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Introduction

The purpose of this work is to treat the spectral theory and the scattering theory
of electromagnetic fields in the exterior of bounded obstacles within the abstract
framework developed by LAx and PHILLIPS in their book [4]. There the theory is
applied to the wave equation and to a certain class of linear systems of first order
equations. As was pointed out in an appendix to this book (ScaMipT [9]), MAX-
WELL’S equations are not covered by the class of linear systems considered there,
but require a separate, though in many respects analogous, treatment. This we
now provide.

We begin by sketching the main features of the abstract theory. Let U(t)
be a group of unitary operators on a Hilbert space H. Suppose that there exist
two orthogonal subspaces D, and D_ such that

(@ U@D,<Dh,, t20; @) U@®)D_<=D_, t<0;

(b) ,QOU(t)D+={O}; (®") ‘QOU(t)D-={0};

©) D U@ D, is dense in H. ) D U(t)D_ is dense in H.
t<0 t20

These subspaces are respectively said to be outgoing and incoming with respect
to the group U(t). As a consequence of the existence of these subspaces one can
prove that there are two corresponding unitary translation representations of H
on L,(—o0, 00; N)! (where N is an auxiliary Hilbert space), such that U(f)
corresponds to the group T'(¢) of translation operators. In the case of one re-
presentation, the so-called outgoing translation representation, D, corresponds
to L, (0, oo; N), while in the second case, the incoming translation representation
D_ corresponds to L,(— o0, 0; N). To any element f in H there correspond two
representers in L,(~ 0, c0; N), an incoming representer k_ and an outgoing
representer k.. We introduce a unitary map S of L,(—oc0, co; N) onto itself
which maps k_ to k. ; S is called the scattering operator.

The physical significance of the operator S is not immediately evident. Scatter-
ing theory usually involves two groups, an unperturbed group U,(¢) and a per-
turbed group U(¢t). The wave operators W, are defined as the strong limits of

1 We shall use the notation S(D; R) to denote a space of functions with domain D and taking
their values in R and with norm appropriate to S. In the case that the functions are complex
valued we shall simply write S (D).
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U(—1t) Uy(¢) as t goes to + oo respectively, in the case that these limits exist.
The scattering operator is then defined by S=W ;! W_. In the theory described
above the unperturbed group is not explicitly mentioned; however, implicitly,
it plays a role, for in actual practice D, and D_ are subspaces on which the
perturbed and the unperturbed groups act in the same way for positive and
negative ¢ respectively. In fact LAx and PHILLIPS show that the operator they
define is essentially the same as the usual scattering operator.

It is convenient to introduce outgoing and incoming spectral representations
of H on L,(—o0, co; N) by composing the previous representation maps with
a Fourier transformation F of L,(—c0, o0; N). In this way H is mapped onto
L,(—, ©; N) in such a way that U(?) corresponds to multiplication by e!°’,
and D, and D_ are mapped onto A, =FL,(0, o; N) and 4_=FL,(—0,0; N)
in the outgoing and incoming cases respectively. The scattering operator in this
representation is denoted by &. One can show that & can be realized as a mulii-
plicative operator valued function &(¢) such that

(a) For each 6, ¥(6) maps N into N;
(b) $(o) is unitary for almost all a;

(c) &(o) is the boundary value of an operator-valued function %(z) analytic
for Im z <0, which converges strongly along the lines Re z=6 to &(0) for almost
all o;

@ |¥()|<1 for all z with Im z<0.

Further analysis is needed in order to obtain greater insight into the analytic
behavior of #(z). Lax and PHILLIPS introduce a semi-group Z(#)=P,  U(t)P._
which acts on the subspace (D, +D_)*, where P, and P_ are projection operators
onto Di and DZ. It turns out that there is an intimate connection between the
behavior of the resolvent of the generator B of Z(¢) and #(z). More explicitly,
the following is true:

(a) If Re u<0, then u belongs to the resolvent set of B if and only if (i i1)
is regular.

(b) A purely imaginary u, belongs to the resolvent set of B if and only if
(z) can be continued analytically across the real axis at oy=i [i,.

As a final result given us by the abstract theory we state the following: If for
some positive values of T and x, the operator Z(T) (x I—B)™! is compact, then
the scattering matrix &(z) is holomorphic on the real axis and meromorphic
in the whole plane, having a pole at each point z for which iz belongs to the
spectrum of B. Compactness of the operator Z(T) for some T would allow a
stronger conclusion, but since this has not been proved in any of the applications
we do not write down the details.

In applying the abstract theory to concrete situations it is necessary to prove
the existence of incoming and outgoing subspaces, to obtain as much information
as possible about Z(#), and to identify the spectrum of B. Not surprisingly,
the unperturbed problem, in our case MAXWELL’s equations in free space, plays
an important role, even though, as was noted before, it remains submerged in the
general theory. In the proof of the applicability of the abstract theory there is a
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delicate interplay between the many facts known about the unperturbed problem
(such as domain of dependence properties and HUYGHEN’S principle) and a few
fundamental results concerning the perturbed problem (such as the absence of
point spectrum from the generator of the perturbed group, and a local compactness
property).

One would expect the spectral and scattering properties of MAXWELL’S
equations in an exterior domain to be very close to those of the wave equation,
for the electro-magnetic fields satisfy the wave equation in the absence of free
charges and currents. For a number of reasons the theory of Maxwell fields
cannot be entirely subsumed under the corresponding theory for the wave equa-
tion:

(a) Both in free space and in an exterior domain MAXWELL’S equations have
stationary solutions with finite energy (i.e., 0 is an eigenvalue of the generator
of the unitary group).

(b) The energy density function corresponding to electro-magnetic fields is
different from that usually associated with the wave equation.

(c) In the exterior problem the electro-magnetic fields are required to satisfy
quite different boundary conditions from those which arise naturally for the wave
equation.

We therefore have to follow a path different from, but parallel to, that taken
by Lax and PHILLIPS in their treatment of the wave equation. Accordingly our
work falls into three parts:

1) A detailed discussion of MAXWELL’S equations in free space.
2) The proof of several fundamental results about the exterior problem.

3) The proof of the applicability of the abstract theory and a listing of the
conclusions allowed by that theory.

In free space it turns out that we can exploit the connection between MAX-
WELL’s equations and the wave equation, once this has been formulated. Section1.1
is devoted to a study of the various function and distribution spaces to which
the initial data for MAXWELL’s equations and the wave equation belong. De-
composition of these spaces corresponding to the later decomposition into
stationary and non-stationary fields are considered, and a theorem (1.1.9) is
proved which allows the introduction of an electromagnetic potential in the Hilbert
Space setting. In Section 1.2 we recall, and suitably formulate, various properties
of the wave equation. We then introduce MAXWELL’S equations (which have
the form d,m=A4,m) in Section 1.3. The space of initial data is decomposed
into stationary and non-stationary components; for the latter we introduce
electro-magnetic potentials (Theorem 1.3.2), thus establishing the connection with
the wave equation. This allows us to obtain fairly directly several properties of the
equations in free space (Theorems 1.3.4 to 1.3.7). In Section 1.4 the existence
of outgoing and incoming subspaces is proved, and the translation representation
for MAXWELL’s equations together with some of its properties is obtained from
the corresponding representation of the wave equation. It is necessary to consider
distribution-valued initial data; this is done in 1.5. The translation representation
is extended to a certain class of such data. An existence theorem, (1.5.3), is
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obtained for the equation (4,—u) m=g, where g is divergence free and has
compact support and m is required to be eventually outgoing (i.e. Uy(?) m(x)
vanishes for |x|<t—R (¢>R)). That theorem is used in Section 1.6 to obtain
the fundamental outgoing solution for MAXWELL’s equations. In Theorem 1.6.5
several equivalent statements of the outgoing condition for electro-magnetic fields
m for which (4,— ) m has compact support are given; the first of these clarifies
the dynamic significance of the Sommerfeld radiation condition. These results
allow u to be any complex number.

The exterior problem requires essentially different methods from those used
for the wave equation. The first section of Part 2 is devoted to the relevant initial
boundary value problem. The skew adjointness of the generator 4 corresponding
to MAXWELL’S equations and certain general classes (Theorem 2.1.3) of boundary
conditions is proved using the results of LAX and PHILLIPS in [6]. The absence of
non-zero point spectrum is established with the aid of Theorem 1.3.6. The local
compactness theorem (2.2.9) which is crucial to further developments is proved
for a particular boundary condition (corresponding essentially to an obstacle
which is a perfect conductor) and in the complement of the null space of A, using
an inequality of FrRIEDRICHS [3] and RELLICH’S compactness theorem.

The application of the abstract theory in Part 3 offers few difficulties since
the proofs of the various assertions can virtually be read off word for word (with
a few minor modifications, some of which were noted in Appendix 4 of [10])
from the corresponding proofs for the wave equation in [4]. The scope of the
techniques due to Lax and PuiLLips and applied here can best be judged by a
perusal of the results stated in the last section of this paper.

A somewhat amplified form of this paper has appeared as a technical report
[10], and will frequently be referred to for more complete proofs.

The author wishes to express warm thanks to his doctoral supervisor Professor RALPH
PaiLLips under whose guidance and encouragement most of this work was carried out,

1. The Free Space Problem

$ 1.1. Some Mathematical Preliminaries

In this section we introduce the spaces from which the initial data for the
Cauchy problems corresponding to the wave equation and to MAXWELL’s equa-
tions will be taken, and study their relevant properties.

We begin by defining the Beppo-Levi space? BL(R?); this is, roughly speaking,
the closure of C&°(R?) in || fllg.=|Vfl.,» where V is the vector operator
(04, 05, 85) and 9; denotes 8/0x;. The manner in which the space C§°(R®) is to
be completed is clarified by Lemma 1.1.1, according to which smooth functions
with compact support satisfy the inequality (x). Hence a sequence of smooth func-
tions with compact support, Cauchyin | | 5, is also Cauchy in L°(R®) and hence
determines uniquely a limiting function. In this way Cg§°(R®) is completed to
give BL(R®), and the inequality () continues to hold for all functions in the
completed space.

2 For a detailed study of more general spaces of this type see DENY and Lions [2].



288 G. SCHMIDT:

Lemma 1.1.1. Suppose fe BL(R®). Then
1
JIfeo)?dos— |15 (%)

jol=1 r

This is well known and is proved, for instance, on p. 95 of [4] or in [10].

Clearly, if f lies in BL(R®) then Vf lies in L,(R?; ¢>). It is evident from
Lemma 1.1.1 that the converse does not hold; the constants, for instance, have
square integrable gradients but do not belong to BL(R®). This situation will be
clarified by Lemma 1.1.5. We precede this by three lemmas which state simple
facts which we shall use repeatedly. Differentiation is always to be understood
in the distribution sense.

Lemma 1.1.2.

a) If feL,(R®) and Af=0, then f=0.

b) IffeL,(R®; %), V-f=0 and Vxf=0, then f=0.

¢) If feL,(R3; %%, V-feL,(R®) and VxfeL,(R?; 6°), then Vf;eL,(R*; €*)
(i=1, 2, 3); and furthermore if g satisfies the same conditions,

S [ 71, 7g, dx=§ Px f-PXgdx+] (V- Pdx.
i=1

Lemma 1.1.3.

a) If feBL(R®) and Af =0, then f=0.

b) If feBL(R®, €°), V-f=0 and V xf=0, then f=0.
¢) If f and g lie in BL(R®, €°), then

S (7, Pgdx— | Pxf-Pxgdx+ | -1 g dx.
1

i=
Lemma 1.1.4. The following is an orthogonal decomposition of L,(R?; %) into
closed subspaces:
L,(R*; %) =Ly(R*; ¥°) @ Ly(R*; ¢%),
where
Ly (R €Y ={feL,(R*;4%); Vx f=0}

=closure in L, of S°={V¢; peCy (R},
and

Ly(R*; %)= {feL,(R*; 4°); V- f=0}
=closure in L, of S'={Vxy;yeCg(R?;6%)}.
These lemmas are easily verified, as is done in [10], by using Fourier transforms
and elementary vector identities. We can now prove

Lemma1.1.5. Let g be a distribution such that Vg can be represented by a function
in L,(R®; €%). Then g =f+c, where f belongs to BL(R®) and c is a constant.

Proof. Since Vg is in L,(R3; %>) and is curl free it must lie in LI(R?; €3).
Consequently there is a sequence {¢,} of functions in Cg°(R®) such that the
sequence {Fo,} converges to Vg in L,. The sequence {¢,} converges in the Beppo-
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Levi norm and hence determines a function £ in BL(R?) in the manner described
at the beginning of this section. Clearly Vf=VFg, and therefore g=f+c.

From this we easily obtain
Lemma 1.1.6. If feL,(R®) and VfeL,(R®; €>), then fe BL(R3).

Proof. By the previous lemma, f=f, +¢ where f;€BL(R®?). Because of the
behavior of the functions f and f, at infinity we must have ¢=0, and thus
feBL(R?).

Recalling part ¢) of Lemma 1.1.2 we find the following corollary:

Corollary 1.1.7. If feL,(R3 %3), V-feL,(R®), and VxfeL,(R®; %), then
feBL(R?; 63).

We now prove a decomposition lemma for BL(R3;%>) analogous to
Lemma 1.1.4.

Lemma 1.1.8. The following is an orthogonal decomposition of BL(R®; %°)
into closed subspaces:

BL(R?; ¥*)=BI’(R*; %) @ BL(R?; ¥¢%)
where

BI°(R?; #*)={feBL(R?; *); Vx f =0} =closure in BL of S°
and

BINR®; 4%)={feBL(R®; ¥%); V- f =0} =closure in BL of S".

Proof. We first assert that if f lies in BL(R?; %) and is orthogonal to S°
in that space, then V.f=0; similarly if f is orthogonal to S* it must satisfy
Vxf=0. We prove the second assertion; the proof of the first one is analogous.

If £ is orthogonal to S* in BL(R?; €°) we have

0=Y [Vf;-F(Fxy);dx, for yeCF(R*%%).
J
We use the identity of Lemma 1.1.3, part ¢), to obtain
0= [Pxf-Fx(Fxy)dx+ [(F-H(F-Vxy)dx.

Because VxPxy=—Ay+V(V-¢) and V- VFxy =0, we find O=[ Vxf- Ay dx.
Thus Vxf is harmonic. Since V' xf lies in L, ( f lying in BL), Lemma 1.1.3, part a),
tells us that Fxf=0.

It is now clear that S° is dense in BL®, for if f is in BL® but is orthogonal to
S® we have that Fxf=0 and that V. f=0, so that Lemma 1.1.3, part b), applies
to give f=0. Similarly S* is dense in BL'. The spaces BL® and BL! are orthogonal
because of the identity

z_f V(Ve); - PP xy);dx= [V xVo -FxVxydx+ [(F-Fo)(V-Vxy)dx;

the right side vanishes since V'x V¢ =0 and V- V'xy =0. That BL® and BL' span
all of BL is clear since if f is orthogonal both to S° and to S!, then V. f=0 and
Vxf=0, which again imply that f=0.

The following is the most important result of this section and will allow us
to introduce a potential for the electromagnetic fields and thus to establish the
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connection between MAXWELL’S equation and the wave equation within the Hilbert
space setting.

Theorem 1.1.9. There exists a unique one-to-one norm preserving map J of
L3(R?; ) onto BL'(R®; 6°), such that if f is in LY(R®; €°) then f=Vx Jf.

Proof. The work lies in defining J suitably. Given f we have to define Jf so
that f=Vx Jf, Jf lies in BL(R?; 4°), and V- Jf=0. Let

g(©O=I&172(1 ¢ x (),

where f (&) is the Fourier transform of f (x). Since V- f=0 we have £ - f (&)=0, and
thus

iExg(@=1¢17[E x(1Ex N =1¢12(1E1* O & -f @) =F®).
We now show that g(¢) is a tempered distribution in &’(R3; €3). Letting g(¢) =
81(9)+2,(8), where g,(&) and g, (&) are the restrictions of g(¢) to [£]<1 and
[£]>1 respectively, it is enough to show that g,(¢) and g, (&) lie in L, (R?; %)
and L,(R*;¥°), respectively, and hence are tempered distributions. Since

&-f(&=0, 12®)|=I¢I" | F(®]. Thus R
(lg«®lde= | ig®|dé= | iflnllf(f)ldf<[ _f lf(f)l ¢ | —fdé]
R GES! BES 1<l

lg=1
the last expression is finite since f(x) and [ (&) are square integrable and since
dé=|E*d|¢E|dw in R3. Also

Jle@rd= { 17 1Ords { 1fQFd,

which is again finite since f (&) is square integrable.

Since g(&) is a tempered distribution it is the Fourier transform of a tempered
distribution ¢; i.e. t(&)-—[él“z(zfxf(é)) Since i€ - #(¢)=0 and i€ x1(&) _f(f),
we have V- t=0 and Vxt=f. We cannot define Jf=¢, since we cannot be sure
that ¢ lies in BL(R®; ¢*). We shall see, however, that by subtracting a suitable
constant from ¢ we obtain a function satisfying all the requirements. Clearly

Y EL(O) - ELO=Ex1(&)- ExTE) =) (*)

Hence the ¢, ?j’s and thus also the 0, ¢;’s are square integrable for 7,j=1, 2, 3.
Accordingto Lemma 1.1.5 applied componentwise, ¢ =t + ¢, where t isin BL(R?; €%)
and cis a constant vector. Obviously V- t=V.t=0, and Vxt =FVxt=f, so that
we can define Jf=t.

That J is an isometry is obvious from the identity (x) above, since F7 =Fr.
J is onto, for if A lies in BL'(R®; ) then V'xh is in L,(R3; ) and JVxh=h.
The map J is unique, for if J* is a second such map we have for any / in L1(R3; ¢3)
that V. (J—=J")h=0 and Px(J—J") h=0; since (J—J') h is in BL(R?;%>) it
must vanish identically. This completes the proof.

We shall need the following approximation lemma in Section 1.4.

Lemma 1.1.10. Suppose that f and 0;f both lie in L,(R®) (or BL(R®)). Then

there exists a sequence {@,}=Cg&(R®) such that {@,} and {0; ¢,} converge to f
and 0, f respectively in L*(R?) (or BL(R®)).
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Proof. The lemma is well known and easily proved for functions in L,(R%)
by a “cut-off and mollification” procedure, or by a method similar to that which
we now present for functions in BL(R?).

We consider the Hilbert Space
# ={feBL(R*);d; fe BL(R®)}

with inner product (f, g)# = Vf- Vg dx+|Vo;f - Vd;g dx. For the case of func-
tions in BL(R?) the assertion is equivalent to the statement that C$°(R®) is dense
in #. To prove this we show that any g lying in s but orthogonal to C§(R?)
vanishes identically. The explicit orthogonality condition and integration by
parts show us that g is a weak solution of 4(1+6%)g=0. Hence the 8,g (i=1, 2, 3)
are likewise weak solutions of that equation, and since they are square integrable

we may take Fourier transforms and find |&|2(1+£3) 6;}(1,‘) =0, so that 9;g=0
as an element of L,(R%). Thus d,g=0, so that g is a constant; since g lies in
BL(R®) this means that g=0, as was to be proved.

Note. We shall in fact need the following assertion which is proved in the
same way: Suppose that f and Fxf both lie in L,(R*; %) (or BL(R?; €?)).
Then there exists a sequence {¥,} = C5°(R?; ¥°) such that {y,} and {Fxy,} con-
verge to f and V xf respectively in L,(R*; %) (or BL(R?; ¢?)).

Our initial data will on occasion be taken to be distributions. Sometimes it
is necessary to consider arbitrary vector-valued distributions in 2'(R3; €°).3
For some purposes, however, it is convenient to restrict our attention to a class
of distributions smaller than £’. This is true in particular when we wish to de-
compose vector-valued distributions into curl free and divergence free parts.

Let 2., ={y; D*yeL*(R?; ¢°), for any a} topologised by the semi-norms
I l//llm=| IZS 1D*¥llL,s

here we have employed the familiar multi-index notation. By SOBOLEV’s inequali-
ties we know that each ¥ in 2, is infinitely differentiable. We shall be concerned
with distributions in 27,. It is well known that &'« 21, &’ = D’. The following
lemma, and more particularly its dual, indicates the usefulness of 27, for our
purposes.

Lemma 1.1.11. Let € %;,. Then there is a unique continuous decomposition
Y=y +y', such that Y° and Y belong to D,,, and are respectively curl free and
divergence free. We write 9;,=93, +@}4.

Proof. From the orthogonal decomposition of L,(R3; #°) (Lemma 1.1.4) we
know that y =%+, where ¢° and y* are both square integrable and respec-
tively curl and divergence free. We prove that in the case that ¥ is in Z;, the other
assertions also hold.

3 2(R3; ¥3) is simply C{ (R3; €3) supplied with the usual distribution topology, the euclidean
norm replacing the usual absolute value in the definition of the relevant semi-norms. 2’ (R3; ¢3)
is the set of continuous linear functionals on 2(R3; ¥3) and can be identified with 2’(R%) x
2'(R¥) X 2’ (R3).
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We proceed inductively. Suppose that D*ys° is square integrable for |a|Sn.
In the sense of distributions D*y =D*y°+D*y!, so that FxD*y°=0 and
V. D*y°=V. D*y which is square integrable. Thus by Corollary 1.1.7 D*y° lies
in BL(R?; ¢*) for any o« with |a|<n. But then D?y° is square integrable for
|Bl=n+1. In this way we see that D*°, and hence also D*y!, are square inte-
grable for all a, so that both ¥° and y' lie in 9;,. That the decomposition is
continuous is obvious since || D*y |7, =|D*y°|%,+ | D*¥!||},. The uniqueness
of the decomposition is a consequence of the corresponding uniqueness of the
decomposition for L,(R3; €3).

We can now unambiguously define a dual decomposition for 27,.

Lemma 1.1.12. There is a continuous decomposition of 2},(R*; %) into curl
Jfree and divergence free components,

91, (R 6))=[21,(R*; 7)]° +[2.,(R*; €°)]".

More explicitly, if T is in Dy, then T=T°+T"*, where T°(¢)=T(¢°) and T (¢) =
T(p"). Restricting T° and T* to be distributions in 9'(R*; 4>) we have T°=
—(ryxVP(V-T) and T* =(1/r)*Vx (P x T).

Proof. The first statements follow trivially from the definitions and the proper-
ties of the decomposition of &;,. The last assertion is seen as follows. It is well
known that

1 1 1 1 11
(p——Z;—;—*Ago——ﬂt———r-*VxVX(p—z;—;—*V(V-go).

We show that
o 1

1
9@ =_—Z%—TV(V.¢)

by proving that the latter curl free expression is square integrable. By the diver-
gence theorem we have

1 1 1 1

e (2 dy=lim S d
e FEd GEOIOLY o foqulx STV DO dy
=1im[ V-——— (V. d
I:—»o z<|x—y|<R |x yl( ¢)(y) y
Ix-YI=e Ix—-y|=R Ix vl
1 x—y
= V. dy,
§|x_ylz 790 dy
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which is square integrable by a Sobolev inequality ([1], p. 220). We therefore
also have @' =(1/r)*Vx (V' x ¢). Thus for ¢ in @

T°@)=T@)= =T (+707-9)) = ~+7(- T)(®)

and similarly

TH(g)=—+ Px(7xT)(9).

Note. Let ¢; be the i-th vector of an orthonormal basis in %> and define the
distribution 8,=4d¢; in 91,(R?; €°) by 6;(¢) =¢,(0); we then have

()= = VT 8) ()= =8 [P 9)] = = | - PO 9L ) v,

and hence &7 is the distribution —FP(V- (e;/r)) in @'(R?; ¢%). Similarly 8} is
given by Vx (¥ x [e;/r]).

§ 1.2. The Wave Equation in Free Space

We shall now review some properties of the wave equation, all of which are
proved by LAx and PHILLIPS in [4]. We shall formulate the relevant results in
terms of the vector-valued wave equation; they follow immediately from the
corresponding results for the scalar equation.

We introduce the following space of complex valued functions defined in
all of 3-space: W,=BL(R?; %) xL,(R?; ¢°). The norm in W, is evidently the
usual energy norm

IIWIIW.,=[%R£ (7wl +|w, %) dx]*.

Let w=(w,, w,) belong to W, and consider the Cauchy problem
{w,,(x, )=Aw(x,f) (xeR? teRY),
wx,0)=wi(x), w(x,0=wy(x).

The wave equation can be expressed as

37 () =(a o) (3)

this motivates the definition of an operator B, which acts like

01 01 .
(A 0) on D(Bo)={weWo,(A 0) wewo},

where the Laplacian is understood in the distribution sense, and where we make
the convention that a vector w=(w,, w,) is always to be interpreted as a column
vector when it is acted on by a matrix. B, turns out to be skew-adjoint and there-
fore generates a group V,(t) =exp(B, t) of unitary operators on W,. For given
initial data win Wy, the function w(x, t) =[V,(¢) w], (x) is a solution of the initial
value problem, and w,(x, t) =[V,(t) wl, (x).

21 Arch. Rational Mech, Anal., Vol. 28
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The following theorems are crucial.

Theorem 1.2.1. If w(x) has its support in | x—xy|Zr, then for |t|<r the func-
tion (Vo (¢) w) (x) has its support in |x—xo|Zr—|t|.

Theorem 1.2.2. If w(x) has its support in |x—xq| <r, then for |t|>r the func-
tion (Vo (t) w) (x) has its support in |x—x,|Z|t|—r.

Theorem 1.2.3. If (V,(t) w) (x)=0 for |x| <t (for all t>0), and (V4(£) W) (x)
=0 for |x|< —t (for all t<0), then w and W are orthogonal in W,.

Theorem 1.2.4. Let w be an element of Wy. If for some real, but non-zero,
value of u the function (By—ip) w (which is to be understood in the distribution
sense) vanishes for | x|>r, then w(x) also vanishes for | x|>r.

These theorems are all proved by LAX and PHILLIPS within the framework
of a detailed analysis of the outgoing and incoming spectral and translation
representations for the wave equation in free space. They can also be proved
more directly. Theorem 1.2.1 describes domains of dependence for the wave equa-
tion. Theorem 1.2.2 essentially expresses HUYGHENS’ principle, which is generally
established from an explicit representation of the solution in terms of the initial
values. Theorem 1.2.3 is proved directly in a paper by LAx, MORAWETZ and
PuiLrips [7], while Theorem 1.2.4 follows immediately from a theorem of RELLICH
concerning solutions of the reduced wave equation (4+p*)u=0 (which is pre-
sented, for example, by MIRANKER in [8]*).

LAx and PHILLIPS extend the domain of the group V,(¢) to include all distri-
bution valued initial data. We summarize their procedure since it will prove to
be useful.

Given a pair f=(f1, f;) of distributions, we define V,(#) f component-wise by
[Vo(® fli(@)=Ff1([Vo(—1)(O, ?)],) -fz([Vo(— 00, 9],),
[Vo(®) f12(0)= = f1([Vo (=) (0, 0)],)+ £2([Vo (= D) (0, 0)]1) -

This definition depends strongly on the fact guaranteed by the above theorems
that V,(¢) takes compactly supported data to compactly supported data, and
also on the classical result that smooth data leads to smooth solutions. It is easy
to verify that w=[V,(z) f1; is a distribution solution of the wave equation and
that [V, () f],=w,. The inital conditions are clearly satisfied. That there is
only one solution corresponding to given initial data is also readily established.

Theorems 1.2.1 and 1.2.2 continue to hold for the extended group V,(¢)
and distribution data. We prove the extension of Theorem 1.2.1. Suppose that
the data f has its support in |[x—x,|=r. Let ¢ be a smooth function with support
in |x—xo|<r—|t|. Then according to Theorem 1.2.15, V,(—1) (0, ¢) has its
support in |x—xo|<r. Looking at the explicit expressions for [V,(z)f]; and
[Vo(?) f1, and recalling that the support of f lies in | x— x| =r, we see that V,(¢) f

and

4 The main advantage of the method of Lax and PHILLIPS is that it leads to a generalization
of the theorem stated here.

5 It is an easy consequence of Theorem 1.2.1 that if the data w has its support in | x— XS,
then ¥,(¢) w has its support in | x— x,} < r+| ] . This is what we use here.
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hasits supportin|x—x,|=r—|¢|. Theorem 1.2.2 can be extended in similar fashion.
We formulate two further lemmas.

Lemma 1.2.5, Let w be data such that® V- w(V x w) has its support in | x—x,| =7,
then for |t|<r, V- Vo(£) w(Vx Vo(t) w) has its support in |x—xo|2Zr—|t|.

Lemma 1.2.6. Let w be data such that V- w(V x w) has its support in [ x—x,| Zr,
then for |t|>r, V- Vo() w (VX Vo(t) w) has its support in [x—xo|2Z|t|—r.

These lemmas follow from Theorems 1.2.1 and 1.2.2 once we note that
V- Vo) w(Vx Vo(t) w) are solutions of the inijtial value problems with initial
data V- w (Vxw) vanishing in the specified regions.

To complete this section on the wave equation let us define

Wo ={weWy; V-w=(0,0)}.

As an immediate consequence of Lemma 1.2.5 we then have

Theorem 1.2.7. The subspace W§ of W, reduces the group V(t) of unitary
operators on Wy; i.e., if we define V§(t) and Bl to be the restrictions of Vo (t)
and B, to W¢, then V() is a group of unitary operators on W and B} is the
skew-adjoint generator of that group.

§ 1.3. MAXWELL'’s Equations in Free Space
MAXWELL’S equations in the presence of a charge distribution p(x, t) and a

corresponding current distribution p(x,?) (satisfying an equation of con-
tinuity) but in the absence of obstacles are
{ar ml(x9 t) = VX mj (x, t) +ll'(x5 t) ’ 7
at mZ(xa t)= —Fx ml(x9 t) )

subject to the initial conditions
my(x,0)=m,(x) and m,(x,0)=m,(x),
where the pair (m,(x), m,(x)) belongs to the space of initial data
Mo=L,(R*;€*)x L,(R*; %), with |m|=[4](Im*+|m,|*)dx]"

These equations describe the dynamic behavior of the electric field m; and the
magnetic field m,. The vector fields m,(x, #) and m,(x, t) are generally required
to satisfy the additional conditions

V-m(x,)=p(x, 1), V- -my(x,1)=0.

We shall assume throughout that no currents are present, i.e., that u(x, t)=0.
In this case the charge distribution is time independent and the divergence con-
ditions on m,(x, t) and m,(x, ) turn out to be conditions on the initial data
6 Here we use the notation V- w=(V* wy, V- w,). Similarly V'x w=F X w;, F X w,).
7 In more familiar notation m, (x, ¢) is the electric field E, and m, (x, ¢) is the magnetic field H.

21*



296 G. SCHMIDT:

alone; the following heuristic argument indicates that this is so:
0 V-myx,)=V-0,m(x,)=V-Vxm,(x,)=0,

so that V- m,(x, t)=V- m,(x).

Since we are here concerned with MAXWELL’S equations in free space we
could immediately assume that p(x, ¢) vanishes, and hence restrict ourselves to
divergence free initial data. Instead we shall use a procedure which points the
way to our subsequent treatment of the perturbed problem.

MAXWELL’S equations can be written as
i(ml(x,t))_( 0 Vx) (ml(x,t))
ot \my(x,t)) \=Fx 0 ) \m,(x,0)’
and this suggests the definition of an operator 4, which acts like
( 0 Vx)
-¥Vx 0

D(Ag)={m=(m;, m)eMy; (Vxm,, —Vxm;)eMy}.

on

We now introduce the following orthogonal decomposition of the space of initial
data M, along the lines of Lemma 1.1.4: My,=M3® M{, where

MO=IS(R*; €)@ IS(R*; %) and Mi=IL(R?; %) @ LL(R?;%3).

One then has that M <D(4,) and that A, annihilates MJ. It is trivial to
check that the following holds:

Lemma 1.3.1. The decomposition My=M3@® M{ reduces the operator A,.

We shall now establish a correspondence between the part 4} of A4, acting
on M{, and B}, defined in Theorem 1.2.7 and acting on W§. This clarifies the
relationship between MAXWELL’S equations and the wave equation.

Theorem 1.3.2. There exists a one-to-one, norm-preserving map J of M¢ onto
w¢ such that

a) if Jm=w, then m; =Vxw, and m,=w,;
b) JD(AY)=D(B}), and As=J*BLJ.

Proof. We use the map J introduced in Theorem 1.1.9 to define J=J x[I.
That J is a one-to-one, norm preserving map of M§ onto W3 satisfying a) is
immediately evident. It remains to prove the relationship between 45 and B§.
Suppose that m lies in D(A43) and that w=Jm. Then m, =Vxw,, m, =w,, Vxm,
=VxVxw,, and Fxm,=Vxw, are all square integrable. We shall show that w
is in D(B}) or, explicitly, that w,e BL(R?; €°%), w,eL,(R>; ¢°), w,e BL(R?; ¢?),
Aw,eL,(R3; €%). The first two conditions are fulfilled because J maps M{¢ into
W¢. That w, lies in BL(R?; %) is a consequence of Corollary 1.1.7, since V- w,
(which vanishes), Fx w, and w, are square integrable, Finally Aw, is in L,(R>; €*)
since Aw=—FxVxw; (w; being divergence free). Thus JD(Aé)cD(B)(I,. That
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J is onto follows since the above steps are reversible. Finally we have

JAJT tw=JA5J " (wy, w)=JAS(V x Wy, w,)

=J(Fxw,, —VxVxw)=(w,,dw,)=Bsw.

This completes the proof of the theorem.

It is interesting to note that although the mapping J of Md onto W¢ is an
isometry, locally the energy density of the “potential field” w is not the same as
the energy density of the electro-magnetic field m. In order to illustrate this,
two examples were presented in Appendix 1 of [10] which demonstrate that m
may vanish inside or outside a sphere without Jm doing likewise.

Combining the last theorem with Theorem 1.2.7 we have

Theorem 1.3.3. 43 is a skew-adjoint operator on M¢, and Ay=0® A} is a
skew-adjoint operator on My=M3{® M¢.

The operator A, generates a group Uy(f) of unitary operators on M,. For
given initial data m in M, Uy(¢) m is the solution of the corresponding initial
value problem for MAXWELL’S equations. By the preceding decomposition of
M, and A, we have U,y (t)=I® U¢(¢), Ud(¢) being the group of unitary operators
on M} generated by 4. Thus fields corresponding to curl free and divergence
free initial data are respectively stationary and time-dependent, while arbitrary
fields can be decomposed uniquely into stationary and time-dependent parts
(here fields have finite energy).

As a consequence of the relationship 45=J"'B3J, we also have Ul(t)=
J~1vE()J. We shall now exploit this fact to obtain for MAXWELL’S equations
corresponding to Theorems 1.2.1 up to 1.2.4 for the wave equation. It is clear
from the preceding discussion that we could not expect these theorems to hold
for Uy(z) acting in all of M,.

Theorem 1.3.4. If m lies in M} and m(x) has its support in |x—xo|27, then
for [t <r, [UL(2) m] (x) has its support in | x—xo|2r—|t|.

Theorem 1.3.5. If m lies in M¢ and m(x) has its support in |x—xy|=r, then
for |t|>r, [Ud(t) m)(x) has its support in |x—x4|Z|t]—7.

Theorem 1.3.6. If m and m lie in M¢ and [U3(t) m] (x) vanishes for |x|<t
(for all t>0), while [U§ (t) m] (x) vanishes for | x| < —t (for all t<0), then m and
m are orthogonal.

Theorem 1.3.7. Let m be an element of D(A$). If for some real, but non-zero,
value of p (ALY —i ) m vanishes for |x|>r, then m itself vanishes for |x|>r.

As before, these theorems can be generalized to apply to distribution valued
data; in particular Theorem 1.3.7 can be greatly strengthened. However, the
theorems as stated will be sufficient for our purpose. We proceed to prove them
successively. The proofs via Theorem 1.3.2 are not quite as simple as one might
anticipate; the difficulty lies in the fact, noted before, that the correspondence
between m and w=Jm is global rather than local. The proofs of all four theorems
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are given in [10]. Here we prove only Theorem 1.3.5 and 1.3.6; this involves an
interesting intermediate result which clarifies the behaviour of the map J.

Lemma 1.3.8. Suppose that w lies in W, and that Vx V() w and V- Vy(t)w
have their supports outside the cone | x| <t (t>0) [or |x]< —t (t<0)]; then Vy(t)w
likewise has its support outside that cone.

Proof. Since V- V,(¢)w and Vx V,(¢)w vanish in the cone |x|<t, [Vo(t) wl;
and [V,(¢) w], are harmonic in their dependence on x in that cone. As a con-
sequence of d, V,(t)w=B,V,(t)w we then have

7% [Vo®w],=A4[Vo()w]; =0, for |x]<t.

Thus [V,(t) wl, (x) is constant in ¢ for t>|x|. Let @(x)=[V,o(t) w], (x) with
t>|x|. The function ¢(x) is then harmonic in R3. For any >0

f lo@Pdx= [ [[Vo@wl.()I*<IWl,-

Ix| <t x| <t

Thus ¢(x) is square integrable in R>; since it is harmonic in R® it must vanish
identically. Thus [V, (¢) w], (x) =0 for | x| < £. It remains to show that [V () w], (x)
vanishes in the same cone. Since

%[Vo(t)w]l=[V0(t)w]2(x)=0, for [x|<t,

we have that [V, (¢) w], (x) is constant in ¢ for #>|x|. As before we can define
Y (x)=[Vo(t) wl(x) for t>]|x]. Since

3

3
AL

j=1 |x]<t x

II« RACYI MR [T

we know that i (x) has a square integrable gradient. Furthermore ¥ (x) is harmonic
hence it is a constant, i.e., Y (x)=c. We show that ¢=0. For any r>0 and t>r,
Lemma 1.1.1 gives

dne= | WRo)Pdo= [ |Ve@wlRo) dos 7

lo]=1 o=

Letting R become infinite we see that ¢=0 and that therefore [V,(¢) wl;(x)
vanishes in | x| <z The backwards cone |x|< —¢ (¢<0) is treated similarly.

Corollary 1.3.9. Let w=Jm. Then U{(t) m vanishes in |x|<t (t>0) [or
|x|<—t (t<0)] if and only if Vi (t) w vanishes in the same cone.

Proof. Suppose that ¥ (z) w vanishes for |x|<t. Then
Us()ym=J""Vg()Im=J" Vi) w=(Vx [V () w]s, [Vo (D) w])
also vanishes there. Conversely, if Ul (z) m vanishes for |x|<¢, the identity

Va@®w=JU®JI *w=JUi{) m
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implies that Vx[V}(t)w], and [V§(z) wl, vanish for |x|<t Noting that
V-V3(t)w=0 and applying the previous lemma we see that in fact V¢(f)w
vanishes there.

Theorems 1.3.5 and 1.3.6 are now easily proved.

Proof of Theorem 1.3.5. Let m be in M¢ and have support in [x—x,[Zr.
We have to show that U$ (z) m vanishes in the cone |x— x| <|t|~r. Let w=Jm;
then both V- w and VFxw have their supports in |x—x,|<r. By Lemma 1.2.7
V-Ve(t)w and VxV§(t) w vanish in |x—x,]<|?|—r. Thus by the previous
lemma V§(¢)w itself vanishes in that cone. Hence by the above corollary Ud () m
vanishes for |x—x,|<|t]~-r.

Proof of Theorem 1.3.6. Let w=Jm and w=Jm. By Corollary 1.3.9 Vi (*)w
and V§(f)W vanish for |x| <t (¢>0) and | x|< —¢ (¢<0) respectively. Hence by
Theorem 1.2.3 w and W are orthogonal in W{. Consequently, because of the
properties of J, m and m are orthogonal in M{.

§ 1.4. Incoming and Outgoing Subspaces for MAXWELL’S Equations,
and the Translation Representation

We define two subspaces of M, by

DE ={meM,; Uy(t) m(x)=0 for |x|<p+t,t>0},
D2 ={meM,; Uy(t)y m(x)=0 for |x|<p—1, t<0}.

In particular we denote DY and D% by D, and D_, respectively. We now prove

Theorem 1.4.1. D% and D’ are subspaces of M. They are orthogonal, and
are respectively outgoing and incoming with respect to the group U¢(2).

Proof. We prove the various assertions concerning D% ; the situation for D2
is analogous.

Suppose that m is in D% and that nisin M. Then U,(¢#)n=n for all ¢ and thus
it is easy to verify using the unitary property of U,(z) that (see [10])

|(m, My 1= HmHM.,[l |>j;+ (Iny]* +|ny 1) dx]F;

the latter integral tends to zero as ¢ tends to infinity since n; and », are square
integrable. Thus (m, n)y, =0 for any m in D% and all n in Mg. Hence D% < M.
That U(¢t) D%, = D% for =0 is clear since if U (t)m(x) vanishes for |x|<t+p
then U{ (s) (U (£) m) (x) = U (¢ +5) m(x) vanishes for | x| <t+s+ p, and a fortiori
for |x|<s+p.
It is equally trivial that () Ug(¢t) D% ={0}, since if m is in

N Us(H D~

tz0

we have for all £>0 that U¢(—#)m is in D%, i.e., m=U(t) (U} (—t)m) vanishes
for |x]|<t+4p. Thus m vanishes identically.
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That (J UL(2) D% is dense in M{d follows from the following assertions:

1) data with compact support are dense in M{ (this is a consequence of
Lemma 1.1.4); and

2) data with compact support lie in

U Us() D% .

t<0

This second fact is a consequence of Theorem 1.3.5, for if the support of m lies
in |x|<r, then U}@) U (r+p)m=U3(t+r+p)m vanishes in | x| <(t+r+p)—r
=t+p, so that Ud(r+p)m is in D% and m is in U(—r—p)D%.

Finally, the orthogonality of D4 and D? involves simply a rephrasing of
Theorem 1.3.6. This completes the proof of Theorem 1.4.1. We note that we
could simply have used Corollary 1.3.9 to obtain the properties of D4 and D2
from the corresponding properties of the incoming and outgoing subspaces for
the wave equation.

The properties of D% and D? established in the last theorem ensure that
the theory of LAX and PHILLIPS is applicable. In particular we now know that there
exist outgoing and incoming translation representations of U (f) in M{. In fact
these two representations are the same (which is to be expected since no scattering
is taking place), and can be derived from the translation representation of V,(¢)
acting in W,. This latter transformation is obtained by the ingenious use of

Fourier transformations and is described in the following theorem of LAx and
PHiILLIPS.

Theorem 1.4.2. For Vy(t) acting on W, there is a simultaneously outgoing
and incoming translation representation on L,(— o0, co; N), where

N={f(0)eL,(s*;%")}, (S’={weR’;|o|=1}).

If wis of class® & then its translation representer k(s, w) is given by

k(s, @)= — 2 [ 1

e [ om@as]+a [ 1 wmewas],

x-0=s X @=s

where dS is an element of surface area on the plane x - w=s. Conversely if k(s, +)
is infinitely differentiable it is the representer of data w given by

WI(x)=—2}7?l I_f=1k(x-co,a))dco and wz(x)=——1— _[ K (x w,0)do

where k' (s, w) =0,k (s, w).

We denote the representation map from WO to Ly(— 0, co; N) by Z. We
then define the map # =% o J, which maps M onto the subspace #J M¢ =% W
of L,(— o0, 00; N). We then have

8 & is the class of infinitely differentiable functions such that all derivatives tend to zero at
infinity faster than any polynomial of |x|™!.
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Theorem 1.4.3. & defines a simultaneously outgoing and incoming translation
representation of M¢ on Ly(— o0, c0; NY), where

N'={f(w)eN; o f(w)=0}.

If Jm is of class & the translation representer of m is given by

RAm=k(s, w)= — 02 [411': } [Jm]l(x)dS]+6 [ ln j'= [Jm]z(x)dS].

X*w=s

Conversely if k(s, +) is infinitely differentiable it is the representer of data m given by

ml(x)=71n—| Ij'_lka'(x-cu,cu)dco and mz(x)=——217I I_[_1k’(x-a),cu)da).

Proof. We have to show

a) #M§ =L,(—, o; N');

b) # takes Ud(¢) in M¢ to the translation group in L,(—oco0, o0; N1);

¢) #D_=L,(—0,0; NY) and 2D, =L,(0, co; N1).

a) We know that JM{=W2, so we simply need to show that % W=
L,(— 0, c0; N'). From Theorem 1.1.8 and Lemma 1.1.4 we know that smooth

data with compact support are dense in W{. For such data w we have the re-
presentation of Theorem 1.4.2, and thus

o Bw(w)=o- ks, w)=—0o> [21; j_ co-wl(x)dS]

+0, [217{ ) w-wz(x)dS].

X*W0=s

‘We now show that this vanishes. We have

& | o-w; (x)dS]—hm L[ [ o-wx)dS— | o-wi(x)dS].
X 0=s h X w=sth X 0=s
Noting that e is a unit normal to the planes x - w=s and x - w =s+4, and that
w; has compact support, we can apply the divergence theorem to obtain

o[ | o-w;(x)dS]= hm [ j' V-w;(x)dS],
X*W=5

where D, is the region between the planes x - w=s, and x - w=s+A. This last
expression vanishes since w, is divergence free. Hence Fw(s)liesinL,(— o0, c0; NY),
and since the smooth data with compact support are dense in W{, we have
ZWE<L,(—, ©; N'). The opposite inclusion is easily proved since infinitely
differentiable functions k(s, ) are demse in L,(—o0, co; N1); for the corre-
sponding data in W, we have

V. wl(x)—— [ Vk(x o o0)do= 2 | o k(x-0,0)do=0
T ol=1 lo|=1

and similarly V- w,(x)=0; and hence we W{d. This completes the proof of a).
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The proof of assertion b) is immediate since # =20 J; J establishes a corre-
spondence between Ug(z) and Vi(¢), while & establishes a correspondence be-
tween ¥4 (¢) and the translation group in L,(— o0, 0 N!). _

Assertion c¢) follows from Corollary 1.3.9 and the fact that £ defines a trans-
lation representation of V,(¢) which is simultaneously incoming and outgoing.
In fact we see that, more generally,

RD%=L,y(p,00;NY), RD%=L,(—o0, —p;N").

Finally the explicit expressions for m and # m=k(s, w) in terms of each
other follow directly from the definition of J and the corresponding statements
in Theorem 1.4.2. .

We shall now prove some further properties of the representation #=%0J
given above. In deducing the properties of # from the corresponding known
properties of %, we are as before faced by certain difficulties associated with
the behavior of J. The following lemma (and particularly the remark following it)
proves to be convenient.

Lemma 1.4.4. Let w lie in Wy, and suppose that @w=k(s, ). Then 0;w lies
in W, if and only if w;k’(s, w) lies in L,(— 0, c0; N); if one of these equivalent
conditions is fulfilled we have R0;w=w;k’ (s, w).

Proof. We suppose first that w;k’'(s, w) lies in L,(—c0, co; N). If k(s, ) is
infinitely differentiable we can apply the explicit equations of Theorem 1.4.2 to
find that w;k’(s, w) is the representer of the data F in W, with components

L

1 .
Fl(x)=T "—1 ok (x- 0, 0)do= >

7 lof

I |j—1 0;k(x - w, ) do=08;w(x),

F,(x)= —Tlil |j—1 0; k" (x- 0, 0)do= ~%I Ij-l 0,k (x- 0,w)ydo=208;w,(x).

Hence d;w lies in W, and RO iw=w;k’. If k(s, w) is not infinitely differentiable
in the s variable we mollify in the usual way to obtain a sequence k,(s, w) of
infinitely differentiable functions such that k,(s, w) and w;k;(s, w) converge to
k(s, w) and w;k’(s, w) respectively in L,(—o0, co; N). Let w, be the element
represented by k,. Then by the preceding discussion d;w, is represented by w;k;,.
Since k, and w;k;, converge to k and w;k’ respectively, w, converges to w, and
0;w, converges to that element F of W, which is represented by w;k’. Hence
in the sense of distributions d;w, converges both to F and to d;w. Thus F=d;w
and therefore 0;w lies in W, and 20;w=w;k’ (s, w).

Conversely, suppose that d;w lies in W,. The proof again proceeds through
two stages. If w is of class % we have

1 1 .
k(s, w)=—0? [Hx'aj)':swl(x)dS] +d, [Z;x-;!:st(x)dS] ,
and thus
/ 1 1
w; k' (s, 0)= -8} [Z; 6sx.c_£=sij1(x)dS] + 0, [77? asx'aj)':Sijz(x)dS] .
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Using the same technique as in the proof of Theorem 1.4.3 (i.e. a difference
quotient, the divergence theorem, and the integral mean value theorem) we find

so that
w,.k'(s,w)=—a§[1 j 6jw1(x)dS]+0s [_1? § ajwz(x)dS].

4nx-w=s 4 X o=s

Thus we indeed have %0 ;w=w;k (s, 0). If wis not of class &, we use Lemma1.1.10
to find an approximating sequence {w,} of smooth data with compact support
such that w, and @;w, converge to w and d;w respectively in W,. An argument
similar to that used in the first part of the proof shows that in the limit we have
d;w in W, and #0;w=w;k’' (s, ).

Note. In similar fashion we can prove the following: Let w lie in W,, and
suppose that % w=k(s, ®). Then Vxw lies in W¢ ° if and only if w xk’(s, w)
lies in L,(—o0, co; N'); if one of these equivalent conditions is fulfilled we
have & Vxw=w xk'(s, »).

Theorem 1.4.5. Suppose that m lies in M¢, and that k(s, ) =R m. Then
a) if k(s, w)=0 for |s|<r, then m(x)=0 for |x|<r;
b) if m=0 for |x|=r, then k(s, ®)=0 for |s|=r.

Proof. Part a) follows directly from Theorem 1.4.3 in the case that k(s, )
is infinitely differentiable, for the explicit formulae show that the value of m(x)
is given entirely in terms of values of k(s, ) in the sphere |s|<x. If k(s, w) is
not infinitely differentiable it can be approximated through a mollification
procedure by functions k,(s, @) with supports in |s|=r—1/n. The corresponding
elements m, of M¢ have their supports in |x|=r~—1/n, and converge to m which
therefore has its support in |x|=r.

Part b) is a little more delicate. We suppose first that m is infinitely differ-
entiable with support in |x|<r. Then w=Jm lies in W{, and Fxw=(Vxw,,
Vxw;)=(mj, Vxm,) likewise lies in w¢; furthermore V'xw vanishes for |x|zr.
Let #m=%#w=k; then by Lemma 1.4.4 AVxw=oxk'(s,w). Since Vxw
vanishes for |x|=r, % Vxw vanishes for |s|=r (which is directly evident from
Theorem 1.4.2 and is in any case a known property of the translation represen-
tation for the wave equation). Hence w xk’(s, w)=0 for |s|=r. Since m is in
M we also know that w - k’(s, ) =0. Consequently k' (s, @) vanishes for |s|=r,
and thus k(s, ®) =n.(w) for s>r and s< —r respectively. Since k(s, w) is square
integrable n, () vanish, so that part b) has been proved for infinitely differentiable
m(x). To obtain the proof for arbitrary elements m of M{ we use an approximating
sequence analogous to that used previously.

It would presumably be possible to obtain partial converses to the assertions
of the last theorem analogous to those obtained by Lax and PHILLIPS for the
translation representation of the wave equation. We shall not need these. It is
however necessary to discuss infinite energy solutions of MAXWELL’S equations,

9 The superscripts 1 can be introduced immediately since - Fx w=0and ' 0w X k'(s,0)=0.
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and to extend the translation representation to a certain class of functions which
do not necessarily lie in M¢. This will be done in the next section.

$ 1.5. MAXWELL’s Equations in the Space of Distributions

Instead of restricting the initial data to the space M{ we shall now consider
distribution valued initial data. Let m lic in 2'(R3, %) x 2’ (R®; ¥°). We then
define Uy(¢) m by

[Uo () m]1, (@) =my([Us(— ) (@, 0)]1)+ m,([Us(— ) (0, 0)12)
[Ue(®) m].(9)= ml([Uo(" (0, 9)1,)+ mz([Uo(" 00, 9)]2).

It is easy to verify that:

a) Uy(t) m is a solution of MAXWELL’s equations with initial value m.

b) This solution is unique.

c) If m is curl free, Uy(t) m=m.

d) If m is divergence free U,(¢) m continues to be divergence free.
We denote U,(¢) acting on divergence free data by Ugd ().

The distribution data m is said to be eventually outgoing (initially incoming)
if there exists a positive r such that U,(z) m vanishes in the cone |x|<t—r for

t>r(]x|< —t—r for t< —r). We shall now show that if m is eventually outgoing
(or initially incoming) it is necessarily divergence free. We have

V-[Us () m]i(@)= —[Us (1) m],(Vo)
=—my([Up(—D(¥o, 0)]1)“ my([Us () Ve, 0)],).

Since (Fo, 0) is curl free

[Uo(=0) (o, 0)];=[(Vo, 0] =Vo, [Us(—)(Fe,0)],=0,
and hence
v [Uo(t) m]l((P): -mVo)=V-m(¢p).

Consequently, since m is eventually outgoing, if the support of ¢ lies in |x|Za,
V.[Uy(t) mly(¢) and hence also ¥V-m,(¢) vanishes for t>r+a. Thus V-m,
and similarly V- m, both vanish as was asserted.

The question arises whether it is possible to extend the translation represen-
tation of U{(¢) acting on M{¢ to Ud(¢) acting on distribution valued data.

It is convenient to introduce the inverse map ¢ (=J ~!o #) of # which takes
L,(— o0, 00; N') onto M{. We first consider the extension of this map. The
formulae

(£ = | @xk'(c-o,0)do,

lo}=1

[FL0=— | K o,0)do,

jol=1
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of Theorem 1.4.3 can be used to define #k(s) for any k(s) in C*°(~ o0, c0; N1)
since for each x the integrals involve the values of k(s) only in the compact set
|s|Z|x]|. A further extension of # by continuity to all distributions in 2’ (— o0, o0}
N1Y) is also readily justified. Then an explicit calculation with the above formulae
shows that

Ao F=—F0 and U,() Ff=7T(O).

Furthermore if k vanishes for |s|<r, #k vanishes for |x|=r.

There is no equally natural extension of the mapping £ to all divergence
free distribution data. However, by considering the dual of the lemma which we
shall now prove, we obtain an extension of # to a class of data useful for our
purposes.

Lemma 1.5.1. # is a one-to-one map of DL, (R*; €% x2},(R; €% onto
D,,(—0, 00; N*) and ¢ is its inverse. Furthermore if k=% m, then | A3m|y,
=|05klL,-

Proof. This follows from the basic properties of # and ¢, from Lemma 1.4.4,
and from the fact that J is an isometry between W¢ and M.

For m in [21,(R3; €*)]* x[21,(R?; €*)]' we now define
Am(p)=4m(Fp) forany ¢in P, (—o0,c0;N).

We prove immediately

Lemma 1.5.2. & is a one-to-one mapping of [D,(R%; ¢*)]' x[21,(R?; €3)I'
onto Di,(~o0, ©0; N') and ¢ is its inverse. If m" is the divergence free part of
distribution valued data with support in |x|<r,'° then & m' has its support in
[s|<r.

Proof. The first statements follow immediately from the preceding lemma.
The assertion about the supports is obtained as follows: Since for ¢ in Z(— 00, 00;

NY, (£ ) =7 ¢, we have
Zm'(@)=1m'(Fo)=im(Fo")=1m(S ).

For any ¢ which vanishes in |s|<r, £ ¢ vanishes in |x|<r so that m(# ¢) and
hence # m'(¢p) vanishes, which is what we need to prove.

It is possible to extend # further. We say that divergence free data m in
P'(R?; %) x2'(R%; ¢°) has a translation representer k in 2’'(— o0, oo; NY) if
Fk=m. The following theorem is to be understood in this way.

Theorem 1.5.3. Ler g' be the divergence free part of distribution valued data
with compact support in |x|<r. Then the equation (Aq—y) m=g' has a unique
eventually outgoing solution which has a translation representer given by the following
distribution in 9'(— o0, co; N1):

s

k(p)=2g' (e“s ) {e“‘"q)(a, w)— [_}o e " o(r, a))d'c] (o, co)} do)

-0

10 ;1 need not have compact support!
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where 0(o, @) is a smooth non-negative function with compact support in (— o0, —r)
such that

0
{ 0(o,)do=1.

Proof. Proceeding formally one would expect a translation representer k of
m to vanish at — oo (if m is to be eventually outgoing) and to satisfy the equation
— 0+ ) k=2 g*. 1t is easily verified by explicit evaluation of —[(d,+ 1) k] (¢)
=k([8,—u] @), that k as defined above does in fact satisfy the latter equation
in the distribution sense. Furthermore, since % g has support in |s|<r it is
easy to show that £ vanishes for s< —r.

If we define m=_¢ k we have

(Ag—p)m=(do—p) Fk=—F O+ Wk=F Rg' =g,

and m is eventually outgoing (for if T(t+r)k =0 for |s| =t we know that U(t+r)m
=2T({+r) k=0 for |x|<t). The solution m is unique, since otherwise there
would exist a non-trivial eventually outgoing solution to (4,—u) d=0. This is
impossible since Uy(¢)d=¢e""d.

Corollary 1.5.4. If m is eventually outgoing and (Ag—p)m=0 for |[x|2r,
m has a translation representer of the form

0 s< —r
k(s C())_{e_’”n(co) §>r.

Proof. That k vanishes for s< —r has already been indicated. That k(s, w)
has the stated form for s>r follows since (A4, — u) m vanishes for s>r, so that
for each test function with support in s>r

0=[(0s+m k]("* @)= —k([0,—u] €** )= —k(e"* 8, 0)=[0,(e" " k)] (9).

This implies that ¢*°k is independent of s for s>7, i.e., that ¢**k(s, w) is in fact
a function of w alone.
Notes. a) Naturally o - n{w)=0.

b) We shall show later that n(w) lies in N'1. When m is infinitely differentiable
this is obvious.

c) There are analogous results for initially incoming solutions.

§ 1.6. The Fundamental Solution and Various Forms of the Outgoing and Incoming
Radiation Conditions

A fundamental solution for MAXWELL’S equations is a 6 x6 matrix valued
solution of

(Ao—WGx;W)=6(x)1,

which generally is required to satisfy some outgoing or incoming condition at
infinity. The latter requirement does not have any dynamical significance for the
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stationary component of the equation, so in accordance with our general procedure
we separate the equation into

(4o—@)G°=(D)° and (4o—p)G'=@ED)".

Here 61 has as its rows (6;,0) and (0, §;) with i=1,2, 3, and (61)° and (61)*
are obtained by replacing §; by 62 and 8} respectively. It is easy to check, using
the explicit form of 6? and &}, that (67);=(69); and (6{);=(6]);, and hence that
(8D° and (6I)! are symmetric, and respectively curl and divergence free in rows
and columns.

The equation for G° has an immediate solution; since 4,G® must vanish we
have G°= —(1/u) (6I)°. The equation for G' can be handled by means of Theo-
rem 1.5.3. The lengthy but conceptually simple calculations necessary for the
proof of the next theorem are given in [10], and will not be reproduced here.

Theorem 1.6.1. The equation (Aq— i) G(x; w)=(81)"(x) has a unique solution
—ur__ —-ar
iVxVx[if———l)I] —Vx[e I]
r r
—ur ~-pr__
Vx[e 1] leVx[E—l)I]
r U r

each column of which is eventually outgoing. (The operator Vx is taken to act
columnwise on the square bracketed matrices.)

G(XQH)=E

Corollary 1.6.2. Let g be divergence free distribution-valued data with compact
support. Then the equation (Ay— ) f=g has a unique eventually outgoing solution
given explicitly by f=G'»g.

Before writing down further corollaries we make some observations and a
definition which will make the whole procedure less cumbersome.

The equation

(do—p)m=g (M
is equivalent to the equations
VxVxmi+p’m=—pg —Vxg, @)
and
1 1
Mmy=——Vxm;——g,. 2"
2 r 1 ° g2 (2"

Definition. A solution of the equation ¥ x V' xf+ u? f=g (where g is a divergence
free 3-vector-valued distribution with compact support) is called p-outgoing
(u-incoming) if (f, —(1/u) Vxf) is eventually outgoing (initially incoming).

In order to find an eventually outgoing solution of equation (1), where now
we assume g to be divergence free data with compact support, we need to find
a p-outgoing solution m, of (2') and to define m, by (2). Then (m,, m,;)=
(my, —(1/w) Pxm;)+(0, —g,/u) is eventually outgoing since m; is p-outgoing
and g has compact support, and is a solution of (1).

Corollary 1.6.3. The equation (VxVx +u®) f=g, where g is divergence free
and has compact support, has a unique p-outgoing solution f =yL*g, where Va is
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the unique 3 %3 matrtx valued distribution solution of (Vx Vx +u®) yL=(8 )* with
p-outgoing columns. y\ is given explicitly by

1 1 (e™*"—1)
1—_.__
'))u— 47t-l:t_2_VXV [ r ]

In the case where we do not restrict ourselves to divergence free data we

obtain the following result, which is proved in [10].

Corollary 1.6.4. The equation (VxVx +u®) f=g (g a distribution with compact
support) has a unique solution f which can be decomposed into a curl free part
and a p-outgoing divergence free part. That solution is given by f=y,+g, where

1 2 (et e Hr
h=a [,;( . I)—VV-( h 1)]

is such a solution to the equation with g=41I.

We are now in a position to discuss the various forms of the *“outgoing wave”
conditions for the reduced MAXWELL’S equations. We assert

Theorem 1.6.5. Let f be a solution of (VxVx +u®) f=g, where g has compact
support and where f is locally square integrable together with its first and second
derivatives. The following statements are equivalent:

(1) f canbe written as the sum of a curl free (and hence stationary) part and a
divergence free part which is p-eventually outgoing.

(2) If G is a bounded region containing the support of g then in the exterior of
G the solution f can be represented in terms of the boundary values of f on 8G by

f(x)=a£ [nx(Pxy,(x=») fO)=1.(x—=y) n x(Fx f) ()] dS, .

In the case that Re p=0, (1) and (2) are equivalent to
(3) f satisfies the asymptotic conditions

Sl xExf0)=p ) |dS. =0, [1f()1dS,=0()

where r=|x| and S, is the sphere of radius r.

The proof involves the same techniques as are used by LAax and PHILLIPS for
the wave equation; it is given explicitly in [10].

Notes. a) The assumption that f is locally square integrable together with ist
first and second derivatives was needed to justify the use of GREEN’S identity in
proving the equivalence of (1) and (2). In fact it is easy to see the equivalence
of (2) and (3), and also the assertion that (2) implies (1), without using any regu-
larity of f in G: Outside the support of g we have f=(1/u%) Vx Vxf; hence f is
divergence free and satisfies (— 4+ p?) f=0, and thus is infinitely differentiable.

b) It is easy to verify that the stationary part of f, viz.

jV g 4 )

0_,0, =Vx(
S =vave E]
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behaves asymptotically like O(e *"/r?). Consequently we have for the time-
dependent part

Flo=—g s

—ur

—ur
oxox gy ’dy+0 (erz )

We proved previously (Corollary 1.5.4) that if m is an eventually outgoing
solution of (A,—u) m=g, where g has support in |x|<r, then m has a trans-
lation representer (s, w) which vanishes for s< —r and is of the form e™** n(w)
for s>r. At this point one can prove that n(®) is in L,(S?; N'). In fact we can
be more explicit (see [10]):

Theorem 1.6.6. Let n(w) be the function appearing in Corollary 1.5.4. Then

n(w)=—4/'l7a) xa(w),
where
a(@=oxox [(ug(N+Vxg, () e 7 dy,
and

—ur

ml(x)=4—1n— ¢ ; a(w)+0 (%——2—-)

2. The Perturbed Problem

§2.1. MAXWELL’S Equations in the Exterior of an Obstacle

Let G be a domain exterior to an obstacle which we suppose to have a twice
continuously differentiable boundary. Let M =L,(G; %) xL,(G; €*) and con-
sider the initial value problem

8, my(x,)=FVxmy(x,t)  ((x,7) in GxR),
0y my(x, )= —Fxmy(x,1),

my(x,0)=m(x), my(x,0)=m,(x)

where the pair of initial data m=(m;, m,) lies in M. We wish to define the
operator
0 Fx
A= (-—Vx 0 )

in such a way that it becomes skew adjoint. We shall specify the domain of 4
in terms of suitable boundary values.
It is convenient to introduce the following class of data:

D={0=(¢1,92); ¢1,9,€C*(G;6>) and ¢, Ape M}

where G denotes the closure of the domain G. The following is not difficult to
prove with the aid of the divergence theorem, although the unboundedness of
the domain requires some attention (see [10]).

22a  Arch, Rational Mech, Anal., Vol. 28
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Lemma 2.1.1. For ¢ and \ in D the following identity holds

(@, AP)u+(4 0, l//)M=a£ (p-A,¥)ds,

0 nx
Av= (— nx 0 ) ’
n being the outward normal to the boundary surface 0G of G, and dS denoting an
element of surface area.

where

At this point we present a brief account of the relevant definitions and the
main theorem contained in the paper [6] of Lax and PHILLIPS. They consider a
first order matrix partial differential operator which acts on real n-vector valued
functions defined on a bounded domain G in R™:

L=Y 4'(x)9;+B(x),
j=1
where the 47(x) and B(x) are real nxn matrix valued functions defined in G
and satisfying the conditions:
(a) The 47(x) are symmetric, continuous and piecewise continuously differen-
tiable.

(b) B(x) is piecewise continuous.
(C) Letting K=B_%z ajAj’ K+K*§0,
ji=1

Condition (a) characterizes symmetric operators, while (c) characterizes “formally
dissipative operators”. The boundary value problem is formulated in the following
way. Let 0G be the boundary of G, G being assumed to be bounded and G to
be twice continuously differentiable. For x in G let

A= 3 n, (0 460,

where n=(n;) is the surface normal. It is assumed that:

(d) A4,(x) can be continued into a neighborhood of 4G in such a way that it
has constant rank there.

With each point of 0G we associate a subspace N(x) of R"; this boundary
space is supposed to vary smoothly with x. The boundary condition on a function
u(x) is then “u(x) lies in N(x) for each x in dG”. The boundary condition is
said to be non-positive if u(x) - 4,(x) u(x)<0, for all u(x) in N(x). It is said to
be maximal non-positive if the subspace N(x) cannot be extended without violating
non-positivity.

For given f in L,{(G; R") we seek a solution u of (J—L)u=f with u(x) in N(x)
for all x in 0G. We shall say that a function u is a strong solution of that equation
satisfying the boundary condition in a strong sense if there exists a sequence
{@n} of functions in

Py={peC*(G;R"; ¢,LoeI*(G; R"), ¢p(x)eN(x) for xedG}
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(the superscript r reminding us that we are for the moment restricting ourselves
to real valued functions) such that

Py—u, (I—L)(pn—)f in LZ(GsRn)
The central theorem is

Theorem 2.1.2, Let L be a formally dissipative symmetric operator, G a bounded
domain whose boundary is of class C*, and N(x) smoothly varying boundary spaces
which are maximal non-positive. Then for every given square integrable function f,
the equation (I—LYu=f has a unique strong solution satisfying the given boundary
conditions in the strong sense.

Actually LAx and PHILLIPS prove the existence of a solution # approximable
by functions continuous in G and piecewise continuously differentiable there.
However the same arguments with only slight modifications yield a strong solu-
tion as defined above.

The theory is clearly applicable to the operator

0 Vx)

L=A=(—Vx 0

In fact, since K=0 in this case, — A4 is also formally dissipative (and symmetric).
Hence subject to suitable boundary conditions the theorem allows us to solve
both equations (/+A) u=f. We proceed to examine various possible maximal
non-positive boundary conditions. Maximal non-positive subspaces N(x) for
which we have not only u- 4, u<0, but in fact u- A, u=0, are of particular
interest. For (a) in this case N(x) is maximal non-positive both for 4 and for
— A; and (b) theidentity of Lemma 2.1.1 ensures that A4 is skew-symmetric when
acting on functions satisfying such conditions.

We define two classes of subspaces of R®~R?x R>. Let x be a point in G,
and n(x) the surface normal. Let A be any real number (or o) and z a plane in
R? containing #(x). Then we define

Ny ()= {u=(uy,u,); n(x) xuy =4(n(x) xu,)},
(Noo ()= {u=(uy, 4); n(x) xu,=0}),
Ny(x)={u=(u;,up); uem u en}.
Theorem 2.1.3. N,(x) and N,(x) are maximal non-positive subspaces, and
u-A,u=0 for u in N;(x) or u in N,(x). Furthermore, if N(x) is any maximal

non-positive boundary space for which u - A, u=0, then N(x) is either a subspace
of the type N,(x) or of the type N, (x).!!

Proof. For any u=(u;, u,) in R® x R® we have
u-Au=u; - nXUy—Uy - nXU; =2U-NXU,.

11 This theorem gives a characterization of real boundary spaces N(x) satisfying the require-
ments; it does not characterize all suitable complex boundary spaces. It is easy to see that N§ ()=
NiyFiNix) and Ngxy=Ng )+ iNg(x) are such complex boundary spaces; conceivably
there are others.

22b  Arch, Rational Mech. Anal,, Vol. 28
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If v is in N, or in N, we know that u,,u, and »n are coplanar, and hence
uy - n Xu,=0. Thus in either case we have u - 4, u=0.

We now show that N; and N, are maximal. We could do this by a dimen-
sionality argument looking at the eigenvalues of 4,. However we shall argue more
directly.

We begin by considering N;. Suppose that v is a vector such that {}UN,
generates a non-positive boundary space; we have to show that v lies in N,.
For any u in N, and for arbitrary real k we have (v+ku) - A,(v+ku)<0. Since
u-A,u=0, and since A4, is symmetric, v+ 4, v+2kv - A, u<0. Since this holds
for each real k we must have v- 4, u=0 for each u in N,. Thus v, - n Xu,—
v, - nxu, =0, or, since u is in N,, v, - n Xu, —A v, - nxu,=0. Hence we finally
have u, - [n xvy —An xv,]=0. The vector u, is arbitrary since for any u, (1 u,, u,)
lies in N;. Hence (n xv,) =4(n xv,), so that v lies in N,.

In order to show that N, is maximal we proceed in similar fashion to conclude
that if {#} U N, generates a non-positive subspace then v- 4, u=0 for each u
in N,. Choosing u=(u;, 0) or u=(0, u;) with 4, and u, in = we conclude that
v, - 1 xu,=0and v, - n xu,; =0, so that v; and v, lie in 7 and v indeed lies in N,.

We now consider an arbitrary maximal non-positive boundary space N(x)
for which u- A, u=0. If u- A, u=0 then u; - n xu, =0, and hence u,, v, and n
are coplanar. We choose v in N(x) so that v,, v, and » are not collinear; there
must exist such a v since otherwise N(x) is properly contained in N, for any =
and is thus not maximal. Since v, v, and » define a plane, n xv, and »x v, do
not both vanish. Thus (nxv,)=A()(nxv,), A(v) being uniquely determined
(possibly infinite in the case that nxwv,=0). For any u in N(x) we define A(u)
so that (n xu)=A(u) (n xu,) in the case where u,, u, and n are not collinear,
and put A(u) =A(v) when u,, u, and n are collinear. If A(x) =A(v) for all u in N(x)
we have N(x)<= N, (x); since N(x) is maximal this implies that N(x) =N, ,,(x).
In the alternative case there exists ¥ in N(x) such that 1(?)+A(v); by the way
in which v was chosen and A(%) was defined we know that v,, v,, n and 7,, 7,, n
specify uniquely two planes = and 7. We shall show that #=n, and that N(x)=
N,(x). Given any u in N(x), A(u) is different from one or other of A(v) and A(D).
Suppose first that A(u)+A(v). If 1(x) and A(v) are both finite then n xv, and
n xu, do not vanish, and

O0=1(u+v) - 4,(u+v)=u-A,v=u, - R X0, —U, - RXD,
=—vy XUy —~Uy-n X0 =(Au)—A(V)) U, - n x0,.

Hence u, - n xv, =0, and thus u, lies in n. Since (rxu,)=A(u) (n Xu,), u, like-
wise lies in 7. The case where one or the other of A(x) and A(v) is infinite can be
handled similarly. In all cases we find that A(u)=+ 1(v) implies that u lies in N, (x).
In particular ¢ lies in N, and thus T==. Suppose on the other hand that 1(x)=
A(v). Then A(u)= A(), and as before we can conclude that u; and u, lie in T=nx.
Thus we again have that u is in N,(x). Hence N(x) = N, (x). Since N(x) is maximal,
N(x)=N,(x). This completes the proof of the theorem.

We are now in a position to define the operator 4 in such a way that it
becomes skew adjoint.
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Let A(x) be a smooth real valued function defined on 0G. Let n(x) be a smooth
function which to each point x on 4G assigns a plane n(x) in R® which contains
n(x). Then N, and N, are smoothly varying maximal non-positive boundary
spaces for the operator A. Returning to our spaces of complex vector-valued
functions we let

D1n={0€PD; Re p(x)eN, (), Im p(x)e N, (, for xe0G},

and similarly we define 2, ,,. The graph norm of 4 in the space M is | ¢ 2+
| A9 ||%. We define the operators A 1) and A4, ,, to be

( 0 Fx )
—-Fx 0
acting in the distribution sense on

D(A, (r)) =closure in the graph norm of 2, ,;
and
D(A, ;) =closure in the graph norm of 2, .
We then have
Theorem 2.1.4. The operators A, and A, are skew adjoint.

Proof. We prove the assertion for A, ,,. The proof for 4, is exactly anal-
ogous. It is sufficient to show that 4, ,, has a dense domain, is skew symmetric
and closed, and that its deficiency indices are zero. That D(4,,,) is dense in M
is clear since it contains C(G; €°) x C§&(G; %°). The skew symmetry follows
from the identity of Lemma 2.1.1 if we note that

@-A,y=[Rep+ilm¢]-4,[Rey—ilmy],

which vanishes since we not only have u-4,u=0 for u in N,,, but also
u-A,v=0 if v is likewise in N, (which is a consequence of O=(u+v)-
A, (u+v)=2u- A,v). The identity (¢, AY)y+ (4@, ¥) =0 which holds for ¢
and ¥ in 2, continues to hold when we take the closure of 2, in the graph
norm. That 4; , is closed is obvious since D(4, ) is closed in the graph norm.
In order to show that the deficiency indices are zero we have to show that
I+ A;(x, map D(4, ) onto M; that this is the case follows by an easy extension
of Theorem 2.1.2 to unbounded domains, which is valid in the situation we are
considering (as was proved in Appendix 2 of [10]); we have, of course, to apply
that theorem separately to the real and imaginary parts.

Notes. (a) We shall usually simply write 4 instead of 4;,, or A,«,, and
where necessary specify which boundary conditions we are considering by saying
that 4 corresponds to boundary values of the first or second kind, depending on
whether A4 is of the form A4, ., or 4, -

(b) The boundary condition corresponding to A(x)=0 can be expressed as
nxm; =0 on 8G; this is the boundary condition usually imposed on the electric
field when the object is a perfect conductor, and expresses the continuity across

22¢  Arch, Rational Mech, Anal., Vol. 28
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the boundary of the tangential components'?. It does not seem clear to what
physical situations the other boundary conditions correspond.

As a consequence of the last theorem, A generates a group U(¢) of unitary
operators. For given data m in M, m(x, t)=[U(¢) m](x) is a solution of MAx-
WELL’S equations corresponding to the initial value m(x, 0)=m(x). We now
study the generator 4 and the group U(?) in greater detail.

§2.2. Properties of the Generator

The crucial step in our development of the theory is once again the decom-
position of the space M of initial data into two orthogonal subspaces, corre-
sponding to stationary and time-dependent fields respectively.

Let M°={m; me D(A), Am=0}, and define M' to be the orthogonal com-
plement of M° in M. The operator 4 and the group U(¢) are then reduced and
we have

M=M°@M', A=0@A', UW=I1@U).

We shall later have to investigate this decomposition in some detail; for the
moment it suffices to note that M°>{(Fo,, V¢,); ¢, 9,€Cs(G)}, and con-
sequently that the data in M1 are divergence free.

At this point we can easily prove
Theorem 2.2.1. The operator A* acting on M* has no point spectrum*3.

Proof. Since A! is skew-symmetric its spectrum lies on the imaginary axis.
Suppose that (4! —iy) m=0, with pu real and m in D(A)=D(A)n M. We can
suppose that u+0, since otherwise m would lie in M°. According to the com-
ments preceding the theorem m is divergence free. Hence

A+ ym=(A"+iw(A' =i ym=0,

where we have used the identity Vx(Vxm)=—A4dm;+V(V-m;)=—Am;. Since
m satisfies the above elliptic equation m must be an analytic function of x in G.
We shall show that m vanishes identically outside some neighborhood of the
obstacle; since m is analytic it must then vanish everywhere in G. Let ¢(x) be an
infinitely differentiable function in G which vanishes in a neighborhood of the
obstacle and is identically one for | x|{=r. We “‘cut off”” m(x) to obtain divergence
free data vanishing near the obstacle by defining m(x)=—ipu~*A4'(pm). Since
—ipu~*A m=m it is clear that m(x)=m(x) for |x|>r, that m(x) lies in D(4*)
and that (4! —iy) m(x) vanishes for | x| >r. We can therefore apply Theorem 1.3.7
and conclude that m(x) vanishes for | x|>r. Thus m(x) vanishes there, and hence
vanishes identically. Thus 4' has no point spectrum.

We now try to clarify the sense in which the data in D(A) satisfy the boundary
conditions. This will at the same time be the first step towards the local compact-
ness theorem which we shall prove subsequently. At this point it becomes neces-
sary to restrict ourselves to boundary conditions of the first kind; furthermore

12 The boundary condition r + m,=0 usually imposed on the magnetic field at the surface of
a perfect conductor will arise in a natural fashion later.
13 T ater we shall see that the spectrum of A% is in fact absolutely continuous.
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we shall suppose that A(x) can be extended into G in such a way that A(x) is
once continuously differentiable in G and that A(x) as well as its first derivatives
are uniformly bounded there.

Our analysis relies heavily on a paper by FRIEDRICHS [3]. We now specialize
his results to our situation, retaining his notation. We suppose first that G is a
bounded domain in R® which has a C? boundary. We define

B,={feL,(G;R?); 0, fie L,(G; Ry) in the distribution sense for i, j=1,2, 3}
By={feL,(G; R?);VxfeL,(G; R?) in the distribution sense};
Bs={feL,y(G;R®; V. feL,(G) in the distribution sense}.

We shall introduce subspaces of these spaces corresponding to functions satisfying
various boundary conditions. Let

'S ={u(x); u is Lipschitz continuous in G and n xu=0 on 4G};
28§ ={u(x); u is Lipschitz continuous in G and n - u=0 on G} .
We then define
*%, =closure in ||f1|2+z I7f: 112 of¥S,  k=1,2;

'%,=closure in || f|*+ [P xf|? of 'S;
2@ ;=closure in | f]|>-+ V- f]|* of °S.

FRIEDRICHS proves
Lemma 2.2.2. ‘®, ='B,n B; and for f in B,

3
A2+ ;Il VAP SCUS 1P +IPx fI2+17-F17].

Lemma 2.2.3. 2%, =B, %, and for f in 2%,

3
1717+ P70 S COSIP+ IV F1P+ 7S 1]
We now can prove

Theorem 2.2.4. Suppose that A=A;,, that m lies in D(A) and that V-m,
and V- my, are square integrable. Then, defining Fy(m)=m,(x)—1(x) m,(x), where
A(x) is the extended function, we have

3
IFy®+ Y IWF 1P S CLNF P+ IV Fy i+ V- FiliP]
i=1

Proof. Since the domain is not bounded we have to be a little careful. Let us
choose two non-negative smooth functions ' and y? respectively vanishing near
the obstacle and away from the obstacle and such that ¥* +¢* =1. We then con-
sider Y!F,(m) and ¢2F;(m) separately. ¥' F;(m) is handled by means of
Lemma 1.1.2 while Lemma 2.2.2 can be applied to y? F,(m) (once we note that
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since m is in D(A) it can be approximated in the graph norm by a sequence {¢"}
of data in 9,,, so that Y2 F,(m) can be approximated in | f[|>+ || Fxf||* by
Y2 F,(p,) and hence lies in %}).

This theorem shows that the function F,{(m) can be assigned a value or
“trace” on the boundary of G in the sense usual to elliptic theory. We made the
additional assumption that V. m is square integrable, and deduced that not only
the tangential components of F; (m) but also the normal components are properly
defined on the boundary. It is not clear what happens in the absence of an
assumption on V- m.

We now still require a local compactness property of the generator A!. At
this point we must unfortunately restrict ourselves to boundary conditions of the
first kind for which the function A(x) is identically a real constant. It is evident
that the method of proof used below is not directly applicable to more general
boundary conditions. In fact J. RALsTON has recently shown by means of an
example that the local compactness property does not hold for arbitrary A(x).

The following theorem provides the key to the proof of the local compactness.
Theorem 2.2.5. If the decomposition M=M°® M* is associated with the

operator A;, and if m lies in M' ~C*(G; R®), we have that m is divergence free
and that n - (Am; +m,)=0 on 0G.

Proof. We already know from a previous remark that m is divergence free.
Since 4 is a constant, M°o{(AFg, Vp); peC5°(G)}. Thus for m in M*

0= [[AVp-m +Vp -my]dx= [Vo-(Am;+m;)dx
G G
=-—j(pl7-(lm1+m2)dx+ jn-(lm1+m2)q0dS,
G oG

and hence, since m is divergence free and 2 is a constant,

fn-(Ami+my)pdS=0  for any ¢ in C3(G).
G

Thus # - (Amy +m;) vanishes on 9G.

In the case of a perfect conductor we have 1=0, and hence » - m, =0, this
being precisely the boundary condition which is usually imposed on the magnetic
field at the boundary of a perfect conductor (expressing the continuity of its
normal components across the boundary surface).

We define F,(m)=Am,+m,; the boundary condition derived above will allow
us to obtain for F,(m) with m in D(A') the same inequality obtained previously
for F;(m). To do this rigorously we again rely on results proved in the paper of
FriepricHs. The method essentially amounts to a refinement of the previous
theorem.

We introduce the following notation. Let
U=L,(G); My={feL,(G);VfeLy(G;RY)}; dU={Vf;fell,}.
FRIEDRICHS proves

Lemma 2.2.6. If f belongs to L,(G; R®) and is orthogonal to dW then f lies
in 2‘@6'
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This allows us to prove
Lemma 2.2.7. If m lies in M, the real and imaginary parts of F,(m) lie in *%,.
Proof. We show first of all that

M°>S={(Ag, g); ged W}={(AVS,Vf); fells}.

We apply the approximation theorem proved in the Appendix to conclude that
there is a sequence {f,} contained in C*(G) such that (AVf,, Ff,) converges to
(AVf, ¥f) in M. Since V x Ff=0 we conclude that (1Ff,, Vf,) lies in M°, and that
(AVf,, Vf,) converges in the graph norm of A4 to (AVFf, Ff). Consequently we in-
deed have S M°. Hence

0= [[AVf-m+Vf-my]dx={Vf - (Am;+my)dx.
G G

Thus F,(m) is orthogonal to di; by the previous lemma the real and imaginary
parts of F,(m) lie in 22;. This enables us to prove

Theorem 2.2.8. Suppose that A=A;, and that m is in D(A)nM". Then
3
| P (m) 11> + ._Zl IV F, i(m) > S CLI Fo(m) 1>+ |7 x Fy(m) |1 2] .

Proof. Since m is in D(A4), the real and imaginary parts of F,(m) are in %,.
By the previous lemma they also lie in *#;. We can thus apply Lemma 2.1.3,
taking the same precautions as in the proof of Theorem 2.2.4 to deal with the
unboundedness of the domain.

Besides clarifying the meaning of the boundary condition “n - F, vanishes
on 9G”, this last theorem finally enables us to prove the local compactness
theorem.

Theorem 2.2.9. Let S be the set of data m in D(A}) (A a constant) such that
Im|2+ | Aim|2<1. Then S is precompact in | +||g- for any bounded domain G’
contained in G, where | + || g denotes the local energy norm

||m"(2;'=G_[ (my-my+my-my)dx.

Proof. It is easy to check, as is done explicitly in [10], that as a consequence
of Theorems 2.2.4 and 2.2.8 each component of data m in D(4") satisfies

3 2
;1 .lele,-;llzéckZl(H my |12+ [V xmy ). (*)
As a consequence we have for all m in S
3
I 2+ X Wmyl*sC,  j=12.

The precompactness of S in the local energy norm is then an immediate conse-
quence of RELLICH’S theorem.
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As a by-product of the last proof we have
Corollary 2.2.10. If m lies in D(A})

3
ITU@®m]; l|2+.;ll rlUMm];: 12 <M,  j=1,2.

Proof. The proof is obvious, since if m lies in D(4}), Aim lies in M?, and for
all ¢,
TU@m|?+ A U@Om P =]m|*+]|Am|>.

The assertion then follows if we apply (*) to U(z) m.

We suppose now that m is in D(A4'). Then because of Corollary 2.2.10,
U(t) m and 0,;[U(¢) m] are square integrable as functions of x and ¢ in any
domain G x[—T, T']. Furthermore since 0,[U(t) m]=U(¢t) Am, and since Am
lies in M1, 8,[U(¢t) m] is also square integrable in that domain. Thus the “‘trace”
of U(t) m on “nice” hypersurfaces in G x[—7T, T] is properly defined, and the
divergence theorem may then be applied in the usual way (see [10]) to obtain the
following theorem first of all for m in D(4%), but then also for all of M!.

Theorem 2.2.11. Let
Em,R)= [ (Im,|*+|m,|?)dx,
GnSr

where as before Sy denotes a sphere of radius R. Then for any m in M*!

E(U(T)m,R)<E(m,R+T).

3. Conclusions from the Abstract Theory

We now have all the ingredients necessary to prove that the general scattering
theory of LAX and PHILLIPS is applicable to MAXWELL’S equations in the exterior
of an obstacle, provided that we restrict ourselves to boundary conditions of the
first kind corresponding to boundary functions 1(x) which are identically constant.
We shall state the various theorems without proof; the proofs differ only in the
most trivial details from the proofs of the corresponding statements about the
wave equation presented in Chapter 5 of [4]; some of these modifications were
described in Appendix 4 of [10].

Let p be chosen so that the obstacle lies inside the region | x| <p. We consider
the subspaces D% and D? defined in Section 1.5 which are contained not only
in M§ but also in M. U*(¢) and Ud(¢) act in the same way on D%, for positive ¢
and on D” for negative ¢.

Theorem 3.3.1. The subspaces D, and D”. of M' are orthogonal and are
respectively outgoing and incoming with respect to U (¢).

The assertions |JU(z) D%, =M*' and {JU(t) D~-.=M"' which are hidden
in the statement of the previous theorem are equivalent to local energy decay.

Theorem 3.3.2. For any m in M*, and for G' a bounded subdomain of G
lim E(U(t) m, G')=0.

tot oo
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Also, since as a consequence of Theorem 3.3.1 U'(¢) is unitarily equivalent
to the group of translation operators on L,(— 0, co; N?), its generator has an
absolutely continuous spectrum.

Theorem 3.3.3. The spectrum of A' is absolutely continuous.

An investigation of the associated semi-group Z(t)=P, U*(¢) P_ shows that
Theorem 3.3.4. Z(2p) (xI—B)™! is a compact operator for k>0.

Consequently we obtain

Theorem 3.3.5. The generator B of Z(t) has a pure point spectrum, and the
resolvent B is meromorphic in the plane and holomorphic on the imaginary axis
and in the right half plane.

One says that data m belongs locally to the domain of 4 if ¢ m belongs to the
domain of A4 for any ¢(x) in C§(G). We can now also show

Theorem 3.3.6. The generator B has y as an eigenvalue if and only if the equation
Am=um has a non-trivial, eventually outgoing solution which lies locally in D(A).

Putting the last two theorems together we find

Theorem 3.3.7. Aside from a discrete set of W’s with Re u<0, there are no non-
trivial, eventually outgoing local solutions of the equation Am=pm which satisfy
the boundary condition.

The last result together with an extension of the proof of Theorem 3.3.6 gives

Theorem 3.3.8. If u belongs to the resolvent set of B and if g lies in (D% + D°.)*
with ¢>p (in particular if g has compact support), there exists a unique eventually
outgoing local solution of (A—u) m=g. The solution depends analytically on
in the strong sense of the local energy norm.

Theorem 3.3.9. Aside from the discrete set of w’'s (with Re u<0) for which
(A4—pw) m=0 has a non-trivial outgoing solution, there always exists a unigue
eventually outgoing solution of the equation (A—p) m=g (i.e. a p-outgoing solution
of the reduced equation) satisfying the boundary condition. This solution depends
analytically on u in the local energy norm.

Note. Corresponding results are valid when ‘“‘outgoing” is replaced by “in-
coming”.

We now exploit the connection between the poles of the scattering matrix
and the spectrum of B. We recall from the introduction that the scattering operator
can be represented as an operator valued function & (2) acting “multiplicatively”
on the spectral representation of M1,

Theorem 3.3.10. The scattering matrix & (z) is well defined. It is holomorphic
on the real axis and in the lower half plane, and is meromorphic in the whole plane,
having a pole at exactly those points z for which there is a non-trivial, eventually
outgoing local solution of the reduced MAXWELL’S equations Am=izm satisfying
the boundary conditions.

Finally, with the aid of generalized eigenfunctions of A we shall explicitly
describe the incoming and outgoing spectral representations of U!(¢) acting on
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M1, and use this to represent the scattering operator as the identity plus an integral
operator acting on spherical coordinates. In Appendix 4 of [10] we prove the
following lemma from the corresponding statement about the wave equation:

Theorem 3.3.11. The free space spectral representation in Ly(— 0, co; N') of
U§ (2) acting on M is given by the map m(x)— (P4 (+, 6, w), m(+)), where

(DO(X’ g, w)=(2ﬂ)_% (VX[Ie_idx.w]’ -—% V x Vx[Ie—iax~m]) .

(The conjugated form of the inner product is used to let the matrix valued data
&, (+, 0, w) act on the column vector m(-) in the by now familiar way.) For the
exterior problem we then obtain

Theorem 3.3.12. Let ¢ be real. There exist solutions ¥, (x, 6, w) and ¥_(x, 6, 0)
to the equation (A—ioc) ¥ .(x, o, w)=0, which are respectively outgoing and
incoming and such that ¥ . (x, o, )= — ®y(x, 0, ®) for x on 0G. Let

D, (x,0,0)=Py(x,0,w)+ ¥, (x,0,w).

Then the outgoing and incoming spectral representations are given by

m(x) >k (0, 0)=(® . (-,0,0), m(+)).

According to the proof of Theorem 1.6.5 and note (1) following it, we haqve the
asymptotic estimate

[Y_(r0,0,0)] =

ior

e
r

[Cn)"*0xS(6,w;0)]+0 (—rlT) ,

where S(0, w; ) is a matrix valued function such that 6 - S(0, w; 6)=0, and
where the bracketed phase function has been factored in a convenient way.

Theorem 3.3.13. The scattering operator is given by
ki (0,0)=[#(@) k- (0, )]@=k_(,0)+5> [ 5(~0,0,0)k_(s,0)d0.
fo1=1

As a consequence of the unitarity of the scattering operator, and the behaviour
of MAXWELL’s equations under time reversal and complex conjugation we have

Theorem 3.3.14. The kernel S(0, w; o) satisfies the following identities:

a) S(—-H,w,a)—S(——w,B,a)=;—;-—j'S(—w,()’;a)S(—(),()';o-)dBf

1[50, w,0) S(—0,0,0)d0;
b) S0, w; —0)=S(w,0;0);
¢) $(0,0; —0)=5(0,w;0);
d) S(6,w;0)=S(w,0;0).
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Appendix

We prove an approximation theorem which was used at one point in Sec-
tion 2.2.

Theorem. Given f such that f and Vf; (i=1, 2, 3) lie in L,(G; R®). Then there
exists a sequence { "} of functions such that

(a) f* lies in C*(G; R®);

(b) f" converges to f, and V! converges to Vf, (i=1,2, 3) in L,(G; R%).

Proof. We cover 0G with a finite number of open sets O, (a=1,...,#n) in
such a way that for each O, we can find an open cone C,, such that

(a) for x in 6Gn O,, x+ C, lies outside G and x— C, lies inside G;
(b) for x in 0,n G, x—C, lies inside G.
Then we choose an additional open set O, with O, =G, and such that {0y} U{0,}

covers G. We construct a finite partion of unity {,} for G subordinate to this
covering. Then in G

f=z.fa9 where fa=‘paf'

For each f, we have f,, Vf,; in L,(G; R®). We prove the assertions of the theorem
for the f,. Once we have constructed suitable sequences {f7} corresponding to

the f, we define
f'=X1a

since this is a finite sum the sequence { /*} has the desired properties.

We now consider a particular f,. If the support of f, is contained in O, we
simply mollify it in the usual fashion to obtain a suitable approximating sequence.
If the support is contained in some boundary patch O, we have to proceed more
carefully. We choose a mollifier j,(x) whose support lies in the cone C,. Then
fE=j,»f, satisfies (a) in the usual way and £ converges to f, in L,(G; R). We
consider now

[P [ fud) Ji= 1) dy=§ i) v, j i~y dy
= —(,!fai(y) Vyje(x—y)dy'

Let U be an open set such that supp f= U and U<0,. Let ¢ be a smooth func-
tion such that ¢ is identically one on the support of £, and vanishes identically
outside U. Then

Vizi(x)= —(_;[fai(y) Vil j.(x=»]dy.

We consider the boundary values of ¢(y)j.(x—») for fixed x in G. If y lies
outside U, ¢(»)=0. If y lies in G n U we shall show that ¢(y) j,(x—y) vanishes
for & small enough, uniformly for x in G. Suppose first that x is in G—0O,. Let
5o =dist(U, G—0,). Let e<sg,. Then [x—y|=¢,>¢ and hence j,(x—»)=0. If on
the other hand x is in GNO,, j,(x—~y)+0 means that x—y is in C, and hence
that y=x—(x—y) lies in x—C,, and consequently in G; this contradicts the
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assumption that y is on dG. Hence in this case too, j,(x —y)=0. Thus in all cases
©(») j,(x—y)=0 for x in G and y on 0G, providing that ¢<g,. Similarly, deri-
vatives of ¢ () j,(x—y) with respect to y vanish there.

For { in Cy°(G) we have
—ijai(y)-%t//(y)dy——:g Vy faM Y () dy

and this identity continues to hold for functions such as ¢(y) j,(x—y) lying in
Cs°(G). Hence we finally have

Viei=(Vfzd * e
and thus Ff};(x) converges to Vf, ,(x).

Note. By a slight modification of the usual argument it can easily be shown
that the approximating sequence { "} constructed in the above way converges
uniformly to f on compact subsets of G on which f is continuous.
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