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1. Introduction

There has recently been some renewed interest in formalizing the theory of
chemically reacting systems. WEI & PRATER [1], for example, presented an ex-
haustive analysis of the dynamics of closed chemical systems with linear con-
stitutive laws under conditions of constant volume and temperature. More general
studies of the mathematical structure of chemical systems include those of Aris
[2, 3, 4], SELLERS [5], WEI [6, 7], SHAPIRO & SHAPLEY [8], COLEMAN & GURTIN [14],
and BoweN [15, 16]. In particular, WEI [6] proposed a set of axioms to characterize
more general chemical systems. In doing so he lumped together conditions that
result from the properties of constitutive equations (or chemical reaction rate
expressions) with those that result from particular constraints imposed on the
system. Thus he restricted his attention to systems constrained in such a way
that the state of the system is determined completely by the amounts of the various
chemical species. Systems constrained at constant temperature and volume or
constant enthalpy and pressure, for example, would be in this category, but one
constrained so as to lose heat at a rate proportional to its temperature would
not. In addition, he assumed that the system is constrained so as to posess a
Lyapunov function, a condition which will be seen to be still more restrictive.
To clarify the situation it is necessary to study first the properties of the con-
stitutive relations without regard to the boundary conditions and other constraints
peculiar to a particular problem, and then, subsequently, to see how these prop-
erties govern the dynamic behavior of constrained systems.

In carrying out the above task, we will, however, restrict our attention to
those systems which posess certain commonly encountered properties. Thus we
assume our materials to be isotropic homogeneous single phases without memory.
In addition, we assume that the processes of homogenization and chemical
reaction are strictly dissipative, and that the Onsager relation is satisfied at thermo-
dynamic equilibrium points.

One form of constitutive law which is of special interest is that of polynomial
rate expressions (see [4, 7]). The restrictions imposed on these by the above
requirements are studied in a separate section where, in particular, it is shown
what properties such an expression must have to be derivable from the law
of mass action.

21 Arch. Rational Mech. Anal., Vol. 38



318 F.J. KRAMBECK:

2. Thermodynamics

The thermodynamic properties of our system may be described completely
by one of the characteristic functions. For convenience we choose the Helmholtz
free energy per unit volume, a(7, ¢), as a function of temperature, 7, and con-
centration ¢=(cy, ¢, ..., cy), where N is the number of chemical species present.
Here the concentration ¢, is defined as the number of moles of the i'* species
per unit volume. The following thermodynamic identities are useful:

d
%= —s, @.1)
da
P={p,c)~a (2.3)

where s is the entropy density, u is the vector of chemical potentials, and P is the
pressure. The bracket {, > here denotes inner product:

N
{x, J’>=i§,1xi,1’i .

An important restriction on the function a(7, ¢) is provided by the assumption
that the process of homogenization is spontaneous or, in other words, that our
single-phase system will be stable. This requirement can be expressed in various
ways (see, for example, CALLEN [9]), but in our case the necessary and sufficient
conditions become

d*a
372 <0 24

and that the N x N partial Hessian matrix J be positive definite, where

-

Or, in other words, a(T, ¢) is a strictly concave function of T at each fixed ¢ and
a strictly convex function of ¢ at each fixed 7. ‘

One consequence of (2.5) is that the transformation (7, ¢) — (7, p)is one-to-one,
so that (7, ) is also a complete coordinate system for the intensive thermo-
dynamic variables. To see this, suppose, on the contrary, that at a particular
temperature, T, there are two points, ¢ and ¢”’, where u=u°. Then the function g,
where

d*a

de;dc; || (2:3)

g(Ta c)=a(T’ c)—<”0’ C>

satisfies
6g_ 0
"—‘c——!‘ 4
and
2
o8 _y.
dc;0c;
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Expanding g in a Taylor series about the point ¢’, and using the Cauchy form
of the remainder, we see that
rr ! N N 62 g 1" (24
g(c”")—g(c )—iZ'l j;lm c_(ci —c) (e —¢p

where c¢* lies somewhere on the line connecting ¢’ and ¢”. Since the matrix J
is positive-definite, it follows that g(¢’")> g(¢’) unless ¢'’ =¢’. On the other hand,
the expansion can be taken about ¢, in which case g(¢’')<g(¢’), unless ¢’ =c¢"".
The two requirements together imply that ¢’ =¢"'.

A further requirement for the function a(7, c) is provided by Henry’s law,
which states that as ¢; »0, p;(T, ¢)~RT In ¢;. This may be stated more precisely
by defining the activity coefficient, y;(T, c), as

(T, ©) Eci gkt (T IRT (2.6)
i
where R is the gas constant. The statement of Henry’s law then becomes that
y:(T, ¢) is continuous and positive at points where ¢;=0. While equation (2.6)
is really quite a strong condition (it provides a means for measuring R, for example),
its main use for our purposes is to show that each component of g is unbounded
from below (i.e., y;— — o0 as ¢;—0).
Another consequence of this principle is that as all the components of ¢
approach zero simultaneously, the function u(7, c¢) approaches the form

#=RT In{y;(T, 0)c;}
=u’(T)+RTIng;

where uf(T)=RT In{y,(T, 0)}. Equation (2.7) may be taken as the defining
relationship for an ideal gaseous solution.

Since the concept of an ideal gaseous solution is much used in chemical
reaction theory, we pause for a moment to consider equation (2.7) in more detail.
The characteristic function a(7, c) for a system that obeys (2.7) for all ¢ can be
shown to be

Q2.7

a(T, ¢)={u*(T), ¢)—RT{1,¢c)+RT{e,Inc) (2.8)

where 1 is the vector (1, ..., 1) and In ¢ is the vector (ln ¢, ..., In cy). Because
of (2.4), the function u*(T) is not arbitrary but must satisfy

2k
<‘fﬂlf ,c><0

for all ¢. This is only possible if

a*uf .
W<O, l-—].,...,N. (2.9)
The matrix J= for (2.8) is
oc;
5= 5., (2.10)

21+
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which is clearly positive-definite. Thus the particular a(7, c) given by (2.8) satisfies
all the requirements.

An additional property of (2.8) is that y is unbounded, so that its range for
each T is the whole N-dimensional real space. This situation is generally true for
non-ideal systems also and will be assumed here.

3. Constitutive Laws of Chemical Change

As stated previously, all intensive thermodynamic properties of our system
are unique functions of the coordinates (7, c¢). We will assume that chemical
reaction rates are functions of the same coordinates or, in other words, that the
system posesses no memory (or hidden variable). Thus we denote the vector
of generation rates per unit volume by f(7, c), which is to say that the number of
moles of the i™ species produced by chemical reaction per unit time per unit
volume is f,(7, ¢). Because the mapping (7, ¢) = (7, p) is one-to-one, we may
alternatively describe the reaction effects by a function of (7, g):

r(T, W=f(T, ).

The most obvious condition required of chemical rate expressions is that
of mass balance, which requires that the reaction rate vector be always orthogonal
to the vector of molecular weights:

w.f(T,0)>=0, all T,c 3.1)

where w=(w,, ..., w,) and w; is the molecular weight of the i*® component.
These are strictly positive:

w>0, i=1,2..N. (3.2)

In addition, the reaction rate will be constrained by other stoichiometric condi-
tions, so that the range of f(T, c) will be contained in some subspace, &, of RY
which was termed by ARis [2] the “reaction subspace”. Thus defining % to be
the smallest subspace containing the range of f(7, ¢), we may state the mass
balance condition by requiring that %+ contain at least one vector with all positive
components.

The structure of the reaction subspace has been studied in some detail by
ARIS [2, 3], Bowen [15] and SeLLERs [5]. In the present work, however, we use
only the property of # given above. The content of the second law of thermo-
dynamics for chemical systems is expressed by the standard entropy inequality:

< r(T, w)>=0. (3.3)

We will assume here that the inequality is strict whenever r(7, u)=0, or, in the
terminology of COLEMAN & GURTIN [14], that chemical systems are strictly
dissipative. It may be noted that expressing the reaction rate in terms of the
coordinate system (7, u) makes condition (3.3) rather easy to test.

BoweN [16] has considered a more general situation in which the chemical
reaction rate also depends on the temperature gradient and the strain rate, in
which case (3.3) must be replaced by a more complicated expression. Since we
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are dealing only with isotropic systems, without memory, however, (3.3) is ade-
quate.

One more condition which we shall impose in chemical rate expressions is
the Onsager reciprocity relationship. It is usual to express this in terms of in-
dependent fluxes and affinities, but in our case it is more convenient to use an
equivalent form: that the matrix B, where

or,

an; | B4

B-|

is symmetric at equilibrium. Here we require equilibrium in the classical sense
of vanishing affinity, or, expressed another way,

peR . (3.5

Thus we do not require (3.4) to hold at points referred to by BoweN [20]
as weak equilibrium points, where

r(T,p)=0,
B ¢ ‘%J. . (3 ‘6)
We may alternatively express (3.4) in terms of the matrix
F= 0f;
dc;
using
B=FJ™ ', 3.7

4. Axiomatic Structure

The foregoing considerations may now be summarized by a set of definitions
and axioms. We let RY denote the N-dimensional real Euclidean space with inner

N
product <{,)> (i.e, if x,yeRY, {x,y>=) (x;»). Let €={c: ceR", ¢;20;
i=1
i=1, ..., N} be the set of all concentration vectors, and let 7={T: TeR', T>0}
be the set of all temperatures.
Definition 4.1. A chemical system consists of a pair of functions, {a, f}:
a: Ix€-R'
f: Tx€—>R"Y
which satisfy the following axioms.

A0 (Regularity Conditions). a(T, ¢) is continuous in I x% and has continuous

second derivatives in the interior of Fx%. The function ”=%%: T x€->RY
is onto RY for each fixed TeZ. The function f(7, ¢) has continuous first deriv-

atives everywhere in I x %.
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A1l (Single-Phase Stability). For each TeZ, a(T, c) is a strictly convex function

of ¢. Also, a(7, ¢) satisfies %77;<0

A2 (Mass Conservation). Let # be the smallest subspace of R containing the
range of f(T, c¢). Then #* has an element with strictly positive components (i.e.,
the vector of molecular weights).

A3 (Irreversibility). The functiono: I x% —R' given by o(T, ¢)={u(T, ),

(T, ¢)) is negative at any point (7, ¢) for which f(T, ¢)#0.

‘ o, _ da
g de,0c; T

A4 (Onsager Relation)*. Let J(T, ¢)= o1

and F(T, ¢)= ”

Then the matrix B(T, ¢)=FJ ! is symmetric at each point (7,c) where
u(T, o)e&*. (Note that J is positive-definite and, hence, invertible, because
a(T, ¢) is strictly convex in ¢ at each T.)

In comparing the above set of axioms with those of WEI [6] one must bear
in mind that his axioms refer not to the chemical system as defined here but to
the dynamical system that results when one applies some set of constraints to it.
One might, for example, assume the system to be constrained at constant tem-
perature and volume, in which case the equation of change becomes

é=f(T, c). (4.1)

We may then compare the properties of the dynamical system (4.1) implied by
axioms A0—A4 with the axioms of WEL Thus A2 implies W1 (WEI's axiom 1)
that mass be conserved. W2, the postulate that concentrations remain non-
negative, is implied by the part of A0 that states that u(T, ¢) is onto R¥, together
with A3 (this will be proved in the following section). WEI’s regularity condition,
W3, is weaker than A0, only requiring that f(T, ¢) be continuous. We require
the stronger condition so that A4 will make sense. The condition W4, detailed
balance, actually implies A 4. The reverse implication for the special case of mass-
action kinetics will be demonstrated in Section 6. Finally W5, the existence of a
Liapunov function, is, for the dynamical system (4.1), given by A3, since in this
case

a={u, ¢)=<{p(T, ¢), f(T, ¢)> <0
so that a(T, c) is the required function.

There are many other sets of constraints for which this correspondence can be
shown, including constant T and P, constant H and P, constant U and V, etc.
If we consider a more general closed system, however, A3 no longer implies the
existence of a Liapunov function, and, in general, no such function exists. In the
next section we shall study the properties of various types of closed systems.

* While the requirement that the matrix B be symmetric at equilibrium is strongly suggested
by the ONsAGER-CASIMIR reciprocal relations for homogeneous systems as presented on
pp. 123—124 of C. TRUESDELL, Rational Thermodynamics, McGraw-Hill, 1969, it cannot be
derived directly from them unless they are strengthened so as to cover not only strictly linear
systems but also linear approximations in the neighborhood of equilibrium.
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In particular, we will show for which class of closed system A3 does, in fact,
imply the existence of a Liapunov function.

Before proceeding, we first derive some of the elementary properties of
chemical systems. Theorem 4.6 below was first discovered by Bowen [16], and
it is included here simply for completeness. His definition of strong equilibrium
coincides with ours of thermodynamic equilibrium. The converse of this theorem,
which has not appeared previously, will be demonstrated for the case of mass-
action kinetics in Section 6.

Definition 4.2. A regular equilibrium point of the chemical system {a, f}

af.
is a point (7, ¢)eJ x¥ for which f(T, ¢)=0 and F(T, c)=”a—£'
where p is the dimension of £. J

has rank p,

0
Theorem 4.3. The mapping yT=—a-: T x€—RY is one-to-one at each

fixed T. See Section 2. Oc

Because of Theorem 3.3, we may use (7, ) as independent variables:

r(T, y=f(T, n7 ' (w)).
This somewhat simplifies the following theorem:

Theorem 4.4, Let & =R"*. Then f(T, ¢)=0 for all ¢ such that u(T, c)e& (ie.,
r(T, p)=0 for all peé).

Proof. If ueé&, then {u, r(T, p)> =0, since the range of r at fixed T is per-
pendicular to &. By axiom A 3, this implies that r (7T, g)=0.

Since the criterion peé is the usual thermodynamic condition of equilibrium,
we propose the definition:

Definition 4.5. A thermodynamic equilibrium point of the chemical system
{a, f} is a point (7, ¢)eT x ¥ for which u(T, c)eé.
Then we have the theorem

Theorem 4.6. Any regular equilibrium point is also a thermodynamic equilibrium
point.

Proof. Suppose (7, ¢®) is a regular equilibrium point, and u°=pu’(T, c°).
Then (T, p°)=£(T, c®)=0, and ¢ ={u°, r(T, u°)) =0. By axiom A3, ¢ is always
non-positive, so it must be a local maximum at (7T, u°). Since u ranges over all
of RY (by A1), this implies that

d{u,r(T,p)»=0 at (T,p°)
for fixed T, or that

{dp, r(T° p°)> +<u°, Bdpy=0 (4.2
or,
where B=“ 6:- =FJ . Since (4.2) must be zero for arbitrary d u, u® must be a

J
left null vector of B(T, u°). Since J~! is non-singular, u® must be also a left
null vector of F. The elements of & =%+ will be left null vectors of F, and, because
of Definition 4.2, the dimension of the null space is just the dimension of #*.
Thus & =" is the left null space of F, and ueé.
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The existence of equilibrium points is shown by the following theorem:

Theorem 4.7. At any fixed temperature, T, there is a C-differentiable submani-
fold of thermodynamic equilibrium points in € whose dimension is equal to that of
E=R'.

Proof. Let Pgz: RY—>%& be the orthogonal projection onto %. Then the set
of thermodynamic equilibrium points consists of the solutions to the equation
Pgo u(T, ¢)=0. Consider the left-hand side at a fixed temperature as a mapping

from € into #. The Jacobian of this mapping has rank p, since %’— =J is non-
J

singular, and the mapping itself is of class C'. Thus, by the implicit function

theorem [12] we prove the assertion. Because of A 2 the dimension of & is non-zero.

In connection with Section 6, it will be useful to express the requirements

of Definition 4.1 in terms of the function r(7, u) rather than f(7, c). In this case

axioms A2—A4 no longer involve the function a(7, ¢). Thus we may make the

additional definition:

Definition 4.8. A function »(7, g) will be called a valid chemical rate ex-
pression if it satisfies the following conditions:

A’ 0 r(T, p): T xR¥- RN has continuous first derivatives.

A’ 2 Let # be the smallest subspace of R¥ containing the range of r(7, y). Then
! has an element with strictly positive components.

A’ 3 The functiono: FxR¥—R' given by o(T, p)=<m, r(T, u)) is negative
at any point (7, g) where r(T, u)+0.

ry

i)
A’ 4 The matrix B(T, p)= 3
that A 1 no longer appears.

is symmetric whenever pue#'. Here we note

J

5. Trajectories of Closed Systems

There is a class of dynamical systems connected with chemical systems. These
are constructed by imposing certain constraints on the state variables. Contained
in this class is the subclass of closed systems, which satisfy the differential equation

n=Vr(T, )=Vf(T,c¢) (.1

where n is the vector of mole numbers (=V¢) and V is the system volume. We
assume that Ve¥; where ¥'={V: VeR', ¥ >0}. This may be written

é=f(T,c)—c%. (5.2)

Equation (5.2) does not define the system completely, however. In addition, we
must introduce equations for the time variation of T"and V:

V=g¢(T,V,c,1),
T=h(T,V,ec,1),

(5.3)
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where ¢ is the time and 4 and g are scalar functions. Combining (5.3) with (5.2),
we have the set

c=f(T, c)—c-TI/—g(T, V,e t),

V=g(T,V,ec,1), G-4)

T=h(T,V,¢, 1)

which will determine the system’s trajectories. Equation (5.4) may be taken as the
definition of a closed system.

Definition 5.1. A closed system associated with a chemical system {a, f} is a
dynamical system whose trajectories are given by (5.4) for some pair of functions
gT,V,e,t)yand (T, V, ¢, t).

We now consider some general properties of closed system trajectories. It will
be useful to describe these through the coordinate set (7, V, n)=(T, V, V),
since the equations of change, (5.4), are then somewhat simpler:

n=Vf(T,n/V),
V=g(T,V.n/V,1), (5.5)
T=h(T,V,n/V,1).

In particular, the projections of these trajectories into the point set #/'={n: n=Vc¢;
ce¥, Vev'} will be considered. Note that 4" is just the positive orthant of R".
We introduce the definition, due to WEI & PRATER [1].

Definition 5.2. A reaction simplex is the intersection of a hyperplane, per-
pendicular to the space &, with the set 4.

The point set defined in this way is, in fact, a simplex, because the space &
contains a positive element (by A2), so that the intersection of each such hyper-
plane with the positive orthant is bounded. These simplices have the following
important property:

Theorem 5.3. Each reaction simplex is an invariant set of the closed system
(i.e., a trajectory that begins in a given simplex remains in it).

Proof. Because of (5.1), & is always in #=&". Thus the projection of » onto
& along # does not change with time. Now as a particular component of a,
say n;, goes to zero with the others held constant, then ¢;—0. Because of Al,
u;— —oo, and because of A3, lim f;(T, ¢)=0. Thus the trajectory will never

=0

leave the positive orthant once it is inside. This completes the proof.

Theorem 5.4. For any reaction simplex <A, and for each pair (T, V), there
is one and only one point neX for which (T, ¢)=(T, n/V) is a thermodynamic
equilibrium point.
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Proof. Consider the function a(T, ¢)=a(T, n/V) varying over &. Since V is
fixed, the point ¢=n/V will trace out a simplex in €. Because of Al, a(T, ¢)
has a stationary point in ¥, and because it is convex, a global minimum in €.
. . . 0
It has, thus, a minimum over the simplex in %. Because yi=a—:—> —o0 as
i
¢;—0, this minimum is not on a boundary. Thus there is a point in the simplex
da .

. W= wis L to .%,
or ucé. Since a is convex and & is linear, this point is unique.

We shall require the following lemma which, though slightly different from
the commonly available Liapunov theorems, can be proved on very similar lines
(see, for example, [17]).

for which a is stationary with respect to directions in &, i.e.

Lemma 5.5. Consider a dynamical system whose state, x, is a vector in R,
and with trajectories given by

x=¢(x).

Suppose that there is an invariant set X that is compact, that ¢(x) is continuous
in& and that there exists a (Liapunov) function ¥ (x), with continuous first deriv-
atives in & for which

LA A
Ox &0,

"MQ

#()= Y ?.(3)

is negative at every point for which ¢ (x)=+0. Then

(D) The set Z ={x: ¢(x)=0, xeZ'} is nonempty.

(ii) Every trajectory whose starting point is in & remains eventually in every
neighborhood of & (i.e., for every open set U containing %, there exists a time 0
such that xe¥ for all t >0).

(iii) lim |x|=0 along every trajectory starting in ¥.

=0
Proof. Since ¥ (x) is continuous over a compact set, it must have a minimum
on the set. At this point, ¥ 20 along any trajectory remaining in £'. Thus ¢(x)=0
at this point, and hence, ¥ =0 at the point. Further, ¥(x)=0if xe Z.

Since ¥(x) has a minimum and ¥(x) is non-positive, it is clear that for a
given trajectory, x(¢), ¥(x(¢)) -0 as ¢t — co. Thus for any &£>0, there exists a 0
such that | ¥(x(¢))|<e for all £>6. We must show, in addition, that for any
open set % containing £, there is an ¢>0 such that xe% if | ¥ (x)| <&. Suppose,
on the contrary, that there is a sequence of points in &, {x,}, such that | ¥(x,)| < 1/n
and x,¢%. Then, since & is compact and % is open, the sequence has a convergent

q
subsequence, with limit x,¢%. Since ¥(x)= 2 ZT
¥ (x,) =0, and thus, x,e Z o ¥, a contradiction. =1 7*

Finally, since ¢(x) is continuous, for any ¢>0 there exists an open set # > fl’
such that ltp(x)l <e¢for all xe%. Then by the previous statement 11m lo(x())|=
Note that X =¢(x).

¢;(x) is continuous,
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Theorem 5.6. A closed system at constant temperature and volume has a unique
thermodynamic equilibrium point in each reaction simplex. If there are no “weak”
equilibrium points, every trajectory originating in the simplex converges to this point.

Proof. By Theorem 5.4, the unique thermodynamic equilibrium point exists,
and a(T, c) is stationary there. Since a(T, ¢) is strictly convex at fixed T, it is also
a minimum at this point. Because of (4.7) and A3,

%ij—=<u, %>=<a,f><o.

Since the reaction simplex is compact (since it is of finite dimension, closed and
bounded), and since a and f have the appropriate continuity properties (AO0),
the requirements of Lemma 4.5 are fulfilled. In this case, the set & consists of
only one point, say, n*, and condition (ii) of Lemma 4.5 implies

limn(f)=n*

=

for any trajectory originating in the simplex.

We may extend Theorem 4.6 to many other closed systems. A particularly
useful class of closed systems includes those for which the constraints may be
rearranged to the form V=V(n),

T=T(n)

where V(n) and T(n) are continuous functions of n. The essential feature of such
systems is that the constraints applied to the chemical system in forming the
closed system are integrable. The fact that these integral relationships may be
rearranged to the form (5.6) is simply a useful regularity condition. By analogy
with mechanical systems whose constraints are integrable, we refer to such
systems as holonomic:

(5.6)

Definition 5.7. A holonomic closed system is a closed system whose dynamical
equations may be rearranged to the form

n=Vf(T, n/V),
V=g(n),
T=h(n)

(i.e., to the form i =¢(n)) where g and 4 are positive continuous functions of
n over the reaction simplex determined by the starting point.

An example of a non-holonomic system is one confined at constant volume,
but that exchanges heat with a cooling coil at constant temperature through a
constant resistance. In this case, it is necessary to know the whole history of the
trajectory to calculate the instantaneous value of temperature.

One property of holonomic closed systems is given by this modification of a
theorem due to WEr [6]:

Theorem 5.8. A holonomic closed system has at least one thermodynamic
equilibrium point in each reaction simplex.
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Proof. Since the system is holonomic, 7 and V are continuous functions of n
in a given reaction simplex. By Theorem 5.4, there is a point r*(T, V) in the
simplex for each T and ¥V that is a thermodynamic equilibrium point. The function
n*(T, V) will be continuous from J x¥  into the simplex &% because of the
continuity of a(Z, ¢). Thus there is a continuous mapping of & into ¥, given
by n*(T(n), V(n)). Since & is a closed p-cell, Brouwers’ fixed-point theorem [10]
states there is at least one fixed point of the mapping n* (n) that is clearly a thermo-
dynamic equilibrium point of the closed system.

Another subclass of closed systems is that which is adiabatic. An adiabatic
closed system is one for which the entropy S, where

da

satisfies
. 1 .
S=—Fmn. (5.8
From (5.7), the definition of S, we have
d*a op da ou

Combining (5.9) with (5.1), (5.2), and (5.8), an alternative definition of an adiabatic
closed system is obtained:

. 14
c-—-f—c—V—,
,a” .3 f> l:< ou c> 6a]
. \oT T’ oT "/~ oT | Vv
T= - L 5.10
_d%a _da v (5.10)
oT? aT?

where V=g(T, V, ¢, t) remains arbitrary. If an adiabatic system is also holonomic,
then the following theorem applies:

Theorem 5.9. Any trajectory of a holonomic adiabatic closed system remains
eventually in every neighborhood of the equilibrium point set.

Proof. If the system is holonomic, T and V are functions of » in a given reaction
simplex. Then the entropy, S, is also a function of ». By (5.8),

==L (5.11)

and by A3, S>0 unless f=0. The derivatives of S are continuous by A0. Thus
— S serves as the function ¥ in Lemma 5.5, which then establishes Theorem 5.9.
Note again that the reaction simplex is compact.

Clearly, Theorem 5.9 depends only on the exactness of the differential form

1 -
- {u, dn) under the constraints of the closed system. The physical significance
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of this differential form is that it is the differential of the total entropy of the
system plus surroundings due to the chemical reaction. In cases where this form

. 1
is exact, we may define a “ total entropy >’ S* by the expression d.S* = —F {u,dn).
This leads us to the following definition.

Definition 5.10. A completely holonomic closed system is a holonomic closed

1
system for which the differential form ——— (u(T(n), n/V(m)),dn)(=dS*)is
T(m)
exact, and to the theorem.

Theorem 5.11. Any trajectory of a completely holonomic closed system remains
eventually in every neighborhood of the equilibrium point set.

Proof. Same as for Theorem 5.9, with S replaced by S*.

The class of completely holonomic closed systems may be characterized
by the following theorem:

Theorem 5.12. The constraints of any completely holonomic closed system may
be expressed in one of the following forms:

] T =constant
@) V =constant,
» T =constant
(i) P =P(),
S°=S%T)
(i) V =constant,

. S°=r(T, V)
()

P = —(pV(T’ V)

where ¢ is some function of (T, V), and ¢, @y are its derivatives with respect to
T and V, respectively. The function S° is defined as S*—S (i.e., TdS®=-TdS—
{u, dn)). In any adiabatic case, S° =constant.

Proof. Since the constraints are completely holonomic, S*, and hence S°, will
be functions of the state of the system. From the identity

dU=TdS—PdV+<{g,dn)> (5.12)
we see that
dU=—TdS°—Pav. (5.13)

Applying a Legendre transformation on 7 gives
dp=8°dT—Padv (5.14)

where
o=U+TS°.
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Clearly ¢ must be a function of state, and this is only possible if one of the four
conditions above is satisfied.

The four possible forms can be condensed into one,

S°=¢r(T,V),
Pe—oy(T. V), (5.15)

by introducing the convention that if ¢;=0, then T=constant, and if ¢, =0,
then V'=constant. This is consistent with the definition ¢ =U+TS°, and results
in the expression

S*=S+%[¢—U] (5.16)
for the Liapunov function S*. In using (5.16), one must be careful to adjust ¢
by an additive constant so that ¢ =U+TS? is satisfied.

Once the function ¢(7, V) in Theorem 5.12 is specified, the equations of

change, (5.4), may be derived. Thus, from the definitions of P and S°, and from
(iv) above,

: r o 1 . op da |-
P=—@nT—oyy V—7<Jc, n}-————(Jc ' V+|:< T c>_7'f_:| T,

- SR

S°=@rr T+ o, V= T u,m)—S, (5.17)

. a - du da ip .
S“_VaT2T+[<aT > aT}V <aT >

Combining with (5.2), we have

[ [~ 25+ ] ,f>+[< o, > —§%+<pw] <§—;—%,f>
<g—;,c>—g—T—+¢w 2 [—V%ﬁfpn] [—11,—<Jc,c>—(pw]

oy LT Gen (e Gren [(G )
[<§%,C>—g—;+¢w] [ V%ﬁfpn][ Je,e)— cow]

 [ee-Tonl(h ~4.1)- [<g;’, o) +<pw]<16f>

- au da 2 d%a
[< T > W'HDTV] + [_V'é'TT+(PTT] [7 {Je, c>—¢'vv]
It may easily be seen that all the commonly encountered thermodynamic con-

straints are included in Theorem 5.12, as well as many new ones. Thus the axioms
of WEIL do indeed apply to a wide range of cases.

(5.18)



Chemical Kinetics in Single-Phase Systems 331

In the case of constant temperature and volume, the Liapunov function S*

.. Va . . . .
is just -7 For this case, the function S*(n) is strictly concave, so that the

thermodynamic equilibrium point is unique (Theorem 5.4). Thus the question
arises as to under what other conditions S*(n) will be concave. A sufficient con-
dition which, again, covers all the commonly encountered cases is given by

Theorem 5.13. The Liapunov function, S*(n), of a completely holonomic closed
system, is strictly concave if (T, V) satisfies

d%a
(pTTgV aT >

oy =0

where (T, V) is the function that characterizes the system, as described in Theo-
rem 5.12.

1
Proof. Since d.S* = md {u, dn), the Hessian matrix is given by

a*s* __(aui/T) _(6y,/T) a?_(aui/T) aT (5.19)
on,on; on; Jrv,m OV J1,.0n; 0T )y . 0n ’

J

where V(n) and T(m) are the functions that express the constraints (5.6). From
(5.18), we see that

R R
o —<g—;,6>—g—;+¢ry]2+[—V—%;gz+¢n] [‘%,‘(JC,@"(PVV]

(5.20)
oT _ :”I—l,“<JC,c>_(0VV] (6 (—I;} —ﬁjf—')—[<—2#—,c>——g—+(pw.]il/uc)j
ons [<%‘ac>—§%+¢w]z+[—y%+¢rr] [‘%,"(J", c>—‘PVV] .

Also, we have the identities

b4

(aﬂi/T) 1 ooy 1 ;J
on; Jry,w TV 0c; TV ™
aui/T _ 1 a'ul ack _ 1
( ov )T ..—T; ocy, (aV )”"_T'V_(Jc)i (5.21)
1
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Substituting (5.20) and (5.21) into (5.19), we find, after rearrangement,
N N 62 S*

PS*=Y ¥ S dmdn,

i=1j=1

2
=__l_{1 [ Vg_TZJr(,,TT] [(Jdn,dn)y{Je,c)—(Je, dnd?]

TD | V2
+(=py) (—V62“+ (Jdn, dnd NLEFAS
Pyy T2 <PTT) n, + 6T T n
op da ! (5.22)
+[<7T—,C>—W+¢1yj| 7(Jdn,dn>

op Oa H
2[<—ﬁ,c>—ﬁ+(ﬂ1'y] (Jc dn)<aT T ,d >

(Jc c><aT ; dn >2}

where D is the denominator,

o 2 ? Oa !
b= [<af~ ‘) 'a%“"”] =¥ Srrton] [ aer-on].

. . - .. o?
which is positive, since J is positive-definite, and [—— Va—;y-f- qon] and (—@yy)

are positive by hypothesis. Now because J is positive-definite, the bilinear form
{J x, y) is a valid inner product. Thus by the Schwarz inequality,
Jdn,dnd>{Je,cd>={Je, dnd?, (5.23)

so that the first term inside the braces of (5.22) is positive. The second term is
clearly positive also. Using (5.23), we see that the sum of the last three terms is
greater than or equal to

TV
1 T’ oT {Je,dnd?

{Je, e

_2[<-g%’ C> g; +(Prv] {Je,dn) <—-_%, dn> (5.24)

+(Jc,c)<aT b ,dn >2 .

The expression (5.24) may be considered as a two-dimensional quadratic form
o u

or T "
are positive, and the discriminant can be seen to be zero. Thus (5.24) is also
non-negative, and

<

in the variables {J ¢, dn) and < . The diagonal terms of the form

d*5*<0. (5.25)
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This shows that S*(n) is concave over the whole positive orthant. If n is con-
strained to lie in a given reaction simplex, S$*(#) will remain concave, because
the simplex is linear. The equality in (5.25) can hold only if that in (5.23) holds.
This requires that dn be parallel to ¢. In the reaction simplex, however, this is not
possible, since dne, and ¢ always has a non-zero projection in £ =2* for all ¢
in the reaction simplex. Thus

d*s* <0 (5.26)

strictly, everywhere in the simplex. Thus, if the system is of type (iv) in Theo-
rem 5.7, the theorem is proven. Using the convention that if ¢;=0 then T'=con-
stant, and if ¢,=0 then V'=constant, we may show that the theorem applies
to all four cases in Theorem 5.7. Thus, suppose V' =constant (¢, =0). Then

R (&_ﬂ)
oT  \oTr T

on; 0%a
: [“VW'HPTT]

, (5.27)

o s* 1 |4 ow op; By
anon, TV hit %a (aT “T‘) (aT '“T‘) > (528
[“Va—Tz‘i'(Drr]

and

P 4 o p \?
d* ST = TV {Jdn,dn)>+ a4 3T T,dn (5.29)
[—V—a—T'z-(PTT]

is clearly negative. Similarly, if T=constant (¢=0), then
v (Je)

= , 5.30
on;,  [{Je,e>—Vorr] ( )
0% S* 1 (Jex(Je);
ondn, TV {J‘f— Je,ed)—Vorr |’ (5:3)
and
d*S*=— !
TV[{Je,e>)—Vorr] (5.32)

AJe, ep{Jdn,dny—{Je,dn)* —Vor(Jdn,dn)}
which, by 5.23, is again negative.
As a corollary of Theorem 5.13, we have
Theorem 5.14. A completely holonomic closed system with only thermodynamic
equilibrium points has a unique equilibrium point in each reaction simplex, and
every trajectory beginning in the simplex approaches this point as a limit (i.e.,
remains eventually in every neighborhood of the point) if
d*a
>
¢rr2V 572 (5.33)
oyr=0.
22 Arch. Rational Mech. Anal., Vol. 38
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Proof. The equilibrium set is non-empty because the system is holonomic
(Theorem 5.8). This point is unique because S* must be stationary at thermo-
dynamic equilibrium, and because (5.33) implies that S* is strictly concave over
each reaction simplex. Theorem 5.11 then establishes the convergence of tra-
jectories.

6. Polynomial Kinetics and the Law of Mass-Action
Many kinetic rate expressions have the form of polynomials in concentration:

) N
f(T,0)= glh,(T) l;llc?" . 6.1)

These arise theoretically by supposing the overall chemical change to be comprised
of elementary reaction steps, each of which obeys the law of mass action. Consider,
for example, the single elementary step

N N
izlqiadﬂ'—’.zl%p ; 6.2)

where the g,, are the stoichiometric coefficients and the & are the symbols
for the various chemical species. Then the law of mass action gives, for the rate
of step (6.2),

N N
Fop=(25—22) [k;,(T)jIJI k(D] c;w] 6.3)

where q,=(q14> 924> ++» Gva) ER". The requirement that (6.2) be a *“balanced”
equation is that (q;—q,)€Z, which also follows from (6.3). This may also be
written

{4s>V>={qg,v); all vesl. (6.4)

Thus we define an equivalence relation ~ so that g,~gq; iff (6.4) is satisfied.

In order to express the reaction rate in the coordinates (7, g), we assume
the system to be an ideal gaseous solution:

—u* (T) e
c;=e KT oRT, (6.5)
substituting (6.5) into (6.1), we have
] 1
r(T,1)= 3 h(T)e™ " 66)

where
b (TY=h(T) ST Camr ),
Thus we arrive at the following definition.

Definition 6.1. A polynomial rate expression is one of the form (6.6), where
each ¢, is a non-negative vector, q,%+¢;, if «+f, and ¢,+0; all a. The rate ex-
pression will be called valid if it satisfies Definition 4.8.
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In case all the g, in (6.6) are equivalent by (6.4), it can be seen that
r(T, p+v)=pWr(T,p); all ueR®, vee, 6.7)

1
RT $es V)

where ¢(v) is the common value of e for all «. This turns out to be

quite a useful property, and we suggest the following definition.

Definition 6.2, A kinetically homogeneous rate expression, r(T, u), is one
for which there exists a continuous scalar function ¢: &—(0, ) such that
r(T, p+v)=0(») r(T, p) for all ucRY and all ves.

From Definition 6.2 it is clear that o (v+v)=¢ () p(¥'), all v, v'e&. Since ¢
is also continnous, we may take @(v)=e™*> for some wed. (See [15].) Also,
in case the subspace & contains the constant vector 1=(l, 1, ..., 1}, kinetic
homogeneity will imply ordinary homogeneity in ¢ of order b for f(T, c), where
b=<(q,, 1>:

f(T,0c)=0°f(T,c). 6.8)

To see this, simply note that
r(T, p+v)=f(T, e"®T ¢, RT ¢, , ..., e"*RT ¢, 6.9)

Rewriting (6.3) in terms of (T, p), r,5 =(q;—4q,), we have

1 1
[kap(T) e—R—f {Gas “>_kﬂa(T) eﬁ {as .)] (6.10)

L qent
where ka[l ) =k;B(T) eRT {Qur p*(T))

. The condition of detailed balance requires
that r,,; vanish at equilibrium, regardless of what other elementary steps occur
in the system. Since g,~gqg, then at any thermodynamic equilibrium point
v, €9 V> =¢8> by (6.4). Thus detailed balance requires that k,,(T)=k,,(T).

Suppose now that many elementary steps occur between many ‘‘reactant
sets” ¢y, 43, ..., 4¢. The total rate may then be written

2 2 o gas B
r=3 Ykp(D@s=g0e “" 6.11)

where k,5(T)=0 for any pair «, § for which g, ~q, does not hold. The expression

Q

(6.14) may be written more compactly if we define k,,(T) to be — ) k,,(T):
f*a
p=1

2 2 ‘RI_T‘(‘IMF)
r= Zl pZ1kaﬁ(T) qpe . (6.12)

Thus we are led to the definition

Definition 6.3. A reaction rate expression is said to be of mass action type
if it is of the form
TIT {Qas B)

e Q
r(T0=3 3 ke (Dape 6.13)

22¢
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and if
Q
(definition of k,,) Y k,p(T)=0; all Ted, (6.14)
=1

(mass balance) ks (T)+0—q,~4q;, (6.15)
(detailed balance) kyg(T)=kgo(T); all Ted, (6.16)
{non-negative rate .

constants) kp(T)20 if a%p, 6.17)
(positive stoichiometric 2.20;  all i,a. (6.18)

coefficients)

Normally, the elements g;, will be integers, but we will not restrict them here,
Also useful is

Definition 6.4. A reaction rate expression satisfying all the requirements of
Definition 6.3 except equation (6.17) will be called of pseudo mass action type.

We are then led to some theorems:

Theorem 6.5. Any valid polynomial rate expression may be decomposed into
a sum of kinetically homogeneous polynomial rate expressions, so that at any
thermodynamic equilibrium point each individual expression is zero and has the

is symmetric.

ty that B “ Ory
roper a ==
property aﬂj
Proof. Because of Theorem 4.4, we have
2 U
H(T,v)=Y h(T)eRT 7 =0; all ves. (6.19)
a=1

Using the equivalence relation ~, we collect the g, into equivalence classes
%, k=1, ..., S. Then

1 (wk), vy
eRT Y B (T)=0; all ve&
1 ae P

M«

k

It

where w* is the common projection of the g, in % onto &. Now the w® are all
different, since otherwise two classes can be combined. Thus, since the exponentials
are independent,
Y B(T)=0, k=1,...,S.
2 S
Since the h,(T") are non-zero, this implies that there is at least one ¢4 equivalent
to a given q,. Now let

1
rO(T, my= Y hy(T)eRT 4=*
ae Py

Clearly, s
r(T, m= Y, r®(T,p),
k=1

r®(T,v)=0; all ves.
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The matrix B(T, y)=“ai;—'— can be expressed at equilibrium by
i

S 1w,y .
B(T,v)=) kT B®(T); ved
k=1

where BO(T)=|| ¥ hio(T) g,

ae Sy

By axiom A’4, the matrix B(T, v); ve&, is symmetric. Thus
S —1—<W(k). v) 3 k) *
B(T,v)—B*(T,v)= ) ekT {B®(T)~B®*T)}=0.
k=1

Since the exponentials are independent, this implies that B®(T)=B®*(T") for
each k.

Theorem 6.6. Any kinetically homogeneous polynomial rate expression whose
thermodynamic equilibrium points are regular is of pseudo-mass action type.

Q 1
Proof. Let r(T, p)= Y h,(T)e*T =2 Then, by regularity, the rank of
B(T, 0), where a=1
( ory )
a”i =0

B(T,0)=
is the same as the dimension of #. Thus the only left null vectors of B(T, 0) are
the elements of #*. By A4, B(T, 0) is symmetric, so the elements of #* are also
the only right null vectors of B(T, 0). Thus any vector u for which B(T, 0)u=0
satisfies

Q

= "bij(T)" s

lhia(T)QJa

a=

{u,b>=0; a=1,...,0

since each h,e#. This implies that there exists a matrix s,; with the property

he(D)= 3. (D) b“m=k§1s,k(r)ﬂ§1hmm G-
This may be written
h,(T) =,§1 kap(T) 45 (6.22)
where
k, ,,(T)=:Z=v:1s,k(T) hig(T). (6.23)
Further,

N N N
ko)=L 5 (D o(T)= ¥ T 5,:(T)s0x(T) bus(T).

Since b;,(T)=b, ,(T),

kyo(T) =k (T). (6.24)
Since h,(T)eR; all a, T,

Q
<V, ha(T)> EOEpZ:Ikaﬂ(T) <V, qﬂ) > (625)
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and, since r(7, p) is kinetically homogeneous, {v, 45> ={v, w); all 5. Thus
2
Y k(T)=0; all Ted. (6.26)
f=1

Condition (6.15) is automatically satisfied because of kinetic homogeneity.
Theorem 6.7. A rate expression of mass action type is valid.

Proof. We have already assumed that 2 has a positive element, so it suffices to
demonstrate A’3 and A’4.

Rewriting (6.13), we have

)
r(T, m)= ;1 ﬁ; kg (T) (g5~ 4. (0™ — 92 P), (6.27)

Qe Q
<”’ r(Ts ”)> = ;1 ﬂgl kaﬂ(T) (<qﬂ ’ ”) - <qa ’ ﬂ)) (e(qm ” —elan '>) . (628)

Since the function €' is monotone, and since k,z(7)20, each term in the sum
will be non-positive. A term will only be zero if either k,,(T)=0, {q,, #> and
{qg, #) = —0, or {q,, #)> =<qg, ). Thus {p, r(T, p)) =0 implies that r(T, ) =0,
and {u, r(T, u)> <0 otherwise, so that A3 is established. Also, from (6.27),

ﬁri

Q
=y Zkaﬁ(T)(qiﬂ_qia)(qjae“m") —‘ije<q"’>) . (6.29)

a=1p>a

B(T)'

Again, if r(T, g)=0, each term in (6.27) will vanish (since otherwise (6.28) will
not be zero) so that each term in (6.29) will either vanish or be of the form

—kepg(T) (i~ 15) Q.—4;p) et (6.30)

where (g, #) ={q,, B> ={q4, #). Since k,4(T) is symmetric by (6.19), the matrix
resulting from the sum of terms of the form of (6.30) must be symmetric, so that
B(T, p) is symmetric whenever r(7, u)=0, establishing A4.

Theorem 6.8. For a rate expression of mass action type, any thermodynamic
equilibrium point is also regular.

Proof. We will show that axiy thermodynamic equilibrium point of (6.13) is
also regular. Thus we calculate from (6.13)

Q Q
B(T, p)= Z Zlkwqiquae("'“) (6.31)
and consider
Q Q ,
B(T,o): Zl lekaﬂqiﬁqja . (6-31)

Suppose there is a ue 2" such that B(T, 0) u=0. Then

o Q
;1 ﬂ;lkaﬁ(T) 95<q., u>=0. (6.32)
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Multiplying by u, we have
2 ¢
Zl ﬂZlka;(T) {qp,u)<{q,, u)y=0. (6.33)

Now because of (6.14), (6.16), and (6.17), the matrix K(T') = | k,4(T) || is symmetric
and negative semi-definite (see [11]). Thus the sequence {q,,u)>; a=1,...,Q
must be a null vector of K(T'). Therefore

Q
ﬂ;k,p(T) (g, uy=0 (6.34)

for all &, so that (u, r(T, p)»=0 for all geR". This shows that if B(T, 0)u =0,
then uaeé. On the other hand, any element of & is a left null vector of B(7, 0),
and by symmetry a right null vector of B(T,0). Thus B(T, 0) has rank equal
to the dimension of &' =4, and (7, 0) is a regular equilibrium point.

The expression r(7, g) can be decomposed into kinetically homogeneous rate
expressions because of Theorem 6.5. Also, because of (6.15), each of these will
again be of mass action type. Thus

r(T,w= i (T, p) (6.35)
k=1

where

L (a0}

"m(TsI‘)= z Z kap(T)q,eRT
ae P Be Py :

(6.36)

Note that 8 is only summed over % because k,z(T)=0 if aes; and S¢S by
(6.1). Then we may write

s
B(T,v)=Y & BO(T,0); all ves (6.37)
k=1

where
B(k)(T10)=|| Z Z kaﬂ(T)qiquau'

ec Sy fe Py

Now because each B® (T, 0) is symmetric and negative semi-definite, the null
space of B(T, v) is just the intersection of the respective null spaces of the B® (T, 0).
But this is clearly equal to &, so that B® (T, v) has rank equal to the dimension
of # for all ve&; i.e., for all thermodynamic equilibrium points. Thus any thermo-
dynamic equilibrium point of (6.13) is also regular.

Theorem 6.9. Given any kinetically homogeneous rate expression of mass action
type, a matrix k,p(T') satisfying equation (6.13) may be calculated from equation
(6.23).

Proof. The validity of (6.23) depends on the regularity of the equilibrium point
(T, 0). Since this is a thermodynamic equilibrium point, Theorem 6.8 implies
that it is regular. ‘

Theorem 6.9 provides an answer to the following question: given a poly-
nomial rate expression, test it to see if it is of mass action type, and calculate a
matrix k,,(T) satisfying (6.13). The procedure is first to decompose the rate
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expression into its kinetically homogeneous parts, and then to use equation (6.23)
to calculate k,,(T). If this is possible, the rate expression is established to be at
least of pseudo-mass action type, and if it turns out that k ,(T)20 if a=p,
the job is finished. If the matrix k,4(7T) satisfying (6.13) were unique, this would
be all there is to it. It turns out, however, that there are, in general, many matrices
k,5(T) satisfying (6.13) for a given rate expression, and that some of these do not
satisfy (6.17), even though others do. Thus the fact that the matrix k,,(T) cal-
culated from (6.23) contains negative elements with a+ § does not rule out that the
rate expression is of mass action type.

It is interesting to note that even though the k, (T for a given rate expression
is not unique, the result calculated from (6.23) is unique. The special property of
k,5(T) in (6.23) can be seen as follows: The rank of the matrix 4;,

Q
hia(T)=ﬂ;1k¢ﬁ(T) qiﬂ (6'38)

is equal to the dimension of #. Thus the rank of any k,, satisfying (6.27) is equal
to or greater than this quantity.

On the other hand, equation (6.23) requires that the rank of our special
k,5(T) be less than or equal to that of B(T, 0) which, in turn, is equal to the
dimension of #. Thus the particular k,,(7) given by (6.23) is of minimum rank.

Let p be the dimension of #. Then k,,(T’) will have p independent columns.

Q

Since k,p(T)=ky (T) and ) k,p(T)=0; all «, the number of independent
=1

parameters in k, (T, p, is given by

p=(@-D+(@-2)++(@~h)

—po-— p(p2+1) =p(2Q;p—1)- (6.39)

The non-uniqueness of k,,(T) arises whenever there exists a matrix m,g,
for which

Me

me=0; all «,
1

g mep=mg,; all o B. (6.40)

Q
Y mupqp=0; all a
=1

If such a matrix is added to k,,(T), the vectors h,(T) in (6.22) will remain un-
changed, and properties (6.24) and (6.25) will be unaffected. Matrices (6.40)
will exist whenever there are sequences v,; a=1, ..., @, for which

f v,q,=0 (6.41)
a=1

i.e., when the vectors q,; a=1, ..., Q are not independent. Because the ¢, are all

equivalent,
Q [’}

Y el4e> V> =4, V) ), 1,=0; veES. (6.42)
a=1

a=1
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Thus v, also must satisfy
Q
Y v.=0. (6.43)
a=1

The number of independent ¢, is just p+ 1, where p is the dimension of the %
space, since the g, must span # by (6.22), and since they all have the same
projection in & by (6.7). Thus the number of independent sequences v, ; x=1, ..., Q
is equal to Q@ —p—1. These form a basis in R? for vectors in R? whose compo-
nents, v,; a=1, ..., Q, satisfy (6.41). Let us denote the ith such sequence by
Vig; a=1,...,0;i=1, ..., 0—p—1. Then, by (6.40), there exists a matrix z,, such
that

2-r-1
Mmyp= .Zl t,,v,ﬁ; a,ﬁ=1,---,Q. (6.44)
i=
But, since m,z=mg,, we may assume that there exists a matrix u;; for which
2-p-1
t¢i= Z u,-jvja; i=1, ...,Q—p‘—l, “=1,...,Q. (6.45)
i=1
Thus
g-p-1Q-p-1
My p= -21 Zl UV & f=1,...,0. (6.46)
i= j=

Since maﬁ =mpa, u,-j=uj,- and

~p-10-p-1

4]
Myp= i§1 Jéi Uij[Vjaviptiat;4l, (6:47)

so that the matrices w;;=[v;, v;5+v;, ;5] form a basis for the matrices m,;.
The number of these is thus 4(Q@ —p—1)(Q —p). Thus the matrices k,z(7") that
all have the same rate expression form a hyperplane of dimension $(Q —p —1)(Q —p)
in a space of dimension $Q(Q —1), whose coordinates are the elements of k,,(T")
above the diagonal. The degree of freedom of this hyperplane is then

1 0@-D-5@-p-0@-p=222V_, )

which agrees with (6.39). Thus we see that the number of independent parameters
required to specify a mass action reaction rate expression at a given temperature
is just p. The matrices k, ;(T') corresponding to a given rate expression fill out, at
each temperature, a hyperplane of dimension $Q(Q —1)—p. This may be stated
as a theorem:

Theorem 6.10. Of the variables k,;(T) appearing in a kinetically homogeneous
rate expression of mass action type, only p of those are independent, where

_p(2Q—-p-1)
p=—"5",

and where p is the dimension of R, and Q is the number of reactant sets. The matrix
k.s(T) for a given kinetically homogeneous rate expression is unique if and only if

p=Q-1L

(6.49)
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One question that remains unanswered is under what conditions an expression
of pseudo-mass action type will satisfy A’3 of Definition 4.8. It is clear from
Theorem 6.7 that the positivity of the off-diagonal elements of k,, is a sufficient
condition, but it clearly is not necessary in cases where the k,, are not unique,

2©-1)
since the allowable values of k,, fill out a hyperplane in R 2 . In general,
there must be a set of p linear constraints that the k,, must satisfy for a given rate
expression to be equivalent to one with all positive off-diagonal k, ;. We have not
established, however, that this condition is necessary for A’3 to be satisfied.
In order to clarify somewhat the nature of these unanswered questions, and also
to illustrate the ideas of this section, we now consider a concrete example.

Suppose that our system contains three species, denoted 4, B, and C, and
suppose that these undergo all bimolecular isomerization reactions: A+ B — A+ C,
A+ C— C+C, etc. Then the subspace & contains only scalar multiples of (1, 1, 1).
The quantities g;, defined by (6.13) and v;, defined by (6.41) may be written as
follows:

Reactant Set o e G24 934 V14 V24 U3y
A+ A 1 2 0 0 1 1 0
A+ B 2 1 1 0 -2 0 0
A+C 3 1 0 1 0 -2 0
B+ B 4 0 2 0 1 0 1
B+C 5 0 1 1 0 0 -2
c+C 6 0 0 2 0 1 1

It may be noted that all six q, are equivalent, so that (6.13) will be kinetically
homogeneous. Since in this case, p=2 and Q =6, the matrix &, will not be unique.

In fact,
0@-1 _
2
while
p= P(2Q-2'P—1) =9,

so that any set of equivalent &, ; matrices will fill out a six-dimensional hyperplane
in the 15-dimensional space. The basis set of matrices m,,; for generating this
hyperplane can be calculated from the v;, according to (6.47). Thus we let

ij
mgﬁ')=v,~¢vj,+vj,v,ﬁ (6.50)

with the result
-2 0

Myp "=

OO = O N
|
N
OO O oo
OC O O N =
SO OO OO
S OO O OO
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10 -200 1
00 000 O
e -2 0 400 -2
ab,.” 00 000 oO0F
00 00O O
10 =200 1
000 O 0 O
000 O O O
mm,_oooooo
@ L0000 1 -2 1§
000 -2 4 =2
000 1 -2 1
2 -2 =2 10 1 (6.51)
-2 0 4 00 =2
i -2 4 0 =20 O
1 0 -2 00 1)
0 0 0 00 O
1 -2 0 10 0
0 00 1 =2 1
0 00 -2 4 =2
i 0 00 0 0 O
1 =20 2 -2 1)
-2 40 -2 0 O
1 =20 1t 0 ©
00 0 1 -2 1
00 O 0 0 ©
me® 00 0 -2 4 =2
10 -2 0 o0 1Y)
-2 0 4 0 0 -2
10 -2 1 =2 =2

It can be verified easily that the addition of any arbitrary linear combination
of the above six matrices to a given k,, will not change the value of the reaction
rate expression calculated from (6.13), nor will it affect propertics (6.14), (6.15),
(6.16), or (6.18) (note that g, ~q, for all a, § in this case; i.e., the expression (6.13)
is kinetically homogeneous). We may readily introduce negative values of k4,
however, so that (6.17) may be violated without altering the final rate expression,
(6.13). In fact, we may introduce zeros into the k,, matrix in at least six places
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in the upper triangle. This has been done in the two examples following:

kgt hegp+ 3 (= kpyt kg —kesgt+ksg) 0 kya—kyzt kyy— Koot kay— k36
0 kgatkiyt+kyg—kas Kozt kyy—kag+kos
kyy—kptkyy—kostkaa—kss  kaytkip—kotkys kaztkiy—kygtkog— 2ksgt+2ksg
kyat+3 Gyt ks 0 Y
kistkiy—kyy— k3, kas— kit kog+ ks kas—kiz+kyq—kys+2k3,
kyg+3(kys+kse) 0 0
(6.52)
kyyt3epqtksg) kystkyp—koq—kay kis+3 (kyg+ ksg)
0 kas— kit Koyt Ky 0
0 kys—kyptkyg—kyst+2ks, 0
kag+3epytkps—kesy+kese) kys— kgt kag—kss ka5t (kz6+ kse)
kys—kas+k3y—kss kst kyy— kgt kys—2k3+2kss 0
kst (kys+kse) 0 kes+¥ (3t kse)
kyy—kiy— kit 3kos+kss)  kpt2ky—3astkhss) kgt 2ki6— 3 (kps+kas)
kypt 2k —Yhostkas)  kpy—dkyyt kot kst ks 0
ky3+2ki6— 3 (kps+ k35 0 k33—4kigtkyz+kys+kas
0 kpqt2ky4— 3 (kps+ k35 kst kys+kss)
kys+3(kys+kss) 0 0
0 ka5t (ky3+ kys) k3g+2ki6—(kps+ky5)
(6.53)
0 kys+3 (st k35) Y
kpat2ky4— 3 (kyyt k35 0 kst (ky3+kzs)
k3t 3o+ kss) 0 k3s+2kis— % (kastkys)
kay—kyg— k«s"‘%(kzs'*‘ kss)  kas+2kgs— ‘}(kzs‘l' k3s) 0
kys+2kgs—Yhpsthss)  kss—dkggthypzthosthss kgt 2kas— 3 (kys+kag)
0 ksgt2kes—Ykpsthys)  kes—kig—kast+ (ks + ks,

In both (6.52) and (6.53), it is clearly shown that the transformed k,; may have
negative off-diagonal components, even though the original matrix had only
positive off-diagonals. In this particular example, it is a simple matter to test
whether a given k,; matrix is equivalent to one with non-negative off-diagonal
components. Thus we may verify that the following nine linear combinations of

elements are invariant over a given hyperplane (i.e., under arbitrary additions
of the basis matrices (6.51)):

zy=Kkys+kis+2kyy,
zy=Kyatk3a+2kyy,
z3=ki3+k;s+2kq,
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z4=k3g+krs+2kys,

Zs=K3q+Kes+2kys, (6.54)

z6=k56+k26+2k46 N

Z7=k25+k35+2k15 N

zg=ky3+kss+2ks,,

Zg=k23+k25 +2k26 .
It also may be verified that these are independent combinations. Thus a given
k.s will be equivalent to one with non-negative off-diagonal components if and
only if z; through z, of (6.54) are non-negative. While this condition is clearly
sufficient for A’3 to be satisfied, it is not obvious that it is also necessary. We also

note that knowledge of z, through z, is sufficient to determine the entire rate
expression. Substituting the given g¢,, in (6.13), we have

ra=—(kia+kys+2kys+2kys+2ki6) X5+ (kiz—kya—kys—ka6) X4 X
+(ky3—ksg—Kkas—kae) X  Xc+(Kaat+ksa+2ky4) X5
+(kys+kas+2kys) Xp Xc+(Ksg+ ke +2ki6) X2,
re=(kiz+kys+2kig) X5+ (koa—kyz—ky3—kae) X, Xp
+(kas+kss+2k3) X4 Xo—(kpa+kas+2kia+2ksa+2kee) X2 (6.55)
+(kys—ksg—kss—kys) Xp X+ (ks +Kkas+2kas) X2,
re=(ky3+kys+2ki6) X3+ (kps+kaos+2k6) X4 X
+(—ki3—ky3—ksstkse) Xy Xc+(kss+kes+2kae) X5
+(ksg—kas—kys—kys) Xp Xc— (K3 +kse+2ki6+2Ka6+2ks6) X2
where x;=e*/RT,
Alternatively, this may be expressed in terms of the z; of (6.54):
ra=—(z1+23) x5+ (@1 — 2~ 427+ 325 - 329) X X
+(23—24—3z7— %25+ 329) Xy X+ 2, X5— 2, Xp X+ 24 X,
re=zy x5+ (=2, + 23+ 427 —32g—329) X Xp+2g X4 xc—(2,+25) X3,
+(2s—z6—}z7—3 25 +320) Xy X+ 26 X2,
re=z3xXi+ 29X Xp+(—23+24+32;—324—32) X, Xc+25 X3
+(—2zs+zs—427+325—429) Xp X —(24+26) X

We now show how the above kinetically homogeneous expression may be de-
composed into elementary steps. First, the 3 x 3 matrix B(T, 0) is calculated:

byy=—(z1+z,+23+24+27),
bia=by =z, +2,+3(2:+25—20),
bys=b31=2z3+24+3(27—25+2),
byra=—(z4+2z;+2z5+26+125),
byy=b3;=z5+26+4(—z,+25+20),
byz=—(z3+z4+25+26+25).

(6.56)

(6.57)
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Then the matrix s, ;, satisfying

N
hi,= Z Saxbiis (6.58)
k=1
must be found. This can be written
h,=Bs,. (6.59)
If we denote the “natural inverse” of B by B~ (see [13]), then
s,=B"'h,. (6.60)
Then, by (6.23),
kaﬁ=<hu3sp>=<ha: B_l hp) . (6.61)
The natural inverse of B is given by
B = L
9(by2by3+by2by3+by3bs3)
—(b12+4b23+b13) _b12+2b23+2b13 2b12+2b23—b13 (6-62)
—by3+2by3+2by3; —(byy+by3+4by3)  2bi,—by3+2by;
2by3+2by3—bys 2by;—by3+2by;  —(4byy+by3+by3)
and, from (6.56), the h, are given by
a hla h2a h3a
1 —(z;+zy) z 23
2 (z—z—dztdzy—129) (—z 1tz 42— Fz5—12) Zy
3 (z3—z4—%z3— 423+ 329) zg (—z3+ 24+ 32— 3 25— % 29)
4 Z; —(z54 z5) Zg
5 Z7 (zs— 25—}z, zg+429)  (—z5+2z6—%z34+4 23— 29)
6 z Zg —(z4+ z¢)

Substitution of (6.57) into (6.62), and then, substitution of (6.62) and (6.63) into
(6.61), yields the k, ; matrix of minimum rank (which, in this case, is equal to two).
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