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Abstract

We state a particular case of one of the theorems which we shall prove. Let
© be a bounded open set in R" with smooth boundary and let s=(s;;) be a
symmetric second-order tensor with components o, jeH"(Q) for some (positive or

.. Ju. Ou,
negative) integer k; H* are Sobolev spaces on Q. Then we have Gij:é%+5% for
> j i
some u,e H**1(Q), i=1,...,n, if and only if }_ [¢,;0"dx=0 (if k<0, the integral

ijQ .
is in fact a duality) for any symmetric tensor o with components e HY (Q)

ij
= () H3(Q) and such that Y do
mz0 i Ox

=0. Some applications in the theory of
z j
elasticity are also given.

1. Introduction

The aim of this paper is to prove an analogue of DE RHAM’s theorem ([13]
§22, th. 17') for the space of symmetric second-order tensors having (tempered)
distributions as components, the operator of exterior derivation being replaced
by the operator of “symmetric differentiation”. We work on a compact Rieman-
nian manifold with boundary I If I'=0, my results coincide with those of
BERGER & EBIN [1] (their first decomposition theorem can easily be extended,
by their methods, to Sobolev spaces of any order if F'=@). If I'+@, my theorem
is a generalization of TING’s results [14] in two directions: first, we show that
the condition (3.4) of [14] can be replaced by S=0 on I'(=0M) (it is very
difficult, in my opinion, to do this using TING’s method) and second, the
symmetric second-order tensors are allowed to have arbitrary (tempered) distri-
butions as components, not only square integrable functions.
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In order to prove their results, BERGER & EBIN and TING followed essen-
tially the same idea, namely, they reduced the problem to the proof of the
existence and regularity of the solution for some elliptic system of equations
(this is SPENCER’s method; see KOHN & NIRENBERG [8]). My proof of the
decomposition theorem (Corollary 4.2) is much easier being based only on a
regularity theorem for the gradient operator and some abstract lemmas. I use an
elliptic type argument only to show that this decomposition is “regular”
(Theorem 4.9.).

Let us now say some words about the organization of this paper. In the rest
of the introduction, the necessary definitions and notations will be given.
Section 2 is devoted to some abstract considerations. Then in Section 3 we study
some properties of the gradient operator. Probably all the results of this section
are well known, but I have not found any reference for the essential theorem
which I shall use, namely Theorem 3.1. All results are easy consequences of this
theorem. In Section 3 I give also a very simple proof of a particular case of the
de Rham theorem, a decomposition very useful in hydrodynamics. The decom-
position theorems related to the operator of symmetric differentiation are given
in Section 4. Section 5 has a special character, being devoted to a somewhat
different subject. My interest in the problems treated in this paper was aroused
by reading [141. I[n the introduction of [14] St. Venant’s compatibility con-
ditions for “linear strain tensors” are criticised. The reproaches are the follow-
ing: first “the differentiability requirements are unnecessarily strong” and second
“the full set of compatibility conditions is still insufficient even for a multiply
connected domain in Euclidean space”. The aim of Section 5 is to remedy these
defects. When the manifold is Euclidean St. Venant’s compatibility conditions
are augmented by a finite number of linear conditions (number equal to zero if
and only if the manifold 1s simply connected) and we prove the conditions
obtained to be necessary and sufficient even in a multiply connected domain; we
do not use any requirements of differentiability beyond those necessary. I have
not treated a general Riemannian manifold, for which difficulties of a different
nature arise (see [15] sect. 84).

We shall always work on a C*, n-dimensional, Riemannian, compact,
orientable and oriented manifold Q, with a C*® boundary I' We denote by Q
=O\T the interior of @ and * 1, (respectively * 1,) the canonical volume form
on Q (respectively I'; on I the induced Riemann structure and orientation are
considered). We identify covariant and contravariant tensors using the Rieman-
nian structure (we speak about covariant t;; , or contravariant -, etc.,
components of a tensor ¢ in some local coordinates). If u, v are first order tensors
on Q we define the function (u,v): @—C by (u,v)(x)=u,(x) v(x), xeQ (com-
ponents in local coordinates). Similarly, if w, w are symmetric second-order
tensors, then (w, w)(x)=3w;;(x) w”(x) is a function on Q.

Let H(S) (respectively H(Q), H (9)) be the Hilbert space of square-integrable
functions (respectively first-order tensors, symmetric second-order tensors) on Q,

with scalar product (f,8)o={fg*1, (if f, g are first order, or symmetric
Q

second-order tensors, then fg is replaced by (f,g)). For any scR, H*(Q), H (Q),
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ﬁs(Q) are the corresponding Sobolev spaces (see [9]). We recall that they are
Hilbertizable topological vector spaces such that H(Q)=H°(Q), etc., as topologi-
cal vector spaces. If >0, then H () is identified with the strong antidual of

H(Q), so that if s, <s,, then H**(Q)< H*(Q) linearly. Similarly for H* and ig
The antiduality <+, between Hj and H = (s=0) is defined so that if feH} and
geHOCH S, then {f,g>= (fg)OQ Similarly for the other cases (H and H)

ﬂ H*(Q), HY (Q)= ﬂ H$ () (projective limits) are the spaces of all C®

functxons on Q, respectlvely of all C™ functions on Q which are zero, together
with all their derivatives (in local coordinates), on I. The (projective limit)
topology of H*(£) coincides with the topology of the uniform convergence on Q
of the function and of all its derivatives (in local charts). HX(Q) is a closed
subspace of H®(Q), its (projective limit) topology being identical with that
induced by H*(Q). Then H ®(Q)= U H~%(Q) (inductive limit), the strong
sz0
anndual of Hy'(£), is the space of all “tempered distributions” on Q. Similarly,

H=>(Q), H- *(€2) will be the spaces of first order (respectively symmetric second
order) tensors having as components tempered distributions on Q.

We denote by v the first-order tensor on Q defined as follows, only for points
on I': if xeI; then v(x) is the outward unit normal to I at x. Let T be a C!, p™™
order tensor on Q, VT its covariant derivative (a (p+ 1)*-order tensor on € with
covariant components V, T, Jand S a C, (p+1)"-order tensor on Q. Then

i1 Ti2.ndp+

Stokes’ theorem is equlvalent to

l wip+a j‘ g jit...ip
j. iy 12 dpat *lQ+ i1..dp VJS *19

— Jig.od
_jTil...i,,VjS Pxlp
r

(the expressions under the integrals have an invariant meaning). If f is a C!
function on Q, we define gradf = V'f. Then the symmetric derivative of a C' first-
order tensor u on Q will be the symmetric second order tensor £(u) on Q with
covariant components e(u);;="¥,u;+ V;u;. The divergence of u is divu=F'u, and
the divergence of a symmetric C' second-order tensor @ on Q will be the first
order tensor (Divw),=V/w,;. Clearly

(1) (grad fu)o o+ (f divi)y o= v ;% 1,
r
2 (e(w), @)oo+ (u, Divew), o= i v, % 1.
r
Using these formulas, we define the continuous operators

grad: H-*(Q)»H-°(Q), & H-=Q)~>H-*(Q),
div: H-°(@—-H->(Q), Div: H-*@Q)—H @)

in the usual way. If s+4, then their restrictions to a space with index s is a
continuous operator into the space with index s—1 (see [9], Chapter 1, §12.8).
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For example, if s+ then &: H%(Q)—H*~!(Q) is continuous. The object of this
paper is, essentially, to show that it has a closed range, too.

2. Abstract Preliminaries
The following lemma is due to PEETRE; see [9] Chapter 2, §5.2 for a proof.

Lemma 2.1. Let X, X,, Y be Banach spaces, i: X | —Y linear and compact, T:
X ,—X, linear and continuous. Then the following conditions are equivalent :
1) The kernel of T is finite-dimensional, the image of T is closed and if Tx=0,
ix=0, then x=0.
2) There is a finite constant ¢ such that for any xeX:

Ixit = eI Tx] +lix]).

Remark. The same proof easily gives the following assertion: Let X,, X, be
Banach spaces and let 7: X,—>X, be linear and continuous, having finite
dimensional kernel and closed image. Suppose |*|, is a continuous seminorm on
X such that xeKerT, x40 = |x|; 0. Then there is a finite constant ¢ such that
for any xe X,

HXHX1 §C(i|TX“x2+|x|1)-

Suppose now that X, Y; (i=1,2) are reflexive Banach spaces such that X, Y,
continuously and densely. If we denote X¥, Y* their strong antiduals (spaces of
continuous antilinear forms), we will also have Y*< X} continuously and
densely. Let T: X, — X, be linear, continuous and having a continuous exten-
sion T: Y, > Y,. It follows that the adjoint T*: X%—- X% of T is an extension of
the adjoint T*: Y#—Y* of T. In particular Ker T* cKer T*, and we ask under
what conditions is the first subspace dense in the second one.

Lemma 2.2, If T and T have closed images, then Ker T* is dense in KerT* if
and only if ImT=ImTnX,. If, moreover, KerTcX,, then this is clearly
equivalent to:

yeY, and TyeX, = yeX,.

Proof. Since X, is reflexive, KerT* is dense in Ker T* if and only if Ker T+

and KerT* have the same polar set in X ,. But the polar set of KerT* is ImT,
the closure of the image of T. It is easily seen that the polar set of Ker T* is the
intersection of X, with the closure of the image of T (in the topology of Y,).

Thus we obtain ImT=X ,nImT as a necessary and sufficient
condition. Q.E.D.

Lemma 2.3. Suppose the inclusion X, <Y, compact, and suppose the condition:
{yeY, and TyeX, = ye X} verified. Then there is a finite constant ¢ such that
for any xeX,:

(%) Ixilx, c(ITxllx, + lIxlly,).

In particular, Ker T=Ker T is finite-dimensional, and the image of T is closed.
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Proof. Let D={yeY,|TyeX,} with the graph topology. It is clearly a Banach
space topology, X, D continuously and X, =D as vector spaces. We obtain X,
=D as topological vector spaces using a theorem of Banach. In particular (*) is
true. Then we apply PEETRE’s lemma. Q.E.D.

For any positive integer k20 let #* be a Hilbertizable topological vector
space, and let J# be a closed subspace of #*. We suppose
(I) if k=0, then #**'<#* the inclusion being compact and with dense
image.
(IT) for any k=0, #5+" is a dense subspace of #y (#x*' is embedded in #*,
by (I)} and # =#"°.
(III) on #°° is given a scalar product (+,-), antilinear in the first variable, which
defines its topology. We denote by # the corresponding Hilbert space.
If k20, we define #~* as the strong antidual of ) We identify
H=#"=#"" using the Riesz theorem. Then by transposition in
HFT e HFcH we get A H F<#F~! the injections being compact and
with dense images. In conclusion, we obtain #*c#™, the inclusion being
compact and with dense image, for any integers k=m.
Let #5°= () Ay, # = (| #* with the projective limit topologies (#7 is a
kz0 k=20
closed subspace of #> and its topology coincides with the induced one). They

are reflexive Fréchet spaces, the strong antidual of #y* being # = () # %
kz0

(inductive limit topology). #* is dense in any #*, keZ (=set of integers). We
denote {+,*>: H#® x # ~°—C the canonical sesquilinear form, antilinear in the
first variable; its restriction to J#X x # % (some k=0) coincides with the
restriction to the same set of the antiduality #; x # ~*—~C, which will also be
denoted {-,*). In particular, if k=0, xeH#), ye# cH % then {x,y>=(x,y)
=scalar product in

Suppose {AF, A%} is another set of Hilbertizable topological vector spaces
with properties similar to {#y, #*}. Let Sy: # 7> A, Ty: K- H#,° be two
linear continuous operators such that (Syx, y)=(x, T y) for any xe#>°, ye Ay .
Then S, (respectively T,) has a unique extension to a continuous application S:
H A "% (respectively T: A ~®—-># ") equal to the adjoint of T, (re-
spectively Sg), i.e. (Tyx,y>=<{x,Sy) (respectively {(Syx,y>={x,Ty)) if xe Ay,
yeH ~ > {respectively xeH#yT, ye A ~ ).

Theorem 2.4. Suppose that, for any integer k, T maps A**! into #* and
enjoys the following regularity. if ue A"~ and TueH*, then ue #™**+*. Then the
Jollowing assertions are true:

1) T: H - # == has a closed image, equal to the polar set of KerS,, i.e.

ImT={ue# ~°|<{x,u)=0if xe #>° and §,x=0}.
2) KerT is a finite-dimensional subspace of 4.

3) For any integer k the restriction T® =T|A™*+1: A *+1 - H#* is continuous and
has a closed image equal to

{ue #*|{x,u>=0if xeH#y° and S, x=0}.
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4) Let ||*|, be a norm on X* (or #*) defining its topology and \*|,., a
continuous seminorm on A**! such that x+0, Tx=0=|x|,,, 0. Then for
any integer k there is a finite constant ¢ such that if ue #**?,

H“H;H.] éC(HTU|‘k+|ulk+l)-

5) Let E, be the closure in # of KerS,={xe#;*|Sqx=0} and F
=T(A)=ImT. Then # =E, ®F (Hilbert direct sum).

Proof. T®: x**! . #*% is continuous, since it has a closed graph. By
Lemma 2.3, Ker T% (which is clearly equal to Ker7, and KerT< #™™) is finite-
dimensional and ImT® is closed, for any integer k. Then 4) is a consequence of
the remark following Lemma 2.1. If k=0, it is easily secen that the adjoint of
TR0 o ks 7 ~k=1 is the restriction S®: #F+'> 4k of S to H#FFL By
Lemma 2.2, E¥+*D=KerS¥*1 is a dense subspace of Ef *V=KerS¥ (k=0). We
prove that Ef®=KerS,= () E}’ is dense in any E¥. Let x,EY’ and ¢>0. For

kz1
k=0let |||, be a norm on .#} defining its topology and such that ||+ |, <" ll,.
on #g+! For any i=0 let x; leE“‘*’*” such that [|x;—x;,,[,,;<e27"~L

Then the sequence {x;} is convergent in any #7", since, if j2i=m,

Jj—1 ji-1 e
i =Xjlln S 2 1%, = Xps1lnS L 1%, = Xp s slleen S5
p=t p=1i

so that x=limx,e #5°, S;x=0 and

\XO—XH ZHX 1+1“k+i§8,

i.e. the assertion regarding density is proved. If now we use the closed range
theorem, we obtain Assertion 3) of the theorem for k= —m—1 and m=0 (since
ImT="-Y=polar in # ™! of KerS{").

Let us prove Assertion 1). The closed range theorem states that ImT
=(KerS,)°. Let ue# ~™ with ue(KerS,)°. There is a k=0 such that ues# %1,
By the part of Assertion 3) just proved, uelmT{=*~"); in particular ueIm7,
which proves Assertion 1). Then Assertion 3) for any k is easily obtained.

We know F=T(#)=ImT® is closed in 3# and F={ue#|{x,ud=(x,u)
=0 for any xeKerS,}, i.e. #=E, ®F. Q.E.D.

3. Regularity for the Gradient Operator and Consequences

The main technical point of this paper is the theorem which we now prove.
While the result must be known, I have not found it stated in this generality.
Theorem 3.2, Chapter 3 of DUVAUT & LIONS [4] asserts a result very near to
the following one. Also, the theorem which we shall prove is a generalization of
Theorem 9.7 in Chapter 1 of LIONS & MAGENES [9] for the case s<0 (this is
essential for us). In fact, my proof is almost the same as LIONS & MAGENES’, the
only difference being in the choice of the extension operator P
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Theorem 3.1. Let seRR, s£—(k+3) if k is a non-negative integer. If
feH=>(Q) and grad feH*(Q), then fe H**1(Q).

Proof. We may suppose that fe H*(Q2). In fact, if the assertion is proved in
this case (for any s), we obtain the general case in the following way: Clearly
there is ¢ <s with feH'(Q); since grad feH*(Q)= H (Q), we have feH'*1(Q). We
repeat the argument until we obtain fe H'*¥(Q), s<t+k<s+1; a new step gives
feH*1(Q), which finishes the proof. If feH®, gradf eH*® and e H* (), then
6 feH®, grad(f)eH®. Using a partition of unity, we reduce the problem to the
case in which f has as support a compact subset of a domain of chart. Then
using local coordinates, we reduce the problem still further to the case in which

feH*(R™), 0, feH*(R") (j=1,...,n), where R” ={xeR"|x' <0}, Ojsa—a;, We
x

must show feHs™!(R").
Let m be an integer, [s|<m—2. If u is a function on IR", let Pu be the
function on IR” defined by:

u(x) if x'<0
Pu)(x)=3 27
(Puj) Y o ulgxt,x”) if x'>0
k=1

2m

where g, <0 and Y (g, Y =1if —m=<j<m—1 (see [9] Lemma 12.2, Chapter 1).
k=1

We have set x=(x!,x"), x"=(x2...,x". Then P: H™(R")->H™(R") is con-
tinuous and has an extension to a continuous operator H ™"(IR" )—»H ~™(IR"),
which also we denote by P; Pu|R” =u for any ueH ™(IR") (see LIONS &
MAGENES, loc. cit.). By interpolation P: H'(R” )— H(R") is continuous if [¢| <m,
t+ —k—13, k being a non-negative integer ([9] Theorem 12.4 Chapter 1). Let P’
be the operator obtained when we replace o, by o, a,. Clearly P’ has exactly the
same properties with respect to m—1 as P does with respect to m, ie. P":
H'(R™ )— H'(R") is continuous if [t|<m—1, t+ —k—3, k being a non-negative
integer.

Let {{|<m—2, t+ —k—1, k being a non-negative integer, and geH'(R").
Then PgeH'(R") and Pd,g=0,Pg if i=2, P'0,g=0,Pg. Thus for t=s, g=f:
PfeH(R"), J,P feH*(R") (i=1,2,...,n). Using the Fourier transform we see
easily that P fe H**1(R"). But then f=Pf|R" eH**'(R"). Q.E.D.

The remainder of this section will not be used in later ones. The following
theorem is very useful in hydrodynamics. It is a particular case of a theorem of
DE RHAM [13], §22, Theorem 17'. We note it because it is a simple consequence
of the theorem above and of Theorem 2.4. In Theorem 2.4 take A= H%(Q), A
—HYQ), #F=HYQ), H*=H%Q), T,=grad: HPQ-HFQ), S,=div:
H¥(Q)>H¥(Q). The compactness of the inclusions H**'< H*, H**! < H* fol-
lows from Theorem 16.1, Chapter 1, of [9]. The hypotheses of Theorem 2.4 are
easily seen to be satisfied. In particular, if feH~*(Q) and grad f=0, then
feH®(Q), so f must be locally constant on Q. If Q is connected, this implies
that f must be a constant. We have obtained
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Theorem 3.2. 1) ucH ~(Q) is of the form grad f for some feH™>(Q) if and
only if {v,uy=0 for any ve HF(Q) with divv=0. Moreover, the function f is
uniquely determined modulo a locally constant function, i.e. if feH *(Q) and
grad f =0, then f is constant on each connected component of Q. 2) If X is the

closure in H(Q) of {veﬁgc(QHdiv v=0} and I =grad H*(Q), then H(Q)zZO @I1I1.

Remark. If m=1 is an integer, then we have the trivial inequality | f],, o
<clgrad fll,,_, o+tclfl,_; o Lemma 2.1 shows that grad: H'"(Q)—»H'"”(Q)
has a closed image. Let div, be the Hilbert-space closure of the operator div:
ﬁ?(Q)cﬁ(Q)aH(Q). Using the closed-range theorem, one can show easily that
H(Q)=Ker div, ®II. It is much more difficult to show that =, =Ker div, (this is
what the theorem above says). -

There is another important fact about the decomposition H(Q)=2X, @1,
namely it enjoys the following regularity: If ue H°(Q), s=0, and u=u, +u, is its
orthogonal decomposition in H (<), then u,, u,e H*(Q).

I have not been able to find a proof of this assertion without reducing the
problem to demonstrating the regularity of a second-order elliptic operator. This
is the idea of the usual proof (see [2] for example), and we recall it, since we
shall use a similar reasoning in Section4. Let u,=gradf, feH'(Q), be the
component of u in I1. Clearly divu=div grad f =4 fe H* ~' (). Suppose, more-
over, that s>1, and let ge H'(Q). Since gradgell and u,eX,, we shall have
(gradg,u)e o=(gradg, grad f), . We write vu for the function on I' given by
viu,| I It is known that vue H~*(I') and a limiting procedure applied to (1) gives
(gradg,u)g o= —(g divi)g o+ (gl vu)o . Finally

(gradg,grad f)y o= —(g,divu)y o+ (gl Lvu)y r

for any ge H'(Q). Since fe H'(Q), this means that f is solution of the Neumann
problem:

Af=divu,
of
E—‘ u.

Appealing to the regularity of this elliptic boundary-value problem, we conclude
that feH**'(Q), i.e. u,=grad feH*(Q). Let P,: H(Q)—>H(Q) be the orthogonal
projection on fI. We have proved that Pz(ﬁs({)))cﬁs(Q)ﬁif sz1 (or for an
integer s> 1, if you prefer). By the closed-graph theorem P HY(Q)->H(Q) is also
continuous. Then we interpolate and obtain PZ(HS(Q))CHS(Q) for any
s=20. QE.D.

Another useful corollary of Theorem 3.1 is the following (see 4) of Theo-
rem 2.4).

Corollary 3.3. Let seRR, s+ —(k+3) if k=0 is an integer. Let ||*|, o (respec-
tively ||*|ls,1.0) be a norm on H*(Q) (respectively H**'(Q)) which defines its
topology, and let |-|_,, be a continuous seminorm on H**(Q) such that if ¢ is a
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constant *0 then |c|,, 0. We suppose Q connected. Then there is a finite
constant ¢ such that, for any fe H*1(Q),

1/ s+ 1.0=c(lgrad f g o+ f1ss 1)

4. The Operator of Symmetric Differentiations

Our essential result is

Theorem 4.1. Let seR, s+ — (k+2) for k an integer not less than —1. If
ueH ~*(Q) and e(u)e H*(Q), then ueH*+1(Q).

Proof. Suppose first that Q is an open subset of the Euclidean space, with the
induced Riemannian structure. Then the theorem is an immediate consequence
of Theorem 3.1 and of the identity

(3) 20,0 u,=0;&(u);, +0;e(u)y, — Oy e(u);;.

In the general case, if ueH ~*(Q), then there is r<s (¢t an integer, for example)
such that ue (). In local coordinates: &, u ;+0;u;=¢(u);;+terms of zero order
in u, so that d;u;+0;u;,eH". By use of the result just proved, it follows that
ueH *1(Q). We repeat the argument until we reach the required result. Q.E.D.

Theorems 4.2, 4.3 and 4.4 will now be easy corollaries of Theorems 4.1 and
2.4. They are proved exactly in the same way as Theorem 3.2 (see the remarks
preceding it) using the fact that H*+1c | compactly (again use Theorem 16.1,
Chapter 1, [9]). Notice that in the proof of Theorem 4.2 Korn’s inequality is
not used. In fact, a generalized Korn inequality follows directly from 4) of
Theorem 2.4 and it is stated below as Theorem 4.4.

Theorem 4.2. weH - *(LQ) is of the form &(u) for some ueH == (Q) if and only
if {w,)=0 for any weH°°(Q) with Divw=0. In particular, if %, is the closure
in H(Q) of {weHT(Q)|Divw=0} and P =e(H'(Q)), then HQ=% 02

Theorem 4.3. If ueH () and e(u)=0 then ucH>(Q).
Kere={ueH>*(Q)|z(u)=0} is finite-dimensional, and it coincides with the space

o 1
Q(Q) of Killing vector fields on Q. In particular Ker ¢ has dimension gw if

Q is connected. Moreover, if e(u)=0 and u=0 on I, then u=0.

Proof. We have only to prove the last assertion, the others being known (see
Assertion 2) of Theorem 2.4). However we shall also prove the assertion con-
cerning the dimension of Kere. More precisely, we shall prove that any
peH>(Q) with &(@)=0 is uniquely (and linearly) determined by the values
{@(P),(V @)(P)} in some (fixed) point PeQ. Since ¢(P) can have n independent
components and (V ¢)(P), being a second-order antisymmetric tensor (V;¢;+V;@;

n(n—1)
2

=0), can have independent components, we shall have at most n+

n(n—1) n(n+1)
2 2

linearly independent ¢’s. In local coordinates £(@)=0 is
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equivalent to 0,¢;+0;¢,= 21k ¢,. Using (3), we get

515j</>k=17'k@-<m k]az(pl UOk(/’z

+(7; L +0, L kj ak[;j)(pl
The linear system of equations
8;‘(/7]' =‘/’ij
4) ailﬁjk:Ellclpjl+I;cljlpil_ 'l'l//kl

(a I"l+5["” a 11)(pl

is of Frobenius type. It may have no solution, but if it has one, that solution
(o, ¥ k’k) is certainly uniquely defined by its value at one point. Since ¥;;= —;
+2@¢, only ¥,; with 1<i<j<n can be prescribed arbitrarily, Wthh proves
the assertlon Suppose now that ¢ =0 on I". We shall work in the coordinates of
a boundary chart, in the neighbourhood of a point Pe I’ which has coordinates
zero and is such that the equation of I' in this neighbourhood is x'=0; Q is on
the side where x!<0. Since ¢,(0,x")=0 near x”"=0, we shall also have
0;0,(0,x")=0 if i1, j=22. But ,;¢,(0,x")=(I{, ¢)(0,x")=0 and &, ¢;(0, x")
=(2F1"jqok—6j(p1)(0, x")=0. Thus (¢;, ;) is the solution of (4) having value zero
at P=0. The system being linear we obtain @=0 in the neighbourhood
of P Repeating the argument shows that ¢ =0. Q.E.D.

Theorem 4.4 (Generalized Korn inequality). Let seR, s# —(k+3) if k is an
integer not less than —1. Let ||-||, o (respectively |-|l,, o) be a norm on HS(Q)
(respectively Hs“(Q)) which defines its topology, and let || . | be a continuous
seminorm on H*1(Q) such that if ¢=+0 is a Killing vector field on Q then
|@ls, 1 +0. Suppose Q connected. Then there is a finite constant c, such that for
any ue H*+1(Q):

luliss 1, oS cs(le@liy, o+ luly ).

Example. The usual Korn inequality is obtained by taking s=0 and ||, ,
=|*|o.0- By use of Theorem 4.3 it is easily seen that for s> —3, s+3 we can
take

ulg sy =lullllo,r=(J @I, ul[)* 1)

r

Remark. We have used in the proof of Theorem 4.1 a method due to
DuvAuUT & LIONS [4]. They used it in their proof of Korn’s inequality. Notice
that the preceding generalized Korn inequality is a consequence of Theorems 2.4
(point 4) and 4.1.

Theorem 4.2 generalizes all of TING’s results [14]. But we have not yet
generalized BERGER & EBIN’s results [1] to a manifold with boundary: we must
also show that the orthogonal decomposition H (Q)= %, D2 enjoys regularity
similar to that of H(Q)= 2, @I (see the remarks between Theorem 3.2 and
Corollary 3.3), namely that 1f weH*(£2), s=20 and w=w, +w, is its orthogonal
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decomposition in H (©Q), then w,, wzeﬁs(Q). To do so, we shall use the same
idea as in Section 3, i.e. we shall reduce the question to the regularity of an
elliptic boundary value problem (BERGER & EBIN have used the same method
without considering boundary terms, since I'=0 in their case).

We begin by introducing some new notations. We denote by Hs(Q|I)
(respectively HS(QU“ )) Sobolev spaces of first-order (respectively symmetric
second-order) tensors on Q over I (for example, H>(Q|I') are C™ sections of the
fiber bundle of the first order tensors on Q, but defined only on I" ). In particular
HQ|IN=H(QII') (respectively H Ho@QIr)=H (QIT) is a Hilbert space with the
scalar product

(u’ U)O,I‘zj (us U) * 1T‘

r

Since I' has no boundary, H$(Q|)=HQ|I), Hy(Q|=H«Q|I) if s=0. If
ueH®(Q), let rucH*(Q|T) be its restriction to I, i.e. for any xel': (ru)(x)
=u(x). It is known that for s> the operator r has an extension to a continuous
surjection r: HS(Q)—>HS“(Q|F) Similarly, if weH‘”(Q) we set (vo)(x)
=vi(x)w; J(x) (xel'), so that vcoeH‘”(QlI‘ ). This apphcatlon also has a con-
tinuous surjective extension v: H S(Q)—»Hs 7(Qll’) if s>1. From (2), by a limit-
ing procedure, we obtain for ue H(Q), weH! (Q),

%) (e(w), 0)g o+ {1, Dive), o=(ru, vo), .
We need the following
Lemma 4.5. If s>3, then the mapping

H*(Q)3ur—>(ru, ve(u)) e H~*(Q|I) ®H*-*(Q|I)
is @ continuous surjection. If, moreover, s <3, then its kernel is Hs 5(€).
Proof. Let o H*~*(Q|I), yeH**(Q|I') and 0,, ..., 0, € H*(Q) such that
Z 8./’ =1, each 6, having its support in a domain of boundary chart. Then 6, ¢,

i=1
6,y have properties 51mllar to @, Y. If we construct u; eH(Q ) such that ru, =6, ¢,

ve(u)=0,y, then u= z u,e HS(Q), ru= Z 0,0=0, ve(u)= Z 0,y =y. It follows
i=1
that we can suppose from the beglnnlng suppq)c U, supptﬁc U, where U is the

domain of a boundary chart. It is known that we can choose the coordinates
such that the components of v(x) be v,(x)=1, v,(x)=0if i=2 (xeUy,=UnT).
Working in these coordinates, we see that it is sufficient to consider the case in
which

={x=(x", x")eRxR"~'||x]<1,x' £0}.
Then ¢, ¢ are vector fields in IR" defined on U,={xeU|x'=0}, and we must

construct a vector field # in R” ={xeR" x' <0}, with support in U, com-
ponents in H®, and u;|Uy=0¢;,

Vl(‘7iuj+ V)| Ug=(Vyu;+ Viul Up=(0,u;+0;u, "‘2F1kj“k)| Up=1y;.
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This is equivalent to u;|Uy=9;,
(@u;+05u )| Ug=4;—2IF(0, ) 9, =¢;.

In particular ¢,u,|Uy=3%¢, and for j=2: ¢,u;)U,=¢;—0;¢0,. Now we can use
theorems 9.4 and 11.5 of [9] chapter 1. Q.E.D.

Lemma 4.7. If for some uc H'(Q) there is a ve H%(Q) such that
(6) (e(@), eW)o.o=(9. v)o, 0
for any @ e H(Q), then ue H*(Q).
Proof. Let 8 H*(Q). Then Oue H"(Q) and
(e(e), e(0u)g. o =(e(0), Oe(w))g, o +(e(@), (VO - U)o o

=(e(0), e))o, o — (V8- 0), eW)o. o +(e(0), (V8- )5 o
=(p, =) - VO-=Div(V0-u)+0v), o+ {ro, v(VO-u)y r

where (V6 -u) has components ¢;0-u;+0,;0-u; and (e(w)- 170) =¢(u);; 7i0. Sup-

pose 0 has support in a domain of chart U and take uoeHZ(Q) suppuOCU
with ve(uy)=v(V0-u). Then u, =fu—uy e H (Q) and if p e H'(Q)

(e(@), e(uy))o. o=@, Bv—¢e(u)- VO—Div(V0 - u)+ Dive(ug))y o
=(¢, U)o,
where v, e H°(Q). We shall treat only the more complicated case when U is the
domain of a boundary chart, the coordinates being chosen exactly as in the
proof of Lemma 4.5. Working only in these coordinates, we have
%j g(w)ijg(ul)klgikgﬂl/édx=((pa Vo, u
for any @e HY(U) (U={x=(x" x")e]Rx]R” Hixl<1, x' 20}, Uy={xeU|x'

=0}). Since &(@);;=0;0;+¢; (p,+2 “ @y, by replacing v, by v; e H®(U) we con-
clude that

J (0:0;+0,0) €, ) g% gV g dx=(p, t})o
for any o e H'(U). But, if y e H'(U),
[ 01,740,900 @uluty =¥+ 31y — W) g thgi'y/gdx
(7 —j(8(p1+6<p e(uy), g% g gdx
—lj}(a,-w,-w,%)(zmulwakw,+a,wk>g“‘g”1/§dx.

We choose Y eH?(U), with support at a strictly positive distance from the
curved part of JU and such that (8, y,+ 0,y + 217 u,,)| Uy =0 (this is possible,
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according to Lemma 4.5). Then, if we integrate by parts the last integral in (7),
we obtain as boundary term

- J (Pj(zncy?“m+6k‘/’1+61‘pk)glkgﬂl/§dx
Uo

— | 920U, 0¥+ 00, g gt Y g dx.

Uo

®)

Since v, (x)=1 and v,(x)=0if i=2, xe U, in these coordinates, we have g'*(0, x")
=11if k=1 and =0 if k=2. It follows that the expression (8) vanishes, i.e. the
boundary term disappears when we integrate by parts the last integral in (6). In
conclusion, there is be H®(U) such that for any ¢ e H'(U)

!}(ai(Pj"‘ 0;0)(0a,+ 0,a) g™ gﬂ]/édx=(q), b)o,v

where a=u, —y. We shall show by the method of “differential quotients™ (see
[12]) that aeH?(U). For m=2, AeIR\{0} and f a function defined in R"
={xeR"|x" =0} we set (p7 f)(x)=2""(f(x+2e,)—f(x), (FN)x)=f(x+1e,),
where e, is the unit vector in the direction of x,-axis. If fe H°(U), then we
define f in R* \U by 0, so that fe H*(R"). If f, ge H°(U) and one of them has
support disjoint from the curved part of U, then

forf-gdx=—f pm,gdx
154 U

if 4 is sufficiently small. Also p7(fg)=p7{f) 77(g)+ f o5 (g). We obtain, for small
Ay

|§ (G:0;+,0) @, p70,+8,p7a) g% gV g dx|
U
=|— [ (0t .0, + 0,1 ,0) (B0, + 0,0, p™ 4 (8 87/ g) dx
U
— [ @ip™ 0,4 0,p™ ,0) (Bra,+0,a) g% ¢V g dx|
iP_@;F0;p 008 +0,4, )8 8 V8
U

<c |K0||1,U||a||1,u+|(p"‘_x¢>, b)o,ul
Sc ”(P”l,v ||a||1,U+ “P'iz@“o,u “b“o,v
Zclely glally,z+12lo, )

for any @ e H'(U). We take ¢ = pTa, so that
||Pgal|1 vScllpially,vllally,yz+ 1o, U)'*‘C“Paano U
Zclpgally,ollaly, o+ 1blo,0) +cllali y

where we have used Corollary 4.4 (case s=0, i.e. the usual Korn inequality). The
last inequality implies that hm sup lpZall, y< oo, ie d,aeH(U) for any m=2.

This is equivalent to ¢ (Bu)eH (U) if m=2. But Div ¢(0u)=0 Div e(u) + terms in
H°(Q)=0v+terms in H°(@)eH°(®Q). In local coordinates F/(F;(6u))
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+l7(9u))eﬁ°( ), from which we easily obtain é2(8u)e H°(U). In conclusion,
Bue H2(U), i.e. (0 being any C™ function with small support) ue H2(Q). Q.E.D.

Theorem 4.8. Let s=0, xe H**¥(Q|I') and ve H¥(Q). Then ue H'(Q) verifies

) (8(<P)7 8(“))0,9:("((?7 “)o,r—(ﬁl’a o, 0

for any e HY(Q) if and only if ue H*(Q) and u is a solution of the boundary-
value problem:

(10) {Div e(w)y=v,

ve(uy=a.
The problem (9) has a solution ue H'(Q) if and only if for any /fEé(Q) (see 4.3):

(1 (r£, a)y r=(£,0)p 0

If a solution exists in H'(Q), then it is unique modulo Q(Q) and it belongs to
H2+S(Q).

Proof. (10) is an elliptic boundary-value problem known in elasticity theory
(see [5] for example). We shall however give a simple proof of the result, in
order to make the paper self-contained. Clearly (e(@), e(¥))o.o 1s a closed,
positive, sesquilinear form in H(Q) (with domain H'(Q)). Let A be the positive
self-adjoint operator in H (Q) associated with it. Using Theorem 2.1, Chapter VI,
[7] and Lemma 4.7, we obtain D(A4)= {ueﬁz(Q)Iva(u)=0} and Au= —Dive(u)
if ue D(A). Since H? (Q)c:ﬁ(Q) is a compact injection, A will have only a discrete
spectrum ((1+A)~ " is compact in H (22)). In particular A4_has closed range: Im A4
= {ueH(Q)l(u v)o. Q—O if ve Ker A}. Obviously Ker4 = Q (Q). It follows that for
veH(Q) there is ue H'(Q) such that (e(¢), e¥))o,0= — (@, t)o, 0 VoeH!? (Q) if
and only if (v, /f)o o=0 for any AfeQ( ). In this case u is unique modulo Q(Q)
and ue H*(Q), ve(u)=0. Then, using (5) and Lemma 4.5, we casily show that (9)
and (10) are equivalent. The same argument also shows that (11) is a necessary
and sufficient condition for problem (9) to have a solution. The assertion of
uniqueness is obvious. Let us now prove regularity. First we apply the remark
following Lemma 2.1 with X,=H*Q), X,=H°(Q) @®H*Q|IN, Tu
=(Dive(u), ve)), |*]; =", We obtain

lull,, = cliDive)lio o +cllveliy r+cllulio o

for any ueH?(Q), where ¢ is some finite constant. Let ue H2(Q) such that
Dive(u)e H'(Q), ve(u)e H(QII). Let U be the domain of a chart on  and
fe H*(Q), suppf< U. Then fue H*(Q), Dive(Qu)e H (Q), ve(Bu)e H*(Q|I'). We
suppose U to be domain of a boundary chart (this is the more complicated case)
and choose the coordinates as in Lemma 4.5. In particular, we identify U with a
half-ball in R” and U,=U nT with U ~IR"~*, Clearly, if ve H2(U), suppv being
disjoint from the curved part of ¢ U, then

o],y cliDive@)o,p+eive®lly, v, tllo,v-
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Using the method of “differential quotients”, we prove now that ¢ j(Ou)eﬁ (),
J=2,...,n. With the same notations as in Lemma 4.7, for small enough ieR
and m=2

lp50ull,, y < cl|Dive(pl0u)llo, +cve(oF 0wl g, +c o3 0ullo, -
By common arguments the right-hand side is dominated by
c(IDive@ul, y+ IveO@ully, p,+ 10ull 5. )

for any small A, which implies that & (9u)eH 2(Uy for mz=2. Since
Div 8(u)eH1(U) we also obtain 0 (Hu)eHZ(U) In conclusion QueH3(U), i.e.
ue H3(Q) (use a partition of unlty) Regularity has been proved for s=1. It is
proved in a similar way for the case of any integer s+1 by employing the
inequality:

1l s 0= IDWVe@)s o+ Ve 4y, r ¢ llullo, 0

established at step s in the same manner as for s=0. For general s, we
interpolate (see Theorems 13.2 and 13.3, Chapter 1 [9]). Q.E.D.

Theorem 4.9. Let we H(Q)= So @F (see 4.2) and let w=w,+w,, v, €%,
w, €2, be its orthogonal decomposition. If a)eHs(Q) for some s=0, then
wy, cozeHs(Q) If, moreover, s +3%, then w,=¢(u) for some ue Hs+1(Q).

Proof. If s>1 and w=w,+w,=w, +&), v, €%, ue H'(Q), then for any
peH'(Q):

( (o), 8(“))0 Q= (3((P) ) o=0e,vo), r—(o, Div ®)o, @

by (5). Theorem 4.8 shows ueH**'(Q). The case O<s<l1 is proved by in-
terpolation. In fact, the orthogonal projection of H (@) onto # maps HS(Q) into
HS(Q) for integer s; m particular (by the closed-graph theorem) it is a continuous
operator HS(Q)—>HS(Q) By interpolation this remains true for any real
s20. Q.E.D.

Remarks. Let &; be the restriction to_} H'(Q) of ¢, considered as a closed,
densely defined operator from H(Q) to H (€). _Then its Hilbert space adjoint
Div, is the closure of the restriction of Div to H ¥(2). PEETRE’s lemma and the
usual Korn inequality allow us to prove that ¢, has closed image. The closed-
range theorem gives then H (Q)=Ker D1V0 ®Ime,. This is a very simple proof
of the orthogonal decomposmon of H () determined by Ime, . But it is difficult
to show that {weH""(Q)lDlvw 0} is dense in Ker Div, (this is asserted in
Theorem 4.2). On the other hand, using Theorem 4.8, one can show directly that

{we H*(Q)|Divar =0, vo =0}

is dense in Ker Div,. This is the result proved by TING [14]. My Lemma 4.7 is
similar to Theorem 4.6 of [14] However, 1 consider TING’s proof a little
ambiguous because his space Z'(M) is not correctly defined. In fact, by LIONS &
MAGENES’ method [9] we can define v as an element of H~-¥(Q|I') for any
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weﬁ(Q) such _that Divwe H (Q). But this is certainly not true for all w’s of the
form e(u), ue H'(Q). In this context note that ¥, =Ker Div, can also be defined
by

{weH(Q)|Divo=0, vo=0}

(since Diva=0e H(Q), vwe H=3(Q|T) is well defined).

We close this section with three results related to the preceding ones. The
first concerns the Dirichlet problem for the operator Dive, and we shall need it
in the proof of the next theorem.

Theorem 4.10. For any s>1, s+3, the mapping
(12) A5(Q)3u—(Dive(u), ru)e H=2(Q) ®H*~(Q|T
is a topological isomorphism.

Proof. The mapping is continuous and injective, since Dive(u)=0, ue HY(Q)
and ru=0=>¢(u)=0 and we apply Theorem 4.3. If uecH} o @)= {ueH (Q)|ru
=0}, then (u, — Div e(u)y =(e(u), s(u))o Q_ci|u||1 o (Theorem 44) The LAX-MIL-
GRAM Lemma shows that Divoe: H] (Q)—»H 1(Q) is an isomorphism. In order
to show that (12) is surjective if s=1, it is enough to find for any o ae H¥(QIT)
some ueH'(Q) with DIVS(U) 0 and ru=o. Since H' (Q)aur—»rueH QI is a
surjection with kernel HO(Q) it is enough to prove that o = {ue H(Q)|Div &(u)
=0} is a topological supplement of HY{(Q) in HY(Q). Since H{(Q) and A are
closed subspaces of H' (Q) with zero intersection we need only show that HY(Q)
=H] (Q)+,}i” If ueH(Q), then Div s(u)eH Q). In particular there is a
uoeH (Q) verifying Dive(u)=Dive(u,). We get u=uy+(u—u,), uoeﬁ})(Q), u
—uye A . The theorem is proved for s=1. As a consequence we obtain the
inequality

lully o= c|Dive)l _y o+clruly r

for any ue H'(Q). Regularity is then proved as in Theorem 4.8. Q.E.D.

We have used in the above proof an idea of LIONS & MAGENES [10]. The
next result is an orthogonal decomposition theorem similar to (but simpler than)
Theorem 4.9.

Theorem 4.11. Let & ={we H(Q)|Divw=0} and #,=¢(H}(Q)). Then H(Q)
=Y @, (Hilbert direct sum). The subspace 7(°0)—{weH°°(Q)|Dlvco 0} is

dense in &. Moreover, the above orthogonal decomposition is regular, i.e. if

we H(Q) Jor some s20 and w=0,+w,, v, €Y, w,€P,, then w,, v, H(Q).

Proof. Let Div,: D(Dlvl)cH(Q)aH(Q) be the operator:
D(Div,)={we HQ)|DivweH(Q)}, weD(Div,)=Div,»=Divo.

Then Div, is a closed, densely defined operator and its adjoint is equal to
&' D(eo)cH(Q)—»H(Q) D(gy)= HO(Q) go(u)=¢e(u) if ue D(g,). Since &, has closed
range (see Lemma 2.1), the closed-range theorem implies that

H(Q)=KerDiv, ®Ime, =¥ ®2,.
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Let us now prove regularity. If o=0,+0,=0, +a(u)eHs(Q) 520, s+1,
w, €& and ucH) 0(Q), then Dive(u)= DlvweHS HQ). By Theorem 4.10:
ueH”l(Q), which establishes regularity for any s=0, s#3. The case s=1 is
treated by interpolation, as in Theorem A4.9. The density assertion is trivial now.
In fact P, the orthogonal projection of H (2) onto ¥, sends a dense subspace of

H(R) onto a dense subspace of % and also P(H""(Q))CH *®(Q). Q.E.D.

As a corollary we get a generalization of a result by DORN & ScCHILD [3]
(see also [6] page 119 and [15] page 602).

Theorem 4.12. Let a)eH(Q) and o.e H¥(Q|I'). Then there is ueH (@) such that

eu)=w and ru=o if and only if (w, w), o=(2, vW),  for any weH"O(Q verifying

Divw=0. If u exists, then it is uniquely defined, and it belongs to H**(Q) if and
only if weH (Q) (s=0, s+3).

Proof. Let u,e H'(Q) such that ruy=o. Then

(w—s(uo), W)O,.Q=(0‘)a W), 0 — (% YW r

for any we #**). By Theorem 4.11, @ —&(ug)€ %, if and only if (0 —e(ug), w)o o
=0 for any we &™), i.e. if and only if (@, W)y o=(0, VW)y 1, Y we F™. Q.E.D.

5. St. Venant’s Compatibility Conditions and Related Topics

This section is devoted to two questions of elasticity theory. However, |
begin by stating a problem which I have not been able to solve in the general
case. Let us go back for a moment to Theorem 3.2. According to that theorem
ucH () is of the form grad f for some f eH'(2) if and only if (u, v)o o=0 for
any veH""(Q) such that divp=0. This criterion is not very useful in practice
since it involves an infinite number of conditions. A much more useful set of
conditions on u is the following one: for some ueH(Q) there is an JeH HQ)
such that u=grad f if and only if du=0 and (1, v), ,=0 for any ve 4.(Q) (d is
the exterior derivative and A4 () is the finite-dimensional space of vector fields
ve H*(Q) satisfying dv=0, divo=0, vo= 0). Now we pose the analogous prob-
lem for the operator &: find a “simple and natural” differential operator &, acting
on symmetric second-order tensors, and a finite-dimensional vector space
V < H(€) such that for weH (Q) the condition w=¢(u), ue H'(Q), be equivalent
to &(w)=0 and (o, w), =0 for any we V. The difficulties related to this problem
are explained in [15], page 351. We shall completely solve the problem in the
case of Euclidean Q, because in this case the operator & is known, so that the
“local” question is already solved. See GURTIN [6], Section 14 and TRUESDELL
& TOUPIN [15], Section 34. There is also a question “dual” to that stated above,
namely, describe the “structure™ of the set {a)eH (©2)|Div w=0}. We shall first
give a complete solution of this last problem, also in the Euclidean case, which
generalizes GURTIN’s results (see [6], Section 17 especially Theorem (3); we
avoid all differentiability requirements; see also [15], Sections 226 and 227), and
then we solve the first problem by a duality argument.
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In the rest of this section Q will be a bounded, open subset of R" with C*
boundary I, such that Q is locally on one side of I'. Then Q=QuUT, provided
that the Riemannian structure induced by IR" satisfies all the conditions
imposed on Q in the Introduction If u is a real vector field on Q, we have

defined vu: FT->R as viy|Il'= Z v,u,|I'. We also define tu: I'=IR" by (tu)(x)

= projection of the vector u(x)e]R" on the tangent space to I at xeI'. Let A (2
(respectively A ,(Q) be the finite-dimensional space of real vector fields
ue H*(Q) satisfying du;=0u; (1<i,j<n), divu=0 and vu=0 (respectively tu
=0). We shall use the following lemma, which is an easy consequence of
MORREY’s results [11]:

Lemma 5.1. Let ue H5(Q), s>0. Then there is an antisymmetric second-order

tensor w=(w,;;), 0;;= —w; eHS“(Q) such that u,= Z 0;w,;, if and only if divu

=0 and (v,u), Q—O for any ve A Q).

lj’

Theorem 5.2. Let s=0 and S=(S,), §;;=8;;, be a symmetric second-order
tensor on Q with S;;e H(Q) (any 1i,j). Then there is a fourth-order tensor T
=(T; i) with the properties T, ;3= T,y ;= — Ty ﬂjk,eHs”(Q) (any i, j, k, 1) such
that S;; Z 08, Ty, if and only if DivS= 0(1&: Z@S —0) and

ki=1 J=

(13) S {8, 4a,dx=0
i 2

(3 M A
i,j=1
for any Killing vector ée@(Q] and any anV(Q).

Proof. The conditions (13) are inspired from the relations defining “self-
equilibrated stress fields” in GURTIN [6], Section 17. In the proof we shall
follow the method of DORN & ScCHILD. Remark that since Q is Euclidean, the

Killing vectors are the vector fields of the form £,(x)= Z w;;X;+¢;, where w,;,
j=1

¢; are real constants, w, ;= — ;. In particular, from (13) we get

I =

§S;a;,dx=0
Q

j=1

for any i and aed AQ). We apply Lemma 3, 1 and obtain u”keH”‘(Q) U

—uy; such that §,;= Z O, Ui . We have Z 0, (y;
k=

)=0 since S; =S

ijk— jlk

Now, let w, ;= —w;; be some real constants and #,(x)= Z (Q) Then

U J’

:Z S..£.a.dx

oy
iJ

5

o

f wk(’{iuijk) : ajdx“ Z j.uijkak’éiajdx
o

k i, j,k Q2

i
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Z fuijkﬂ” Vedx—Y fu0a,dx

i,j,k

Z jul]k}€ av—v;q)dx— ) Iwik(“ijk_”kji)ajdx'

i,J.k i<k;j @

In the last member the first term is zero because ta=0. Since m,;, are inde-

pendent constants if i <k, we find, using v, ;, = —u,, ;, that

(15)

KIM::

I(uijk—ujik)ak dx=0
19

for any aeA,(Q). Applymg once again Lemma 5.1, we find v,;, e H+3(Q), v, =

ijk

= Vi Vijrg= — Vg Such that u; —uy, = Z 0,0, 4. Clearly then
iI=1

"
1
Ui =732 Z ;(Ufjk;+0kfj1_0jkiz)-

Using this expression and 26 0,0;;1,=0 (antisymmetry in k, ! of v,;,,), we see
that

Sij:};ak al%(vkijl+ Vjpr)-

We set T,;,=—3{v,;;;+v;,) and so obtain the required representation. Con-
versely, if S; _za 0, Tiwj» Tijaa=Tarij= — Ty then Y 3,8, =0, and we have (13),
j

J

because of the fol]owmg relations:

Z/é"l = Z[akal(’giTikjl)
&
—0,£,0, Tji— 0 4,6, Ty 511

_zolza (é;l lk]l
—;algck i tkjl Za zail ikjl

22 5k2(81(’€i iljk)‘atéi izjk_aﬂgi Tikjl)3

k il

(note that &,#, are constants). Since d,4,= —0,4, the expression Z(
antlsymmemc in j, k, so we can apply Lemma 5.1. Q.E.D.

Remark. Using the DE RHAM theorem ([13], §22, Theorem 17'), one can
prove in the same way the following result: If A4,(€2)=0, then a symmetric
second-order tensor S with components S;;eH~*(Q) is of the form S
—Z@ 0, Tjor Tje=Tyj= — Tju€H ~=(Q) if and only if Za S;;=0. (The con-

i

dmon A .(@2)=0 essentially means “I" consists of a smgle closed surface”; see
GURTIN [6], Section 17 Theorem 4).
Now we shall prove the essential result of this section:
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Theorem 5.3. Let s=0, s=5 and S=(S,), S;;=S;; be a symmetric second order
tensor on  with components S;;€ H*(Q). Then there is a vector field u=(u;) with
components u;e H+1(Q) such that S;j=¢,u;+0;u; if and only if

(16) 8;(815;,'_6)(51‘5;14’81‘6]'8“”5i815kj:0

(these are St. Venant’s compatibility conditions; the derivatives are in the sense of
distributions ) and, moreover,

S £Aa.dx=0

L AR ]

=

i

any acA AQ). In particular, if Q is simply
then (16) are necessary and sufficient con-

for any Killing vector ;{EQ( ) an
connected (which implies A (
ditions.

A
d
=0),

Proof. This theorem can be proved using GURTIN’s method ({6], Section 14,
Theorem 2) by an argument similar to that of Theorem 5.2. However, 1 prefer a
proof based on a duality argument. We begin by recalling some known facts. Let
divy: D(divO)CH(Q)—»H(Q) be the Hilbert-space closure of the restriction
div|H.(Q). Part of the Hodge—Koda1ra decomposition theorem says that u

=(u;)eKer div, is of the form u;= Z( wy, = —w;eH'Y(Q), Z v,o |7 =0, if

ijr
and only if (u,a), ,=0 for any aeA (Q) (see MORREY [11]). In fact it can be
proved that in this case we can choose w; eHO(Q) for any i, j. Moreover, if
ueH%(Q) for some integer k=1, then one can choose w;;eHy*' () (these are
particular cases of some general theorems I have proved in a paper submitied
for publication). We define now #(£2) as the space of fourth-order tensors T
=(T;;) such that T, =T, —T,;,,€H(Q), provided with the scalar product

IU i

v W)o,:z: Z %(V;'jkl’ u/;jkl)O.Q’

i,J.k,1
so #(Q) becomes a Hilbert space. Let Ziv,, be the closure of the operator:
H# ()= #5(D3(T )= (3,08 Tup)e HQ)
where .
A (Q)={TeH# (Q)|T,;,€H(Q)}.
We call the operator &: D(é”)CIq (Q)— #(Q) its adjoint. We see easily that
D(é’)—{SeH(Q)lrk 018;—0,6;S;

i
+0,8;8,—0,0,S,,€H(Q) forany i, jk I},
and for SeD(&),

E(S)uji=2:0,S,;— 0, 2,84 +0,8,8,1—8,8,5,;

J

Let £(Q) be the (finite-dimensional) vector subspace of H (©2) generated by
tensors of the form £,a;+#4;a; £€Q(Q), aed .(82). Then KerDivy=Im Ziv,

Jrie
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DA (Q2), a Hilbert direct sum (Div, is defined in the remarks following
Theorem 4.9). This result is proved exactly as is Theorem 5.2, using the remarks
made at the beginning of this proof. Namely, if SeKer Div, and (S, w), o =0 for
any weA(£), then for any i the vector field S, = {S,.jlj=_1, ..., 1} clearly belongs
to Kerdivy, and it satisfies (S;,a)y =0 for any aeA4 (), so that there is
U €H(Q), u ;= ; such that S, _Za u;;,. As in the proof of Theorem 5.2

ijk*

we obtain (15) for any aed (), notlng that the boundary term in (14) is zero

because of ;vk ijel T =0. Then we can choose v;;,,€H}(€), as explained before,

so the tensor T of Theorem 5.2 is now in #*(Q). We have proved that Ker Div,
=Divy(HF (Q) ®A(Q), in particular Divy|#7(Q2) has a closed range. Ob-
viously, its closure will have the same range, i.e. Ker Divy=1Im Ziv, @ #(Q).
But Imeg, is H(@ o Ker Div, (see the remarks after Theorem 4.9), i.e. Imeg,
=(Im Divy)" N (A Q) =(Ker &) n(A())*. The proof is finished by an appli-
cation of Theorem 4.1. Q.E.D.

Remark. Using GURTIN’s method ([6], Section 14, Theorem 2) and the DE
RHAM theorem ([13], §22, Theorem 17'), one can prove the following result: If
A (2)=0 (in particular if Q is simply connected), then a symmetric second order
tensor S with components S;;e H *(Q) is of the form §;;=0,u;+0;u;, with
u,e H=*(Q) for any i, if and ounly if St. Venant’s compatibility conditions (16) are
satisfied.

Acknowledgements. | am grateful to Professor T. W.TING for his critical reading of
this paper and for several suggestions.
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