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Abstract. A model has been formulated in [7] to describe the spatial spread
of an epidemic involving n types of individuals, when triggered by the
introduction of infectives from outside. Wave solutions for such a model have
been investigated in [5] and [8] and have been shown only to exist at certain
speeds. This paper establishes that the asymptotic speed of propagation, as
defined in Aronson and Weinberger [1, 2], of such an epidemic is in fact ¢,
the minimum speed at which wave solutions exist. This extends the known
result for the one-type and host-vector epidemics.
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1. Introduction

In our recent papers [5, 7, 8, and 9], deterministic models were formulated to
describe the spatial spread of an epidemic involving n types of individual. Special
cases of such models include epidemics such as measles, host-vector and carrier-
borne epidemics and rabies involving several species of animal.

An epidemic was considered in [7] which was triggered by the introduction
of aninitial infection from outside. A condition for a major epidemic was obtained,
and the final size and pandemic theorems established. Wave solutions were
investigated in [5] and [8]; the condition for a major epidemic being established
as a necessary condition for the existence of such wave solutions. A further
condition was established on the contact distributions. For radial contact distribu-
tions this condition was exponential domination in the tail. Under such conditions
the existence of a critical speed ¢, was established. Wave solutions were shown
to exist and be unique modulo translation at each positive speed ¢ = ¢,. No wave
solutions were possible at speeds below c,.

The main purpose of this paper is to show that ¢, is the asymptotic speed of
propagation of the epidemic; a result indicated by an approximation obtained in
our paper [9]. This extends the results obtained by Diekmann [3] and Thieme
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[13] for the one-type epidemic, and by the present authors [10] for the host-vector
epidemic. We use the methods of Diekmann [3].

The behaviour when the contact distributions are radial, but not all exponen-
tially dominated in the tail, is briefly considered. The epidemic, if it is major,
will then spread too fast to eventually propagate at a finite speed. In addition
the pandemic theorem is established for all dimensions, in contrast to [6, 7] where
the result was only obtained for one and two dimensions.

2. The model

Consider n populations, the ith of uniform density o; in R", each population
consisting solely of susceptible and infected individuals. The rate of infection of
susceptible individuals in population i from infected individuals in population
J who were infected time 7 ago is A;(7), and the contact distribution representing
the distance r over which infection occurs has density p;(r). In population i, let
xi(s, t) and I(s, t, 7) dT be the proportions of individuals at position s and time
t who were respectively susceptible, and infected in the time interval (¢ — 7 —dr,
t—7). Note that L(s, t, 7) = I(s, t — 7, 0).

Infected individuals of k types are introduced from outside at time ¢ =0, and
the spread of infection through the n populations caused by these infected
individuals is studied. Let g(s, 7) ds dr be the number of such individuals of
type j in the region (s, s+ ds) who were infected in the time interval (~7~dr, —7).
The rate of infection from such individuals, of susceptibles from population i
is A%(7) and the contact distribution has density p}(r). Let &(s) =, &(s, 7) dr
and ;= [z~ &(s) ds exist.

The model is then described by the equations:

N

, t n t
éﬁ(—s’——)= —x,(s, t){ Y o; J J L(s—r, t, 7)py(r)A;(7) drdr+ hy(s, t)}
ot j=1 rRY Jo
and
; t
I, z,0)=—i’ﬁ%, fori=1,...,n, (1)
where
k [+ o)
hi(s,t)=Y J’ j g(s—r, T)pE()AF(t+7) drdr.
j=1JRrRN Jo

The initial conditions are x;(s,0)=1, fori=1,...,n
Any solution to (1) is equivalent to a solution of the following equations:

3%;(s, t):x-(s t){ f j J” ax,(s—r, t—7)

ot D2 I M pi,-(rm-(T)der—h,-(s,t)},

i=1,...,n (2)

where v;(7) = o;A;(7) and xi(s, t) is monotone decreasing in t with x;(s,0)=1.
An n-type model with constant infectivities A; and A} and removal rates y;
and uf can be postulated. This is an obvious extension of model 1 for the
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host-vector epidemic given in our papers [6] and [11]. This leads to a special
case of the model considered in this paper with A (7)=A;exp(—u;t) and
AE(r) =A% exp(—ute).

Conditions are now imposed on the rates of infection and the contact distribu-
tions. The contact distributions p;(r) and p¥(r) are restricted to be bounded,
continuous radial functions in R™. The rates of infection A;(7) and A%(7) are
taken to be bounded with bounded derivatives. In addition vy} = A¥(7) dr is
taken to be finite, as we are interested in the development of an epidemic within
the n populations which is only triggered by the introduction of infectives from
outside.

Define wi(s, 1) =—log x;(s, t). In our paper [9] the solutions x;(s, t) of (2)
were related to the solutions w;(s, t) of the following equations:

n t

wils, t)= 2, J J (1—exp{—w;(s—r, t —7)}) y5(r)py(r) drdr+ Hy(s, t) (3)
i=1JrY Jo

where H;(s, t) = Lt, hi(s, w) dw,fori=1, ..., n. The lemma relating these solutions

is stated below.

Lemma 1. Every non-negative solution x;(s, t), for i=1,...,n, of (2) which is
monotone decreasing in t and has x;(s,0)=1, is continuous in t uniformly with
respect to s for t € [0, 00). There is a one to one correspondence between such solutions
x:(s, t) of (2) and the solutions w(s, t} of (3), which are non-negative monotone
increasing in t with w;(s, 0)=0, given by the relation w(s, t) = —log x;(s, t).

The following lemma may also easily be established. We omit the proof.

Lemma 2. Every non-negative solution w(s, t) of (3), which is monotone increasing
in t with w;(s, 0) =0, is continuous in s for each t € [0, ).

We use the same matrix and vector notation as in our paper [5], and define
p(A), for a non-negative, square matrix A. If A is finite then p(A) is the maximum
of the moduli of the eigenvalues of A. When A is non-reducible, with at least
one infinite element, p(A)=co. Let I' = (y;), where y; = v;(7) dr, which may
be infinite. The matrix I' is taken to be non-reducible.

In our papers [5] and [7] it was shown that a major epidemic is only possible
if p(I')> 1. If a major epidemic occurs, then wave solutions are only possible if
the p;(r) are exponentially dominated in the tail; i.e. for some positive real A,
[an p;(r) exp(A{r},) dr is finite, where {r}, is the first component of r. In Sect. 3
we show that, with these restrictions on I and the p;(r), and with ;(r) and j169)
restricted so that the continuing effect of the infectives from outside does not
dominate the ultimate behaviour of the epidemic, there is a finite speed of
propagation. This speed is the minimal speed at which a wave solution exists.
The case p(I') <1, when there is no major epidemic, corresponds to zero speed
of propagation.

In Sect. 4 the case is briefly considered when the p;(r) are not all exponentially
dominated in the tail. Essentially if p(I')> 1, the epidemic will spread too fast
for wave solutions to exist and for the epidemic eventually to propagate at a
finite speed. This may be considered as corresponding to an infinite speed of
propagation. The case p(I') <1 again corresponds to zero speed of propagation.
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Finally, in Sect. 5 the pandemic theorem is established for all dimensions N.
Note that in our paper [7], when I' is finite with p(I") > 1, the pandemic theorem
was only established for dimensions N =1 and 2.

3. The asymptotic speed of propagation when the contact distributions are
exponentially dominated in the tail

We restrict each p,(r) so that P;(A)=f.~exp(A{r};)p;(r) dr exists for some
positive real A. Let 4, be the minimum of the abscissae of convergence of the
P;(A). Define Vj(A)=P;(A)A;(crA) and {V(A)};=Vy(A), where A;(1)=
e *y,(7) dr. Then K.(A)=p(V(A)) exists for all A real with 0<A <4, and
K (0) = p(T"), which may be infinite. In our paper [5] it was shown that no wave
solution exists at any speed if p(I') <1. When p(I') > 1, a critical speed ¢, was
defined by ¢,=inf{ce R: K, (A)<1 for some A<(0,4,)}. It was shown that,
provided ¢, # 0, ¢, is the minimum speed at which wave solutions exist. Lemma
3 shows that the conditions restricting the p;(r) to be radial functions ensures
that ¢,> 0.

Lemma 3. If p(I') > 1, then ¢,>0.

Proof. If A, is infinite, since I" is non-reducible, there exists a distinct sequence
iy, ..., im_y, for some 1< m—1<n, such that v, #0 for j=1,...,(m—1),
where i, =1i,. Hence, as in the proof of Lemma 3 part (i) of our paper [5],
K (A ={I17) Vi, (A}, Let y(7) be the convolution of Y, (7) for
j=1,(m—1) and p(x) be a similar convolution of p,;,,(x), where Py, ({rh) =
-1 py(r) d{r}, d{r}s - - - d{r}n. As the p;(r) are radial functions, each p;(x) and
hence p(x) is symmetric about x=0. Also j;o v(7) d7-=Hj'"=_l1 Yiiey 7 0. Hence
there exist reals a, b, A, B, y* and p* with0<a<b,0<A<B, y*>0and p*>0
such that y(7)= y* for r€[q, b] and p(x) = p* for x€[A, B]. Hence, for A real
and positive,

{KOF" = pry*({e = Y 1)({e™ — Y/ {A))
=p*y*(b=a)(B=A) A,

Thus for 0<c*<A/b, lim, .. K.+(A)=c0. Take such a c*. Then there exists a
finite positive A* such that K .«(A)>1 for A > A*. From the properties of K.(A)
given in [5], it then immediately follows that K.(A)>1for A >A*and 0<c=<c*

If A, is finite and P;(4,) is infinite for some i, j (with y; # 0), then lim, 15, K.(1)
is infinite for all ¢>0. If 4, is finite and P;(4,) is finite for all i, j such that
v; #0, then for each such i, j, P;(4,)> P;(0) since p;(r) is a radial function.
Hence lim o K.(4,) = p(T') > 1. In both cases these exists a ¢> 0 and A* >0 such
that K, (A)>1for A*<A <4, and 0<c=<c*,

Now suppose that for each ¢ > 0 there exists a A €[0, 4,] such that K.(A)<1.
Then there exists a monotone decreasing sequence {c,}, with ¢;=<c*, and a
sequence {A,} such that K, (A,)<1 for n=1,2...., and lim,_. ¢, =0. Since
ca < c*, necessarily A, <A*. Hence there exists a subsequence n,, n,, ... with
¢n,>0and A, > A as j—> o, where A €0, A*]. Hence Ky(A) <= 1. But P;(1)A;(0) =
15 Thus Ko(A) = p(I") > 1 and we have obtained a contradiction. Therefore ¢, > 0.
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Consider K. (A). If p(T')}=<1, then K,(0) = p(I’) < 1. The contact distributions
are radial functions and, from the proof of Lemma 4 of our paper {9],

K(A) =X X Vi(A{Adj(p(VIA)I-V(A))}y/trace Adj(p(V(A)I=V(A)).

It is then easily established that K'(0) <0 for all ¢> 0. Hence for each ¢>0 and
A*e(0, 4,) there exists a A € (0, A™) such that K (A)<1.

When p(I')>1, from [8] and Lemma 3, there is a unique A,€ (0, 4,] such
that K, (o) =1. For each ¢>> ¢, there exists a A € (0, A,) such that K.(A)<1.

This suggests the formulation of part (ii) of Theorem 1, from which two
corollaries, relating to the cases p(I’)<1 and p(I')>1 respectively, follow
immediately. It also suggests conditions to be placed on g(r) and pj(r). Note
that Theorem 1 part (i) has been proved in a slightly different way in our paper
[7]. The adapted method of proof is briefly indicated here as it is necessary for
the proof of Theorem 1 part (ii).

Let P3(A)=[p~ pi(r) exp(A{r};) dr and E;(A) =supjer™ {e""'aj(r)}. Then
pH(r) and g;(r) are restricted so that there exists a positive real A* with P}(A)
and E;(A) finite for all i, j and A € (0, A*). If p(I")> 1, then they are restricted
to be finite for A (0, Ay). This ensures that the infection from outside does not
spread the epidemic faster than it is spread by infection within the n populations
of susceptibles. This is consistent with the infection from outside triggering the
epidemic but not dominating its behaviour. These conditions are clearly met if
g;(r) has finite support and the individuals from outside are of the same types
as those within the n populations of susceptibles so that for each i, j, p¥(r) = p,,(r)
for some ¢

Theorem 1. (i) There exists a non-negative, monotone increasing (in t) solution
wi(s, t) to equations (3) with wi(s,0)=0, (i=1,..., n), which is unique.

(ii) For any <¢*>0 such that K(A)<1 for some re(0,4,),
lim,, . sup{wi(s, t): |s|= c*t} =0 fori=1,...,n

Proof. (i) For any p(T), there exists a ¢>0 and A €(0, 4,) such that K.(A) <1
and P(A) and E;(A) are finite for all i, j. Take such a ¢ and A and define

yi(s, 1) = wy(s, t) exp(A({s}, —ct)).
Let y{9(s, t) = H(s, t) exp(A({s}; — ct)). Then
k
Vs 0l= X 7 LN Lei(s—r) exp(A ({sh — {th) 1L p3(r) exp(A{r})] dr

j:
k
S 'yﬁEj()\)P’,-l;()t).
=
(0

Hence y{”(s, t) is uniformly bounded for se R" and 1=0.
Define y{™*")(s, ) recursively for m=0,1,... by

Ys, ) = 3 J J _[—exp{—y{™(s—r, t—7) exp[-A({s —1}h,— c(t = 7))]}]

i=tJo

X [y;(7) e 1L py(r) exp(A{r})]
x[exp{A({s—r},—c(t—7))}] dr dr+ H(s, t) exp(A({s}, — cf)).
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Let u{™ =sup|y!™*V(s, t) — y™(s, t)], where the sup is taken over s€ R™ and
t=0, and define {u'™}, = u!™. Then

u"P= V(A )™,
Take a’> 0 to be the left eigenvector corresponding to p(V(A)). Then
an™ V< K (A)au™,
Hence
uim < (K (A)" 'a'u @/ {a}

But y{”(s, ) is uniformly bounded Hence there exists a positive vector D such
that y{(s, ¢) < {D}. Therefore u'®< V(A)D and

u{™ V< (K.(1))"a'D/{a}s

Since K.(A)<1 it immediately follows that y{™(s, t) converges uniformly for
t=0 and se R" to a limit y,(s, t) which satisfies the following equation:

n

n(s,0=2 L LN [1-exp{-y(s—r,t—7) exp[~A({s~r},~ c(t=7))]}]

j:

X [y4(7) e ][ py(r) exp(A{r})]
x [exp{A({s—r};— c(t—7))}] dr d7+ H,(s, t) exp(A{{s}; —c1)).

The uniqueness of y,(s, t) follows from a similar contraction argument. This
then establishes the existence and uniqueness of y;(s, t) and hence of w(s, t).
The mononicity of w;(s, ¢) in ¢ is easily verified since each y,(s, t) exp{—(A{s}, —
ct)} ¢an be shown to be monotonic increasing in .

(ii) Consider any ¢*>0 and A €(0, 4,) such that K.«(1)<1 and P§(A) and
E;(A) are finite. Since K.(A) is a continuous function of ¢ for each fixed A, there
exists a positive ¢ < ¢* such that K (1) <1. Note that if p(I") > 1 then necessarily
c> c,.

Define y{™(s, t) as in the proof of part (i) for these values of ¢ and A. Let
¥}, = yi™ = sup{y{™(s, 1)}, where the sup is taken over s R" and ¢=0. From
the proof of part (i), y\” < {D}. Note that the constant does not alter if we rotate
the co-ordinate axes in R™. Then

y("'“)SV()\)y('")+y(°).
Taking a’ as in the proof of part (i), we obtain
ay" V< K. )ay™ +ay?<ay?/(1- K. (1)) <aD/(1-K.(A)).

Therefore y{™*V< D¥ where D¥=aD/((1-K.(A)){a};). Hence ws, 1)<
D¥ exp(A(ct—|s|)) forse RN, t=0and i=1,..., n. Now sup{w(s, t): |s| = c*1} <
D¥ """ The result then follows immediately since c*> c.

Corollary 1. If p(T)<1, then for any ¢>0, lim,,., sup{wi(s, 1): |s|= ct} =0 for
i=1,...,n
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Corollary 2. If p(T")> 1, then for any speed ¢ > ¢y, lim,.,, sup{wi(s, t): |s|= ct} =0
fori=1,...,n

The asymptotic speed of propagation, as defined in Aronson and Weinberger
[1,2], is c if for any ¢, and ¢, with 0< ¢, <c<¢,,

(i) the solution w;(s, t) tends uniformly to zero in the region [s|= c,t;

(ii) the solution w;(s, t) is bounded away from zero uniformly in the region
|s| < e, for ¢ sufficiently large.

Corollary 1 shows that if p(I')<1, no matter how slowly you travel, the
proportion of infectives ahead of you will tend to zero. This corresponds to an
epidemic which is not severe. The speed of propagation may be considered to
be zero.

When p(I') > 1, Corollary 2 establishes that c, satisfies part (i) of the definition
of the asymptotic speed of propagation. We now state Theorem 2, which says
that c, satisfies part (ii) of the definition, and hence proves that ¢, is the asymptotic
speed of propagation of the epidemic. Before proceeding to the proof of Theorem
2, it is necessary to prove certain lemmas and state a comparison principle. The
proof of Theorem 2 is then given at the end of this section.

Theorem 2. For p(I")>1 and any ¢, €0, ¢,), there exist positive constants b, and
constants T sufficiently large such that min{w;(s, t): |s|<c,t}=b; for all t= T, and
i=1,...,n

We assume for the rest of this section that p(I")>1. Define B to be the
closed ball of radius R, centred on the origin, in R™. Observe that if ¢; < ¢ < c,,
then K.(A)>1 for all A€[0, 4,]. We need to construct a function E operating
on w(s, t) so that w(s, t)= E[w(s, t)] with an associated function k(y) with
Laplace transform which is everywhere greater than one. We can then use a
subsolution and comparison lemma as in Diekmann [3].

Using egs. (3) we have

wi(s, t) = Zn: I N Il (1 —exp{—w;(s—r, 1~ 7)})y;(7)p;(r) drdr.

Jj=1

We may reuse this inequality for w;(s—r, t— 7) in the integrand on the right hand
side to obtain a further inequality. This may be repeated any number of times
and in the final replacement of the inequality, the summation may be truncated
to include the term j=1i only. The associated k(y) then has Laplace transform
{V™(M)}i For ¢ such that 0< ¢ < ¢, we can choose m such that {V™(A)},> 1 for
all A€[0,4,]. In fact E is defined so that k(y) has compact support with its
Laplace transform arbitrarily close to {V™(X)};;, and hence still able to be made
greater than one for all A. It is therefore appropriate to prove Lemma 4 before
defining the function E.

We first make the following definitions. Let V(A; R, T) be the matrix with
ijth element

T

{V(r; R, T)}y :J’

0

JB exp(A[{x}; — ct])p;(x) ¥y(7) dx dr.

Define {V*(A)}; =limg r.{V*(A; R, T)}; for any positive integer s. Then V*(A)
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has the usual interpretation when V(A) is finite; in addition it is defined when
some of the elements of V(A) are infinite. Note that we may choose R and T
sufficiently large so that {V(A; R, T)}; =0 if and only if y; =0. Hence the zero
elements of V*(A) are in the same positions for all real finite A.

For any positive ¢, R and T, define

© T n n
LC(A;R,Em)=J J D YR

—00 o 0 J1=1 j»=1

2 ﬁi,jl,...,jm_,,i(v)yi,jl ..... jm_l,i(u) du dv

Jm-1=1

where p;(x) is p;(x) truncated outside the region x € Bg,,, and

ﬁi,jl,“.,jm_l,i({x}l) ZJ J' ﬁijl Foeooo K ﬁjm_li(x) d{x}, - - dix}n

—00

and

yi,jl:---yjm—l,i(u) =Y ¥ Yip*c ¥ ’yjm>1i(u)'

Lemma 4. For any positive ¢ < c,, there exists a positive integer m, a positive real
h <1 and positive reals R, and T, sufficiently large such that hL.(A; R, T, m)>1
forheRand R=Ryand T=T,.

Proof. We first show that, for any suffix i, there exists a positive integer m such
that {V"(A)}; > 1 for all A =0; with {V™(A)}; infinite for A > 4, when A4, is finite.
Define p(A)=p(V(A)).

We use the results in Schaefer, ([12], Chap. 1, Prop. 7.3 and 7.4). Let A be
a finite non-reducible, non-negative square matrix, which is not the 1x1 zero
matrix. There exist positive integers ! and s so that, by choosing a suitable
permutation to apply to both rows and columns,

B, 0 --- 0
AP = 0 B, -+ 0
0 --- --- B

where B, is a positive square matrix with p(Bj)==(p(A))’S for j=1,...,1L The
positions of the zero entries of A determine the appropriate permutation, the
integer I, the smallest possible s and the sizes of By, ..., B, Take A with {A}; =0
if and only if y;=0. Find I and s. Then for R and T sufficiently large so that
{V(A, R, T)}; =0 if and only if y; =0, by relabelling the populations 1,..., n,

B,(A; R, T) 0 0
VIS(A'R,T)= 0 Bz()\;R, T) et 0

where B;(A; R, T)>0 and p(B;(A; R, T)) =p(V(A; R, T))".
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Now if V(A*) has an infinite element, then each B;(A*; R, T) must have an
element which tends to infinity as R, T-co. Hence if Bj(A)=
limg 150 Bj(A; R, T), then

Bi(1) 0 0
viy= O B0
0 cee oo BIHA)

where Bj(A) has all infinite elements for r=3, A =A% and j=1,...,1

Note that if 4, is finite this implies that {V*E(A)}i= for r=3 and A > 4,.
If 4, is finite with p(4,) infinite the result also holds at A = 4,. When p(0) =0
the result is valid at A =0. When 4, is finite take m™ = 3Is.

If A, is infinite, since p(A)>1 for all A, necessarily lim, .., p(A) =c0. Hence
there exists a sequence iy, . .., i, with i, = i;, such that lim, . . HJ:I] {Bj(/\)}i,-ijﬂ =00,
(see [5] Lemma 3). Hence there exists a positive integer w=3 such that
lim, .o {B}'(A)}, =0 for all v, ¢, j. Take m* = Isw. Then lim,_, {V™ (1)} = .

When V(0) is finite, take A, = 0. If V(0) has an infinite element then {V™""(0)}, =
0. Hence we may find a A,> 0 such that {V™ (A)};>1 for 0< A <, When 4,
is finite with V(4,) finite, take A = 4,. In all other cases lim, ., 5, V™ (A} = o0,
and we may find a A§ <A, such that {V™""(A)},>1 for A > A¥.

Thus in all cases {V™" (A)};>1 for A <A, or A>A¥%. Also if A, is finite
{V™"(A)}i=co for A > 4, Note that V""(A) is finite for A € [Ag, A%].

Now suppose that there is no positive integer g so that {VI™ (1)}, > 1 for all
A =0. Then there exist sequences {g;} amd {A;}, with lim;, g; =0, such that
{qu’"*(/\j)},-,- =< 1. Note that necessarily A; € [Ao, A% ]. Hence there exists a conver-
gent subsequence; the subsequence of {A;} tending to Ae[Ay, A¥]. Then
limg,o{V"" (A} <1. But m* is a multiple of Is and lim,.. B}(A)/(p(X))™ =
E;(1)>0, where E;(1) is the idempotent of B;(1) corresponding to (p(1))". Since
p(RM)>1, limg .. {V (X)}; =, which gives a contradiction.

Hence there exists a positive integer g so that {V?¥""(A)},;>1 for all A=0.
Take m = gm™. Note that {V™(A)}; = for A > 4, if A, is finite.

Now L.(A; R, T, m) may be written as the Laplace transform of a non-negative
function. In addition it is an increasing function of R and T, which tends to a
limit {V™(A)};>1 as R and T tend to infinity. We can clearly choose R and T
sufficiently large so that L.(A; R, T, m) > c© as A > 0. Take R,, T, and A* so that
L.(A; R, T,m)>1 for A=A* R=R, and T=T,. Suppose no R, and T, exist
such that L.(A; Ry To, m)>1 for A €[0,0). Then there exist sequences {R},
{T;} and {A;} such that L.(A;; R, T;) <1 with lim;, R; =00, lim; ,,, T; =0 and
necessarily A; € [0, A*). Hence there exists a convergent subsequence. Then there
is a Ae[0, A*] with limg e 7w L.(X; R, T, m) <1, which gives a contradiction.
Thus there exists an m, R, and T, such that L.(A; Ry, T,, m)>1 for A €[0, ).
Note that L.(A; R, T,m)=L.(|A|; R, T, m) for A real. It then follows that
L.(A; R, T,m)>1for all real A and R=R,and T=T,.

Since lim L.(A; Ry, Ty, m)=0c0, both as A >0 and as A »—00, we obtain
the result that inf,.xL.AA;R,, To,m)>1. Take h such that
{inf,cr L.(X; Ry, To, m)} '<<h<1. The lemma then follows immediately.
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Choose an m, R,, T, and h as in Lemma 4. Take R and T so that R=R,
and T = T,. We then define an operator E, operating on (s, t). Let g(x)=1—-¢7",
Define

m—1 m-—1
{E%‘”(w(x— ) T))}
r=1 r=1 i
T_Z'::l‘ Ty m—1 m-—1
=J‘ -[ N ’)’ji(To)Pji(so)g<¢’(x“‘ Y S, —So, t— % Tr_70>) ds, dr,.
0 R r=1 r=1
Then successively for 1< k<(m—2) we define
m—1 m—1
{ee(o(x- "5 si- T 7))}
r=k+1 r=k+1 Jj

n T—ZT;IIH-I T
=) J j )’jt(Tk)Pﬂ(Sk)
I=1 RN

0
m—1 m~1
Xg({E(#—l)(i,b(x— S, t— Z T,))} ) dSk di.
r=k r=k j

n

Er(4(x, 1)) = Zl L «LN Y (Tm—1) Py (Sm—1)

j=

Finally we define

X g({Eg"m_Z)(‘ll(x_sm—l, t— Tm—l)}j) dsm—l dTm—l-

Observe that m, R,, T, and h, and hence Er, depend on i. Note also that
wi(x, t)= Er(wi(x, t)) for t=T.

The definition of the operator E; enables us to state a comparison principle
which is essentially that of Diekmann ([3], Lemma 1). The proof is identical so
is omitted. Define ¢ > ¢ if ¢ and ¢ are continuous functions defined in R™ with
¢ (x) = (x), the inequality being strict for x € supp ¢.

Lemma 5 (Comparison Principle). Suppose that Er[¢1( -, t)> (-, t) forallt=T,
where ¢ : RN X R, > R is a non-negative continuous function such that

(i) for any t;>0 there exists an S=S(t;)<co such that for any t€[0, t,],
supp (-, t) < Bs;

(i) if {(s, t.)}_1= RN X R, is a sequence for which s, €supp ¢(-,t,) and
lim,,.c0 (Sp, £:) = (s, t), then necessarily s€supp ¥(-, t).

If there exists a ty=0 such that w,(-, to+1)> ¢(-, t) for all 0<t=<T, then the
relation holds for all t = 0.

Consider L(A)=hL.(A; R, T, m) = [, e”’k(y) dy, where

ky)=h ¥ ¥ - > ﬁi,jl,...,jm_l,i(y_'-CT)yi,jl,...,jm_l,i(T) dr.

J1=1j2=1 Jm-1=1

Note that k(y) has compact support and L(A)>1 for all real A. We now
define a subsolution (s, t), using the definitions and a lemma from Diekmann
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[3], which are stated below. The subsolution # is chosen to satisfy the condition
Ef[y1(-, )= ¢(-, 1) for t=T.
Define
e sin(By) for0<y<s/p
9(y; &, B) =
0 for ye R\[0, 7/ B].

Lemma 6. Let ke L,(R) be a non-negative function with compact support such that
L(A)={7_ eMk(y) dy>1 for all x € R. Then there exists a positive number B, a
continuous function & = &(B) and a positive function A = A(B) defined on [0, B,]
such that, for any B [0, B,] and any § [0, A(B)],

(;b * k> ¢55
where ¢(y)=q(y; @(B), B) and ¢s(y)=d(y —8).

. Starting from g, a three-parameter family of non-decreasing functions r is
formed as follows,

r(y; &, B y) = max q(y+n; a, B),

or equivalently

M forysy+p
ry; B, v)=3q(y—v;a,B) fory+p<sy<vy+(w/B)
0 fory=vy+(n/B),

where M = M(a, B)=max{q(y; , 8): 0<y<(w/B)} and p = p(, B) is the value
of y for which the maximum is achieved.
Define (s, t)= ar(|s|; @, 8, D+ ct) for any o> 0.

Lemma 7. There exists a *>0 and D>0 such that, for any 0<o <c*,
Ec[¢](-, 0)> (-, 1) fort=T.
Proof. Note that ¢(s,t)<oM for all se R and t=0. We can choose o*
sufficiently  small so that (1—-e™)=hY"x for O<x<o*M
max{1, {n max;, [g yu(7) dr}™}.

Take o such that 0< o < o*. Then

T T-7,_, Tyl
Er[tﬁ](s,l)?hj JNJ JNJ
o JRY Jo R 0

m—1 m—1 n n
X Nl/l(s— EI sy~ Y ~rj) Lo T Y(Tme)

JR i=1 =1 o=t

X Y p{Tm2) - ijﬂi(fo)ﬁijl(sm—l) o 'ﬁj,,,_li(so) dsodry: - - dSyq dT,_y

FT n n
=h Lwﬁ,t-w LT Bar# B S0 Yigni($) dr deb

vo J1=1 jm—1=1

T N n
:hL L orls—x & B, Dte(t=¢) T -+ T Fyxe o * B a(x)

J1=1 Jm-1=1

X Vi i il D) dX déb.
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We first observe that if (s, 1) =0, i.e. if |s|= D+ct+(w/B), then trivially
Er[¢](s, t)> (s, t). We need to show this result holds for all s and .

Case (i). If [s|< D+ c(t— 1)+ p — R, since |[s— x| <|s| + |x| <|s|+ R for x € B, then
|s—x|<D+c(t—¢)+p for xe Bg and 0=< ¢ = T. Therefore

T n n
Er[¢]1(s,t)=h J j oM Y - X Py rcccx P ()i (@) dx dd
0 Bgr Ji=1 Jm—-1=1

=oMhL.(0; R, T, m)> oM = (s, t).

Case (ii). If D+c¢(t—71)+p—R<|s|< D+ct+(m/B), then if we choose D=
(R*/{28}) —p+R, |s—x| = (s's+x'x—2s'x) /< |s| — (s'x/|s|) + 8. Note that 0< 5§ <
A(B) as in Lemma 6.

Since r(y; a, B, v) is a decreasing function of y and pj, *---*p, _(x)isa
radial function, then

Er[¢](s, )= hUJ- j r(ls|—{x}+ 8; @, B, D+ c(t—¢))

X Byxe* B, (%)

1 =1

XYigio o simri{ @) dx dp

=ha’J
0

X
J

X
J

ek

f max  g(ls|-{x};+86+7; a,B)

_R n=-D—c(1-4)

T i ﬁi,jl,...,jm_,,i({x}l)'Yi,jl,...,jm_l,i(‘b) d{x}, d¢.

1 Jm-1=1

Let u={x};— ¢ and n*=n —c¢. Then

=

Er[¢]1(s, t) = ho I ,Inax q(js| ~u+8+n* a, B)
—oo M =—1)—ct
x Z_ Y YVidimni @i (Ut cd) dp du

1 Jm—1=1

=ho J Jmax q(ls| —u+8+n*; o, B)k(u) du
Hence from Lemma 6, Er[¢](s, t)> ho max,~_p-« q(|s|+7*) = ¢(s, t). This
completes the proof.

We now show that w;(s, t)>0 for (s, t)€ Bgr X[t,, to+ T]. Since w;(s, t) is
monotone increasing in f, the inf of w;(s, ) in this range is identical to inf w;(s, ;)
over s€ Br. From Lemma 2, w(s, o) is continuous in s. This then implies that
inf w;(s, £} >0 for (s, t) € Bg X[, to+ T]. This enables us to complete the proof
of Theorem 2.

Lemma 8. For any R >0 there exists a ty= t,(R) such that w;(s, t)>0 for (s, t)e
BR X [tO’ dD)'
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Proof. The conditions imposed on &(s, 7), A¥(r) and pj(r) ensure that there
exists an open set F in R™ and a positive constant T, such that for some j,
Hi(s, 1)>0 for t=T and sc F. We may shift the origin so that, without loss of
generality, F > B, for some positive A. Hence w;(s, t) >0 for se B, and 1= T.

Since I' is non-reducible, there exists a sequence jy, ..., j with j,=j and ji=j
and vy ;. #0for s=1,...,(I-1). Now w;, >0 if

Js+1 Js+1

T
J’ J Wi 7)Y, (= )Py, (s 1) de dr >0,
0 R

It is easily seen therefore that w;(s, t) >0 if

T
J‘O LN Wil )Y * % Y (U= 7B % 0 # gy (s 1) dr dr > 0.
Now for some B, C, T,, Ty, p;,* - *p;_x(Xx)>0 for B<|x|<C and
Yip* 0 * ¥, i(7)>0for re[ T, T,], with B< C and T, < T,. Hence w(s, t) >0
for s B, and/or B— A<|s|<A+C and t= T+ T,. Repeating this procedure,
in two steps we obtain the result that wi(s, £} >0 for s€ Bayc-p and t=T+2T,.

If j=1i, choose a non-negative integer » such that R< A+r(C —B); then
wi(s, 1} >0 for s€ By and ¢ = t, where t,=T+2rT,.

If j# 1, there exists a sequence iy,..., &, with i =j, iy=1 and v;,  #0 for
s=1,...,(k=1). Now wls, £)>0 if [, Jg~ wilr, )y, %0y s (E-T)X
Diy *** * * Py, (s—1) dr dr>0. There exist non-negative reals S;, S;, D and E
such that y,;, * -+ * vy, ;,(£)>0 for te[S,, S,] and p;;,* - *p, ,(x)>0 for
D<|x|<E. Choose r such that R+D<A+r(C— B). Then w,(s, 1)>0 for se
Brip and t= T +2rT,. Hence w;(s, t)> 0 forse Bg and t= T +2¢T,+ S,. In this
case we take t, =T +2¢T, +.S,. This completes the proof.

Proof of Theorem 2. From Lemma 8, for any finite positive T,-inf w;(s, ¢) >0 for
(s, t)€ Bg X[ 1, to+ T]. Choose o such that 0<o<o* and oM <inf wi(s, t)
where the inf is taken over (s, ¢) € Bg X[ t, to+ T1. Hence wi(s, t,+1) > ¢ (s, 1) for
0=t=<T Using the comparison lemma, (Lemma 5), we then obtain the result
that wi(s, f,+1) > (s, ¢) for all £=0. Hence w(s, ty+1t)=0oM for |[s|<p+D+ct
and t=0. Thus w(s, t)=0oM for |s|<p+D+c(t~1,) and t=1, Therefore
wi(s, t)=oM for [s|<et if cit<p+D+c(t—1t,) and t=1, ie. if t=
max{ty, (cto—p—D)/(c—¢;)}. Then if we take b,=cM>0 and T,=
max{t,, (cto—p — D)/ (c—¢;)}, we obtain the result min{w;(s, t): [s| < c,t}= b, for
all t= T,

Note that we can define the appropriate operator E; for each value of i, and
hence obtain the corresponding b, and 7, so that Theorem 2 holds for all
i=1,...,n

Corollary 2 and Theorem 2 together show that if p(I') > 1 then the asymptatic
speed of propagation is ¢,, the minimum speed at which wave solutions exist.
Corollary 1 shows that if p(I') <1 the speed of propagation is zero. In order to
prove these results we require each p;(r) to be exponentially dominated in the
tail and suitable restrictions to be placed on the &;(r) and p¥(r) so that the effect
of the infectives from outside does not dominate the ultimate behaviour of the
epidemic. The restrictions on the £;(r) and the p}(r) are only required to prove
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theorem 1, so that, if (p(I’)> 1), the speed of propagation is at least ¢, even if
these restrictions do not hold. If P¥(A) and E;(A) are finite for all i, j and
0= A <a <Ay where a is such that K.«(a) =1, then it may easily be shown that
the speed of propagation ¢, (when p(I') > 1), satisfies the inequality c,< ¢ < c*,
In this case the infection from outside is feeding the epidemic ahead of the
epidemic generated within the n populations of susceptibles.

4. The behaviour when at least one contact distribution is not exponentially
dominated in the tail

In this section the behaviour is considered when some P;(A) is infinite for A real
and non-zero. The existence and uniqueness of w;(s, t) may then be established
as in our paper [7, theorem 4]. We first prove the analogue of Lemma 4.

Lemma 9. When p(I') > 1, for any ¢ > 0 there exists a positive integer m, a positive
real h <1 and positive reals R, and T, sufficiently large so that hL.(A; R, T, m)> 1
forAeR, R=R,and T=T,.

Proof. As in Lemma 4, there exist positive integers / and s so that, by relabelling
the populations 1,..., n,

B,(A) 0 0
VIS(/\)= 0 BZ(A) e 0
0 0 -0 By(A)

where B;(A)>0. Also {V™*(A)};=0c0 for A>0, r=3 and all i If V(0) has an
infinite element, then {V"(0)}; = for r=3 and all i. Take m =3Is.

When V(0) is finite, since p(0)>1 and B;(0)>0 for all }
lim, ., B}(O)/(p(O))"S =E;(0)>0; where E;(0) is the idempotent of B;(0) corre-
sponding to the eigenvalue (p(0))". Then there exists an r=3 with {V"*(0)};> 1
for all i. Take m =ris.

Then {V"(A)};>1 for all A =0 and all i, and {V™(A)}; = for A >0.

We may then proceed exactly as in the proof of Lemma 4, noting that
limg 700 L(A; R, T, m) ={V™(A)};>1 for A =0.

In an identical manner to Sect. 3 we may then use this lemma to define the
operator E; and hence to prove the following theorem.

Theorem 3. When p(I') > 1, for any ¢>0 there exist positive constants b; and T,
with T, sufficiently large so that min{w,(s, t): |s|<ct}=b, for t=T, (i=1,..., n).

When p(I")>1 and at least one p;(r) is not exponentially dominated in the
tail the asymptotic speed of propagation may then be considered to be infinite.

In order to establish the result that the speed of propagation is zero if p(I") < 1,
we impose the further condition that each py(r) is monotone decreasing in |r|,
differentiable with bounded derivatives and convex in the tails. Since w;(s, t) is
monotone increasing in ¢ and uniformly bounded for I' with all finite elements,
w;(s) =1lim,, . w;(s, t) exists and is finite.
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Theorem 4. If p(T')<1, then lim,..sup{w(s, t): |s|=ct} =0 for any ¢>0 and
i=1,...,n

Proof. Take H¥*(s, t) =sup{H;(x, t): [x|=|[s]}. Then H¥(s, t) is a radial function
of s and is monotone decreasing in |s|. It is also continuous in s and uniformly
bounded. Let wi(s, t) be the unique solution to

ft yi(T)ps(X)g(Wi(s—r, t— 7)) drdr+ Hi(s, 1), (4)

0

wi(s, )= J
=1 JRY
with w¥(s, t) monotone increasing in ¢t and w¥(s,0)=0fori=1,..., n. Note that
g(x)=1-exp(—x).

Using the construction of the solution wi(s, t), and that of w;(s, t), given in
[7] Theorem 4, it is easily seen that w;(s, 1)< w¥(s, t) and w¥(s, t) is a radial
function of s which is monotone decreasing in |s|. Let w¥(s) =1im,., w¥(s, t) and
a¥(s)=lim,. ., H¥(s, t). If monotone convergence is now applied to (4), we obtain
foreachi=1,...,n,

n

wis)= X vy J | Pi(r)g(wi(s—n) dr+af(s).
=1 R

Since w¥(s) is a radial function of s and is montone decreasing in |s|,
wi = limy,. w¥(s) exists. Note that wf=0. Let a;(s) =lim,_, H(s, t). The condi-
tions imposed on y¥ and &,(s, 7) imply that a,(s) is uniformly continuous with
Jr~ ai(s) ds finite; and hence that limy ... a(s) = 0. Therefore w¥=Y_, y,g(w})
for i=1,..., n. From our paper, [7], since p{I'}<1, we obtain the result that
wk=0.

Now for any ¢ > 0, sup{w;(s, t): |s|= ct} < sup{w¥(s, 1): |s| = ct} = w¥(ct, t). For
t= T, we have w¥(ct, 1)< w¥(cT, t) = w¥(cT). Hence, since w* =0, we obtain the
result that for any ¢>0and i=1,..., n, lim,, sup{w;(s, 1): [s|= ct} =0.

5. The pandemic theorem

Since x;(s, t) is monotone decreasing in ¢ and bounded, v;(s) =1—-1im,, o x;(s, t)
exists, and measures the proportion of the population at position s who eventually
suffer the epidemic. Note that a,(s) =lim,_ ., H;(s, t) is continuous and integrable,
50 that a; = inf; a;(s) is necessarily zero for all i,

In our paper, [7], we did not restrict the a@; to be all zero, and proved the
pandemic theorem giving a lower bound for v;(s), which depends on the 4, In
that paper the theorem was established for all dimensions N if at least one ¢,>0
and/or I' has at least one infinite element. Essén’s result [4], which restricted
the validity of the proof to N=1 and N =2 only, was only necessary when
considering the case where a;=0 all i and I is finite.

In this section we assume that p(I") > 1, so that a major epidemic occurs. We
can improve the lower bounds b; in Theorem 2 for w;(s, t) and interpret them in
terms of -v;(s, t) =1—x(s, t). We show that for ¢>0, with ¢ <c, if all the p;(r)
are exponentially dominated in the tail, lim, inflmin{v;(s, t): |s| < ct}] =y, for
i=1,...,n, where 7; is defined as follows:
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(i) If T’ has at least one infinite element in each row, then n,=1 for
i=1,...,n
(ii) If I' is partitioned into
r, r
F — ( 11 12>,
I-‘21 I122
where I'y; is mxm and (I'5;I',,) has at least one infinite element in each row,
but (I'};I"},) has no infinite elements, then n;=1for i=m+1,..., n, and n; for
i=1,...,m is the unique positive solution y; =7, to

—log(l—y:)= 3% v+ % vy fori=1,...,m
j=1 j=m+1
(iii) If I is finite, then n, for i=1,..., n is the unique positive solution y; = »,
to

—log(1—y;)= 3 vy; fori=1,...,n
j=1

This is a stronger form of the pandemic theorem. The pandemic theorem given
in [7], for the case a;=0 all i, then follows immediately as a corollary, and is
valid for all dimensions N.

Note that this section may easily be rewritten without restricting g; to be zero
for all i. Only minor modifications are needed to lemmas 10 and 11. This would
then establish the stronger form of pandemic theorem for all a;, and also give an
alternative proof in all cases of the pandemic theorem of [7]. We omit the details.

Let v;(R, T)=[, v4(7) dr [ py(r) dr and T(R, T)=(v4(R, T)). Note that
[(R, T) is non-reducible for R and T sufficiently large, and p(I'(R, T)) is a
continuous, increasing function of R and T. Hence there exists an R, and T,
sufficiently large so that (R, T) is non-reducible with p(I'(R, T))>1for R=R,
and T=T, For R=R, and T= T, define 7,(R, T} to be the unique positive
solution y;=n;(R, T) to

—log(l1-y)=7Y v(R T)y; fori=1,...,n
=1

Take any positive speed ¢ such that either (i) p;(r) is exponentially dominated
in the tail for all i, j, and ¢<c¢,, or (ii) at least one p;(r) is not exponentially
dominated in the tail. For any such ¢, any ¢>0, R=R, and T=T,, we
show that there exists a ¢*>T such that min{w(s,t):[s|<ct}=
—log(1—n(R, T))—¢, for t = t*.

To establish the stronger form of pandemic theorem from this, it is necessary
to show that n,(R, T)1n; as R and T tend to infinity. The result is established
in the following lemma.

Lemma 10. For each i=1,...,n, 7:(R, T)1n; as R and T tend to infinity.

Proof. Take any R= R*= R, and T= T* = T,, where I'(R,, Ty) is non-reducible
with p(I'(R,, Ty)) > 1. Now, for each i,

~tog(1= (R T)= £ %(R, Dn(R )= T %(R% T)n (R T) 4,
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where d; =Z]'.'=1 (v4(R, T)~ y4(R*, T*))m;(R, T)=0. Hence from [7], Theorem
19 ni(R*s ’T*)S ni(Rs T)'

We first consider the case where T is finite. We may proceed as above using
T in place of T'(R, T), to obtain the result n;(R*, T*)=<u, for R*= R, and
T*=T,. Hence n;(R, T) is an increasing function of R and T, for R= R, and
T = T,, which is bounded above by »; and below by 7,(R,, To). Then (R, T)
tends to a positive limit y; as R >0 and T - oo, satisfying

~log(l1-y)=3% v fori=1,...,n
j=1
Then from [7], Theorem 1, necessarily y;,=mu; for i=1,...,n Hence
limR,T—wo 'f)i(R, T) = N

Now suppose that for some 0= m <n, I is partitioned into

e (T 1),
FZI 1-‘I22
where I'y; is mx m, (I';;T";,) has all finite elements and (I',,I';,) has at least one

infinite element in every row. Take R= R, and T= T, so that p(T'(R, T))> 1.
For each i> m there exists a j such that y; =00. Then, for such an i and j,

—log(1=7:(R, T))= v;(R, T)n;(R, T) = v;(R, T)n;(R,, To).

Hence limg 7.co Mi(R, T)=1for i=m+1,...,n If m=0, i.e. T has an infinity
in every row, this completes the proof.
If m>0,thenfori=1,...,mand R=Ryand T=T,,

~log(1= (R T))= ¥ %(R T)n(R ) +d (R, T),

where d;(R, T) =Z;=m +1 Yi(R, T)n;(R, T). Since n;(R, T) is monotone increasing
in R and T and bounded above by 7, it tends to a limit y; as R and T tend to
infinity satisfying the equations

j=m+

—log(1=y)=X v+ %L v fori=1,...,m.
i=1 1

We can then use [7], Theorem 1 to obtain the result that y,=; and hence
limR’T_,oo ni(R’ T) =" for i= 1, PR (5

Lemma 11. Let B=(B;) be a non-negative, non-reducible matrix of finite elements,
with p(B)> 1, and let y; = ¢, be the unique positive solution to

_1og(1—yi)=_21 Byy; fori=1,...,n (5)
j=
Take u>0 to be the right eigenvector corresponding to p(B), scaled so that if

{a}; = —log(1—{u},), then p(B)g({a};) > {a}, for all i, where g(x)=1—e " Define
Ny =a and successively define form=1,2,...,

(Nwridi= 3 Bog(Noky) for i=1,...,m
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Then for every € >0 there exists an M such that N,,> & —¢€ for m= M, where

{¢}1 =

Proof. Now {N;},;=Y_, B;g({No};) =X, Bs{u};. Hence N;=Bu=p(Bju>a=
N,. Clearly from the definition of N,, and the non-reducibility of B, {N,,} is
a strictly increasing sequence. It is bounded above since {Nm}isz;’=1 B; for
i=1,...,n Hence N,, tends to a limit N as m— o0, where N satisfies the
equations

(N}, = _él B,g((N},) fori=1,...,n.

As N> N, >0, it follows that N = ¢. Therefore there exists an M sufficiently large
so that N,,> &b —€ for m= M.

Theorem 5. Consider any positive speed c such that either (i) p;(r) is exponentially
dominated in the tail for all i, j, and ¢<c,; or (ii) p;(r) is not exponentially
dominated in the tail for some i, j. For any d,> c still satisfying these conditions,
take R and T sufficiently large, and h <1 such that hp(T'(R, T)) > 1. Then for every
&>0 (i=1,...,n) there exists a t*>T such that min{w(s,t): |s|<ct}=
—log(1— (R, T))—¢;fori=1,..., nand t=t*, wherey, = 0,(R, T) is the unique
positive solution to (5) when B=T(R, T).

Proof. From Theorem 2, there exist positive constants b; and T, such that
min{w;(s, t): |s|<dot}= b, for all =T, and i=1,...,n In Lemma 11 take
B=I'(R, T) and the corresponding a >0 so that {a};<b, for i=1,...,n Then
wi(s, 1)={No}; for |s|<dpt and t=T,, (i=1,...,n).

Now for t=T,

w;(s, t)?i J L g(w(s—r, t—7))y;(7)p;(r) drdr

j=1Jo

= £ (R T)g(No}y) = (Nik

if |[s—r|<dy(t—7) for re B and (t—7)= T, when 7<T. These conditions will
certainly hold if |s|<—R—~d,T+d,t and t= T+ T.

Next take d,€(c, dy). Then w(s, t)={N,}; for |[s|<d;t and t=T,, where
T,=max{T,+ T, (R+ Td,)/(d,— d,)}. By successively choosing d;., € (¢, d;) and
defining T, =max{T;+ T,(R+ Td;)/(d; - d;,,)} for j=1,2,..., we obtain the
result wi(s, t)={N,}, for |[s|<dt and t=T, for i=1,...,nand j=1,2,....

Now for any &>0 (i=1,..., n) choose M as in Lemma 11 so that {Ny}, =
—log(1—n:(R, T))— &, Then wi(s, t)=—log(1—n:(R, T))—¢&; for |s|<dyt and
t = Ty, Hence if we take t* = T, we obtain the result

min{w(s, t): |[s| < ct}=—log(1—n;(R, T))—¢,; for i=1,...,n and t=t*.

The result for w;(s, ) may easily be converted into an equivalent result for
vi(s, t) =1—x;(st), namely

min{v;(s, 1): |s| < ct}=1—exp(log(1—n(R, T))+¢&,)=1—(1~m(R, T))e"
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for i=1,...,n and t=r*. From this result, and Lemma 10, the following two
corollaries are immediate.

Corollary 3. Under the conditions on c¢ specified in Theorem 5,
lim,, . inf min{v;(s, t): |s|<ct}=n, fori=1,...,n.

Corollary 4. (The pandemic theorem). Forall s andi=1,...,n, v;(s)= .

Note that Corollary 4 gives a lower bound for the proportion of individuals
at position s, in population i, who eventually suffer the epidemic; this bound
holding when p(I') > 1 so that a major epidemic occurs.
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