)® = f3(x){es + e2g(x, 5,€)}°, (A.22)
SF - f (df )2 a3f }/3
E(X) = {2<E(X) —f(X)ag(x) S3(x), (A.23)
into (A.21), we have
a V d*f
Q(x,5,8) = *{s + eg(x, 5, 8)}° {2 (E (}’)> —f(J’)E(Y)} {36, (A.24)

where we put y = x + 6 Ax. On the other hand, we can write

af df
Jlx +04x) = f(x) + 2;(2)9 Ax = f(x) {1 + O[es + £2g(x, s, 3)]5(2)}, (A.25)

whereweputz = x + 0,8 4x,6, (0 < 8, < 1)isaconstant. (A.24) and (A.25) give the following estimate
for sufficiently small &.

10(x, 5, 8)| < M2 (s + Me)3, (A.26)
since the right-hand side of (A.25) is larger than f(x)/2 for sufficiently small e (A.26) gives the
conclusion.
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