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Introduction

In this paper we discuss a class of Gaussian processes {X,: teT} for which
the time domain T is an n-dimensional space rather than the usual real interval.
Of special interest to us are those processes which we call Markovian. These are
intuitively described by requiring that for any smooth surface I' which separates
T into complementary domains, what happens inside is independent of what
happens outside when conditioned by knowledge of X, on (and near) I

The discussion centers on the reproducing kernel Hilbert space associated
with the covariance function of the process. Those spaces associated with Markov
processes are characterized by a locality condition on their inner products that
requires functions with disjoint support to be orthogonal. The discussion of these
matters is very general and together with the introduction of local reproducing
kernel spaces appears in Part 1.

With appropriate additional assumptions the inner product in the reproducing
kernel space can be identified as coming from a non-negative Dirichlet form

Cu,vd=Y [a,5D*uDPv.

af T

Moreover, if this form is elliptic the associated process {X,} is found to have
certain generalized normal derivatives on the surface and the “boundary” o-field
is seen to be generated by these normal derivatives. We call such a process Mar-
kovian of finite order.

It is then shown that the least squares prediction problem for the process
is intimately related to the Dirichlet problem for an associated elliptic operator.
Formulas which solve the Dirichlet problem may be reinterpreted to give a
solution of the prediction problem. These matters are discussed in Part II. Those
readers familiar with the work of McKEeAN [8] and MoLCHAN [9] on Brownian
motion with a multidimensional time parameter will easily recognize this as an
extension of their work.,

In Part III we have done some spectral theory for stationary Gaussian Markov
processes on R,. This material is not complete but does contain the characteri-
zation of the spectral densities of Markov processes of finite order as being
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inverses of non-negative elliptic polynomials. Further work in this direction
will appear in [11].

We have attempted to make this paper accessible to an audience of probabilists
that is neither used to processes with a several-dimensional time nor familiar
with Dirichlet problems for higher order operators. For this reason we have not
stressed formal completeness and generality, but we have included such items
as the example in Section 1 of a Markov process whose time parameter runs
over the circle. This example is the simplest possible and shows in the absence
of all technical problems the identity of the least squares prediction problem
for the process and the Dirichlet problem for the associated differential operator.

This work was begun at Rockefeller University during the year 1969-70.
The ideas of H. P. McKEAN, Jr. appear throughout this paper, and with gratitude I
acknowledge his influence.

1. An Example: A Stationary Markov Process on the Circle

- Let {X,: —oo<t<oo} be a real continuous stationary Gaussian process
that is periodic with period 27 and has zero expectation. We consider {X,} to be
a process defined for ¢ on the circle C=R,(mod2x), and call {X,} simply Mar-
kovian if *:

For each interval I=[a, B] on the circle C, the “past”={X,: tel} and the
“future” ={X,et¢l} are conditionally independent given the “‘present” ={X,, X,}.

Since the process is Gaussian this is equivalent to the condition that for t¢1,
E{X,|X,: sel}=E{X,|X,, X,}.

Our process {X,} is described by the periodic covariance function R(t-s)
=EX,X,. Covariance functions of Markov processes are easily characterized.

Proposition 1.1. 4 non-constant covariance function R(t—s) on C corresponds
to a Markov process if and only if R is the Green's function of a second order
operator

(1.1) Lf=af—yf"; o,y>0"
on C.

Note. Our proof makes no use of the reproducing kernel spaces introduced
later. The relationship with the Dirichlet problem for L and the fact that as
operators R=L""! are, however, still to be stressed.

Proof. First suppose that L is given and R is the Green’s function for L.
For any proper sub-interval I=[a, ] of C, the space of functions on 7 satisfying
Lf=0 has dimension two and is spanned by the functions R(s—a) and R(s—pB).
For t¢ 1 we have LR(+—1t)=0 on I, and thus R(s—¢) satisfies a relation

1.2) R(s—)=A({t)R(s—a)+B(t)R(s—p); sel, tel

* This definition is a natural extension of the classical definition for processes with time
domain T'= [0, ©0). In both cases the topological present is a point set separating the time domain
into complementary domains.

1 The restrictions on « and y are consequences of the fact that R is positive definite.
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where the functions 4 and B are continuous. But R(s—#)=EX, X, so that (1.2)
implies that X,—A(¢)X,—B(t)X, and X are uncorrelated for sel. Since the
process is Gaussian, this implies independence.

Equivalently we have for 7¢7
(1.3) E{X,X;:sel}=AMX,+B(®)X,.
Taking conditional expectations on both sides given X, and Xp, it follows that

(1.4) E{X,|X,: seI}=E{X,|X,, X,}
and thus {X,} is Markovian.

Conversely we note that the steps leading from (1.2) to (1.4) are reversible,
and we conclude that if {X,} is Markovian then functions 4 and B must exist,
which satisfy (1.2). Differentiating* R(s—1) twice with respect to s, equation (1.2)
shows that as functions of ¢ each of the three functions R(s—¢), R'(s—¢) and
R''(s—1) is a linear combination of 4(¢) and B(¢). R(¢) thus satisfies an equation

(1.5) AR()+uR'())+R"(1)=0 on (0,27).

Moreover, R is even about n since X, has period 27 and the odd and even parts
of (1.5) must vanish separately. We conclude that

(1.6) AR(+R"(#)=0 on (0,27).

Without loss of generality we may assume that R(0)=EX?=1. With this
normalization the unique solution of (1.6), which is even about =, is

Cosh[(t—m) )/ —A/v]
Cosh(n]/—4/v)

Cos[(t—m)}/4/v]
Cos(n}/A}v)

The first is a Green’s function as required, while the second is easily eliminated
as a possibility.

In fact, we must have | R(¢)| <1, and for A-v>0 we have R(n)=1/cos(z]/i/v).
The only possibility is that R(n)= +1, but this would imply X,,,=X,. This
clearly cannot happen for a non-constant Markov process and the proof is
complete.

Before leaving this example we make two further observations. First, note that
equation (1.2) implies LA(t)=L B(¢t)=0. It then follows from (1.3) that the func-
tion u(t)=E{X,| X,: sel} satisfies

Lu()=0 for t¢l
u@W=X,, uP)=X,.

That is, the prediction of X, given {X,: sel} is the solution of the Dirichlet
problem Lu(t)=0 on C—1I with the boundary data u(2)=X, and u(f)=LX,.
* R(t) is easily shown to be smooth on the interval (0, 2z) by considering the smooth con-

volutions [ R(s—1)#(t)dt= R(s—a) [ A(t) §(t)dt+ R(s— B) [ B(t) $(t)dt, where ¢ isa smooth
function vanishing on I.

if A-v<0

(1.7) R()=

if A-v>0.

(1.8)

25 Arch. Rational Mech. Anal,, Vol. 43
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Lastly, we comment that an obvious generalization of our definition of a
Markov process is available. We call {X,: teC} Markovian of order p if the sample
paths have p—1 continuous derivatives and if for each interval I, the past=
{X,: tel} and the future={X,: r¢I} are conditionally independent when given
the present={X,, X;, ..., X~ Y, X, ..., X{’~V}. Our proposition and its proof
then have easy extensions to the effect that {X,} is Markovian of order p if and only
if R(¢) is the Green’s function of an operator of order 2p.

This result is well-known when T=R, instead of the circle. The Fourier
version states that a stationary Gaussian process is Markov of order p if and only
if its spectral density is the inverse of a polynomial of degree 2p; see LEVINSON &
MCcKEAN [7]. The reader may also wish to compare this example with the work
of Doos [4], HiDA [5] and DoLrH & WOODBURY {3].

I. General Theory
2. Splitting Fields and the Markov Property

We begin by fixing some notations and reviewing the concept of splitting
fields introduced by McKEan [8].

A fixed probability space (Q, X, P) is given. The o-field X is assumed to be
complete, and a field & is always to be understood as a sub o-field of Z which
contains all null sets of X. The field generated by a collection {f,: ae A4} of random
variables will be denoted by o{f,: ac4}.

We will use HUNT’s excellent operator formalism ([6], p. 44) and write &f
for the conditional expectation of the random variable f given the field & This
notation is especially appropriate when f is square integrable; #f is then simply
the orthogonal projection of f onto the space L*(Q, Z, P).

Let # and ¢ be two subfields of X and let & be a subfield of & We say that
F and % split over & or that & is a splitting field of F and 9 if & and ¥ are
conditionally independent given &, that is, if

2.1 Ffe)=L()-F)

for all bounded fand g with 6{f}c% and o{g}<¥.

Splitting fields are easily characterized by the following lemma, which surpris-
ingly seems to be new.

Lemma 2.1. A4 field <& is a splitting field if and only if & contains the field
2.2) F=0{F g: g bounded and ¥-measurable} .

Proof. If %S <=F we will show that (2.1) holds. In fact, since S<F
we have Z(f-g)= S F(f-g)= L (f- Fg). But % = & implies that ¥g=F g and thus
f-Fg=f-Fg. Hence ¥(f-g)=L(f- Lg)=(f) F(g).

The converse is equivalent to showing that ¥g=%g for any bounded %-
measurable function g and any splitting field % But E(¥Lg)*=E¥(g) - F(g)<
E(#g)%, and the equality ¥g=%g will follow from the converse of Schwarz’s
inequality if we prove E(¥g)*=E(Fg)?. This, however, follows from (2.1) by
E(#g)}=ES(Fg-2)=EF(2)-g=E(Fg)’.
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The elementary properties of splitting fields proved by McKEAN [8] are now
immediate consequences of Lemma 2.1. In particular, we have

Corollary 2.2. (i) & is a splitting field
(i) &% is the minimal splitting field
(iii) Fn¥gcS,.
Simplifications occur when the fields & and ¢ are generated by Gaussian

systems. These are described in the following known lemma, which we include
here for completeness.

Lemma 2.3. Suppose F=0{X,: pc®}and 9 =0c{X,: yeI'} where{X,:ae P UI'}
is a Gaussian family. Then
SH=0{FX, yel'}.

Proof. Since polynomials in the variables {X,: yeI} are dense in L*(Q, 4, P),
it is enough to show for each monomial X;‘l‘ . X3~ that F(X3! ... X}7) is meas-
urable over o{#X,: yeI'}. To this end we write X, =Y,;+Z; where Y,=FX,_.

Then the Z;s are independent of % and we observe that & (H X, ;‘i) =
n 1

F (H( Y,+Z ,.)"f) may be written as a sum of terms of the form & ([] Y& -[]Z¥)=
1

[1Y##(1Z%). Since the Zs are independent of &# we see that F([[Z¥)=
E([]Z%) is a constant and the result follows.

We turn now to our definition of the Markov property. As formulated here
the concept is perhaps too broad, and we must introduce further assumptions
later to obtain deeper implications. The present generality has the advantage,
however, of yielding the easy characterization in Theorem 3.3 of the next section.

Let {X,: teT} be a real or complex valued process whose time domain T
is a smooth open set in some Euclidian space R,. Everything that follows could
easily be done when T is a smooth manifold. Because the changes necessary
are easy to make we will not pursue the added generality. Let D_ T be an open
set whose boundary in 7 is a smooth n— 1 dimensional surface I' in 7. We write
D_ for the closure D_uT of D_ and D, for the complement in T of D_.

With these conventions we introduce the following fields of events:
the “past” =X(D_)=o{X,:teD_}
the “future” =Z(D,)=0¢{X,: teD,}
the “present”=2(I') =({Z(0): 0>, 0is open}
Z(I'.) =N{Z({D-n0):0oT,0is open}
() =N{Z(D+n0): 0TI, 0is open}.
We then define the Markov property.

Definition 2.4. {X,: teT} is called Markovian if for each open set D_<=T
with smooth boundary I we have

2.3) I(T)=2(-)=2(I),

25+
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and
24 XZ(I') is the minimal splitting field of X(D_) and X(D.).

Condition (2.3) is of a technical nature and says we see the same things in the
very near future as in the very near past. Thus Z(IN<cZ(D,)nX(D.) and the
definition requires that the splitting field of X(D_.) and X(D,) is as small as
possible and involves only boundary data.

The analogy with classical definitions of a Markov process is clear. In one
dimension, however, our definition allows many processes that are not classically
Markovian. For example, the integral of a Wiener process is Markovian by our
definition but not classically so. In HiDA’s terminology [5] it is a 2-ple Markov
process.

For Gaussian processes Lemma 2.3 gives a useful translation of this definition
into Hilbert space language. Each of the previously introduced fields is associated
with a closed subspace of L2(Q, P). Namely, for the open set D_ we introduce:

H(D_)=closed linear span of {X,: teD_},
and the boundary space
H(I)=N{H(D-n0):0>r,0is open}.

Analogously we define H(D,), H(I',) and H(I'). We will write H for H(T).

When applied to variables in H, the conditional expectation operator X(D_)
is simply the orthogonal projection onto the space H(D_), and Lemma 2.3
implies that the minimal splitting field of X(D_) and Z(D,) is generated by the
variables {Z(D_)X: XeH(D.)}. In this language the definition of the Markov
property becomes:

Definition 2.4'. A Gaussian process {X,} is Markovian if for each open set
D_ =T with smooth boundary I,

(2.5) H(I,)=H(I-)=H(I)
and
M.1) The projection of H(D,) onto H(D_) is H(I').

Because of its later importance we introduce the special notation of Hy(D.)
for the orthogonal complement of H(I'.) in H(D,). Assuming condition (2.5)
is satisfied, then each of the following two statements is equivalent to the Markov
property for {X,}.

M.2) The orthogonal complement of H(D.) in H is Hy(D_).
(M.3) H=H,(D.)®H(IN®Hy(D.).

3. Local Reproducing Kernel Spaces
and the Markov Property for Gaussian Processes

In order to obtain convenient function space representations of the spaces
H(D) we introduce the formalism of reproducing kernel Hilbert spaces. For
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Markov processes these spaces are easily characterized ; when further assumptions
are introduced in Part II we will see that the inner products have the form
{u, v)= Z fv ,,D"‘uD"v This leads us to a class of Dirichlet problems (we have

tried to use a suggestive notation).

Let {X,} be a Gaussian process with covariance function R(z, s)=EX,X,.
For an open set D =T we introduce the function space # (D) which is isomorphic
to H(D); #(D)={u(s)=EXX,: seD and Xe H(D)} with the inner product

{ug,u>=EX, X, where u;(s)=EX;X(s), fori=1,2.

The map X — EXX, is easily seen to be an isometry of H(D) onto s#(D).
Instead of #(T) we will usually write 5, and we list without proof the following
well-known elementary properties of #(D) (see [2]):

(3.1) 2#(D) is spanned by the functions R(¢, -) for teD.

(3.2) Foreach uin s#(D), u(t)=<u, R(¢, -)); that is, R is a reproducing kernel for
H (D).

The functions EXX, in #(D) were defined only for s in D, but H(D)c H
so that it makes sense for s to vary over T. Each u in (D) thus extends to a func-
tion #(s) in o with |lul|,»p)= ||#| %, and we may consider #'(D) as a subspace of
H#. Also note that the restriction of a function # in s to D defines a function
in 3#(D) which may be interpreted as the projection of u onto 5#(D). We summarize
these remarks. _

Each function in (D) has a unique norm preserving extension to a function
in & The projection of a function u in # onto (D) may be interpreted either
as its restriction to D or as the unique element in 5# of minimal norm which agrees
with u on D.

If D_ and D, are a complementary pair of open sets with smooth boundary I,
we introduce spaces ##(I"y) which are isomorphic to the boundary spaces H(I';),

H(I)={u,=EXX,:seD, and XeH(I;)}.

If H(I',)=H(I'..) we may identify (I, ) with 3#(I"_) and write (I =3(I",)
= (I'.). This makes sense because #(D,) and #(D_) are both contained in 5#,
Thus #(I') is a subspace both of s#(D,) and of s#(D_).

The orthogonal complement of (') in #(D.) (resp. #(D_)) is denoted
as #,(D,) (resp. #,(D.)). From the definition of H(I') we see that #,(D,)
may be described as the closure in #(D,) of

3.3) {ue#(D,): u vanishes near I'}.

Intuitively, o4, (D) consists of functions with zero boundary data, while s#(I') <
H#(D,) consists of “harmonic* functions on D,.

For reference we translate our earlier characterizations of the Markov prop-
erty as follows.

Proposition 3.1. A Gaussian process {X,: teT} satisfying the condition
(34) HT)=HT_)=#()
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is Markovian if and only if one of the three following equivalent conditions is
satisfied:

M.1y The projection of #(D ) onto #(D_) is # (")
(M.2y Ho(D)=H 0 H# (D)
(M.3Y H=H(D ) H DA (D).

The next definition is introduced to characterize the kernel spaces associated
with Markov processes. & is a linear function space on 7" with an inner product.

Definition 3.2. % is said to be local if for each pair of complementary open
sets D_ and D, with smooth boundary I, conditions (L.1) and (L.2) are satisfied.*

(L.1) If u, and u_ are in % with the support of u; in Dy, then {u,,u_)>=0.

(L.2) If u=u,+u_ is in & with the support of u, in D, and support of u_
in D_, then u, and u_ are in &.

Theorem 3.3. 4 Gaussian process {X,: teT} which satisfies H(I'_)=H#(T'y)
=#(T') is Markovian if and only if the space # = H# (T) is local.

Proof. Suppose {X,} is Markovian. We will first show that (L.1) is satisfied.
Thus let u, €2 and assume the support of uy <D, . Then<{u,, R(t, *))=u, (t)=0
for teD_. Since the functions {R(z, -): teD_} span #(D_) we conclude that
u., is orthogonal to #°(D_) and by (M.2’) that u, e #,(D,)<#(D,). The same
reasoning shows that u_ is orthogonal to #(D,). Thus <u,,u_>=0 and (L.1)
is satisfied.

Turning to (L.2), let u=u, +u_es# with the support of u, in D, and the
support of u_ in D_. Write u, for the projection of u onto #(D.). Then u,
vanishes near I' since u does. Thus u,e.#,(D.), and applying (M.2") we see that
u,e X O H(D_); that is, u, vanishes on D_. But u, agrees with u on D, so that
u, =, is in ¥ and (L.2) is satisfied.

To prove the converse we will show that if s is local then (M.2") holds;
that is #OQH# (D )= #,(D_). We begin with the inclusion # O©#(D,)cH#(D_).
Let P be the projection onto #(D_) and ue#’ ©#(D ). We know that u— Pu=0
on D_ and that the support of wisin D_. Thus by (L.1), [(1 — P)ul|*={u— Pu,u)=0
and hence u=Pu and ue#(D_).

To show ue#,(D_) it is now sufficient to show that u is orthogonal to #(I').
This is clear since # ()< #(D..) and by assumption u is orthogonal to (D).

The proof of the identity #©# (D, )=#,(D_) will be complete if we prove
H(D,)NH#,(D_)={0}, and for this it suffices to prove that any u in #(D.)n
#,(D_) vanishes on D_. Moreover, since such a « must be orthogonal to #(I')
we can find a sequence 0, of open neighborhoods of I' for which lim u,=0, where
u, is the projection of u onto #(D, n0,). The problem thus reduces to showing
that »,=u—u, vanishes on D_.

* Conditions (L.1) and (L.2) are satisfied by such examples as L2(R;) and the Sobolev
spaces H,%‘. Condition (L.2) is introduced to eliminate such examples as the space of even 12
functions.
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But v, vanishes on D, n0,oI so that by (L.2) we may write v,=v, +v_
where v_ vanishes on D, , v, has supportin D, and v, €. By (L.1), {v,, v_>=0
and |v,{2=|lv,|*+|lv-]|%2. On the other hand, |v,|<|lv,| since v,e #(D.)
and v, agrees with v, on D, . Hence ||v_||=0 and v,=v, vanishes on D_.

II. Markov Processes of Finite Order
4. Smooth Local Spaces of Finite Order

We now show that if the function space # is local and rich enough then its
inner product is given by a Dirichlet form. This result follows from PEETRE’s [10]
characterization of differential operators. For the sake of completeness we include
PEETRE’S proof here.

First we introduce some notation. For a smooth open set T<R,, CP(T)
is the set of infinitely differential functions with compact support contained
in 7. We will write CJ instead of C(R,). If a=(ay, ..., a,) is a multi-index
where «,’s are non-negative integers, we write |o]=0,+---+a,. D* denotes the

. «  d ar .
differential operator D*= TR and for the generic point x=(xy, ..., X,)
X3 X"
in R,, x* will denote the monomial x3 ... x%. Let 4 denote the Laplacian
d’ d’
4= dx? toedt dx? -

For each N20 we introduce an inner product -, >y on CF(T); namely

{figon=] Y, D*fD%g.
T |a| N
HY(T) denotes the completion of C& (T') with respect to the norm || f]|3=<f,fDn-
Clearly HY(T)<HY*(T). Functions in HJ(T) have strong L? derivatives
of all orders up to N; the Fourier representation easily shows that for |a|<N—=n/2
there is a constant C(«) such that the Sobolev like inequality

4.1) Sup ID*fOISC@ I flin
holds for all fin C&, and hence by continuity this holds for all f in HY(T).
Convergence in C (7)) is defined as follows: {f,} converges to f if there is a
bounded open set U with Uc<T for which f,e C® (U) for each n and such that
f, converges to fin HY(U) for all N20.
The inequality (4.1) shows that C§ (T) is complete.
We will call a bilinear form

B(f, 8)= Zﬁ iaap(t) D*f()DPg(0)

a Dirichlet form if the coefficients a,,4(¢) are locally square summable and if
on each compact set all but a finite number of the a,; vanish. Such a form is well-
defined and continuous on C§(T). Moreover, if B is symmetric and positive
then C§ (T') together with the inner product B(f, g) is a local space.
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The following theorem states that any reasonable positive local form on
C&(T) is continuous and that if a local form is continuous then it agrees with
some Dirichlet form. The proof of parts (if) and (iii) are adopted from PEETRE [10].

Theorem 4.1. (i) A non-negative form (-, ) on C&(I"), which satisfies the
honesty condition: if u,—»0 in C§(T) and {u,—u,, u,—u,» -0 as n,m- w,
then {u,, u,y — 0, is continuous.

@) If -, ) is a non-negative local form on C{(T), there exists a discrete
set A=T such that {-, ) is continuous on C§ (T — A).

(iii) If <+, +> is a continuous local form on CE(T), then (-, +> is a Dirichlet
Jorm.

Proof of (i). For any relatively compact open subset Q of T, the space Hy (Q)
=(}N§(Q) is complete with respect to the quasi-norm

I£1= };02"”’- [FARCEN FA T I

Since (-, ) is everywhere defined on H§ () we may define another quasi-norm
| £I=11+<Af)F on HE (Q).

It now suffices to show that the two quasi-norms ||-{| and |+| are equivalent.
To see this let {f,} be a Cauchy sequence with respect to |+|. Then {f,} is Cauchy
with respect to [|-|| and thus has a ||| limit fin H$(Q). This may then be used
to determine a linear map S from the || completion of HL(Q) into HF ().
S is easily seen to be continuous and onto, and therefore by the open mapping
theorem S is open. Thus if $™! exists it must be continuous, and this would show
that ||-|| and || are equivalent. But §~! will exist if and only if S is one to one or,
what is the same thing, if and only if ker S={0}. This, however, is precisely the
content of our honesty condition and the result follows.

Proof of (ii). We will call a point xeT singular if the form -, ) is unbounded
on C§(0) for each neighborhood 0 of x; that is, if there are functions f; in C,(0)
with ||, <1 and {f;, f,> too. We claim that any relatively compact open set
Q with @< T contains only a finite number of singular points.

If this were not so we could find open sets 0, < Q with disjoint closures and
functions f; in CZ(0,) which satisfy || f;|,<1/k? and {f;,fip=1. Then =X 5
is in C§ (T') and because (-, - is local we would have for each N,

N N
Gp2(ShTh)2N,
which is impossible.

Now let 4 be the discret set of singular points and let Q be a relatively compact
open set with @< T—A. An elementary partition of unity argument easily yields
the existence of an integer N and a constant C for which the inequality (f, /> <
C|fl holds for all fin C@ (). Thus (-, -> is continuous on C (L) and hence
on CP(T—4).

Proof of (iii). For each bounded open set U with U = T there is an N’ for which
(4.2 I<h 121 fneliglys  for £, geCy (V).
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Let N=N’+k where k>n/2. The inclusion i: Hg(U)— H)'(U) is known to be
Hilbert-Schmidt so that if {f;}=Cg(U) is an orthonormal basis in H§(U)
we have Y || ;13- < c0.

On finite sums Z b;; fi(s) f;(¢t) we define the functional

4.3) F(zbijfi(s)fj(t))=zbij<fisf—j>-

But {fi;, /> < fillyllf;llx- so that ¥ [<f;, f;>|*<co, and we see that F is con-
tinuous on a dense subspace of HZ¥(U x U). The functional F thus determines
a distribution Fe CP (U x U)' for which

44 F(f(s)g)=<f. 8>

Because <., - is local the support of F is contained in the diagonal of U x U,
and using (4.4) we conclude that there are finitely many measures g,; on U
which give

<K §>=Zguap(dt)D“fD”g-

The measures p,, may be written in the form (1-—4)"a,; where the a,, are
continuous functions. Integrating by parts and changing g to g, we obtain the
desired expression

S g>=ZlJ; a,, (DD f() D g(1).

Because U was arbitrary the proof is complete.

Note that the set 4 of singular points for a non-negative local form on C§’ (R,)
which commutes with translations must be closed under translations. Since A
is discrete by part (ii) we see that 4 is empty.

Corollary 4.2. A non-negative local form on C§(R,) which commutes with
translations is a Dirichlet form.

5. Markov Processes of Finite Order

It is reasonable to expect that if an inner product {-, > on CF(T) is given
by a well-behaved Dirichlet form, then there should be naturally associated with
., «» a Gaussian Markov process. In this section we will investigate these prob-
lems when the form (-, ) is elliptic. In this case we can obtain rather complete
results, and the processes that we obtain are the analogues of the Markov pro-
cesses of order p discussed at the end of Section 1.
A general answer to the question of when the completion of (C§ (T), -, +>)
is the reproducing kernel space associated with some Gaussian process is contained
in the following known

Proposition 5.1. Let # be the completion of (CS(T), <+, «>). Then # is a
reproducing kernel space if and only if for each teT the functional u— u(t) is
continuous with respect to the norm {u, up''* on Cg (T).

Proof. If 5# has a reproducing kernel R(%, s), then u—u(t)=<u, R(t, +)>
is continuous.
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Conversely if #— u(?) is continuous and if «, is any sequence which converges
in 2, we see that u,(z) converges for each ¢ in 7. Thus #(T) is a function space.
Moreover, since u — u(¢) is continuous we know that for each ¢ there is a function
r.(s) in #(T) such that u(r)=<u, r,). Setting R(z, s)=r,(s), we see that R is
a reproducing kernel for # and the proof is complete.

Note that R(z, s) is non-negative definite and thus is the correlation function
of some Gaussian process {X,: teT}.

Now let
5.1) u, o)=Y [a,z(0) D*u(t) DPu(p)

lel, |8]2p T
be a positive symmetric Dirichlet form on Cg (7). We will assume that the coeffi-
cients a,, are bounded, uniformly continuous and infinitely differentiable. The
form (-, «> is called uniformly strongly elliptic if there is a constant C >0 such that
for all xeR, and teT we have

(5.2) |IRe ¥ a,(0X*"|2C|X|*.
le], 18] =p

If the form (-, -) is uniformly strongly elliptic then it follows from Garding’s
inequality (see [1], p. 78) that for each A>0 the two norms {u, u)'/%+Ajul,
and |lu|, are equivalent on C(T'), where || |, is the L?normand | | p is the Pt
order Sobolev norm. Thus if the norm || ||, is continuous with respect to the inner
product <+, -> we may conclude that the space 5 coincides as a function space
with the space H5(T) and that the two norms are equivalent.

Theorem 5.2, Let {-, > be a uniformly strongly elliptic inner product of order
pon C& (T) and let H# be the completion of C§ (T') with respect to this inner product.
If the norm ||u|| = {u, u)''? is equivalent to the norm | || p» then X is local. If more-
over 2p>n, then u— u(t) is continuous, and hence H is a reproducing kernel space.

Proof. We have noted that # contains the same functions as HZ(T'), and thus
for any pair v in # we have

g, udy= ) ja,ﬂ(t)D“u+(t)Dpu_(t);

le], {Bl=p T
and these integrals converge absolutely.

It follows that if I' is a smooth surface which separates 7" into open sets D,
then <{u., u_>=0 for any two functions u#, and u«_ in # with the support of u.
in D, . (L.1) is thus satisfied.

(L.2) follows from the observation that if u=wu, +u_ is in /# and the support
of u, is in D, while the support of u_ is in D_, then u, e HZ(D,).

The last statement follows from inequality (4.1) with a«=0.

Now let (o, {+, ->) be as in Theorem 5.2 with 2p>n and let R(¢, s) be the
associated reproducing kernel. For technical reasons we need to know that R(z, 5)
is jointly continuous or, what is the same, that #— R, is continuous from 7 to .
This follows from the general theory of fundamental solutions for elliptic operators,
but it also admits an elementary Hilbert space proof which we now give.
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On ## the inner products (-, «)> and
(u,0),= Y [D*u(®D’u(2)

lelsp T
are equivalent. Thus there is a reproducing kernel p(#,s) in (£, (, +),) and a
bounded operator B on s for which

(u,v),=<u,Bv) forall uandvin #.
The identity

u(®y=, p),=<u,R,;> forall uin #

implies that R,= Bp,, and since B is continuous it suffices to show t— p, is con-
tinuous.

But p,=Ppg, where P: H}(R,)— H§(T) is the projection and p(¢, s) is the
reproducing kernel in HE(R,). The inequality (4.1) shows HE(R,) is populated
with continuous functions u(t)=(, §,),. This implies ¢ — p, is weakly continuous.
It is thus strongly continuous if ¢— ||g,| is continuous. But ||5,| is constant since
(¢, +), is translation invariant on H§(R,).

Actually we can prove considerably more with these methods. By the trans-
lation invariance of (-, -), it follows that g(¢, 5) is a function (¢ —s) of the differ-
ence t—s, and elementary manipulations show that

ﬁ(t)=ch' eil-x( Z x2a)—1

la|=p
and, moreover, that §(¢) is Lipschitz continuous. It then follows from
IR,—R,||>= | BPp,— BPp,|I” || BI* | p— bl
that R(z, s) is Lipschitz.

Standard arguments (see e.g. [12]) show that any centered Gaussian process
{X,: teT} with a Lipschitz covariance function R may be modified to have
continuous sample paths. We will assume this has been done and will investigate
the boundary spaces H(I') associated with a smooth p—1 dimensional surface
I'inT.

The first result says that in an appropriate weak sense {X,} has p—1 normal
derivatives on I

To formulate this we let do be thesurface measure on I' and let § be a continuous

choice of the unit normal vector to I" at the point s on I'. For each function f
in L2(I') with compact support we introduce the function

(5.3) F(k)=rff(S)Xs+;,;dU

of the real variable A.

Lemma 5.3. As an H valued function F(h) is p—1 times continuously differ-
entiable.

Proof. Let XeH and let u(s)=EXX,. Then ues# and hence is in H3(T).
It now follows from the Imbedding Theorem of SoBoLEv ([13], p. 69) that for
[BISp—1, DPu(s)eL.(I') and that as a function of A, with values in L2 (I),
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(D*u) (s+h3) is continuous. In particular, for feL?(I') with compact support,
F_ff(s)u(s+hs')d0'
has p—1 continuous derivatives. But
fff(s)u(s+hs')da=Eerf(s)Xs+h§da,

and because Xe H was arbitrary we conclude that j JS(8) X;4pn3do has p—1 con-
r

tinuous weak derivatives. But the continuity of weak derivatives implies that they
are strong derivatives and the result follows.

Following McKEAN in [8] we nowdefine a p-th order Markov process. Suppose
that for all f'the function F(4) is for small 4, p— 1 times continuously differentiable
in measure. We then introduce the “differential” o-field

(5.4 I, (N=0{F$): 05 k<p, fel?(I') has compact support} .

If I splits T into D, and D_ then it is clear that X, (I<cZ(I'.)nZ(I.).
If, in addition, for all such I, X (I') is the minimal splitting field of Z(D_.) and
2(D.) we will call {X,} Markovian of order p.

If {X,} is Gaussian we will also introduce the Hilbert spaces

(5.5) H,(I'=span{F{): 0<k<p, fel*(I') has compact support} .

In this case we see that a Gaussian process {X,: t€T} is Markovian of order p
iff for each fin L2(I") with compact support, F(%) has p—1 continuous derivatives
and the projection of H(D,) onto H(D_) is H,(I').

Theorem 5.4. Let {X,: teT} be a Gaussian process and let # be the associated
reproducing kernel space. Suppose that # contains C§ (T) as a dense subspace,
that the inner product (-, «) on ¥ is given by a uniformly strongly elliptic Dirichlet
form of degree p>n/2, and that the norm on 3 is equivalent to || |,. Then {X,}
is Markovian of order p.

Proof. By combining Theorem 5.2 and Lemma 5.3 it only remains to identify
H,(I') with H(I'). But H,(I''c H(I'), and we will show that H,(I')=H(I') by
showing that the orthogonal complement of H,(I') in H(I') is {0}. Thus we let
XeH(I') © H,(I') and set u(s)= EXX,. Then ue #(I') and because { X, } is Markov-
ian we know that CZ(D_)ci#, (D). Thus, for any ¢eCy(D.) we have 0=
{u, §>.

Now let feL?(I') have compact support and observe that for k<p—1:

k

d
on

— & . — _
(5.6) i[f(s) ~u(s)do=EX [—d—ﬁ-ljf(s)XsH,gda]h

k
where 66 — u(s) is the k-th normal derivative of u at sel. But by assumption
n

the right side equals zero and we conclude that

k
&) T%k‘“=0 a.e.onl’ for k=0, ..., p—1.
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It is now a simple approximation argument to show that because of the con-
ditions (5.1) the restriction of u to D_ is in H§(D_) and thus is the limit in 3£(T)
of functions ¢, in Cg(D..).

We have already seen, however, that {u, ¢>=0 for each ¢cCP(D.), and we
conclude that u(s)=0 on D_. By the same argument #(s)=0 on D, and we see
that u is the zero function and that X=0.

6. The Spaces # (D), #y(D.) and #(I)

The prediction problem for {X,: teT} when <., -> is uniformly strongly
elliptic of order p>n/2 is given in the next section. As a first step we give a new
characterization of the spaces #(D.), #,(D.) and #(I).

The key idea, which goes back to McKEAN [8] and MoLcHAN [9], is to intro-
duce the operator

(6.1) Au= Y (=D (D%a,,D?u)

lal, |81 Sp

associated with the inner product

(6.2) {u,vd= fa, () D*u(t) D u(z)
lal, 1812p T

on 4 If the form (-, -) is uniformly strongly elliptic and satisfies the conditions
of Theorem 5.4, the operator A is also uniformly strongly elliptic and formally
self-adjoint.

The various subspaces #(D ), #(D_) and s#(I') of 5¢(T) are easily described
in terms of A.

Recall that #(D,) may be identified as the orthogonal complement in 5#(7T)
of #,(D_) and that the space 5#,(D_) may be identified as the closure in HE(T)
of the space CP(D-). Thus if ue#(D,) and ¢peCF(D_) we have 0=_u, ¢).

Integrating by parts we see that
0= [ u(t)yAé(r) forall peCgy(D_).
D-

But A is formally self-adjoint so that on D_ u is a weak solution of 4u=0. By the
regularity theorems for elliptic operators ([1], p. 131) it follows that u is actually
infinitely differentiable and is a classical solution of 4u=0o0n D_.

Conversely if ue # and satisfies Au=0 on D_ we see that {u, ¢$>=0 for each
¢eCy(D.) and hence that ue s#(D,). We thus have

Proposition 6.1. (i) A function u defined on T is in the space #(D.) if and only
if ue H§(T) and satisfies
Au(t)=0  for teD_.

(ii) A function u in H is in H(D)=3#(D, ) H(D.) if and only if
Au(t)=0 for teD, UD_.

The question of when a function u(¢) defined on D_ is the restriction of a
function in £ to D_ is answered by the following
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Proposition 6.2. A function u(t) defined on D _ is the restriction to D_ of some
Junction in # if and only if it has an extension #(t) in HE(T) which satisfies

Au()=0 for tinD,.

The restriction of #i(¢) to D, is the unique solution in #(D ) of the exterior Dirichlet
problem
Au(t)=0 for teD,

with the same boundary data as u on I,

Proof. The only point which requires comment is the uniqueness of i, and for
this it suffices to show that if ue#, u has zero boundary data on I', and Au(r)=0
on D, then u(t)=0on D.,.

Let v be the projection of u onto #(D,). Then v(¢)=EXX,e #(I') and has
zero boundary data. Thus if feL?(I') has compact support then

_ oF
0=rjf(s) o u(s)de=EX [

A

e [T Xomsdo]

for k=0, ...,p—1, and we conclude that EXF_(’E,)=O. Since Xe H(I') and the
F"(0) span H(I'), we conclude that X=0. Thus v=0 and since u(¢) agrees with
v(t) on D, we must have u(t)=0on D, .

Note. It follows from the Calderén extension theorem ([1], p. 171) and Pro-
position 6.2 that if D_ is bounded with D_cT and if u is in the Sobolev space
H?(D_), then u extends to an element in 5

7. Solution of the Prediction Problem

The prediction problem for {X,} is most easily discussed in terms of the Dirichlet
problem for A. To this end we let D_<T be a bounded open set with smooth
compact boundary I'. Let D, be the complementary open set in 7. For tin D,
let %,(+) be the projection of R(¢, ») onto #(D_). Then h,(s) agrees with R(¢, s)
for s in D_ and satisfies Ak,(s)=0 for s in D, . Thus R(¢, -)—h,(+) vanishes
on D_ and hence belongs to 5, (D). Moreover, the restriction of 4,(s) to each
of the sets D_uTI and D, u T is smooth.

Now let ue #(D_). Then
0=<u, R(t, -)—h(-)>
and since u(¢t)=<{u, R(t, +)) we see that
(1.1) u(®)=<u, h,y for teD,.

Approximating u by a sequence u,e# with compact support we have u(¢)
=lim <{h,, u,y or

(1.2 u()y=1lim Y [a,5(s) D*u,(s) D’ h,(s).

o faf, [Bl<p T
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Integrating by parts to bring the derivatives onto &, and using the fact that
Ah,(s)=0 for s¢ I, we may pass to the limit to obtain a formula

1.3) u(t)= _[ Z b;(t, s) (s)da, teD,

where the functions b;(t, s) are C* functions of s on I

Formula (7.3) can now be used to solve the least squares prediction problem
as was illustrated by McKEAN [8]. That is, we can use (7.3) to calculate the pro-
jection of X,, te D, onto the space H(D_).

Set
(7.4 X(n= _f Z b; it s) (s)dor
J
where the derivatives an are to be interpreted in the sense
i
(7.5) If(S) (S)dF— I If(S)XsH.sda

We claim that X (7) is the projection of X, onto H(D_). To see this, we only
have to show that for teD_,

EX.X,=EX,X,.
But for teD_, EX,X,=R(z, t) is in M(D_) and hence satisfies

R(z,H)= j z b;(t, s) R(r, s)do

(7.6) ~
X,

Since X,e H(D_) it follows that X, is the projection of X, onto H(D_).
For completeness we formulate the

Proposition 7.1. Assume the Gaussian process {X,: teT} is Markovian of order
p and satisfies the conditions of Theorem 5.4, Let I = T be a smooth compact surface
which separates T into complementary open sets D_ and D, where D_ is bounded.
Then there exist smooth functions b;(t, s), te D, and s€I" so that for each smooth
JSunction u defined in a neighborhood of T,

a7 (0= z b, (1, ) “(s) ds, teD,
is the unique solution in (D) of the exterior Dirichlet problem
(7.8 Au()=0, teD,
with
J j
Ou 9=2" (5, ser.

on’ on’
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For te D the least squares prediction of X, for given {X,: seD_} is then

(1.9) X,= jzb(t aJX(S)

Note that just as the problem of predicting X, for te D, when we are given
{X,: seD_} is related to exterior Dirichlet problem for the operator A4, the inter-
polation problem of predicting X for s in D_ when we are given {X,: teD,} is
related to the standard interior Dirichlet problem for A.

III. Stationary Gaussian Markov Processes on R,

A process {X,: teR,} is called stationary if for each choice of ¢,, ..., #, in R,
the distribution of X, .., ..., X, 4, is independent of teR,. For stationary
Gaussian processes it is possible to obtain much more detail than the general
results in Part I.

The mean of a stationary process is constant and may be normalized with
EX,=0. The covariance function EX, X, is then a function p(¢—s) of the differ-
ence t—s. Being a covariance function, p is positive definite and by Bochner’s
theorem it is the Fourier transform of a unique positive finite measure 4(dx)
on R,; that is,

p(t)=Rj ¢t A(dx).

In the next three sections we prove some elementary results which relate
the Markovian character of {X,} to analytic properties of the spectral measure
A. Section 8 is a general discussion of the Fourier representation. Section 9 is a
further study of 4 under the assumption that {X,} has the Markov property
for half-spaces. In Section 10 we prove that if {X,} is Markovian of degree p then
47! is an elliptic polynomial of degree 2p.

8. The Spectral Representation of #(T)

The identity EX,X,=[eé'" *e 's"*A(dx) implies that the map X,—e'' >
determines a linear isometry from the space H onto L?(R,, 4). Thus each element
X of H is associated with a unique element f of L?>(R,, 4). If u(s)=EXX, is the
corresponding element of # we have

(8.1) u(s)=[f(x)e™'* = A(dx).
Hence
Proposition (8.1). 5 consists of all functions of the form
u(s)=_|'f(x)e_i“"A(dx)
where feL*(R,, 4). The map u(s)— f(x) is an isometry of onto L*(R,, A), and thus
Cu, wd=[1f(x)|* 4(dx).

We next establish a decomposition of {X,} analogous to the classical decom-
position of a stationary Gaussian process into deterministic and regular parts.
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We introduce the spaces
My =closure of u {ue#: u has compact support}
H, = OK,.

The space #,, corresponds to the tail field X, = o{X,: |t |> N}, and 5, corre-
sponds to the largest field independent of X .

Proposition (8.2). Let A(dx)=A4.(x)dx+ 4,(dx) be the Lebesgue decomposition
of A into absolutely continuous and singular parts. Then:

(@) If H#,+{0}, then

(8.2) Ho={u()=ff(x)e™* *4.(x)dx: fel*(R,, 4.)}
and
(8.3) Hy={u(s)=[f(x)e™* > 4,(dx): fel (R, 4)}.

Thus the splitting H=Hy@H, corresponds to the splitting L*(R,, A)=
L*(R,, A)®L*(R,, 4,).
(ii) #,=+{0} if and only if for some L? function u(t)%£0 with compact support

(8.4) § 'Z(x))c'; dx <o
where ’
(8.5) F(x) ! [ *u(pdt.

= (2 7'5)”/2

Proof. From the Fourier representation of s it is clear that the translation
operator u(s) — u,(s)=u(t+s) is unitary on #. Moreover, since it leaves the space
of functions with compact support invariant, the space ¢, must be invariant
under translations.

Assuming 5, +{0}, let wu(s)=[f(x) e~'s'*4(dx) have compact support.
We now show that a function v(s)={ g(x) e!* *4(dx) is in H#, if and only if
g(x) vanishes almost everywhere with respect to Lebesgue measure dx.

If veH#,,, then v is orthogonal to u,(s) for all ¢ in R,. That is,

0=<u,(s), v(s)> =[f(x) ™" *g(x) 4(dx),

and this is equivalent to saying that g(x)=0 a.e. with respect to the measure
| f(x)] A(dx). But u(s)={ e'*'* f(x) A(dx) has compact support, so by the easy
half of the Paley-Wiener theorem the measure f(x) 4(dx) equals F(x)dx where

1
h ¥ 71:)"/2

F(x) [ *u(t)ydx

is an entire function of exponential type. In particular, F(x) vanishes at most
on a set of Lebesgue measure zero, and hence | f(x)| A(dx) is equivalent to Le-
besgue measure dx. Since ue ¥, was an arbitrary function with compact support,
the proof of () is complete.

26a Arch. Rational Mech. Anal., Vol. 43
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To prove (i) let u(s) be as before and observe that

|F (x)l

00> Cu, uy=J I (924, () dx=[ =

Conversely, if ueL? has compact support and F(x) defined by (8.5) satisfies
4.

— _dx<w, then
F(x)

4,(x)
is in J%,. This completes the proof.

Our splitting #°= 5, ® ., corresponds to a splitting of the space H=H,®H,,
where

fx)= el’(R,,4,) and u(s)=jf(x)e"i”xAc(x)dx

(8.6a) H,= (N H{t:|t|>N}),
NzO
(8.6b) Hy,=HoH,.

Let Y, be the projection of X, onto H, and let Z, be the projection of X,
onto H,. Then {Y,} and {Z,} are independent stationary Gaussian processes and

8.7 X, =Y+Z,.
The correlation functions of Y, and Z, are respectively
fe" "4, (x)dx and [é&'*4,(dx).

Using a superscript notation such as H* and HJ, to denote the obvious Hilbert
spaces defined for the processes {Y,} and {Z,}, we have the following elementary
relations:

(8.8) =H’=H}, H,={0}
(8.9) H’:0=H’=H;, 0={0}.

From our view point {Z,} is rather uninteresting, and we will assume in all that
follows that Z,=0 or what is the same that H*=Hj. Thus the measure 4(dx)
is assumed absolutely continuous and we will speak of the spectral density 4 (x).

The spectral density of a Markov process is very smooth, and we will show in
[11] that 4~ *(x) must be an entire function of minimal exponential type. For the
present, however, we will content ourselves with the following proposition.
Note that {X,} is not assumed to be Markovian.

Proposition 8.3. Suppose #y=# and that for some bounded open set D,
H# (D) Hy+{0}. Then A(x) agrees a.e. with the ratio of two entire functions of
finite exponential type.

Proof. Let u(s)=J f(x) e~**'*4(x)dx be in s#(D) and have compact support.
Then f(x) A(x) agrees a.e. with an entire function of exponential type. Because
D is bounded we have for s in D and for large ¢, u,(s)=u(t+5)=0. That is, u,
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is orthogonal to (D) and because ue H#(D) we have
0=Cu,, ud=[f(x)e™ " *f(x) A(x)dx.

This implies that ffA agrees a.e. with an entire function of exponential type

so that A=(f4-fA)/(ffA) agrees a.e. with the ratio of two entire functions of
exponential type.

9. The Markov Property for Half-Spaces

The easiest approach for obtaining information about 4 from Markovian
conditions imposed on the process {X,} is to restrict considerations to the special
case when the domains D_ and D, are half-spaces. This leads to a decomposition
of the spaces #(D_) and # (D) which reduces considerations to the one dimen-
sional case. We now discuss this decomposition. An application of the techniques
is made in the next section.

As usual {X,: reR,} is a stationary Gaussian process with spectral density 4.
We treat R, as the direct sum R, @ R,_; and write t=(0, ) with ceR, and
7€ R,_, for an element ¢ of R,. For any real number r we write

9.1) D_={teR,:0<r}
9.2) w={teR,: 6>r}.

The spectral density 4(x) is defined on the dual of R,@® R,_,, and we will
write x=(&, ) with £e R, and neR,_,. 4 is to be considered as a function A(¢, n)
of two variables. The covariance R(?) takes the form

9.3 R()=R(o,7)=[[C 2 " DA, mdEdy.

Corresponding to the spaces #(D%) we introduce the appropriate subspaces
of L?(R,, 4). Namely

9.9 Z(D'"y)=closed span {e'' *: teD.}.

Then u(s)e #(D%) iff u(s)=[ f(x) e"**"*A(x)dx where feZ(D%).

By Fubini’s theorem we may change 4 on a set of measure zero so that for all
N€R,_, the non-negative function 4,(-)=4(:, n) is in L'(R,). Thus 4, is a per-
missible spectral density on R,, and we may introduce the space L%(R,, 4,)
and the subspaces of L?(R,, 4,)

9.5) Z;* =closed span {¢'° " *: >}
9.6) Z,” =closed span {¢'" *: 0 <r}.

The previously mentioned decomposition is based on the following proposition
which shows how the spaces Z(D%) are built from the Z;*. The proof we give
is by no means the shortest possible but is instructive.

Proposition 9.1*. 4 function f in L*(R,, 4) is in Z(D%) if and only if f(-, n)
isin Z'* for a.a. n.

* In the language of direct integrals L?(R,, 4)=f @ L?(R,, 4,)dn; this proposition says
that Z(Dy)=/ @ ZT* dn.

26b Arch, Rational Mech., Anal., Vol. 43
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Proof. We present the proof for Z(D".). Let Z" denote the subspace of L>(R,, 4)
of functions fsatisfying f(-, #) Z"~ for a.a. n. We must show Z(D_)=Z".

First we claim Z" is closed. In fact, if f; is a convergent subsequence in Z”
with lim £, =f we have Fubini’s theorem that

) Fan{fIfe & m~f & m 1> 4¢ ndE=1fi~fI?

and this converges to zero as k— oo. Choosing a subsequence k’— oo so that
§ 1 fir€sm)—f & mIPAE, n)dE—0 for a.a. n we see that for a.a. n, f(+, ) is the
limit in L*(Ry, 4,) of the functions f;.(+, n)eZ;~. But Z!~ is closed so f(-, neZ,~
and feZ", and Z" is closed.

The inclusion Z(D_)c Z" is now obvious since each fin Z'(D") is a limit
of finite sums of the e'*"* where ze D", and each such sum is in &".
~ To prove the inclusion &< Z (D) we observe that each function of the form
Y efo<S b (n) where 6, <r and [ | I (n)|4(&, n) d& dn is in Z(D".). We now show
1

that each fe 2" can be approximated by such functions and the result will follow.

For this we let {g,(£)} be an enumeration of the countable set of finite sums
Y a, "¢ where the 6, <r and both the g, and o, are rational. The set {g,(£)}
is dense in each of the spaces Z"~. For fixed fe 2" we define the approximating
sequence

k
(CR)) Ji& n)=; 2;(O1g, ,(m)

where 1p,, is the indicator function of the measurable set B, ;= R,_;, which
is defined by the condition: ne By ; if and only if jis the smallest integer satisfying

S1F & m—g;(&mI* A, n)d€=1m_in {§17 & m—g(&mI* A& mde}.

<igk

Then for each fixed #,
9.9) [IAED—FEMI* A& ndé= 1111i_r51k{fl gi&m—fEm|>A¢ ndé

decreases to zero as k — oo, By the monotone convergence theorem we conclude
that

(9.10) I =12 =fdn{f1f (& m—fC mI* A& n)dE}-0.

Note that if fis an arbitrary element of L?(R,, 4) and the sequence f; is defined
by (9.8), then f; converges to the projection of f on Z(D") while for almost all
1, fi(+, 1) converges to the projection of f(-, #) on Z~.

The usefulness of this proposition in studying the Markov property is that it
reduces the study of the projection of s#(D".) onto H#(DZ) to the study of the
projections of Z;* onto Z;~; and for fixed # this is a one variable problem.

An example of the results obtainable by this technique is the following easily
proved

Proposition 9.2. Suppose {X,: teR,} is a stationary Gaussian process with
spectral density A(x). Suppose also that {X,} is Markovian. Then for a.a. n, the
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projection of Z,’,+ onto Z;~ is contained in

() span{e’’*: 0<r—o<e}.
>0

Assuming that 5#,, ={0} it then follows from results of LEVINSON & MCKEAN [7]
that for a.a. n, 47 1(&, 1) agrees a.e. with an entire function of minimal exponential

type.

10. Stationary Markov Processes of Finite Order

We have seen in earlier sections that if {X,: reR,} is a Gaussian Markov
process, then under appropriate additional assumptions it follows that the inner
product in 3 is given by a Dirichlet form. When the form is of order p, elliptic
and satisfies other technical conditions, we were able to provethat{X,} was Markov-
ian of order p.

In this section we assume that {X,: teR,} is stationary and Markovian of
order p. In light of the previous results a reasonable conjecture is that the inner
product in 3 comes from a constant coefficient elliptic Dirichlet form. We prove
the Fourier transform version of this conjecture.

Theorem 10.1. Let {X,: teR,} be a stationary Gaussian process with spectral
density A(x). If {X,} is Markovian of order p then A~ '(x) is an elliptic polynomial*
of degree 2p.

Proof. For n=1 this is well-known and was mentioned in the comment at the

2p o
end of Section 1. In fact, R(z) is the Green’s function of the operator Za T3
if and only if R(r)=] €'**p~!(x)dx where !

p(X)=;aa(—ix)“-

We can also formulate the proposition for n=1 in terms of the space L*>(R,, 4).
If X?~1 exists then x?~'eL?(R,, 4). Thus A~(x) is a polynomial if degree 2p
if and only if x?~* is in L*(R,, 4) and the range of the projection of {e**: 20}
onto {e'**: t<0} in L*(Ry, A) is {1, x, ..., xP71}.

Turning to the case n>1 we know from Proposition 8.3 that 4~ 1(x)=
P(x) Q™ Y(x) where P(x) and Q(x) are entire functions. We can thus find some open
set Uc R, on which Q(x) is non-zero. If we can show that the restriction of
P(x) 0" (x) to U is a polynomial it will then follow by analytic continuation
that P(x) @~ (x) is a polynomial.

Moreover, since 4"'=PQ~! is analytic on U, we see that 47!(x) must be
a polynomial on U if we can show that in each of the separate variables x4, ..., x,,
A7 Y(x)=4"Y(x,, ..., x,) is a polynomial. The proof of this will follow from
the case =1 and the reduction discussed in Section 9.

With this in mind we again write #=(t, ¢) for the general point ¢ in R,=
R,®R,_, and x=(&, n) for the general point in the dual Euclidian space.

* The polynomial > a,x* is elliptic if there is a constant ¢>0 with c]xl"'§|l IZ a,x%.

a|=m

laj S m
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Without loss of generality we may assume U has the form
(10.1) U={(¢, meR, ®R,_,: [{]<e; In|<s}.

We must show for fixed # with | 5| <e that as a function of &, 471(¢&, ) is a poly-
nomial of degree 2p for |¢| <e.

Again we set

D_={teR,:6<0}, D,={teR,:0>0}
(102) I'={teR,: 6=0}.

If feL?(I') has compact support we set
Fo)= | f(® X ndr.

Rn—l

Under the map X, — e'*"* from H onto L?>(R,, 4) the function F(s) corresponds
to €'7¢ f() where

f(n)=ljei""f(r)dr,
and taking derivatives we have the correspondences
(10.3) FO)«-fm), FReGd fn) for 1<k<p-1.
Moreover, F§; " exists if and only if
(10.4) JIr P dgndidn<e.
Thus if {X,} is Markovian of order p we conclude that (10.4) holds for each

fin L*(R,_,) with compact support and that in L?(R,, 4) the range of the projec-
tion of {¢''*: 620} onto {¢'**: ¢ <0} is contained in the closure of

(10.5) {E*f(n): 0=k < p and fel*(I') has compact support} .
But if (10.4) holds for all permissible f we have
10.6) f1E7 2 A, n)dé<o  for aa. 7.
Ry

Proposition 9.3. now shows that for a.a. 7, the projection of {¢'"¢: 620} onto
{e'°¢: ¢<0} in L*(R,, 4,) is contained in {1,¢, ..., ¢}, Thus for a.a. 7,
A~ (&, n)is a polynomial of degree 2p in &, Since A~ ! is continuous on U it follows
that 47 1(&, #) is a polynomial of degree <2p in ¢; and that for almost all # it is
of degree 2p. From the previous comments we see that 4~ !(s) is a polynomial.

That 4~ (x) is an elliptic polynomial of degree 2p follows simply from the fact
that any polynomial which is not elliptic of degree 2p may be reduced by an
orthogonal change of coordinates to a polynomial which is of degree k+2p
in the variable x,. This possibility contradicts the earlier discussion, and we
conclude 47! is elliptic of order 2p. The proof is complete.

If A~1(x)=0 is an elliptic polynomial of degree 2p one should expect that the
associated stationary Gaussian process is Markovian of order p. If 4~*(x) has no
zeros this is true and upon taking Fourier transforms follows immediately from
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Theorem 5.4. However, when 4~ '(x) has zeros the norm in 5 is not equivalent
to the norm || |, and Theorem 5.4 is not applicable. In this case I have been
unable to prove the general result although I believe it to be true.

The basic problem consists of showing that the associated Dirichlet problem
for A is well-posed in 5# for an unbounded region D _ with non-compact boundary
I. For a general A~! with zeros this seems very difficult. However, if we restrict
considerations to the case when I' is compact there is no real problem. For functions
u in 5 with a fixed compact support the norm in 3¢ is equivalent to the norm
Il I, and the solution of the prediction problem given in Section 8 is valid.
We thus have

Proposition 10.2. Let A(x) be the spectral density of a stationary Gaussian
process {X,: teR,} and suppose that A~'(x) is an elliptic polynomial of degree 2p.

() If A7 1(x) has no zeros then {X,} is Markovian of order p.

(ii) If A~ has zeros the Markov property of order p remains valid for {x}
when formulated with respect to compact surfaces I.
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