On the Classical Theory of Reacting Fluid Mixtures

MorTtoN E. GURTIN & ANTONIO S. VARGAS

1. Introduction

The classical theory of fluid mixtures! treats the mixture as a single body:
balance laws for momentum, energy, and entropy are postulated for the mixture
as a whole, rather than for the individual constituents.? The effects of diffusion
manifest themselves in the appearance of the diffusive energy flux

Y uzhy, (1.1

where p, is the chemical potential and h, the relative mass flux of constituent o.
These laws are supplemented by an equation of mass balance for each constituent
and a Gibbs’ relation for the mixture.

It is the purpose of the present paper to show that the classical theory can be
formulated within the framework of modern continuum thermodynamics; that
several of the assumptions of that theory can be proved as theorems; and that the
constitutive class compatible both with the classical assumptions and with the
modern general theory is extremely narrow. We treat the mixture as a single body
and postulate: (i) balance laws for mass, momentum, and energy together with
a law of entropy growth, all for the mixture as a whole; and (ii) a law of mass
balance for each constituent. We do not postulate a Gibbs’ relation for the
mixture, nor do we specify the form of the diffusive energy flux in the energy
equation. In our constitutive relations, which are fully compatible with equi-
presence, > we take as independent variables the specific volume v, the temperature
6, the concentrations c,, and the gradients of v, 8, and ¢,. As consequences of the
second law we prove that:

(i) there are no shearing stresses, i.e. the stress reduces to a pressure;

1 JAuMANN [1911], LoHR [1917], ECKART [1940], MEIXNER [1941]. See also MEIXNER & REIK
[1959].

2 A second, more general approach, due to TRUESDELL {1957], treats each constituent as a
single body. Cf. Fick [1855], MAXWELL [1867], STEFAN [1871], NACHBAR, WILLIAMS, & PENNER
[1959], TruesDELL & TourIn [1960], KeLLy [1964], TRUESDELL [1969]. Within TRUESDELL’S
framework, or minor modifications thereof, complete theories for various types of materials have
been formulated by ERINGEN & INGRAM [1965], GREEN & NAGHD! [1965], [1967], [1968], [1969],
[1971], CrOCHET & NAGHDI [1966], GREEN & STEEL [1966], MILLS [1966], BOowEN [1967], [1968],
[1969], INGRaAM & ERINGEN [1967], DUNWOODY & MULLER [1968], MULLER [1968]), BOWEN &
WIESE [1969], BoweN & GARclIA [1970], [1971], Doria [1969], CrRAINE, GREEN, & NAGHDI [1970],
Dunwooby [1970], GURTIN & DE LA PENHA [1970], GurTIN [1971].

3 Sometimes called TRUESDELL’s principle of equipresence. See, e.g., TRUESDELL & NoLL
[1965].
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(ii) the free energy, pressure, and entropy depend only on v, 8, and ¢, and are
related by the classical relations of thermostatics;

(iii) there exists a chemical potential for each constituent such that the diffusive
energy flux has the form (1.1), and, in addition, the chemical potential is the deriva-
tive of the free energy with respect to the corresponding concentration;

(iv) the classical dissipation inequality holds; this inequality is usually taken
as a starting point by writers on irreversible thermodynamics;

(v) the Gibbs’ relation holds;

(vi) near a strong equilibrium state the linearized constitutive relations have
the following properties: the heat flux and relative mass flux depend only on the
temperature gradient and the gradients of the chemical potentials, while the mass
supply depends only on the chemical potentials.

We consider only nonviscous fluid mixtures. The extension to viscous mixtures
is not difficult. For convenience, we omit all smoothness hypotheses; it will be
clear from the context what these ought to be.

Notation. Throughout this paper # denotes a body;! we will refer to # as the
mixture. Elements X of # are called material points. Given a motion (X, t)~
x(X, t) of #, we write grad and div for the spatial gradient and spatial divergence
(i.e. with respect to x=x(X, ¢) holding ¢ fixed), and we use a superimposed dot
to denote the material time derivative (i.e. with respect to ¢ holding X fixed).

Given a second-order tensor A, we write A” for its transpose, sym A =1(4+ A7)
for its symmetric part, and tr A for its trace. The inner product of two tensors
A and B is defined by A - B=tr(4BT). Finally, we write a®b for the tensor
product of two vectors a and b.

2. Basic Laws

We consider a fluid mixture & with N+1 constituents. Let (X, )~x(X, )
denote a motion of . For the basic laws of our theory we postulate the following:

balance of mass

p+pdivi=0, (2.1)
balance of mass for each constituent
pc,=—divh,+m, (ax=1,...,N), .2)
balance of forces?
divT+pb=0, (2.3)
balance of energy
pe=—divig+j—Tx)+pr+pbh-x, 2.4
growth of entropy
. . pr
>— LAl
ps d1v(0)+ 9 2.5)

Here
p(X, 1) is the density,
T(X,t) is the stress tensor (T=T7),

1 In the sense of NOLL (TRUESDELL & NOLL [1965] § 15).
2 The body force & includes the inertial force —X.
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b(X, 1) is the body force,

e(X, 1) is the internal energy,

s(X, 1) is the entropy,

q(X, t) is the heat flux,

r(X,t) is the heat supply,

8(X, 1) is the temperature (8>0),

jx 0 is the energy flux due to diffusion,

c,(X,t) is the concentration' of constituent a,
h,(X,t) is the relative mass flux* of constituent «,
m,(X, t) is the mass supply to constituent o (due to chemical reactions).

We call

L=gradx (2.6)
the velocity gradient; using (2.3) and (2.6), we can rewrite (2.4) in the form
pe=—div(g+j)+T-L+pr. 2.7
The free energy  is defined by
Yy=e—0s. (2.8)
In view of (2.7) and (2.8), the inequality (2.5) can also be written in the form
p(W+s56)—T- L+divj+%q .gradf<0. (2.9)

Remark 2.1. If (2.7) and (2.8) hold, then (2.5) and (2.9) are equivalent.

Remark 2.2. For constituent N+ 1 we simply define ¢y, by, , and my,, by

the relations

N N N
eni1=1-3 ¢, hN+1=—Zh¢, mn+1=—zm,; (2.10)
a=1

a=1 a=1

this insures that balance of mass (2.2) is satisfied when a=~N+1.

Remark 2.3. At first sight it might appear that there should be a term of the
form —div I in the entropy inequality (2.5).% To see that this is not necessary, let
us replace the divergence terms in the right-hand sides of (2.4) and (2.5) by

—div(g'+j'—Tx) and —div (%+l), @.11)

1 ¢,=p,/p, where p, is the mass density of constituent a.
2 h,=p,(v,— X) (no sum on «), where v, is the velocity of «.

3 In MULLER’s [1968] theory the term j is not present in the energy equation and the term %

in the entropy inequality is replaced by an arbitrary entropy flux &. The argument given in this
remark shows that there is no essential difference between MULLER’s point of view and ours.
Indeed, within the context of classical mixture theory we would view the quantity (1.1) as a flux

1
of energy (as does EcKART [1940]), while MULLER would view FZ”;ha as a flux of entropy
a

(as do MEIXNER & REIK [1959]). We take the point of view that the heat flux is that field which
when divided by the temperature gives the entropy flux.
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respectively. Then if we define

q=q'+061, j=j'-6l, (2.12)
the terms (2.11) reduce to

—div(g+j—Tx) and —div (%). (2.13)

In (2.12) ¢’ represents a non-diffusive heat flux and 61 the heat flux due to diffusion.

Remark 2.4. In the standard treatises on mixtures it is usually assumed that

N+1

Jj= Zl"; k., (2.14)

where p, is the chemical potential of constituent a. If we define the reduced chemical
potential p, by

Ha=Ha—EN+1> (2.15)
then, in view of (2.10),, (2.14) reduces to
J=uh,; (2.16)"

and we can use (2.2) to reduce (2.9) to the more familiar form

p(x/}+sé—;1,é¢)— T-L+h,-grady,

+%q'grad0+m¢ya§0, 2.17)

In this paper we do not assume that (2.14) holds.

Remark 2.5. Note that in the energy equation (2.4) we do not include a term of

the form
N+1

S b,-h,, (2.18)
a=1

where b, is the body force on constituent «; thus, in view of (2.10),, our theory is
restricted to situations in which b, is the same for each constituent. It is not much
trouble to add a term w, representing the excess power due to diffusion, to the
right-hand side of (2.4). If we do this and demand that w be given by a constitutive
relation of the form (3.3), then the results of Sections 4, 5, and 6 remain valid
provided we demand that w vanish in every homogeneous state and add w to the
right-hand sides of (4.5), (4.8), and (4.13). Of course, w cannot, in general, re-
present a term of the form (2.18), since the body force b, is usually not given by a
constitutive equation of the form (3.3).
The quantity

1
= (2.19)

is called the specific volume. A motion x(X, t) and a specific volume field v(X, ¢)
will be called compatible provided they satisfy balance of mass (2.1). As is well

1 Summation from 1 to N over repeated Greek indices is assumed.



Reacting Fluid Mixtures 183

known, this will be the case if and only if
v(X, )=|detF(X, t)| v(X, 0), (2.20)

where F is the deformation gradient taking the configuration at =0 as reference.

3. Constitutive Assumptions
Let
A=(v, 0, c, gradv, grad @, gradc), 3.1
where
c=(¢y, ..., Cy), gradc=(gradc,, ..., gradcy). (3.2)

As our constitutive assumption we suppose that
Y=y, T=T(4), s=5(), q=q),
J=i(),  h=h(4), m=in,(4).

(3.3)!

Moreover, since the mixture is a fluid, we assume that the response functions
¥, T,5,3,7, h,, m, are isotropic.
Let

o [ok4)
H,ﬂ (A) =Ssym [M] . (3.4)

The following two requirements are assumed to hold throughout the paper.

(A) The N x N matrix || H,,|| (with tensor entries) is invertible, i.e., there exist
symmetric tensors H;, (4, =1, 2, ..., N) such that

HaﬁH;A=H;ﬂHﬁZ=5all’ (3.5)

(B)? Given a material point X, a neighborhood 2’ of X, an initial concentra-
tion vector ¢y (X) on #, a time interval [0, ¢,), a motion x(X, ¢), a specific volume
field v(X, ) compatible with x(X, ¢), and a temperature field (X, 1), all on
2’ x[0, t1); there exists a solution c(X, r) of (2.2), (3.3),7 on £ x[0, #,), where
P <P is a neighborhood of X, and ¢, is in (0, ¢,), such that

(X, 0)=c,(X) 3.6)

on 2.
An array (x, 0, 0, ¥, T, s, q, j, ¢,, h,, m,; a=1, ..., N) defined for all X in
some part # of # and all 7 in some time interval [0, #,) will be called a constitutive
process (with domain 2 x [0, t,)) if it is consistent with the constitutive equations

1 The constitutive assumption (3.3)s for h, generalizes Fick’s law. A somewhat different
generalization was obtained by MULLER [1968] as a consequence of balance of momentum for the
individual constituents. The relation deduced by MULLER includes inertial terms, and this, in
turn, leads (in certain circumstances) to finite propagation speeds for disturbances in concen-
tration. On the other hand, our theory leads to infinite speeds for such disturbances. Of course,
a deficiency such as this is also present in classical heat conduction, and, as in that theory, should
not detract from its usefulness in most situations.

2 BoweN [1969] was the first to notice that an assumption of this nature is necessary when
chemical reactions are present. See also COLEMAN & GURTIN [1967] who utilize this type of assump-
tion in a slightly different context.

13 Arch. Rational Mech. Anal., Vol. 43
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(3.3) and balance of mass (2.1), (2.2). Assumption (B) insures that given X, x, v, 6,
and ¢,, with x and v compatible, there exists an associated constitutive process in
some neighborhood of Xj.

4. Consequences of the Second Law

Given a constitutive process, (2.3) and (2.4) can be used to determine the body
force and heat supply necessary to sustain the process. On the other hand, the
inequality (2.5) — or equivalently (2.9) — will be satisfied in every process if and
only if certain restrictions are placed on the response functions. The next theorem
lists these restrictions.

Theorem 4.1. A necessary and sufficient condition that every constitutive process
obey (2.9) is that the following five statements be true:

(i) The stress T is a pressure:
T=—pl. “4.1)

(i) ¥, p and s are independent of grad v, grad 6, and grad c:

'l’=!/7(va 6,9, P=ﬁ(')s 6,¢), S=§(!), 0, C). (42)
(iii) § determines p and s through the relations
. .
p=__a%, s=_a_‘/é (4.3)

(iv) The energy flux due to diffusion must have the classical form

. - 0¥
b he=A0,0,0=2F. 49
(v) In every constitutive process
h,-gradu,+-(17q-grad0+m,u,§0. 4.5)

We postpone until later the proof of this as well as of several subsequent theo-
rems.

We assume for the remainder of the paper that ()—(v) hold. By (4.4),,

_di, O ity 0 ity .
grad g, = TS Agradv-*— 30 Agrad0+acﬂ Agradc,,, (4.6)

hence we conclude from (3.1) that grad y, is a function of A in any constitutive
process. Therefore, in view of (3.3),, ¢, 7 and (4.4) ,, the left-hand side of (4.5) can
also be considered a function of A. By Lemma 9.1, given any value of A4, we can
find an associated constitutive process; thus (4.5), with q, h,, m,, ., and grad y,
defined by (3.3)4,6,7, (4.4),, and (4.6), must hold for every value of 4 in the do-
main of the response functions.
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The quantity u, defined by (4.4), is called the reduced chemical potential® of
constituent «. In view of (4.1)-(4.4) and (2.8), we have the “Gibb’s relations™

'l.’= '"Pl;_sé'*'”ac'a’
. .. . “.7n
e=-—po+0Os+pu,c,

in every constitutive process. By (2.1), (2.2), (2.18), (4.1), (4.4),, and (4.7),, we
can rewrite the energy equation as follows:

pOs=—divg+pr—h,-gradp,—m,y,. 4.8)
Finally, (4.3) and (4.4), yield the well-known relations
B _0p B _ b 2 _ ok
dv 00’ dc, 88’ dc, Ov’
O, _ iy 32,53
dcg dc,’ 06 a0’

(4.9)

where e=1 + 05 is the response function for the internal energy.

Remark 4.1. One can give plausible physical arguments to support the following
constitutive relations for the stress and free energy:

N+1
T=—-p(v,6,c)1—v —’@h—“,
a=1 .4
02 N+1 hZ (410)
V=t10,0,9+ 3 =
a=1 *a

In view of (3.3)¢ and (2.10), (4.10) are consistent with the constitutive relations
(3.3)1,2,6- However, the results (4.1) and (4.2) imply that the constitutive relations
(4.10) are inconsistent with the present theory. What the second law essentially tells
us is that if terms involving squares of the relative mass flux are important, then the
classical theory is not applicable. 1t is clear from the work of BoweN [1967], [1969]
and MULLER [1968], among others, that the more general approach due to TRUES-
DELL [1957] allows for constitutive relations of the form (4.10).

Remark 4.2. When there are R independent chemical reactions,
R
m,= Z Vordes (4.11)
r=1

where J, is the reaction rate of reaction r, and v,, divided by the molecular mass of
constituent « is proportional to the corresponding stoichiometric coefficient. The
chemical affinity of reaction r is defined by

A =Yg, e} (4.12)
in these circumstances,
R
mop,= Y J, A, (4.13)
r=1

1 See Remark 2.4.
13*
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and (4.5) takes the familiar form

R
h,-gradu,+%—q-grad0+ Y J,4,<0. 4.19)
r=1
Remark 4.3.1 1t is often more convenient to take the constituent densities as
independent variables in place of the specific volume and the concentrations, Thus
suppose, for the present, that

¢=$(P1: o3 PN+ 15 0)' (4'15)
Then
.Z(u,o,cl,...,cN):q?(%l,...,i”vi‘—,o) (4.16)

and (4.2), (4.4), imply that 3 B
_ W) (p¥)

* o 0pa Opn+1’
(4.17)
N+1 a l;
p_pagl Pe apa )
Further, if we define 3
,_9(p¥)
He= ’_“ar H (4' 1 8)
we arrive at the well-known result
N+1 p
L Caba=y (4.19)

5. Homogeneous States

An element A=/f in the domain of the response functions will be called a
homogeneous state provided it has the form

A=(,6,¢,0,0,0), (5.1)

i.e. provided gradv=gradf@=gradc,=0. In view of Lemma 10.1, (4.5), and the
remarks made in the paragraph containing (4.6), we have

Proposition 5.1. Let Abea homogeneous state. Then
h(D=4( D=0, (M) i (D=0. (5.2)
Further, if © denotes v, 0, or c,, and if g denotes gradv, grad®, or gradc,, then

o,
og

=0. (5.3)

2 0Ot

1 These observations contained in this remark are due to R. M. BoweN (private communi-
cation).
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The results (5.2),  , assert that there is no flow of heat or mass in a homogeneous
state. If we expand §(A) and h,(A) in a Taylor series about a homogeneous state
A, and use Proposition 5.1 and Lemma 10.1, we arrive at

Proposition S.2. Let Abea homogeneous state. Then there exist scalars x, A,,
L, Az Ay, and w, such that

q= —-KgradH—A,gradc,—Cgradv+0(lA—/ilz),

. 5.9t
h,= — X, grad6—1,,gradc;— o, grado+0(| A—A|?)

as|A— A |=0. Here A=(v, 8, ¢, grad v, grad 6, grad c) and q, h, are given by (3.3), ¢ .

The second and third terms in (5.4), represent, respectively, a flow of heat due
to concentration gradients (Dufour effect) and a flow of heat due to a density
gradient (piezo-caloric effect); the first and third terms in (5.4) , represent, respec-
tively, mass transport due to a temperature gradient (Soret effect) and mass transport
due to a density gradient (piezo-diffusive effect).

6. Linearized Theory Near Equilibrium

By an equilibrium state we mean a homogeneous state A with the property
that

fig(A)=0 (x=1,...,N). (6.1)

Clearly, the result (5.4) holds near an equilibrium state. The next proposition gives
an analogous result for the mass supply.

Proposition 6.1. Let A be an equilibrium state. Then there exist scalars t,p, 6,,
and 6., such that

M= —T,5(cC— &) — 8,(0—B) —5,(0—8)+0( A—A|?) 6.2)

as | A— A|—0. Here A is given by (3.1) and m, by (3.3),. Moreover, if f,= i, (8, 8, &),
then

raﬂﬁa=5aﬁa=6;ﬁa=0' (6-3)2
The proof of this proposition is given in Section 9. The inequality (4.5) and the

remarks given in the paragraph containing (4.6) yield certain inequalities for the
coefficients in Propositions 5.2 and 6.1; we shall not list these inequalities.

Since p,= i, (A)= i, + 0(|A—/f|), we conclude from (6.2) and (6.3) that
mafl=0( A= A1), mp,=0(4~A; (6.4)

thus, to within terms of 0([A——/i| 2), the mass supply and the reduced chemical
potential are “orthogonal”

1 Here| A— A|2=|v—5[2-+|8— 8|2+ gradv|?+ ]| grad 0>+ S (e, — &2+ | grad c, |1.
[ 4
2 A result similar to the first of these was established by Bowen [1969], Eq. (7.19).
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°
Now let A be a fixed equilibrium state and consider a constitutive process with

|A-A|<e, |gradxl, 6], |¢|se. (6.5)
By (2.1), (2.19), (5.4),, and (4.6),
v=0(), h,-gradu,=0(); (6.6)

therefore, in view of (6.4),, (4.8) yields

a,0+a,0+d,é,=—divg+pr+0(e?), (6.7)
where, by (4.9),
o2 § [ aé o2 5§ o2 ai)
plaarr Pt T PR Pl T P
d_oé‘ E oéa o_}_ (6.8)
a=pP aca -p 9 j’ p= Io) .

If we neglect terms of O(c?) in (2.1), (2.2), (5.4), (6.2), and (6.7), and combine the
resulting relations, we arrive at the following equations:*

po=divx
ﬁé,:).,,Ac,,+l,’,A6+co:AD+m,, 69)
ma=_taﬂ(cﬁ—gﬂ)_5¢(0—0)_6;(D_8)9
a1é+a26+d,c',=xA9+A,,Acﬁ+CAu+ﬁr,
provided we assume that 7= 0(¢). Further, if we let
__0p __0B| __a __0p| _d4
E,= | E:=—%¢ i g8l Fo= de, |3 v |9’ (6.10)
then, if we neglect terms of O(g?), (2.3) and (4.1) imply
E,gradv+E, grad0+ F,gradc,+pb=0, (6.11)*

provided, of course, that b=0(¢).

To the same degree of approximation material time derivatives are equal to the
corresponding spatial time derivatives, and in what follows we shall assume this is
so. Then the operator *‘-”” commutes with the operators grad and div. Let

b=b,—%, (6.12)

where b, is the non-inertial body force. If we take the time derivative of (6.9),
and the divergence of (6.11), we conclude, with the aid of (6.12), that

p?0=E, Av+E, A0+ F,Ac,+p divh, (6.13)

provided p is a constant. Equations (6.9), 4 and (6.13), supplemented by (6.9);,
constitute the basic field equations of the linearized theory. If the “coupling

1 Here 4=div grad is the spacial Laplacian.
2 Recall that b includes the inertial body force — .
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coefficients” E,=F,=w,={=0,=0 and if the resulting coefficients have appro-
priate signs, then (6.13) results in a Ayperbolic equations for the specific volume v,
while (6.9) ,, , reduce to coupled parabolic equations for the concentrations ¢, and
the temperature 0.

7. Linearized Constitutive Relations Near a Strong Equilibrium State
In view of (6.4),, .
Hig(A) fa=0(| A= A]?) (7.1)

provided A is an equilibrium state and = ﬁ,(/i). We say that Aisa strong
equilibrium state if, in addition to (6.1),

. g (A) fla=0( A—A]°) (7.2)
as |A—A|-0.!

Remark 7.1. To see that this is a natural generalization of the usual notion of
strong equilibrium, we assume, for the time being, that there are R independent
chemical reactions, so that (4.11) and (4.12) hold. In this instance it is customary
to call A a “strong equilibrium state” provided?

J(A)=A4,(A)=0. (1.3)

By (4.11), the first of (7.3) implies (6.1). Further, (4.11), (4.12), and (7.3), yield
R
g (A) fly = ZIJr(A) A, (4)=0. (7.4)

Thus our notion of a strong equilibrium state is somewhat weaker than the classical
definition. For all of our results it suffices to use the definition containing (7.2).

Let A be an equilibrium state and let

Ot
aaﬂ— an Z. (7'5)

We suppose that

(C) the N x N matrix ||a,;z]| is invertible.
This assumption insures that p and gradp can be usoed as independent variables
in place of c and grad c, at least in a neighborhood of A. The next theorem provides
a rational basis for some of the linear formulae that appear in texts on nonequili-
brium thermodynamics.

Theorem 7.1. Let A be a strong equilibrium state and let fta=ﬁ,(5, (3, c°). Then
there exist scalars k, 1, 1, 5, and t, 5 such that

q= —kgradO—lagradu,+0(|A—/°1|2),
h,=—1I,grad0— I, grad s+ 0(| A~ A1%), (7.6)
My=—tus (g —fig) +O(| A= A?),

1 GurTiN [1971).
2 TRUESDELL [1969], p. 107. See also BoweN [1969), p. 121.
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as IA——/i)I—»O. Here A is given by (3.1) and q, h,, m,, u,, and grad y, correspond to
A in the sense of (3.3), (4.4),, and (4.6). Further,

tuﬂﬁa=09 (1.7
and the matrices
ety L1y,
0 0 0
Itapll 5 ooy o by (7.8)
l/N lNl s lNN

are positive semi-definite.

Theorem 7.1 asserts that to within terms of O(| A—/il %), ¢ and h, depend only
on grad 0 and grad u, while m, depends only on . Also, a simple consequence of (7.8)
is that the conductivity k is non-negative and the matrix ||/, || positive semi-definite.
Finally, note that if ¢,,=1;,, then (7.6); takes the form

My=—tyy g +0(| A—AJ%). (7.9)

The coefficients in (7.6) are related to those in (5.4) and (6.2). Indeed, by (4.4),,
(4.6), and (7.5),

fa— o= g 5(cs— ) +7.(0=0)+1,(0—B) +0( 4— A,

(7.10)
grady,=a,,gradc, +y,gradv+n,grad 0+ 0(| A—A4|?),
where
_ aﬁa Oﬂa
and thus
x=k+la’7a9 /1,"—",0,,;, Czla}’a»
)';=l;+l¢ﬂnﬁ’ /:,p=l¢¢aw,, w1=l¢ﬂyﬂ, (7.12)
1.',,,=t¢¢a¢ﬂ, 5¢=t¢ﬂnﬂ’ 5;=t¢ﬂYﬂ'
Remark 6.1. Let us now suppose that (4.11) and (4.12) hold, that
R
Y Ver fo=0 (a=1,...,N) onlywhen f,=:-=f=0, (7.13)
r=1
and that
R ° °
J=— Y L (4,-A)+0(|4-A4]%), (7.14)
s=1
where .
A=V - (7.15)

Then, by (4.11), (4.12), (7.6);, (7.14), and (7.15),

R

taﬁ= Zlvarvﬂeru (716)

rs=
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and, using (7.13) and the fact that ||z,4|| is positive semi-definite, it is not difficult
to prove that ||L,|| is positive semi-definite. Further, by (7.7), (7.15), and (7.16),

° R
vﬂersAr= Z vﬂsvarLrsﬁa=taﬂﬁz=0’ (717)

1 r,s=1

ek

r

and thus we conclude from (7.13) that

R
Y L., A,=0. (7.18)!
r=1

Therefore, in view of (7.14),

JA=0(4~A%, (7.19)

M=

]

r=1

and, if L, ,=L,,, (7.14) reduces to
R

Jo==Y L, A+0(A-A]%. (7.20)
s=1

Of course, if (7.3) holds, then (7.14) automatically reduces to (7.20). Finally, if
(7.3) holds, then (7.15) and (7.16) imply that
lep ﬁﬁzO;

thus, in this instance, (7.6); reduces to (7.9) without the assumption t,,=1;,.

8. Incompressible Materials
Assume now that the body is incompressible in the sense of the constraint

p=0. (8.1)

In this instance the stress is determined only to within an arbitrary pressure; thus
we replace (3.3), by the constitutive relation

T-1(trT)1=8(A), 8.2)
where now
A=(0,c, grad8, gradc). (8.3

The remaining relations in (3.3) are still assumed to hold, but with (3.1) replaced
by (8.3). Theorem (4.1) remains valid in the present circumstances with (4.1),
(4.2), (4.3), and (4.4), replaced by ~

S$=0

‘l’=$(6a C)9 s=§(9,€), §=— a

2

QD
D

(8.4)

-~

7 _9v.
”'a—‘#a(e’ C)— ac¢ ]

the results (4.4), and (4.5) remain unchanged.

1 A similar result is derived by Bowen [1969], Eq. (7.22).
2 This observation is due to R. M. BoweN (private communication).



192 M. E. GURTIN & A. S. VARGAS:

Homogeneous states and equilibrium states are defined analogously, and
Theorem 7.1 remains valid. Further, the equations (6.9) have the following counter-
parts:

pCo=AggAcg+A,40+m,,

Ma= —T,5(c— ) —8,(0—6), (8.5)
a1é+d¢c',=1cA0+ftpAc,,+p°r.

9. Proofs of Main Results

. Lemma9.1. Let a>0,g¢>0,d,, 5, and § be given scalars, let a, g, d,, ;, Z', and
d, be given vectors, let M be a given tensor with ttM =0, and let A, G, and D, be
given symmetric tensors. Let X, be a given material point. Then there exists a
constitutive process whose domain contains (X, 0) such that when X=X, and t=0:

v=a, 0=g, c¢,=d,, grado=a, gradf=g, gradc,=4d,,

. ] . . . .

v=;, 8=§, gradv=;, grad6=§, gradc,=d,, 9.1
grad’v=4, grad’0=B, grad’c,=D,, gradx—i(divx)1=M.

Proof. It is a simple matter to construct a motion x, a compatible specific
volume field v, and a temperature field 8 on 2’ x [0, ¢,), where 2’ is a neighborhood
of X, and ¢, >0, such that for X=X, and #=0 the results in (9.1) concerning x,
v, and 6 hold. Now let ¢, be an initial concentration vector on & with the property
that

gradco (Xo)=d,, grad’co,=D,, grad’co (Xo)=T,, 0.2)

where I, is a completely symmetric third order tensor, as yet unspecified. In view
of assumption (B), there exists a constitutive process whose domain £ x [0, #,)
contains (X, 0) such that

(X, 0)=cy(X) 9.3)

for every Xe#. Thus to complete the proof we have only to show that I, can be
chosen so that

_— *
grade,(X,, 0)=d,. 9.9
Let
k,—gradi(Xo, 0)'d,, d,=d,+k,. (9.5)
Since
grad ¢, =grad ¢, —(grad x)” gradc,, (9.6)

to establish (9.4) it suffices to show that I', can be chosen so that

gradc,(X,, 0)=d,. 0.7
By (2.2) and (2.19),

grad ¢, = —v grad div h,+v grad m,+ (—div b, +m,) gradv. 9.8)



Reacting Fluid Mixtures 193

Assume now that a Cartesian coordinate system (x,, x,, x;) is specified, and let
H,4(i, j) denote the components of the tensor H,, defined in (3.4). Then, by (9.8),
(3.3)¢,7, and (3.1),

3 3
O e Y oH G )T 11k, 9.9)

0y =1 0x;0x;0%,
where f (k) is the k-th component of a vector field f of the form

f=f@,0,c gradv, grad6, gradc, grad?v, grad?9,
grad’c, grad®v, grad®6). (-10)
We now assume that the components I, (i, j, k) of I', have the form

I.(, j, K)=Ho (i, j)vg(k)+Hop(k, J)vp(i)+He g (i, k) v5(J), 6.11)

where H,,(i, j) are the components of the tensor H,; of assumption (A) and v, (k)
are the components of the vector

0= =2 (A= (%o, ). ©.12)

Then, if we evaluate (9.9) at (X, 0) and use (3.5), (9,2)5, (9.3), (9.11), and (9.12),
we arrive at the desired result (9.7). |

Proof of Theorem 4.1. The proof of sufficiency follows upon direct substitu-
tion. To establish the necessity of (i)—~(v) we assume that every constitutive process
obeys (2.9), or equivalently, by (3.3),, (2.1), and (2.19), that every constitutive
process obeys

oy . (0F ) o — . W —
P [(W-H’) v+( 30 +s5) 0+ F(gradv) gradv+—a(grad0) gradd

oy .
+ Sragey %)
1 9.13)
—[T+p1]- [gradi:—? (divx) 1]
+divk+h,- gradu,+%q -grad8+m,p, <0,
where
p=—31(rI)1
k=k(A)=j—p, hy, (9.14)
oy

Ua=Ua(A)= Fe.

It is clear from Lemma 9.1 and the constitutive equations (3.3) that (i), (ii), and
(iii) hold and that

divk+h,-gradu,+%q-grad6+maua§0 (9.15)
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is satisfied in every constitutive process. Thus to complete the proof it suffices to
show that
k=0. 9.16)

By (9.14),, (4.4), holds; hence gradyu, is a function of v, 8, ¢, grad v, grad@, and
gradc (and is independent of grad®v, grad?0, and grad®c) and, by (3.1) and (3.3),
(9.15) has the form

divk+f(A)<0. (9.17)
On the other hand,
ok ok
divk= [————-] .grad?v+ [——————] - grad?0
d(gradv) | & (gradd) | ‘& .18

~

ok 2
+ [—————a (arad c,)] -grad®c,+ g(A),

and since (9.17) must hold in every constitutive process, we conclude from Lemma
9.1 that

[6(g?'fdv)] A= [6(gf§d0)] ‘B= [}@%%] -D,=0 (nosumona) (9.19)

whenever A, B and D, are symmetric tensors. Thus the symmetric parts of the
partial gradients of k with respect to gradv, gradf, and gradc,(x=1, ..., N)
vanish,' and we conclude from Lemma 10.2 that (9.16) holds. |

Proof of Proposition 6.1. The result (6.2) follows from (5.3) and (6.1). Next,
since (7.10), holds in the present circumstances,

He=Fia+0( A= A1), (9.20)
and, letting
Ca=Cy—Cyy U'=v—0, 6=0-6, 9.21)

we conclude from (5.2); and (6.2) that

fia[Tap Ch+ 6,0 +6,0']+0(| A= A[>)20 9.22)
as |A-/i|—>0 with A homogeneous. This clearly implies (6.3). [

Proof of Theorem 7.1. Let

&,=grade,, wv=gradv, g=gradf, 9.23)

and (with the aid of (9.21)) define
Ha=@apCy+7a0 +1a 0,

9.29)

U, =0yp8p+7,0+1, 8.

Then, by (7.10),
ﬂ;=[la—ﬁa+0(82), 99
u,=gradu,+ 0(e?), ©9.25)

1 Cf. MULLEr [1968], Eq. (6.2).
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where .
e=|A—A]. (9.26)

Since ||, 4] is invertible (by assumption (C)), we can solve (9.24), for ¢; in terms
of yz, V', and 0’ and (9.24), for &; in terms of ,, v, and g. If we do this and then
substitute the resulting relations into (5.4) and (6.2), we find that

=—kg—l,u,~Lv+0(e?),
h,=—1I,g—l,5u,—M,v+0(?), (9.27)
My=—tyq s~ Po0'— Q0"+ 0 (7).
Next, by (7.2), (9.25),, and (9.27),
My He=mg i+ 0 (e%); (9.28)

thus (9.21), (9.25),, (9.27), and the remark made in the paragraph containing (4.6)
imply that

[leg+l.pus+M,v]- u,+(0) '[kg+lu,+Lv]-g

+lopHatig+ [P0 + 0,0 e +0(e)20 9.29)

for all sufficiently small values of &', v’, g, g, v, and u,. Therefore
M,=L=P,=Q,=0; (9.30)

thus, by (9.25), (9.26), and (9.27), (7.6) holds. Finally, (9.29) and (9.30) yield
(7.8), while (9.27),, (9.30), and (7.2) yield (7.7).

10. Appendix. Isotropic Functions
In this section we discuss functions of the form
(P=(ﬁ(él’ sees éK’ Wiy eeny uM),

v=a(€19 '--’EK’ul’ ""uM)a (101)

where &, ..., &, are scalars, uy, ..., uy are vectors, @ is scalar-valued, and  is
vector-valued. We assume that § and  have for their common domain D= U x V™,
where U is an open set in RX, Here R denotes the reals and V the underlying vector
space. For convenience, we write

A=(619 ---aéKauls ~--auM) (102)

for an arbitrary element of D. Given an orthogonal tensor Q, we define QA by

QA=(€1’ "~’€Ka Qula -"sQuM)' (10'3)
We assume that @ and v are isotropic, i.e. we assume that
Pp(M)=0(Q4), Qb(A)=v(QA) (10.4)

for every orthogonal tensor Q and every 4 in D,
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Lemma 10.1. Let A in D have the form A=(¢,, ..., £,,0, ..., 0). Then'

Lo 0 ov
v(A)= = =0, 10.5
D= Fu ™25 s 10
and there exist scalars x,, ..., ky such that
v
Fu Z-—x,,,l. (10.6)

Proof. The result (10.5) follogvs fgom (10.4) with @= —1. Let K,, denote the
left-hand side of (10.6). Since QA4 =4, (10.4), and the chain-rule imply that

oK, =K,Q.

Thus K, commutes with every orthogonal tensor ; as is well known, this can happen
only if K,,=x,,1, with k,, a scalar. |

ov
ou, |,

Lemma 10.2.° Assume that the symmetric part of
in D for m=1, ..., M. Then

vanishes at every A

p=0.
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