A Continuum Theory of Elastic Material Surfac»es

MORTON E. GURTIN & A. [AN MURDOCH

Abstract

A mathematical framework is developed to study the mechanical behavior
of material surfaces. The tensorial nature of surface stress is established using the
force and moment balance laws. Bodies whose boundaries are material surfaces
are discussed and the relation between surface and body stress examined. Elastic
surfaces are defined and a linear theory with non-vanishing residual stress derived.
The free-surface problem is posed within the linear theory and uniqueness of
solution demonstrated. Predictions of the linear theory are noted and compared
with the corresponding classical results. A note on frame-indifference and symmetry
for material surfaces is appended.
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Introduction

As is well known,! surfaces of bodies and interfaces between pairs of bodies
exhibit properties quite different from those associated with their interiors. While
the literature on surface phenomena is extensive,? it is based, for the most part, on
molecular considerations. In spite of the importance of surface phenomena, with
the exception of some isolated work on fluid films* and on the thermodynamics of

t Cf, e.g., ADaM (1941) and ADAMSON (1967).

2 Cf, e.g., the historical background outlined by OROWAN (1970). There the contributions of
YOUNG, LAPLACE, GiBBS, and others are discussed.

3 Cf, e.g., SCRIVEN (1960).
21 Arch. Rat. Mech. Anal., Vol. 57
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non-deformable interfaces,' there does not exist a systematic treatment? of
material surfaces based on the modern ideas now prevalent in continuum mechan-
ics. That such an approach is valid and of use in the understanding of surface
phenomena has been cogently argued by HERRING.? In this paper we present a
first step towards the development of a rational theory of material surfaces.

Section1 is concerned with preliminary definitions and notation, while
Section 2 develops a general theory of surfaces in Euclidean space. In Section 3
we study the deformation of surfaces and introduce the relevant measures of
strain. Section 4 is devoted to a careful definition of the notion of a material surface;
roughly speaking, a material surface is defined as a two-dimensional continuous
body embedded in a Euclidean space of dimension three. What we believe is a
radically new view of the boundary surface of a three-dimensional body is also
presented in Section 4 together with a precise definition for the interface between
two continuous bodies. Here we are concerned with modelling transition zones
between immiscible materials and do not consider diffusion; thus phase interfaces
do not fall within the scope of our theory. Surface stress is introduced in Section 5
and its tensorial nature (Cauchy’s Theorem) is established, in the usual manner,
with the aid of the force and moment balance laws. Here, of course, the ideas are
the same as those underlying the classical theory of membranes.* We feel, however,
that the modern geometric concepts used allow for a more precise and compact
theory. In Section 6 we study the consequences of equilibrium for a body whose
boundary is a material surface. In particular, we deduce interesting relations be-
tween the stress field associated with the body and that associated with the
boundary surface. Section7 is concerned with the only constitutive class we
presently consider: that of an elastic surface. Here we study, in the usual manner,>
the consequences of frame-indifference and material symmetry. In Section8 we
deduce a linearized theory of elastic surfaces. A novel feature of this theory is the
linearized stress-strain relation giving the surface stress temsor as a residual
stress tensor plus a linear function of surface strain.® This obviously generalizes
the usual notion of surface tension and is, in fact, consistent with atomistic calcula-
tions indicating the presence of compressive surface stresses in certain crystals.’
Section 9 deals with the formulation of the free-surface problem within the linear
theory. This problem models situations, for example, in which a part of a body
is removed, thereby exposing a free surface. Thus, while the interior of the body
may be initially free of stress, the residual surface stress in the boundary surface
generates a stress field in the body. Predictions of the linear theory in several
simple cases are noted in Section 10 and compared with the corresponding classical
results.

! FIsHER & LEITMAN (1968); WiLLIAMS (1972).

2 of course, there do exist various ad hoc theories, such as the theory of fracture, in which cracks
are allowed to have surface tension, but in which the effect of this surface tension on the strain field in
the body is ignored. In this connection see the remarks by GoopIer (1968), p. 21.

* HERRING (1953).

* Cf., e.g., TRUBSDELL & TOUPIN (1960) and NAGHDI (1972).

> Cf, e.g., TRUESDELL & NoLL (1965).

N Cf. the remarks of HERRING (1953).

7 SHUTTLEWORTH (1950). See also LENNARD-JONES & DENT (1928), LENNARD-JONEs (1930),
OROWAN (1932).
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1. Preliminary Definitions
Let  and ¥ designate finite-dimensional inner product spaces, and let
Unit (%) =the set of all unit vectors in %,

Lin(%, #")=the space of linear transformations from % into #,
Invlin(%, #")={FeLin(#%, #"): F is invertible}.

(Of course, Invlin(%, #") is empty when dim % +dim #7) We write $* for the
transpose of SeLin(%, #°), so that STeLin(¥, %) and

w-Su=8Tw-u

for every ue#, we#. (We use the same symbol “-” for the inner product on any
finite-dimensional inner product space; the underlying space will always be
clear from the context.) We say that SeLin (%, %) is symmetric if § =87, positive-
definite if u=0 implies #-Su>0. For SeLin(#%, %), trS and det S denote, respec-
tively, the trace and determinant of S, and the inner product on Lin(%, #') is

defined by U-F=tr(UFT)
. =1{r

for all U, FeLin(%, #°). Let dim % =dim % Then QeLin(%, %) is orthogonal if

QT Q=the identity on %,

Q QT =the identity on ¥.
Given vectors ue %, we #, we define u @ we Lin(¥%, %) by

u@w)a=(w- a)u
for every ac#, and, when u, we#,
UAW=UQR@W—WwRu.

We will consistently use the following notation:

Sym(#%)={SeLin(%,%): § is symmetric},
Sym™* (#)={SeSym(%): S is positive-definite},
Orth(%, #')={QeLin(%, #°): Q is orthogonal},
Unim(%)={UeLin(%, %): det U = +1}.

We now state, without proof, the following slightly generalized version of the
polar decomposition theorem:?

Theorem 1.1. Each FeInvlin(#, ") admits the unique decomposition

F=RU (L.1)
with UeSym™ (%) and ReOrth(%, #"). Moreover
U?=F"F. (1.2)

1 Cf., e.g., HaLMos (1958), p. 169.
21*
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Let &, and &, denote finite-dimensional Euclidean point spaces with corre-
sponding translation spaces ¥; and 75, respectively, and let @ be a smooth (i.e.,
class C') function from an open set 2§, into &,. Then P@(x)eLin(¥;,¥;) is
the Fréchet derivative at xe 9:

B(x+h)=d(x)+ VD(x) h+o(h]) as h—0. (13)

When &,=7;=R, where R designates the reals, we identify Vd(x) with the
unique vector in ¥; such that the term linear in & in (1.3) has the form F§(x) - k.

& will always denote a three-dimensional Euclidean point space, while ¥~ will
designate the associated translation space. Further

Bid(¥#")=the set of all two-dimensional subspaces of ¥"

We write 1 for the identity in Lin(¥, ¥7). More generally, elements TeLin(¥, ¥")
will be referred to as tensors. For a smooth vector ficld u: 2 -7, where 2c&
is open,

diva=trVu.

On the other hand, for a smooth tensor field T: 2 — Lin(¥; ¥7), divT is the unique
vector field with the following property:

(divT)- k=div(TTk) (14)
for every vector ke¥”

2. Surfaces

A surface s in & is a subset of & endowed with a structure defined at each xes
by a two-dimensional subspace 7, of ¥~ and a mapping n, with properties
(S;)~(S,) listed below:!

(S,) m,: N,— s is a class C* mapping with domain .4 an open neighborhood
of zero in 7.

(S,) For some neighborhood .# of x in &, n (AN )N M =c M.

(S3) 7 () — (x +1) belongs to Z* for every te 4 and is of order o(|z|) as t—0.

(S,) There exists a continuous field m: s— 7" that never vanishes and has
m(x)e 7" at each xea.

I, is called the tangent space at x; 7. (z) is the projection, perpendicular to 7, of
x+7 onto 4. It follows from (S;) that =, is injective, 7,(0)=x, and

Vr.(0)=1(x),
where I(x)eLin(Z,, ¥") is the inclusion map
lx)t=1

for every te 7. We write 1(x)eLin(Z,, Z,) for the identity map on J,. We remark
that, although 1(x) t =I{(x)t for every teZ,, as functions 1(x) and l(x) are different
because of the difference in codomains. Let P(x)eLin(¥, Z,) denote the perpen-

! Here we base our work on the unpublished lecture notes of WALTER NOLL in which the local
projections 7, define the structure on . NOLL bases his treatment on (S;) and (S;) together with an
axiom asserting the local uniqueness of the mappings =, .
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dicular projection from ¥~ onto Z,. Then for every te 7, ve ¥,
t-[P(x)v]=[l(x)7] v,

I(x)T=P(x) 2.1

so that

and
P(x) PT(x)=1(x)=1(x)T I(x). (2.2)

By (S;)~(S3) the topology on ¢ induced by the standard topology on & is
equivalent to the topology formed by taking images under the local projections
. of open sets in Z,. Moreover, one can verify that there exists a new family of
neighborhoods A7 =.4; of points xes such that each composition 7, ' o7, is of
class C?, where, for each xeq, T, =7, | .

In view of axiom (S,), ¢ is orientable. Each of the two possible continuous
normal fields n, = m/|m| and n, = —n, is called an orientation for . Of course,

I(x) P(x)=1 —n(x)®’n(x) 2.3)

for either orientation n for 4. Further, (S,) implies that each orientation is smooth
on 4.

Remark. I(x) composed with any linear transformation A: ¥ — .7, simply
extends the codomain of 4 from Z to ¥/ indeed, I(x) A: ¥"— ¥ and

Hx)Av=Av
for every ve v

Smoothness of functions on s is defined in the standard manner. Thus, for
example, ¢: s— R is smooth if given any xes the function ¢pon,: #,—>R is
smooth. When this is the case the gradient V¢ (x) is defined by

Vo(x)=V(p o n)(0),

so that Vo(x)e Z,. A similar definition applies to a vector or point field # on 4;
thus Vu(x)eLin(Z,, ¥"). Finally, we shall write V, rather than V when we wish to
emphasize that ¥V is the gradient on 4.

By a tangential vector field we mean a map f: s—7¥" such that ¢(x)e 7, at
each xes.

We define the tangential derivative D u of a smooth vector field u: s— 7" by
Du=PVu, 24

so that Du(x)eLin(Z,, Z,) maps each tangent vector t€7, into that portion of
Fu(x)t which lies in 4. When restricted to tangential vector fields D represents
the usual covariant derivative.

Now let n be an orientation for s. The field

L=—Dn 2.5)
is called the Weingarten map and

g=LltrL (2.6)

is the mean curvature. It is not difficult to show that L=LT and IL= —Vn.
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Let u be a smooth vector field. Then u admits the unique decomposition
u=u,+u,n

with u, a smooth tangential vector field and u, a smooth scalar field. We call u,
and u,, respectively, the tangential and normal components of u relative to 4
(and to the orientation n). Clearly,

Vu=Vu,+u,Vn+n®Vu,,
so that, by (2.4) and (2.5),

Du=Du,—u,lL. 2.7)
The surface divergence div,u of a smooth vector field u: s — ¥ is defined by
div,u=trDu. (2.8)
In view of (2.8), (2.7), and (2.6),
div,u=div,u,—2ku,. 29)

Let £ be a regular subsurface! of 4, i.e. a compact subset of s whose boundary
0 is piecewise smooth and for which the divergence theorem

ft-v=[div,t (2.10)
(3 z

holds whenever ¢ is a smooth tangent field on 4. Here v(x)e Unit(Z,) is the out-
ward unit normal to X at x. For any smooth vector field u: s—>%, u-v=u,-v,
and (2.9) leads to the following trivial generalization of (2.10):

fu-v={(div,u+2ku,). .11
X z

We call s a regular closed surface if it is a geometrically closed? regular subsurface
of itself. Note that when X is geometrically closed (2.10) reduces to

{div,£=0. (2.12)
z

Now let S be a smooth field on 4 that assigns to each xes a linear transfor-
mation S(x): 7, — . We define the surface divergence of S in a manner completely
analogous to (1.4); i.e. div, S is the vector field on s defined by

(div,S) - k=div,(STk) 2.13)
for every vector ke ¥ Since STk is a tangent field, (2.10) implies that
k-{Sv=|STk-v=k-[div,S,
(23 oz z
so that
§ Sv=[div,S. (2.14)
[ z

! Note that all sufficiently small compact subsets of s with piecewise smooth boundaries are
regular subsurfaces.

2 ¥ is geometrically closed if 05 =§.



Elastic Material Surfaces 297

A tangential tensor field is a field T on 4 that assigns to each xes a linear
transformation T(x): Z,— Z,. Examples of tangential tensor fields are 1, L, and Du.
The above definition of the divergence cannot be used for such a field T, since TTk
is defined only for ke Z,. However, since I(x) T(x): Z.— ¥, S=IT is a field of the
type discussed in the previous paragraph, and we can define

div, T=div,(IT), (2.15)
or equivalently, by (2.13),
(div, T)- k=div,(TTPk)

for every ke¥” Then, if we replace S in (2.14) by I T and use the fact that I Tv=Ty,
we are led to the conclusion that

f Tv=[div,T. (2.16)
oz z

The following useful identities can be proved in the same way as their more
familiar counterparts:
V(- )=Vu) v+(Vv)u,
Vipuw)=pVu+u®@Vep,
div,(pu)=¢ div,u+u-Vo, (2.17)
div (¢ S)=¢ div,S+SF¢p,
div,(STu)=(div,S) - u+S - Vu,
where ¢, u, v, and S are smooth fields on s with ¢ scalar-valued, # and v vector-
valued, and S(x)eLin(Z,, 7). If T is a smooth tangential tensor field, then (2.17),
and (2.17); with S=1T yield, on use of (2.15),

div,(p T)=¢ div, T+ T Ve,

2.18)
div,(TTPu)=(div,T) - u+T-Du.
Further, (2.18), with u=n and (2.5) imply that
(div,T)-n=T-L. 2.19)
Proposition 2.1. div,1=div, | =2kn. (2.20)

Proof. For any ke ¥ we have
(div,1) - k=(div,I) - k=div,(Pk)=div,(k—(n - k) n)=(n - k)2 %,

asis clear from (2.15) with T =1, (2.13),(2.1), (2.3), (2.17);, and (29). [
In addition to the above identities, the following lemma will be useful.

Lemma 2.1. Let S be a smooth tensor field on s with S(x)eLin(Z,, ¥"), and let u
be a smooth vector field on s. Then

{Sv®@u=[[div,S®u+S¥Vu"]. (2.21)
ax £
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Further,
fu®@Sv=[[u®div,S+VuST],
ax )

funSv={[undiv,S+VuST-Svu'], (222
ox z

fu-Sv=[[(div,S) - u+S-Vu].

2 z

Proof. For every ke¥” we have
([ Sveu)k= [ (u-k)Sv= [div,((u-k)S),
[:23 [ z

on using (2.14). However, if we note that V(u-k)=(Vu)'k by 2.17),, 2.17),
implies that

fdiv,((u-k)S)= [ [(u-k)div,S+SVu"k]={[(div,S)@u+SVu"} k,
z z z

which yields the proof of (2.21). The operators on Lin(¥; ¥") which deliver the
transpose, skew part, and trace are linear and continuous and, when applied to
a®b, have values b®a, 1a b, and a-b, respectively. Thus, if we apply these
operators to both sides of (2.21), we are led, at once, to equations (2.22). [

A curve y on 4 is a subset of 4 with the following property: y is the range of a
smooth one-to-one mapping from [0, 1] into 5. We write |y] for the length of 7.
An oriented curve is a curve y together with a choice of unit normal field v to y;
v is then called the positive unit normal field for y. (A unit normal field v for y is a
continuous vector field on y such that, for each xey, v(x)e Unit(Z,) is perpendicular
to y at x. Of course, each curve y has exactly two such unit normal fields.) A curve
y' <y is an oriented subcurve of y if the positive unit normal fields to ¢’ and y coincide
ony'. ‘

Definitions analogous to the above apply to curves in Z,. In particular, if y is
an oriented curve in 4, we denote by y* the image of y under n_; y, is assumed
to have the orientation induced by ©,. We shall omit the subscript x when the
underlying tangent space 7, is clear from the context. If y is parametrized by
f: [0,1]— .4, then y* is parametrized by n of: [0, 1]—4, and a simple compu-
tation leads to the inequality

IIv*I—Iv||§§gyg{|7nx(n;‘(y))—l(x)l} I7]. (2.23)

Given xe4, we write Z,(v) for the family of all linesegmentsin .4, having
ve Unit(7]) as positive unit normal, and, for 1.4,

L, t)={{e L (v):1el}. (2.24)

Let A, (6> 0) be a one-parameter family of subsets of 5. We say that A, tends to
xes if, given any neighborhood A4~ of x in 4, there is an g4>0 such that A,c. A"
for all e<g,.

Let Z, (¢>0) be a one-parameter family of area-measurable sets in .4, such
that 2F = (Z,) tends to x. Then, since 7, is the tangent space at x, it is not difficult
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to verify that
|area(Z¥)—area(2,)| >0 as £—0. (2.25)

3. Kinematics
Let Diff(€) denote the set of all class C? diffeomorphisms of & onto itself.
Let 4o be a surface in &. By a deformation of 4, (into 4) we mean a mapping
f: s5p—9, where s is a surface in &, such that f=g|, with geDiff(€). Let I,
X€4,y, and I, xe g, designate the tangent spaces to 4, and 4, respectively, and let
F=rf, 3.1
so that F(X)eLin(%°, ¥").

Proposition 3.1. For each X€ s, the linear transformation F(X) has range in 7,
where x=f(X). Further, if we let F(X) denote F(X) considered as a linear transfor-
mation with I as codomain, then F(X)e Invlin(%°, 7).

The field F is called the deformation gradient corresponding to f. The above
proposition and Theorem 1.1 imply that F has the polar decomposition

F=RU (3.2)

with U(X)eSym™*(%°) and R(X)eOrth(%°, 7). The tensor U(X) is called the
right stretch tensor at X. For all vectors u, ve 7;°

(FTFu)-v=Fu-Fv=Fu-Fo=(F'Fu)-v,
so that, by (1.2),

U2=FTF=FTF. (3.3)
The displacement u: 5, — ¥~ corresponding to f is defined by
uX)=fX)—X.
Then, clearly, _
Vu=F—I, 34

where 1(X): Z;° - is the inclusion map of the tangent space to g, at X. By (3.3),
(34), (2.1),(2.2) and (24),

U2=1+4+2E+Vu'Vu, (3.5)
where 1(X) is the identity on %° and
E=i(Du+Du’). (3.6)

The tangential tensor field E is called the infinitesimal strain; E is important in
theories based on the approximative assumption that Fu be small. By (2.7) and

the symmetry of L,
E=iDu,,+Dul)—u,l, 3Nt

where L is the Weingarten map on 44, and where u,, and u, are, respectively, the
tangential and normal components of u relative to 4.

1 ¢f, eg., NAGHDI (1972), (6.18), .
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Now let geDiff(£) be given by
g8(X)=Z,+Fo(X—Xo), (38

where X,, Z,e& and Fyelnvlin(¥;¥"). Then s=g(s,) is a surface in &, and
fo=2l,, is a deformation of s, into s. A deformation f, of this form is called a
homogeneous deformation of 4, into 4.

Proposition 3.2. Let #eBid(¥") and let Felnvlin(%°, ). Then there exists a
homogeneous deformation f, of s, whose deformation gradient at X is F.

Proof. Let n, and n, be unit vectors with n, € °* and n,e %", let

Fyelnvlin(7, ¥)
be defined by
Fou=Fu, ue?,

Fony=n,,

and let g: & » & be given by (3.8) with X, Z, arbitrary. Then the corresponding
homogeneous deformation f, has F as deformation gradient at X. 1

4. Bodies. Material Surfaces. Interfaces

We begin by defining a body' in sufficient generality to include the notion
of a material surface. A body is a set B with a structure defined by a family C of
configurations subject to the following axioms:

(i) each ke € is an injection of B into &’;
(ii) if ke € and feDiff(&), then f g, ° ke C;
(i1) if x, yé C, then there exists an fe Diff(éi) such that gox~' = f |, (g,
The elements X €IB are called material points, and the sets x(IB) (x € C) images of IB.
Let B, <IB. Then IB, equipped with the family

Cy={x|g,: keC}

is also a body; IB, is called a subbody of IB. Two bodies IB, and IB, are compatible
if IB; UIB, can be endowed with the structure of a body in such a way that IB,
and IB, are subbodies of IB; UIB,.

A material surface is a body ¥ whose images are all surfaces. We will con-
sistently write Jx(x) for the tangent space to the surface k(%) at the point X =k(X);
Fx(x) is called the tangent space at X in «.

A three-dimensional body is a body # whose images are closures of bounded >
open sets in &. For such a body 04 is the subset of # with the property that
x(0%)=0(x(4)) in some (and hence every) configuration k. We say that % has a
material boundary if 4 is a material surface.

Let #, and #, be compatible three-dimensional bodies. Then ¥ =%, "%,
is the interface between %, and #, provided %, as a subbody of #, U %,, is a
material surface.

! Cf. NoLL (1973), p. 70.

2 We assume 4 is bounded to avoid repeated regularity assumptions concerning the behavior

of the relevant fields at infinity. In Section 10, where we apply our theory, this assumption is tacitly
dropped.
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5. Surface Stress

Let 5 be a surface in £. A traction field ¢ for s is a mapping which assigns to
each oriented curve vy in s a continuous function
t,: YoV
with properties (P,), (P,), and (P;) listed below.
(P,) If y, and y, are oriented curves in s with y; an oriented subcurve of y,, then

t,(x)=t,(x) forevery xey,.
Let re#; and ve Unit(7;). We define (see (2.24))
CHx, v, D) =tp(n (7)), (eZL,v,7),

t,(x)=t(x,v,0). (5.1)

In view of (P,), t(x, v, ) is independent of the choice of £ € L, (v, ).

(P,) For each xes and veUnit(Z;), the mapping r+—#(x, v, 7) is continuous
on A.

(P;) For each smooth tangential vector field v on s with v(x)e Unit(7,) the
mapping x+—t,(x) is smooth on o.
Let y be an oriented curve with positive normal v. The vector ¢, (x) represents
the force per unit length at x exerted by y* (the part of s into which v points)
on y~ (the part of s away from which v points). Thus

it (5.2)

is the total force on y exerted by y* on y~. Let X be a regular subsurface of s with
boundary y=43X. Then 7y is the union of smooth oriented curves y,7;, ..., ¥,
whose positive unit normals coincide with the exterior unit normal to 6%. For
such a curve y we define ¢, as follows: at each regular point' x of y we take
t,(x)=t,(x) for the appropriate y;. (For the integral (5.2) to make sense it is only
necessary to define ¢, at regular points of 7.)

A body force field b for 4 is a continuous vector field on 4; the vector b(x)
represents the force per unit area exerted on s at x by the environment. Generally,
when s is an image of an interface between three-dimensional bodies %4, and £,
which exert surface forces ¢, and ¢, on s, then

b=b*+1, +1,, (5.3)

where b* is the total body force per unit area on 4. (Of course, b* includes the
inertial force on 4.) However, most of our results are independent of the specific
representation (5.3).

Throughout the remainder of this section ¢ is a traction field and b a body
force field for o. We say that t and b are in equilibrimm if, given any regular sub-
surface X of s with boundary 6X'=y:

ft,+[b=0,
¥ z

fpat,+[pArb=0, (54)
¥ z

! x is a regular point of y if y is smooth at x.
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where
p(x)=x—x, (5.5)

is the position vector from an arbitrary fixed point x,.

Theorem 5.1. Let t and b be in equilibrium. Then t,(x) depends on y only through
the positive unit normal v to y at x. In fact, given xea and ve Unit(Z,),

t,(x)=1,(x) (5.6

for every oriented curve y in s which passes through x and whose positive unit
normal field takes the value v at x.

The proof of this theorem is based on the following three lemmas. The first
is a direct consequence of the continuity of ¢, on y; the second follows from (P,),
(2.23), and (5.1),; the third is a consequence of (2.25) and the continuity of b on .

Lemma 5.1. Let y be an oriented curve in 4, and let y, (&> 0) be a one-parameter
family of oriented subcurves of y such that v, tends to x€s as e~ 0. Then

Jt,.=lvlt,(x)+o(y,) as e—0.
Ve
Lemma 5.2. Let ve Unit(Z,). Further, let £, (¢>0) be a one-parameter family
of line segments with £ ,€ & (v), and suppose that £, tends to x€s as e 0. Then

fta=I4]t,(x)+0(4) as e—0.
p

Lemma 5.3. Let x€q, and let X, (¢>0) be a one-parameter family of area-
measurable sets in N, such that Z* =n_(Z,) tends to x as ¢ >0. Then

| b=0(Area(Z,)) as £—0.
s

Proof of Theorem 5.1. In what follows it is often convenient to identify the
tangent space J, with the tangent plane at x by means of the correspondence
t>x+7 for every tre€J,. We shall generally make no distinction between the
tangent space and tangent plane; it will always be clear from the context which is
intended. Our first step will be to prove that

,(x)=—1_,(x) (5.7)

for every ve Unit(Z;). Thus choose such a v and consider the rectangle R, in 7,
centered at x with sides of length ¢ and £6 (¢>0, 6> 0) and with the sides of length
&0 parallel to v. Clearly, for sufficiently small ¢, R,eA4; and, further, R*=m_(R,)
as well as each of its sides tends to x as ¢ »0. Thus if we apply (5.4), to R¥, divide
the resulting equation by ¢, and let e —0, we conclude with the aid of Lemmas 5.2
and 5.3 that

,(x)+t_(x)+6{t(x)+1_.(x)} =0,
where 7€ Unit(7;) and v-t=0. Since § is arbitrary, this clearly implies (5.7).
Now let y be an oriented curve on s whose positive unit normal at x is v,
and let I' be a segment of the tangent line to y at x, lying within .47, including x,
and having orientation opposite to that of y at x. Then I'e #,(—v,0) and, by
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(5.1) and (5.7),
trdx)=—t,(x).

Thus, to complete the proof, it clearly suffices to prove that

ty(x)= _t['t(x). (5.8)
With this in mind, let

Y =n7(yn m(A)s

so that ' is that curve in .4, which corresponds, under the diffeomorphism =,
to that part of y lying in the range of =,. If y and I'™ coincide in a neighborhood
of x, then (near x) ¥ must be a line segment through x with orientation opposite
to that of I} and (5.8) follows at once from (5.7). Thus we assume that y and I'*
differ in every neighborhood of x. Then locally at x in .4 we shall have, for a sub-
segment of I, one of the two situations in Figure 1.

Case (i). Choose y on I' with |x—y|=¢ and zey with z —y perpendicular
to I Let £, denote the line segment from y to z, and let y, and I; denote, respectively, -
those parts of y and I" which with £, form a curvilinear triangle X, with vertices x,
¥, and z. Further, let Z, be equipped with the orientation corresponding to the
outward normal to Z,. Then £* L* and y,=n.(y,) form the boundary of the
region X¥=m(Z) in 4, and therefore, since ¢ and b are in equilibrium, (5.4),
applied to Z* yields

fta+ ftre+ f2,+ [ 5=0. (59)
et It >
Clearly, X%, £¥, IL*, and y, each tend to x as ¢—0. Further, since I, and y, are
tangent at x, it follows that |I;|=¢, |y|=|I;| +o(e), |£,| =o0(e), and Area(Z,)=o0(e?)

v -V

-y (i) vV (i)
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as ¢—0. Thus if we divide (5.9) by ¢ and let ¢—0, we conclude, with the aid of

Lemmas 5.1-5.3, that
ty(x) + tr*(x) =0,

which is the desired result (5.8).

Case (ii). For this case we must choose another curvilinear triangle in A4/
before (5.4); can be applied. This time X, is the curvilinear triangle with vertices
at x, y' and z, where |x —y'|=|y—z| and x—y’ is perpendicular to x —y. With I,
the line segment from y’ to z furnished with unit normal —v, and 7, the line seg-
ment from x to y’ furnished with the outward normal to Z,, a completely anal-
ogous analysis leads once again to (5.8). [

Theorem 5.2. Let t and b be in equilibrium. Then there exists a smooth symmetric
tangential tensor field T such that

t,(x)=T(x)v (5.10)
for every ve Unit(7;) and every xe€g. Further
div, T+b=0. (511!
Proof. We begin by defining T(x, +) on Z; by

T(x, v)=|v|t,(x) (5.12)
with
v=v/lv] for v=0.

If we set T(x,0)=0, it is a simple matter, by use of (5.7), to show that
T(x, A0)=AT(x, 1) (5.13)

for every veJ; and every real number A. We now show that T(x,*): Z,»¥ is
linear; i.e.,
T(x, )eLin(Z, ¥). (5.14)

By virtue of (5.13) it suffices to show additivity on linearly independent vectors.
Thus let u, veZ, be linearly independent and construct a triangle in 7, with sides
of lengths ¢|u|, ¢{v|, and &¢|u+v| having outward normals u,v, and —(u+v),
respectively, and with x as circum-center. If we denote this triangle by 4,, it is
clear that, for small enough ¢, 4, will lie in 4. Since Area(4,)=0(e?) as ¢—0,
and since A¥ =n.(4,) and each of its (curvilinear) sides tends to x as ¢ —0, if we
apply (5.4), to 4¥ and use Lemmas 5.2 and 5.3 we arrive at

elu| T(x, u/|lu)+e|v| T(x, v/v]) +¢|u+v| T(x, —(u+v)/lu+v))=o0() as e—-0.
Dividing by &, letting £ —0, and using (5.13) yields
T(x, u)+T(x, v)—T(x, (u+v)=0,

so that T(x, +) is additive on linearly independent vectors and (5.14) holds.
! Cf, e.g., TRUESDELL & TOUPIN (1960), Eq. (212.6), .
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We now write
Tx,0)=T(x)v (5.15)

for all ve 7, so that T(x)eLin(Z, ¥
In view of (5.6), (5.12), and (5.15), the balance laws (5.4), and (5.4), now take

the forms
[Tv+b=0,
ox z

{pATv+{pab=0, (5.16)
z

oz

where v is the outward unit normal to 9Z. By (P;) the mapping x> T(x) is smooth
on 4. Thus (5.16), and the divergence theorem imply that

{div,T+b)=0
b
for every regular subsurface £, and therefore, in the usual manner, the continuity
of div, T and b yield the local relation
div, T+ bp=0. (5.17)

Next let X be an arbitrary regular subsurface of 4. Since V(x — x,) = V7, (0)=I(x),
(2.1) and (5.5) yield (¥ p)” =P, and (2.22), (with u=p and S =T) implies that

[pATv=[(padiv, T+PTTT-TP).
0% 3

If we use (5.16), and (5.17), we arrive at the relation
fPTTT-TP)=0;
X

hence
TP=PTT". (5.18)

The remainder of the proof will make repeated use (without mention) of
(2.1) and (2.2). Choose ne Z;*. Then, since T(x): ¥">Z, (5.18) implies that

TTn=1TTa=P"TTn=TPn=0
(where, for convenience, we have suppressed the argument x). Thus
n-Tv=TTn.v=0

for every ve 7, so that the range of T(x) lies in 7. Therefore, if we let

T=PT, (5.19)
so that T is a smooth tangential tensor field on 4, it follows that
T=IT. (5.20)
Thus
Tv=Tv

for every ve J;; hence (5.12) and (5.15) imply (5.10). On the other hand, (5.20) and
the definition of the divergence of a tangential tensor field yield (5.11). Thus, to
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complete the proof, we have only to show that T is symmetric. By (5.18) and (5.19),
T=TPP"=PTPP"=PP"T"P =TTP"=TT,
and the proof is complete. []

For the remainder of this section we assume that ¢ and b are in equilibrium.
The symmetric tangential tensor field T, defined in Theorem 5.2, is called the
surface stress.

Theorem 5.3. The surface stress T and the body force b satisfy the relation*
T.-L=-b,,
where b,=b - n with n a choice of unit normal field for s and L is the corresponding
Weingarten map (2.5).
Proof. The result is immediate on using (2.19) and (5.11). [

We say that T is a surface tension ¢ if ¢ is a smooth scalar field on s and
T=01.
Theorem 5.4. Let T be a surface tension o. Then
Vo=-—b,; 2ko=-b,,

where b, and b, are, respectively, the tangential and normal components of b.
Proof. By (5.11), (2.18), with ¢ =0 and T =1, and (2.20)

Veo+2kon+b=0.

The desired conclusions follow from this relation and the fact that Vo is a tangential
vector field. []

Theorem 5.4 has an important corollary when s is (an image of) the interface
between two three-dimensional bodies #, and %,. Indeed, in the absence of
inertial forces on 4, and when the forces exerted by #, and %, on s are derived
from (not necessarily constant) pressures p, and p,, then b in (5.3) is given by

b=(p, —py)n.

Here, of course, n is the outward unit normal to 4, in the configuration under
consideration. This should serve to motivate

Corollary 5.5. If T is a surface tension o, and if b=(p, —p,)n, then o is constant
and
2Ko=p,—p;. (5.21)

The equation (5.21) is usually referred to as Laplace’s formula®> We remark that
Theorem 5.3 is a generalized version of this relation.

In applications T represents the stress field in the current configuration of a
material surface & undergoing deformation. More precisely, if u is such a con-

! Cf, e.g., TRUESDELL & TOUPIN (1960), Eq. (212.22),.
2 Cf, e.g., LANDAU & LIFsHITZ (1959), § 60.
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figuration with u(#)=g, then for any xes and any unit vector ve J,(y), T(x)v is
the force per unit length at x on any oriented curve y in 4 passing through x and
having v as its positive unit normal at x. Let ¥ be a second configuration of &
and let f =puo x~! denote the corresponding deformation of 5, = x(%) into s = p(¥).
Then there exists a unique smooth field S on 4, with S(X)eLin(%(x), ¥") such that

{Svo=[Tv (5.22)
70 ¥
for every oriented curve y, in 44, provided y= f(y,) and v, and v are, respectively,
the positive unit normal fields for y, and y. S is called the Piola-Kirchhoff stress
in u relative to x; by (5.22), Sv, is the force per unit length of y,. If F denotes the
deformation gradient of f, it may be shown that®

(det Uy(F YT vy=jv, (5.23)

where U is the right stretch tensor field and j is the Radon-Nikodym derivative
of the arc length measure on y with respect to that on y,. Equations (5.22) and
{5.23) imply that

S(X)=(det U(X)) I{f£ (X)) T(FX)(FX)~T), (5249
where I(x) is the inclusion map of () into ¥ In view of (2.1) and (2.2),
T=(detU)"*PSFT,

where P(x)=I1(x)" is the perpendicular projection of ¥~ onto Z,(u), and where,
for convenience, we have omitted arguments. Thus, since T takes symmetric
values, S must satisfy

PSFT=FSTI,
Let

bo(X)=[det U(X)] b(x),
where x = f(X), so that
bo=[b
£ b

for any regular subsurface 2 of 4. Then balance of forces (5.16), is equivalent to
the requirement that

| Svo+ | bo=0

3Zo Zo
for every regular subsurface X, of 4, with v, the outward unit normal to 4Z,.
The divergence theorem together with the continuity of both div, S and b,

therefore yield the local form
div,, S+ by =0. (5.25)

6. Equilibrium for Three-Dimensional Bodies with Material Boundaries

Let 4 be a three-dimensional body with a material boundary & =04, and let
B=pu(#) be the image of # in a configuration u. If n denotes the outward unit
normal field to 8B, we take ¢;, the force per unit area exerted on dB by the material

! ¢f, eg., TRUESDELL (1966), (11.12).

22 Arch. Rat. Mech. Anal., Vol. 57
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in B (the interior of B) to be given by
t;=—Tn,

where T is the continuous extension to 8B of the Cauchy stress in B. The body
force field b on the image surface s=u(¥) is then given by (cf. (5.3))

b=b*—Tn+t,,

where b* is the inertial force per unit area and ¢, is the force per unit area exerted
on 0B by the environment. Thus, if the traction and body force fields are in equi-
librium, (5.3) and (5.11) imply that

div, T+b*—Tn+t,=0 on 0B, 6.1
and, when b* and ¢, vanish,
div, T=Tn on 4B. 6.2)
If, in addition, # is in equilibrium in g with zero body force, then

divT=0 on B, (6.3)
where the divergence is here as defined in (1.4).

Theorem 6.1. Let B be an image of a three-dimensional body with a material
boundary. Further, let T be a smooth symmetric tangential tensor field on 4, let T be a
smooth symmetric tensor field on B, and assume that (6.2) and (6.3) are satisfied.
Then

[T+{ITP=0. (6.4)

Proof. By the divergence theorem on B,
[p@Tn=[(p@divT+T"),
9 B

where p is given by (5.5). Since divT=0 and T=T", this reduces to
{p® Tn=i£ T. 6.5)
On the other hand, (6.2), (2.22), with u=p and S=1T, and V' p=I imply that
[p®Tn={p@div,T=—[I1T). (6.6)

By use of (2.1) and the symmetry of T the desired result follows from (6.5) and
6.6). 0

The quantities 1

"®=oiz § T
and 1

T()= Area(s) ! ITP
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represent, respectively, the mean stress in B and the mean surface stress on JB.
Thus Theorem 6.1 gives a simple relation between the mean value of the body
stress, the mean value of the surface stress, and the geometry of the equilibrium
configuration. Further, it is interesting to note that this relation is completely
independent of specific constitutive assumptions. In particular, if T is a pressure,
—pl, and T a surface tension, o1, on taking the trace of (6.4) we have

3pVol(B)=2¢ Area(s),

so that the mean pressure p and mean surface tension ¢ must have the same sign.

One can ask the question: if T is a constant surface tension, will the corre-
sponding mean stress T(B) be a pressure? As will be clear from what follows, the
answer to this question is, in general, no. For the remainder of this section we
assume that the hypotheses of Theorem 6.1 are satisfied.

Theorem 6.2. Let T be a constant surface tension ¢ +0. Then a necessary and
sufficient condition that the mean stress T(B) be a pressure is that

[n@n=al. 6.7)

Proof. T =¢1 with o constant and (2.3) imply that
[ITP=6[IP=0cf[(1-n®n)=0Area(s)l1—c[n®n;

since ¢ 0, this result, in conjunction with (6.4), leads to the desired conclusion. [

An example of a region in & in which (6.7) is not satisfied is furnished by a
rectangular box, R. Indeed, let g, (i=1, 2, 3) denote the areas of the sides, and let
{e;} be an orthonormal basis for ¥~ with each e; perpendicular to the face with
area g;. Then, clearly,

3
[n@n=2% ale;®e), 6.8)
2R i=1
so that (6.7) holds if and only if ¢, =a, = a;. Of course, for this example dR is not
smooth. However, if <7, (¢>>0) is a sequence of sufficiently smooth “approximate
rectangular boxes” such that R and </ differ only within sets of area less than ¢, then
| fr®n— | n®n|<e.
OR

odl o

Thus, in view of (6.8), for ¢ sufficiently small s =d.<Z, cannot possibly satisfy (6.7).

We now give a class of regions for which (6.7) is satisfied. Choose an origin
océ and identify & with ¥~ in the natural way. Then the geometric symmetry
group g,(B) for B relative to o is the group of all orthogonal transformations Q
such that Q(B)=B. We shall say that B has weak geometrical symmetry if there
exists an origin ¢ such that for any ec?, e=+0, the set {Qe: Qeg,(B)} spans 7.
Simple examples of regions with weak geometrical symmetry are furnished by
spheres and cubes.

Theorem 6.3. Let T be a constant surface tension, and assume that B has weak
geometrical symmetry. Then the mean stress T(B) is a pressure.
22*
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Proof. Let A be the symmetric tensor
A=[n®n.

Then, clearly, Qe g,(B) implies that
QAQ"=[{0nRQ0n= [ Qn@Qn=[n@n=A.

2
Thus QA4 =A40Q, so that Q leaves each of the characteristic spaces of 4 invariant.
Let e be a characteristic vector of 4 corresponding to a characteristic value .
Since B has weak geometrical symmetry, {Qe: Qeg,(B)} spans ¥ Thus the
characteristic space for « is all of ¥ Hence A=al, and the desired conclusion
follows from Theorem 6.2. [

It is often convenient to refer all quantities to a reference configuration x
of #. Thus consider the Piola-Kirchhoff stress S in g relative to , as defined in
(5.24):

S=(detU) ITFNL.

We then have, from (5.25) and, respectively, (6.1) and (6.2),

div, S+ b§—Sn'+s,=0 on k(%) (6.9)
and
div, S=Sn" on 0k(%). (6.10)

Here S denotes the continuous extension to dx(4) of the Piola-Kirchhoff stress

) /‘_/o\—ﬂ . .
over k(#)=x(%), n' is the outward unit normal to dx(%), and b} and s, represent
the inertial force and external traction, respectively.

7. Elastic Surfaces

An elastic surface is a material surface & together with a constitutive equation
T=T.F, X)

giving the surface stress T at the material point X in any deformation from an
arbitrary configuration x, provided, of course, F is the deformation gradient at
k(X). Thus, letting g be the deformed configuration and % =J5(u), we have
F eInvlin(J (x), %), and, since T is the stress in g, T e Sym(%). By Proposition 3.1,
the domain of T,(+, X) is (Juepia s InVlin(Z (x), %) (since every element F in that
set can be obtained as the gradient of a (homogeneous) deformation from ). Thus

T.(.X): | Invlin(F(x),%)— ) Sym@®@)
¥eBid(¥) ¥ eBid (¥)
with
T.(F, X)eSym(#) whenever FelInvlin(Zx(x), %).

For convenience, we now choose a material point X and reference con-
figuration x and write

T for Fx(k) and T(-) for T (-, X).
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If we assume that the surface stress is frame-indifferent, the principle of material
frame-indifference! implies that

QTP Q'=TWQF (7.1)

for every Felnvlin(7, %), Qe Orth(#%, #'), and %, # eBid(¥").
Proposition 7.1. T is completely determined by its restriction to Sym* (7). In
fact, TF=FU-tTU)U-1FT, (7.2)

Proof. Proceeding in the usual manner,? we take, in (7.1), # =7 and Q=RT,
where R is the orthogonal transformation in the polar decomposition (3.2). Thus

TF)=RTU)RT, (7.3)

and, since R=F U~!, we can write (7.3) in the form (7.2). [
The symmetry group? ¥, for X relative to x is the group of all He Unim(7")
such that

T(F)=T(FH) (7.4)
for every Felnvlin(Z, %) and % e Bid(¥"). By (7.1) and (7.4),
QTAHQ"=TWQFQ" (7.5)

whenever Qe %, N Orth(7, ) and Felnvlin(Z, 7). If Orth(7, )= ¥%,, then X
is isotropic relative to x. If 4, =Unim(7) for some (and hence every4) con-
figuration x, then X is a fluid.

Theorem 7.2. If the material point X is a fluid, then the surface stress T is a
surface tension. In fact, the constitutive equation reduces to
T=0¢,(det U)1 (7.6)
with o, scalar-valued.
Proof. 4,=Unim (Z) implies
T(U)="T(U(det Uy U~-1)="T((det U)1). (7.7)
Since Orth (7, )= Unim (5), (7.5) and (7.7) yield
QT Q"=T()
for every QeOrth(7, 7). This and the symmetry of T(U) imply that T(U) is a
scalar multiple of the identity 1 on . Thus (7.7) reduces to
T(U)=a,‘(det uy. 0

Thus, by Corollary 5.5, if 5 is the image of an elastic fluid interface with zero
inertia, lying between two three-dimensional bodies %, and #, whose correspond-

! This is discussed in the Appendix.
2 f, e.q., TRUESDELL & NoLL (1965), § 29.
For further details consult the Appendix.
4 It is shown in the Appendix that, as in the three-dimensional case, the symmetry groups for any
given X relative to two different configurations are conjugate, so that ¢, =Unim () implies that the
symmetry group of X relative to any configuration is the relevant unimodular group.
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ing stress fields are pressures, then ¢, must be constant on s and satisfy Laplace’s
formula (5.21).

The tensor M= Tn X (7.8)

is the residual stress at X in the configuration x. An immediate consequence of
(7.5) is:

Proposition 7.3. If the material is isotropic relative to k, then the residual stress
in x is a surface tension.

Recall the Piola-Kirchhoff surface stress defined by (5.24):

S=(det U) IT(FT)~1.
By virtue of (7.2) ~
S=(det U) IFU-' T(U)U 1 =IFS(U).

Thus, since F = IF (see Proposition (3.1)),

S=FS(), (7.9)
where
S(U)=(detU)U-'T(U)U-L. (7.10)
Further, since T has symmetric values,
S: Sym(J) - Sym(7); (7.11)
and, if QeOrth(7, 7)) %,, then (7.5) implies
S(QUQH=QSU) Q. (7.12)
Also, by (7.8) and (7.10), .
S(H=M.

Assume now that S is differentiable at 1 with Fréchet derivative C, so that
S(1+E)=M+C[E]+o(E]) (7.13)

as E—0 with EeSym(7). We call C the elasticity tensor. Of course, M and C
depend on the material point X, or equivalently, on the position X of X in 4,.
If QeOrth(7, 7)Y %,, then (7.12) and (7.13) imply

QC[E]Q"=C[QEQT]+o(|E]) as E—0.
Dividing by |E|, proceeding to the limit as E -0, and using the linearity of C,

we have
C[QEQ"]=QC[E]1Q" (7.14)

for every QeOrth(7, 7)n %, and every EeSym(7).
Using a standard theorem for linear, isotropic, symmetric tensor-valued

functions of a symmetric tensor variable,' we find that when the material point X
is isotropic relative to «,

C[E]=4o(tr E)1+2 4, E. (7.15)

! Cf, e.g., GURTIN (1972), p. 76.
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In this case we also have, from Proposition 7.3, that
M=o0,1. (7.16)

Of course, 4y, iy, and o, depend on the material point X.

8. Linearized Theory

Consider now an elastic surface & The linear theory for & is based on the
assumption that the deformation relative to a fixed reference configuration be
small. Thus let x be a fixed reference configuration, let f be a deformation of

9=k (&), and assume that
g=sup,, |Vul (8.1)

is small. In view of (3.5) and (3.6), the fields U and E can be considered functions
of Vu. It therefore follows from (3.5) that

U=1+E+0(?) (8.2)

as ¢ — 0, where E is the infinitesimal strain given by (3.6) and 1(X) is the identity
on Iy =9 (x).

IfZisa regular domain in 4,, then its change of area due to the deformation fis
-1, (8.3)
z

where
J=detU

is the Jacobian associated with f. Thus
J—1=detU—1=det U—det1=tr(U—-1)+0(e?),

so that by (8.2),
J—1=tr E+0(?)

as ¢ - 0. Since tr E=div, u, and since the bound (8.1) is uniform,

[J—1=[div, u+0(?
i 3

as ¢ — 0. For this reason we call

Sa(X)={div, u 8.4
5

the infinitesimal area change under the displacement w. Note that if 2 is geometri-
cally closed, then (2.11) implies that

da(Z)=—-2[ku,,
z

where u, is the normal component of u on 4.

Consider next the Piola-Kirchhoff stress as given in (7.9). Then (3.4), (8.2),
(7.13), and (8.1) imply that

S=IM+IC[E]+VuM+ofe) (8.5)
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as ¢ — 0, where {(X): 95 — 7" is the inclusion map. The basic equations of the linear
theory are the strain-displacement relation (3.6), the constitutive equation (8.5)
with terms of order o(g) neglected, and the balance law (5.25):

E={(Du+Du"),
S=IM+IC[E]+VuM, 8.6)
div,, S +bo=0.

We remark that the linearized version (8.6), of the Piola-Kirchhoff surface stress
does not take symmetric values because of the presence of the term FuM.

When the material point concerned is isotropic (in the reference configuration)
we have, from (7.15), (7.16), and (8.6),,

S =0, +Ao(tr E) 1 +2 4 |E + 0, V. 8.7)

Remark. It should be noted that the stress S in (8.6), is not invariant under
an infinitesimal rigid displacement. Indeed, an infinitesimal rigid displacement
of the surface is a displacement field of the form

u(x)=uy+Wix—x,) (8.8)

with WeLin(¥;¥") skew. For such a field ¥, u=W1| and (2.4), (3.6) imply that

E=0. Thus, by (8.6),,
S=IM+W,IM.

This is as it should be: it is simply the transformation law IM — IM + W, IM for
the residual stress in an infinitesimal rigid rotation of the entire surface.
Since (8.6), can also be written in the form

S=IM+0(),

we might also wish to consider situations in which S obeys a constitutive relation
of the form

S=IM.
With this in mind we now trivially generalize (8.6), as follows:
S=IM+IC[E]+VuM, (8.9)

so that we have the possibility of setting M and C equal to zero. Of course (8.9)
also allows for situations in which we wish to neglect the term VuM but retain
the term C[E], and vice versa. We observe that if M is present, then it is equal
to M. Thus, we are adopting a convenient notation for dealing simultaneously
with three cases of possible interest. Similarly, we rewrite (8.7) as follows:

S=0yt+A,(tr E) 1 +2u, IE+ G, Vu. (8.10)

9. Linearized Theory of a Body with a Free Surface

Consider a three-dimensional elastic body # with a material boundary 64,
and assume that, in a fixed reference configuration, £ occupies the region B.
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Then, in the absence of body forces, the system of equilibrium equations appropriate
to small deformations from B consists of

E=3(Vu+Vu"),
S=C[E], on B ©.1)
divS =0,

where u: B— ¥ is the displacement, E: B— Sym(¥") the strain, §: B— Sym(¥")
the stress, and C: B— Lin(Sym(¥"), Sym(¥")) the elasticity tensor. We assume
that 94 is amaterial surface ¥ which we here take to be elastic. We further assume
that & is free from external loads. Then, for infinitesimal deformations of & from
the reference configuration, we must adjoin to (9.1) the system (8.6) for the surface
& =04. Under equilibrium conditions this consists of (8.6),, (8.9), and the appro-
priate modification to (8.6); as in (6.10):

E=1(Du+Du"),
S=IM+IC[E]+V,uM,! on 8B. 9.2
div,S=S8n '
Here n is the outward unit normal to s=2B. Of course, in (9.1) F and div are the
gradient and divergence operators in &, while in (9.2) D=PV, and div, involve

the gradient V, and divergence div, with respect to 4. Further # is the restriction
of the displacement u to 4.

We now state the free-surface problem for an elastic body.
Given: At each XeB the (body) elasticity tensor C(X)eSym(Sym(¥")); at each
XedB the (surface) elasticity tensor C(X)eSym(Sym(Zy)), the residual stress
M(X)eSym (), and the tensor M(X)eSym(Zy). We assume that C(X) is positive-
definite, that C(X) and M(X) are positive semi-definite,! and that C,C,M and M
are smooth fields.
Find: A class C? displacement field u: B — ¥~ such that (9.1) and (9.2) are satisfied.
The quantities
Us{u} =3 C[E]-E,
B 9.3)
Upp{u} =% [ [CLE]-E+(V,uM)- ¥, u]
oB

represent, respectively, the strain emergy of B and of 4B in the displacement u.
In view of the properties of C, C, and M,
Ug{u} + U;g{u}=0 = E=0 on B. 9.4)
Theorem 9.1. Let u be a solution of the free-surface problem. Then
_%ai M- E=Up{u} + Up{u}.

! Notice that we do not assume a priori that M is positive semi-definite. Thus we include (at least
for situations in which the term ¥,uM can be neglected) the possibility of a compressive residual
stress (cf. the discussion by HERRING (1953), pp. 15-16).
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Proof. By the divergence theorem,

fu-Sn=fdiv(STu)= [ [(divS) - u+S-Vu].
oB B B
By use of (9.1);, (9.1),, and the symmetry of S, this becomes
fu-Sn={S-E=[C[E]-E=2Us{u}. 9.5)
oB B B

On the other hand, since dB=y is a regular geometrically closed surface, do=§
and (9.2); and (2.17)s yield

fu-Sn={u-div,S=- [S-V,u. (9.6)
éB éB JB

Equations (9.2),, (9.5), and (9.6), together with the symmetry of M and C[E],
imply that .
2Up{u}=— [[M-E+C[E]-E+(F,uM)-V,u],
B

and this relation with (9.3), yields the desired result. [

Corollary 9.2. Any two solutions of the free-surface problem differ at most by
an infinitesimal rigid displacement of the entire body.

Proof. Suppose that u; and u, are two solutions of the free-surface problem.
Then u=u, —u, gives rise to fields E, E, §, and S, satisfying equations (9.1) and
(9.2) with M=0. Thus we may conclude from Theorem 9.1 that

Up{u} + Upp {u} =0,

and (9.4) yields E=0 on B; hence u; and u, can differ at most by an infinitesimal
rigid displacement of the entire body." ]

Corollary 9.3. Assume that M is a constant surface tension c,+0. Then the
area change 6 a(0B) corresponding to a solution u, if one exists, of the free-surface
problem is given by

5a(0B)= —% [Up{u} + Usy (1.

Proof. This is an immediate consequence of (8.4) and Theorem 9.1 upon
noting that

M.E=g,div,u. [ 9.7)

Note that, by Corollary 9.3 and since Ug{u}+ U,p{u} =0, if da(éB)+0, then
the surface area decreases or increases according as g, is positive or negative.

As is true in classical elasticity theory, the foregoing problem can also be
characterized by a minimum principle. Let .« denote the class of all C? vector
fields on B. We call

& {u}=Ug{u}+Up{u}+ [M-E 5.8)
oB

! Cf, e.g., GURTIN (1972), Theorem 13.2.
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the potential energy of ue.o/. @ is the total strain energy plus the work done by
the residual stress. By Theorem 9.1, when u is a solution @{u} equals one-half
of the work done by the residual stress.

Theorem 9.4. If u is a solution of the free-surface problem, then

O {u} < B (@}
Jor every ie /.

Proof. It is a simple matter to show that

Uplu} =Up{( —u)+u} = Ug li —u} + Up{u} + j C[E] '(E—E),
B

Upp{ia} =Upp{tt —u} + Usp{u} +a}; [CLE]- E—E)+(V,aM) - (V,(@—w)]- o
Thus, from the definition of & and equations (9.9), we have
O{a} —D{u} — Ug{aa —u} — Uyp{it —u} 9.10)
=J CIE] -(E—E)+a£ [CLE]-(E—E)-+(V,uM)- V,(i—u)+M-(E—E)].
Now by (9.1),, the symmetry of S, (9.1),, and the divergence theorem,
JC[E] -(E—E)=I§SC(E—-E)=’£S- V(i — u)
= [ [div(8"(@—w)—(divS): (i —u)] (9.11)

= (Sn-(i—w).
B

By use of (9.2); and (2.17)s with u replaced by (i —u) and ¥ =0B (observing that
since 0B is geometrically closed, 62 =) (9.11) implies that

j'C[E] (E—E)= j(divdS)-(ﬁ—u)= — jS- V.(a—u). (9.12)
B 2B 2B
However,'by 9.2),,
S. lZ,(ﬁ—u):(lM+IC[E]+lZ,u|\7l)~(lZ,(ﬁ—u))
=M. (E—E)+C[E]-(E—E)+V,uM . V,(i—u),

on using the symmetry of M and of C[E]. This together with (9.10) and (9.12)
yields
®{} — B{u} = Uy {i—u} + Upp{T—u} 20. [

Upon noting that S is not necessarily symmetric, and using the same steps
as were used in the proof of (6.4), we see that (9.1); and (9.2), yield the identity

£s+a£ IST=0. (9.13)
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Since § is symmetric, this implies that
f(s™-sp)=0,
oB

and this result, together with the symmetry of M, M, and C, yields the identity
fMV,u” =V, uMP)=0. 9.14)
OB

Use of (2.21) of Lemma 2.1 with S=IM and X~ =0B (so that 0 =f) yields
FIMP,uT=— [div,(IM)®u;
oB éB
hence (9.14) becomes, by use of (2.15),
[undiv,M=0. 9.15)
oB

The relation (9.15) must be satisfied by the solution u of the free-surface problem.
When M =5,1with 6,40 and constant, (9.15) reduces to the requirement that
[Kuan=0.
éB
When 2 is homogeneous and isotropic (relative to the reference configuration,
(9.1), reduces to!
S=A{trEY1+2uE, (9.16)
(9.2), takes the form (8.10), and A, u, 64, Aq, fto, and &, are constants. Thus, if we
take the trace of (9.13) and use (8.10) and (9.16), we find that the infinitesimal
change of area da(0B) and the infinitesimal change? of volume

Sv(B)= [divu
are related by ?
204 Area (0B)+(3A+2 1) 5v(B)+(Gy +2 ¢ +2 o) a(@B)=0.

We now discuss briefly the more general mixed boundary-value problem for an
elastic body with a material surface. For convenience, we omit all proofs; these
are completely analogous to their counterparts in the free-surface problem.
Using the notation of this section, we suppose that 5=0B is a regular geometri-

cally closed surface with R
0B=2ul,

where ¥ and £ are regular, complementary, subsurfaces of 0B with
r=znz,
a closed, piecewise smooth curve. Then the problem may be stated as follows:

Given: Everything as in the free-surface problem, except that now C, M, and M
are defined on X rather than ¢B, and, in additjon, continuous vector fields b, §,
and # defined, respectively, in B, on X, and on £.

v Cf, e.g., GURTIN (1972), Theorem 22.2.
2 Cf, e.g., GURTIN (1972), § 12.
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Find: A class C? displacement field u: B— ¥ such that
E=i(ru+vu"),

S=C[E], on B 9.17)
divS+b=0,

E=i{(Du+Du"),

S=IM+IC[E]+V,uM,} on X (9.18)

div,S+5=8n,
and -

u=u on 2. 9.19)
The quantities Up{u} and U;{u} are defined as in (9.3) with 0B replaced by 2.
We then have the following analog of Theorem 9.1:

Theorem 9.5. Let u be a solution of the mixed boundar y-value problem. Then
—3IM-E=U{u}+Ug{u}—3[b-u—3[§-u—3ft-Sn—3fSv-a,
2B B I F r

where v is the outward unit normal to X.
This can be used as before to obtain the appropriate uniqueness result:
Corollary 9.6. Any two solutions of the mixed boundary-value problem differ
at most by an infinitesimal rigid displacement of the entire body.

We remark that if £+ then there is at most one solution; infinitesimal rigid
rotations of the entire body are excluded by the prescription of the displacement
field on 2.

The potential energy is now defined by

o{u}=Up{u}+ Ug{a} — (b-u+ [(M-E—§. 7).
B z

The counterpart of Theorem 9.4 is:

Theorem 9.7. If u is a solution of the mixed boundary-value problem, and if u
is a class C? vector field on B satisfying U= on X, then

{u) <d{a).

10. Simple Applications of the Linear Theory

We now use the linear theory developed in Section 8 for a three-dimensional
body with material boundary and examine, in some simple cases, the predicted
departure from classical results. This departure is accounted for by the presence
in (6.1) of (div, T+ b*), which is absent in classical treatments.

10.1. Infinite cylindrical surface bounding a homogeneous isotropic body.
Consider the removal of an infinite circular cylinder of radius a from a homo-
geneous isotropic body # occupying in its natural configuration all of &. The
surface of the cylindrical hole so exposed is a material surface. We assume that
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this, too, 18 homogeneous and isotropic. Thus, the corresponding free-surface
problem consists in equations (9.1) and (9.2) with (9.1), given by (9.16) and with
(9.2), taking the form (8.10). This problem admits of the following solution: the
radius of the cylindrical hole decreases by

ao,

. y=2ua+a6,+i,+2u, (10.1)
while the corresponding stresses are
2ua*e
Srrz"sre: yrz O,

Soo=0.

Here, of course, (r, §) denotes the usual polar coordinates.
The associated problem of removing from the same body the exterior to an
infinite cylinder of radius a results in a solution in which the radius again decreases,

this time by
ao

2a+y’

(10.2)

while the stress is a uniform pressure of magnitude

2(A+u) aq
24a+y

It is of interest to note that (for 4, u, 64, G, 4o, 1o >0) the cylinder decreases in
radius by an amount less than the decrease in radius of the cylindrical hole.
Further, as (6, + Ao +2 pp)/a—0,(10.1) and (10.2) tend, respectively, to

o )
_— d .
26 " 20+p

10.2. Plane waves in a half-space.! We indicate the departure from the classical
result in the simplest case, that of solenoidal waves in which the displacements are
parallel to the plane surface of the body. Classically the field equations to be
solved consist in

divS=pii in z>0

in conjunction with the strain-displacement relation (9.1),, and the stress-strain
relation (9.16). The relevant boundary condition is

Se;=0 on z=0,

where the body occupies the region z>0 and e, is perpendicular to z=0. This
problem admits the solution u=u(x, y,z,t)e,,

u=cos {k(x sin o —z cos a —ct)} +cos {k(x sina+2z cos a —ct)},

where e, is parallel to the y axis and ¢? = u/p. This solution consists in an incident
wave together with a reflected wave, the angle o of incidence clearly being equal

! For a fuller discussion of the classical theory, cf, e.g.. NADEAU (1964), p. 241.
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to the angle of reflection. Further, there is no change of phase or wave length
between the two component waves.

Treating z=0 as a (homogeneous and isotropic) material surface introduces
the new boundary condition

Se;+div,S=0 on z=0,

where S is given by (8.10) with E defined as in (3.6). Here 4 is the plane surface
z=0. The corresponding solution is now

u=cos {k(xsina—z cos a—ct)} +cos {k(x sina+z cosa—ct)—3d},

where
d=2tan"!(Isina tan ),
with
[ k(@0 + po) .
U

Again the angles of incidence and reflection are equal and there is no change in
wavelength. The departure from the classical result is contained in the phase
change 4, which now depends upon wavelength, Thus a superposition of such
waves would imply a distortion of the composite incident wave upon reflection.
Energy flux considerations show that the material surface is periodically storing
and releasing energy. Figure 4 gives the phase change é as a function of the angle
of incidence « for various values of the dimensionless wavelength [.

oﬂ:"'
w
[9)
g 21
2z ) 9
c 2 =1
® \
7]
U
L
o
| J
K x
0 L 2

Angle of incidence o

Fig. 4. Phase change, 6, as a function of angle of incidence, «, for various values of dimensionless
wave length I=k{(G,+ po)/1.

Appendix
Material Frame-indifference for Elastic Surfaces

We wish here to justify our assertion (7.1) and hence use the notation of Section 7.
Let & be an elastic material surface, and let x be a configuration of &. Let Xe&
and set 7 =7 (k), x(X)=X. If f denotes a deformation from x, let Ff(X)= F,
where the range of F is #eBid(¥"), so that FeInvlin(Z, #). (Recall that F is F
with codomain restricted to the range) Set f(X)=x. The surface stress T is
T.(F, X)eSym(%). We write this as T=T(F).
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Consider a change of frame'’
x*=c+Q(x—x),
where x,,ce& and QeOrth(¥; ¥) are arbitrary. This induces a deformation f*

from k defined by
F(X)=c+Q(f(X)—x,).
The deformation gradient of f* at X is F*, where
F*=QF,

where Q- eOrth(%, #") is Q| with codomain equal to the range #’eBid(¥").
Thus the corresponding stress is

T*=T(FH=T(Q"F), (A.1)
where T*e Sym(#"). Assuming that the surface stress is frame-indifferent yields
T*Qs=QTs (A2)

for every se%. Equations (A.1) and (A.2) imply that
TQ HQ =Q-T(F),
Q- TAHQ)"=TWQ F.

The result (7.1) follows on observing that given #’e Bid(¥") and Qe Orth(%, #),
we can construct QeOrth(¥, ¥") such that Q|, (with codomain restricted to the
range) is Q™.

so that

Material Symmetry for Elastic Surfaces

Let x and g be two configurations of an elastic surface %, and let f be a de-
formation from u(¥)=s. Then f induces a deformation fold from wx(¥)=4,,
where A=pox~. If T denotes the surface stress in the deformed configuration
at a given surface material point, then, by the definition of an elastic surface, we

have (7, (o) =T =T, .

where we have suppressed the material point dependence. Writing V, f =Fand F
for F when the codomain is restricted to the range, we have

T(F)=T.(FH), (A.3)

where H=VF, A. Thus to determine the surface stress T in any configuration it
suffices to know the response function T, relative to just one configuration «.
We define the symmetry group %, relative to x as essentially those configurations
in which the response is the same as that in k. In view of (A.3), it suffices to consider
only those configurations that share the same tangent space at the material point
under consideration. Thus we define the symmetry group of the material point X
in the configuration x by

%,(X)={HeUnim(% (x)): T.(F, X)=T,(FH, X)
for every Felnvlin(Jy(x), %) with ZeBid(¥")},
! Cf., e.g., TRUESDELL & NoLL (1965), p. 42.
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where, for the usual reasons, we have restricted our attention to unimodular
tensors. Clearly 4,(X) is a subgroup of Unim(J(x)).
From (A.3) we can deduce that, if ¥ and g are arbitrary configurations of %,

th -
°n G(X)=HG(X)H"!,
where H="V, (uox~') (x(X)), with so=x(%).
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