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I. General Theory of Actions on Systems
1. Introduction

In this essay we present and explore a mathematical foundation for thermo-
dynamics which is simple in concept and sufficiently broad to support the many
manifestations of the subject found in physics, including thermodynamical
theories of “systems with memory”. Our discussion splits naturally into two
parts. Sections 1 through 8 comprise Part I and deal mainly with basic concepts
and assumptions which appear to be present in all branches of thermodynamics;
the theory developed in Part I permits us to discuss questions of existence, unique-
ness, and regularity of energy and entropy functions. In Sections 9-13, i.e. Part II,
we illustrate our general theory by developing a theory of “simple material
elements”” which contains as special cases the classical theories of elastic elements
and viscous elements as well as recent theories of elements with internal variables
and elements with fading memory. In Part II we show that many results which
have been obtained from the Clausius-Duhem inequality are consequences of a
weaker form of the Second Law of Thermodynamics.

1 Arch. Rational Mech. Anal., Vol. 54



2 B. D. CoLemaN & D. R. OWEN

It appears to us that all branches of thermodynamics employ, either explicitly
or implicitly, the concepts of “state” * and “‘process”. In the general theory of
Part I, we take the collection X of states o and the collection IT of processes P
to be primitive concepts, and we define a system to be an ordered pair (2, IT),
such that X is a Hausdorff space ¥ * and each element P of IT determines a con-
tinuous mapping o+ Po of an open subset 9 (P) of 2 into X (this mapping is
called the ““transformation induced by P”’); we assume that the pair (2, IT) obeys
two fundamental axioms: (I) for each ¢ in Z, the set of states of the form Po
with P in IT (i.e. the set of states “accessible from o) is dense in ¥; (II) if P’
and P” are processes such that the range £ (P’) of the transformation ¢~ P’'q
induced by P’ intersects the domain @ (P"’) of the transformation ¢+ P" ¢ in-
duced by P, then II contains a process, P’ P’, whose induced transformation is
the composition of 6— P"'¢ and 6> P’o.

An action 2 for a system assigns to a pair (P, 6) 2 number 2(P, o), referred to
as the supply of « on going from o to Po via the process P; according to our
Definition 2.2., to be an action, the function (P, )~ «(P, ¢) must be continuous
in ¢ and, in addition, additive on processes in the sense that whenever P can be
represented as the successive application P’'P’ of two processes P’ and P”,
2(P, ) must be the sum of the supplies of «z obtained by going from ¢ to P'c
via P’ and from P'o to Po via P", i.e.

a(P,a)=a(P", P' o)+ (P, o). (1.1)

Thermodynamics is, at bottom, the theory of actions. In Definition 3.1 we say
that an action « has the Clausius property at a state ¢ if 2(P, ¢) is approximately
negative for every process P that is nearly cyclic at o, i.e. if for each ¢>0, there
is a neighborhood @, of ¢ such that

2(P,o)<e
whenever P is a process with Po in @,. The action « has the conservation property

at o if 2(P, o) is approximately zero for each process P that is nearly cyclic at
o, i.e. if for each ¢>0, there is a neighborhood @, of ¢ such that Pe¢ in @, implies

| 2(P, 0)| <e.

It follows immediately from these definitions that if 2z has the {Clausms . } prop-
. conservation
not positive

} whenever o= Po.
Zero

In Theorems 3.1 and 4.1 we show that if an action « has the {Clausnus . }
conservation

erty at o, then «(P, o) is {

property at one state in X, then the set of states at which z has the {Clausws . }

property is dense in X. conservation
A real-valued function 4 on a dense subset of X is here called an upper poten-

tial for an action « if for each pair (¢, 0,) of states in the domain of 4, and for

* In continuum physics a “state” is determined by specifying values for the independent
variables in the constitutive equations; for a material with fading memory, ¢f. [1964, 1, 2}, the
list of independent variables contains ‘‘histories””.

*# Whereas in examples X is often taken to be a subset of a finite or infinite dimensional
normed vector space, an operation of ““addition of states” is not required in our general theory.
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each £>0, there is a neighborhood @, of ¢, such that
A(ey)~A(oy)> (P, 0y)—¢,

for every process P with Pe¢, in 0, Hence, if 4 is an upper potential for <, and
if o, and o, are in the domain of A, there holds

A(o)—A(oy) 2 «(P, 0,), (1.2)
for every P in II with Po,=0,.

It is easily shown that if an action 2z has an upper potential 4, then 2 has the
Clausius property at every state in the domain of 4. Converse theorems to this
are more difficult to establish. The main result of PartI is Theorem 3.3 which
asserts that if there is a state ¢° at which an action < has the Clausius property,
then « has an upper semicontinuous upper potential. Our proof of this theorem
is constructive in that after defining, in terms of 2 and ¢°, a set XZ° of states and
an explicit real-valued function 4° on X°, we demonstrate that XZ° is dense in X,
that A4° is an upper potential, and that A° is upper semicontinuous on all of 2°.
In Theorem 3.7 we show that the upper potential 4° constructed in Theorem 3.3
has the following interesting property: If ¢ and ¢’ are two states with ¢’ in X°,
and if ¢ is a limit of states g, obtained from ¢’ via processes P, in which the supply
of « is zero, then ¢ is in the domain Z° of A° and A(s) is not less than A(¢").
The structure and closure properties of Z° and the set € of states at which « has
the Clausius property are discussed at length in Section 3.

We call a real-valued function 4 on a dense subset & of X a potential ¥ for
an action « if for each pair (o4, ¢,) of states in &/ and each ¢>0, there is a neigh-
borhood 0, of g, such that Po, in 0, implies

| 2(P, 0)~[A(02)— A(e))]| <s.
Hence, when A is a potential for «, and ¢, and ¢, are in &, we have
A(0,)—A(oy)= (P, 6y),

for every P in II with Po,=0,. Clearly, if « has a potential, then « has the con-
servation property at every state in the domain & of 4. In Section 4 we employ
our main theorem, 3.3, to show that if « has the conservation property at a state,
then « has a potential. In that section we show also that every potential is a
continuous function and that two potentials for a given action can differ by at
most a constant on the intersection of their domains.

In Sections 6 and 7, we suppose that the set II of processes has a subset P
for which the operation of successive application (P’’, P')~ P'' P’ gives to P
the structure of an Abelian semigroup which is an epimorphic image of either
the additive semigroup, N, of positive integers or the additive semigroup, R* ¥,
of positive real numbers. We write P! for the image in P of v in N (or R* %),
and hence

plval P[v‘]=P[v2+“],

* The concept of “potential” defined here generalizes that used in the theory of vector
fields and line integrals.

1*
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for all v in 3, where J stands for N or R**. When there is at least one state
¢’ which is in () 2(P™) and is such that ¢=lim PM¢’ exists and is also in

ved v—= oo
N 2(PYY), we call P a stagnating family of processes, and we refer to ¢ as a
ved
stagnant state for P. In Section 6 we show that if P is a stagnating family, then for

o to be a stagnant state for P, it suffices that Po =0 for one process P in P, and
if o is a stagnant state for P, then Po=o for every P in P. We use this observa-
tion to show that if ¢ is a stagnant state for a stagnating family P and if «is an
Clausius . } property at g, then «(P, o) is {not p osmve}
conservation Zero

for every P in P, and, moreover, for all distinct v;, v, in 3, the ratio

2(P", )= 2(P"Y, )
v, — v,

action with the {

equals (P!, ¢), a constant; if, in addition, P is an epimorphic image of R**
(i.e. if 3 is not N), then «(P™, o) is a differentiable function of v and

d [v] — [1]
av 2(P, 0)=a(P'", 0),

Clausius ropert
conservation property

at a stagnant state o, then the rate of supply of # to maintain the state o is con-
not positive
zero )

We say that a state ¢° is a relaxed state for an action « if there is a stagnating

family P of process PI'), ve S, such that ¢° is in [} 2(P"), and for some state ¢
ved
in () 2(P™), both P ¢ and 2(P™, ¢) have limits as v— o0, and, moreover,
ved

for all vin R* ™. In more suggestive terms: if « has the {

stant and

6° = lim PM"¢;
h ' Andle ]
the stagnating family P is said to relax o to ¢° for z. In other words, for ¢° to be
a relaxed state for 2, ¢° must be a stagnant state for some stagnating family P
such that ¢° is ultimately obtained via P with finite “total supply” of 2. Our
Theorem 7.1 shows that if P relaxes some state ¢ to ¢° for «, then

(P, 6°) =0,

for every P in P (whether or not « has the conservation property at ¢°).

Our principal reason for introducing the apparatus required to define relaxed
states at this level of generality is that the concept is employed in Theorems 7.2
to 7.4. In those theorems we assume that there is given an action « for which
there are relaxed states, and we suppose that ¢ has the Clausius property at one
of its relaxed states, ¢°. Theorem 7.2 states that the upper potential 4° con-
structed in the proof of Theorem 3.3 is (with respect to pointwise partial order)
the smallest element of the class of upper potentials which have common domain
X° and vanish at ¢°. Theorem 7.3 gives a condition under which the class of
upper potentials defined in Theorem 7.2 has a largest element A°, which, like A°,
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can be exhibited explicitly. Theorem 7.4, a corollary to Theorems 7.2 and 7.3,
gives a necessary and sufficient condition to have A°=A4°, i.e. for there to be
precisely one upper potential 4 for « with domain X£° and with 4(¢°)=0.

In Sections 5 and § we cast into terms closer to those employed in works on
thermodynamics parts of the mathematical theory briefly described above and
developed in detail in Sections 2, 3, 4, 6, and 7. Our version of the Laws of
Thermodynamics is stated in Section 5, and we there gather together results
which bear on the existence and analytic properties of energy and entropy func-
tions. In Section 8 we discuss the ways the existence of relaxed states can limit
the class of possible entropy functions.

In the last decade much progress has been made toward elevating the thermo-
dynamics of space-filling bodies from an art to a mathematical science. In much
of this research the emphasis has been laid upon the problem of finding the
restrictions which the Second Law of Thermodynamics places upon constitutive
assumptions, although important parts of the more recent work have dealt with
the measure-theoretical foundations of continuum thermodynamics, with the
implications of thermodynamics for wave propagation, and with the problem
of giving a dynamical significance to the criteria for stability proposed by GiBss
and DUHEM. Most of the research dealing with the thermodynamic restrictions on
constitutive assumptions has started with the Clausius-Duhem inequality,* which
in integrated form is a special case of an inequality of the type (1.2) with the
action « defined in terms of variables appearing in the constitutive equations.

In formulating the present general theory we have been influenced by the
research based on the Clausius-Duhem inequality,* ¥ for that work shows what
sort of special theories our mathematical foundation must be able to support. * **

* Exceptions are the work of DAy [1968, 3] [1969, 1] and the earlier studies of UbpESCHINI
[1943, 1] and CaprioLr {1955, 1] in which entropy and stored energy are treated as derived rather
than primitive quantities. See also the recent survey by DAy [1972, 1}

#* Particularly the following: COLEMAN & NorL [1963, 2], CoLEMAN & MizeL [1963, 1]
[1964, 3] [1967, 2], CoLEMAN [1964, 1, 2], CoLEMAN & GURTIN [1967, 1], OWEN [1968, 4], and
CoLEMAN & OweN [1970, 2].

* Some time after the research described in Part I was completed, J. C. WILLEMS® theory
of “dissipative dynamical systems” appeared in this Archive [1972, 3]. WILLEMS’ theory, although
it has some formal features in common with that described here, employs thermodynamical
assumptions much more restrictive than those which we consider. In our language, WILLEMS’
““ dissipative systems”” have entropy functions which are bounded above. [See his Def. 1 and Thm. 1

in which his — S, and —.5 play the roles of our entropy functions, i.e. upper potentials for a
t

1
preassigned action . which he writes — _[ w(t) dt.] WiLLEMs shows for a system to be dissipative,
to
in his sense, it is necessary and sufficient that there be for each state o, a number M (o), such that
2(P, 0)= M (o)

for all P in IT with ¢ in Z(P); i.e. in WILLEMS® theory there is for each ¢ a finite upper bound
M (o) for the supply of 2 on going to any state accessible from a. Such a property for « is much
stronger than the Clausius property, which does rnot imply the existence of an upper potential
which is bounded above.

We do not believe that WiLLEMS’ theory is appropriate to the physical systems we have in
mind. Even for an ideal gas the entropy is not bounded above, nor is the Helmholtz free energy
bounded below.
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We have also been influenced by some recent work of W. NoLL and W. A. DAy.
The concept of a system as defined in Section 2 of Part I was suggested to us
by W. NoLL’s definition of a ‘““material element”, and our theory of stagnant
states draws upon ideas in Section 12 of his paper {1972, 2] as well as ideas in a
paper of COLEMAN [1962, 1]; our (non-thermodynamical) Theorem 6.2 follows
NoLL’s proof of his Theorem 12.1. The basic idea that, even for systems with
memory, a thermodynamical inequality of the Clausius type should imply the
existence of an entropy function is found in an important paper of W. A. DAy
[1969, 1]. His “Thermodynamical Axiom” asserts that a certain sum (or integral)
is not positive when evaluated on infinite processes which start and end at
equilibrium states with the same strain and internal energy. In contrast, our
formulation of the Second Law asserts that there is one (not necessarily equi-
librium) state at which a preassigned action has the Clausius property, i.e. is
approximately negative on processes which start at that state and return near to
it. A principal difference between the theory we develop in Partl and that of
DAY, and also that of NoLL, is that in accord with our search for simplicity and
generality we employ concepts of process and state which do not require that
processes be identified with functions on intervals or that states have ““configura-
tions”’.

2. Systems

The basic primitive objects of our theory are the collection X of the “states of
a system” and the collection IT of the “processes of a system”; each process P
determines a mapping pp of states into states; pp is called the “transformation
induced by P.” The pair (2, IT) is assumed to obey certain axioms which are
rather weak; they assert that 2 possesses a Hausdorff topology which renders the
mappings pp continuous, that IT is large enough to insure that the set of states
accessible from a given state via processes is “most of 2 in the sense that it is
dense in X, and that for each pair (P, P") of processes such that the range of pp.
reaches the domain of pp.., the “successive application” of P'' and P’, P" P’,
is well defined, is again a process, and the transformation pp..p. induced by this
process equals the composition of pp.. and pp..

Formally, we lay down the following definition.

Definition 2.1. Let (Z, IT) be an ordered pair in which 2 is a Hausdorff space, and IT
is a set of objects each of which determines a continuous function pp mapping
a non-empty open subset 2 (P) of X onto a subset Z(P) of X. If (X, IT) obeys the
axioms I and II below, then (Z, IT) is called a system; each element ¢ of 2 is
called a state, each element P of IT is called a process, and pp is called the trans-
formation induced by P.

I. For each ¢ in Z, the set

def
is dense in Z. lo = {ppo| Pell,ceP(P)} 2.1

II. Let £ be the subset of IT x IT comprised of all pairs (P"”, P’) such that
the range of pp. meets the domain of pp.., i.e.

P={(P", PYell xIT|D(P")NR(P) %+ };
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on 2 there is assigned a II-valued function (P"', P")~> P"” P’ such that
(P P)=p;} (2P A(P)
and, for each 6 in 2(P" P"),
pPprprG=pPp Pp: 0. (22

For each ¢ in X, we refer to ITa, defined in (2.1), as the set of states accessible
Jrom o. For the set of all ordered pairs (P, ¢) with P in IT and ¢ in 2 (P), we use
the symbol II¢ X,

Definition 2.2. An action < for a system (Z, I7) is a real-valued function on 71O X
obeying the following conditions of additivity and continuity.
(i) Additivity: if P and P’ are in II with (P"', P") in 2, and if ¢ is in
Z(P" P"), then

2(P" P',0)= a(P', 0)+ a(P", pp.0). (2.3)
(ii) Continuity: for each P in II, the function «p: 2(P)— R, defined by
dP(G')= d(P, 0'), (24)

is continuous.

When discussing an action «, if one writes (P, ), it is automatically under-
stood that ¢ is in Z(P), i.e. that (P, 6) is in IIO Z. We refer to 2(P, o) as the
supply of « on going from o to ppo via the process P.

There are systems for which two processes P’, P’ can induce the same trans-
formation, i.e. can be such that pp. = pp.., but give different values to an action «.
Hence one must bear in mind the distinction between processes and their induced
transformations. However, much of the present theory is more concisely described
and more easily grasped if one employs a notation which does not render explicit
this distinction. Throughout most of this study and, in particular, throughout
the remainder of Part I, we simplify our notation by writing P for pp, so that P
represents both a process, i.e. an element of II, and a transformation, i.e. a
continuous XZ-valued function on a subset of X. In this notation, p,o becomes Pa,
and whenever we write Po it is to be understood that ¢ is in 2 (P). Thus for a
pair (P, P") in #c1II x II, the symbol P"” P’ can denote either a process or the
transformation pp.. pp.; of course, P"P’c can mean only pp..pp.a. Whenever
we write P’ P’, we assume that @ (P')nZ(P’) is not empty, or, equivalently,
that (P, P') is in #. In accord with these conventions, the equation (2.3) can be

written 2(P" P, 6)= a(P', 6)+ a(P", P’ 6).

In subsequent sections we shall refer frequently to the following direct con-
sequence of the assumed continuity on Z(P) of the function «p and the trans-
formation induced by P.

Remark 2.1. Let « be an action, ¢° a given state, and 0 an open subset of 2.1t P
is a process with Pg° in @, then for every £> 0 there is a neighborhood ¥ 0 of ¢°

¥ Throughout this paper, whenever we refer to a “neighborhood of a state 6™, it is to be
understood that we mean an open subset of X containing o, i.e. an open neigborhood of o.
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such that
Oca(P) and POcO,
while R
2p(0) = K, (ap(c")),

where PO is the set {Po|oed}, i.e. is the image of & under the transformation pp,
and A(2p(c°)) is the open interval («p(c°) —é, 2p(c°)+¢€).

Proof. Let >0 be given. Recall that when we write Po° we are automatically
assuming that ¢° is in 2 (P). If P¢° is in 0, then, by the continuity of #, and P
on Z(P), and the fact that 2 (P) is open in X, there are neighborhoods @' and 0"
of ¢° which are subsets of 2 (P) and such that 2,(0") = A,(2p(c°)) and PO < 0.
The set 0’ A 0" obviously has the properties here required of &; q.e.d.

3. Actions with the Clausius Property

Definition 3.1. Let ¢° be a state and let # be an action for a system (Z, II). If for
each >0 there is a neighborhood @ of ¢° such that

Pell, Poc°cl® = a(P,6%)<s, 3.1

then we say that « has the Clausius property at ¢°. If for each >0 there is a neigh-
borhood @ of ¢° such that

Pell, Pc°c0 = |2(P,0°|<¢, 3.2
then « is said to have the conservation property at ¢°.

conservation
erty at a state o° if the supply of 2 on going from ¢° to any state in a small

neighborhood @ of ¢° is approximately {ngstlve

In terms which are not quite precise, an action « has the {Clausms }prop-

for all processes P which

effect such a transition (even if P=P" P’ with P'¢° outside of 0). Suppose P
is a process such that Po°=06" (of course, there may not exist such a process);
if « has the Clausius property at ¢°, then «(P, ¢°) is not positive; if « has the
conservation property at ¢°, then «(P, 6°)=0.

If «is an action, ¢° a state, and @ a subset of X, then we write 2{¢°— 0} for
the set of numbers z(P, ¢°) obtained by letting P vary over the processes whose
induced transformations take ¢° into 0:

2{c° >0} = {2(P, ¢°)| PIl, P5°c0}. (3.3)

Lemma 3.1. For an action « to have the Clausius property at a state ¢°, it suffices
that there exist a non-empty open set O of states such that the set 2{¢°— @} is
bounded above.

Proof. Suppose there is an ¢ obeying the hypothesis, i.e. such that sup «{¢°— 0} =
b< . Let ¢ be a positive number. By the definition of supremum, there is a P
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with Pe® in @ and

«(P, 0°)+%> b. (3.4)

In view of Remark 2.1, there exists a neighborhood & of ¢° such that

Poco (3.5)
and ~
a,,(co)c#% (2p(c°)). (3.6)

The lemma will be proven if we show that for every P in IT obeying
Po°ed), (3.7
there holds 2(P, 6°)<e. Now, let P obey (3.7). By (3.4),
a(P,6°)+b< 2(P, %)+ 2(P, ¢°) + —;—,
and, by (3.6) and (3.7),
«(P, ¢°)— —;—< (P, Po®).

Thus,
a(P, 6°)+b< 2(P, c°)+ 2(P, Pc°) +e.

Clearly, P6°e Z(PYnOc R (P) N D (P), i.e.6c°c D (PP),and (2.3) yields 2(PP,c°)=
2(P, 6°)+ 2(P, Pc®); hence, the last inequality above can be written

a(P,¢°)+b< 2(PP, ¢%)+e. (3.9

On the other hand, (3.7) and (3.5) yield PPc°e PO <0, so that, by the definition
of b,

a(PP, ¢°)<b. (3.9)
The relations (3.8) and (3.9) yield «(P, 6°)<¢; q.e.d.

Lemma 3.2. If < is an action with the Clausius property at a state o°, then every
state o has a neighborhood @ for which the set 2{¢°— @} is bounded above.

Proof. If « has the Clausius property at ¢°, then there exists a neighborhood ¢°
of ¢° such that

sup «{6° > 0°} <4, (3.10)

where sup «{6°— 0°] is the least upper bound for the supply of « on going
from ¢° into 0°. Let ¢ be an arbitrary state, and let P be a fixed process for which
Po is in 0°. (It follows from axiom I of Definition 2.1 that such a process P
exists.) By Remark 2.1 there is a neighborhood @ of ¢ for which

PG<c@° (3.11)
and
2p(0) = N (2p(0)). (3.12)
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To prove the lemma we shall show that 2{¢° — @} has a finite upper bound. If
Pg°isin 0, then ¢° is in 2 (PP), and, by (3.11), PPs° is in 0°; hence (3.10) yields
1> 2(PP, ¢°). (3.13)
Since P¢° is in O, we have, by (3.12),
2(P, Pc®)> 2(P,6)—1,
and (2.3) yields
2(PP, 6°)— 2(P, ¢°)= a(P, P6°)> 2(P, 6) —

or, by (3.13),

1— (P, 0)> (P, c°). (3.14)
Because P and ¢ do not depend on P, it follows from (3.14) that

sup 2{6° > 0}<1—2(P, o)< ©0; (3.15)
g.ed.

Lemma 3.3. Let ¢° and o be states, let 2 be an action with the Clausius property
at ¢°, and let €(0°, o) be the following class of open subsets of X:

S(c°, 0)={0|0=Z, O open, Ocontainso, sup z{c° > O} <oo}.  (3.16)
If

m(c°, ) < inf sup 2{c° — 0} 3.17)

0e&(o°, o)

is finite, then « has the Clausius property at ¢.*

Proof. Since « has, by hypothesis, the Clausius property at ¢°, there exists a
neighborhood ¢° of ¢° for which

sup 2{6° - 0°} <%. (3.18)

Assuming that m(c°, o) is finite, we shall show that the set 2{o — ¢°} is bounded
above; then application of Lemma 3.1 will yield this lemma. To this end, let P
be a process with Po in ¢°. By Remark 2.1, there is a neighborhood @ of & with
PO = 0° and

(P, ) = Ny (ap(0)). (3.19)

Because « has the Clausius property at ¢°, Lemma 3.2 tells us that we can choose
0 so that a{c° > (D} has a finite supremum, i.e. so that @ is an element of S(¢°, o),
and if we so choose (9 there will exist, by the definition of supremum, a process P
such that Po® is in & and

sup 2{6° - 0} < a(P, 6°) +1. (3.20)
When m(c°, o) is finite, we have, by (3.17) and (3.20),

m(¢°, a)+ a(P, 6) <sup 2{0° = O} + 2(P, 6) < a(P, ¢°) + 2(P,0)+%1.  (3.21)

* The suprema shown in (3.16) and (3.17) are taken over all processes P such that P¢°isin 0,
in accord with the definition (3.3) of the set z{c°— @}.
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Since, by (3.19),
(P, d")+%> (P, 0),

for each ¢’ in &, and since Po° is in 0, we have
(P, Po°)+1> 2(P, 0),
which, in view of (3.21), (2.3), and the fact that ¢° is in 2 (PP), yields
m(c°, 6)+ 2(P, 6)< a(P, 6°)+ (P, P6°)+ %= 2(PP,¢°)+%. (3.22)
As Po°e® and PO < @°, the state PP¢° is in 0°, and thus, by (3.18),
(PP, c°)<1%. (3.23)
The inequalities (3.22) and (3.23) imply that whenever Po is in ¢°, we have

a(P,a)<1—m(o°, 0).
Therefore,
sup @{c—0°}<1—m(s°, 6)< 0,

and, by Lemma 3.1, < has the Clausius property at ¢; q.e.d.

Suppose that « has the Clausius property at ¢°. By Lemma 3.3, « has the property at every
state in the set £° of states o at which m{(¢®, &) [defined in (3.16) and (3.17)] is finite. We conjecture
that there are systems and actions for which X° does not equal E,# and there may be cases in
which Z° does not contain every state at which « has the Clausius property. To prove one of our
principal results, Theorem 3.1 below, we shall show, however, that Z° does contain IT¢° and
hence, by axiom I of Definition 2.1, £° is dense in Z. Theorem 3.1 asserts that « has the Clausius
property at either no state or an everywhere dense set of states. The observation that /7 c°is a
subset of ~°, employed to prove Theorem 3.1, will be strengthened later in this section when we
examine in more detail the structure and closure properties of X°. [See Theorems 3.4 and 3.5 and
Remark 3.2.]

Theorem 3.1. If the set of states at which an action has the Clausius property is
not empty, then it must be dense in X.

Proof. Let 2 be an action, and suppose that &, the set of states at which < has
the Clausius property, is not empty. Let ¢° be in ¥, and put

= {s{oeZ, m(c°, 6)> — 0}, (3.24)

where m is defined by (3.17). By Lemma 3.3, 2 has the Clausius property at each
state in 2°, i.e. 2°c¥%. Let P be a fixed process and let @ be in the class €(¢°, Po°),
with © as in (3.16). [Because « has the Clausius property at ¢°, it follows from
Lemma 3.2 that &(¢°, Po®) is not empty.] Since Po® is in @, the number 2(P, ¢°)
is in the set #{¢°— 0}, defined by (3.3), and therefore

sup 2{¢°— 0} = (P, ¢°).

¥ In Theorem 13.2 we show that for * viscous elements™ Z° does equal X~ when « is identified
with the action ¢ of (9.7). We do not, however, believe that similar theorems hold for the general
“elements with internal variables” and ““elements with fading memory” described in Sections 11
and 12. For the elastic elements of Section 10, I7¢° equals ZX.
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As this relation holds for every @ in ©(o°, Po°), the number

m(c®, P6®)= mf sup{c’°-0}
0ecS(s°, Pa®)

is finite. Thus Pg¢° is in 2°, i.e. Z° contains all states of the form P¢® with P a
process. In other words,
He°cXc¥,

and, since, by axiom I of Definition 2.1, ITo° is dense in X, the set ¥ is dense in X,
g.e.d.

As a corollary to the proof just given we can assert
Remark 3.1. If an action has the Clausius property at a state ¢°, then it has this
property at all states accessible from 6°, i.e. at all states in the set IT¢°.

The following lemma generalizes an important observation of DAy.*

Lemma 3.4. Let « be an action which has the Clausius property at ¢, and o,,
and let 0 be an open subset of X such that the sets z{o, >0} and «{o, > 0}
are both bounded above. For every ¢>0, there is a neighborhood @, of o, with
«{c—0,} bounded above and with

sup z{c; - 0,} +sup 2{c, > 0} <sup z{g, > 0} +e. (3.25)

Proof. Let 04, 6,, and @ be as stated, and let ¢>0 be given. By the definition of
supremum there is a process P, with Po,e0, such that

sup «{c, > 0} < 4(P, 5,) +% (3.26)

By Remark 2.1, a neighborhood €@, of ¢, can be chosen so that PO, ¢ and

2(P, 02)c./V§E(a(1—’, G2))- (3.27)

Furthermore, since « has the Clausius property at o, it follows from Lemma 3.2
that the set 0, can be chosen so that sup «{c, - 0,} is finite. If P is a process
for which Po, isin @,, then ¢, is in 2 (PP) and by (2.3), (3.26), and (3.27), we have

a(P,a,)+sup z{o, > 0} < a(P,c )+ «(P, 02)-}-i
2
, (3.28)

<a(P,0.)+ I:d(l_),PO'I)-I--;—] +°2— (PP, 61)+%+ ¢

5
Since here Po,e0, and PO,<=0, we have PPo,e(, and hence
2(PP,g,)<sup «{c, - 0}.
Thus, (3.28) implies that for every process P with Po, in 0,
(P, a,)+sup z{c, > 0} <sup 2{c, > O} + 3¢,
#1969, 1], p. 91, Lemma 2, item (3).
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and upon taking the supremum of the left side of this inequality over all such
processes P we obtain

sup 2{g; = 0,} +sup 2{a, > O} <sup z{c, - O} + 3¢,
which yields (3.25); q.e.d.

Definition 3.2. Let « be an action for (Z, II). A real-valued function 4 is said to
be an upper potential for « if
(1) the domain of A is a dense subset &/ of Z, and
(2) whenever o, and o, are in «, there is, for each £¢>0, a neighborhood
0 of ¢, such that

Pell, Po,e0 = A(cy)—A(g,)>«(P,o,)—¢. (3.29)

Theorem 3.2. If an action has an upper potential 4, then it has the Clausius
property at every state in the domain of 4.

Proof. Let « be an action, and let 4, with domain &, be an upper potential for .
Then, for each ¢° in & and for each £>0, there is a neighborhood @ of ¢° such
that (3.29) holds with ¢, =6, =0¢°. But when ¢, =0,=0°, (3.29) reduces to (3.1),
and hence =z has the Clausius property at ¢°; g.e.d.

We are now ready to prove the main theorem of this section, which states that
every action with the Clausius property has an upper semicontinuous upper
potential.

Theorem 3.3, If there is a state at which an action has the Clausius property, then
the action has an upper potential which is upper semicontinuous on its domain.

Proof. Suppose that « has the Clausius property at ¢°, and let m(s°, -) be defined
by (3.17) with € as in (3.16). Let Z° be the set defined in (3.24), and for each o
in Z° put

A° (o) i (¢°, 6). (3.30)

By the definition of £°, 4° is a well-defined function with range in R. In the proof
of Theorem 3.1 we showed that Z°, the domain of 4°, is dense in . We now show
that A° has property (2) of Definition 3.2. Let 6, and g, be givenin X°, and let ¢ be
any positive number. It follows from Lemma 3.3, that « has the Clausius property
at o; and o,. By the definition of infimum, there is a set @, in the class of sets
S(6°, 0,) such that

sup 2{c° > 0,} <m(s°, az)+—§—=A°(az)+%. (3.31)

By Lemma 3.2, 0, can be chosen so that the set «{o, — 0,} is bounded above.
According to Lemma 3.4, ¢, has a neighborhood @, such that

sup 2{c°—0,} +%>sup 2{6°— 0,} +sup z{6, > 0,}. (3.32)
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Moreover, by (3.17) and (3.30),
sup 2{0° — 0,}z2m(s°,06.)=A4%(ay),

and, if we put this and (3.31) into (3.32), we obtain

A°(az)+-§~+§>A°(a1)+sup 2{o, = 0,). (3.33)
Now, if Po, is in @,, then

a(P,o,)<sup 2{o,; - 0,},
and (3.33) yields
AO(UZ)—AO(01)> d(P, 0'1)_‘8,

and hence 4° is an upper potential. Now, let ¢’ in 2° and ¢>0 be given. By (3.30)
and (3.17), there is an ¢, in €(¢°, ¢') such that

e+ A°(c')y>sup 2{c° > 0,}. (3.39)

Of course, @, is open and contains ¢’. We shall show that for each ¢ in 0, 2°,
there holds

e+ A°(6")y> A°(0); (3.35)

i.e. that A° is upper semicontinuous at ¢’ (in the topology induced on X° by ).
To this end, let ¢ be in 0, N 2°, and note that since 0, is in ©(¢°, ¢"), sup 2{¢°— 0,}
is finite, and, by (3.16), 0, is in €(¢°, o). By (3.17) and (3.30),

sup2{c°—>0,}= inf supz{c®— O0}=m(c°,0)=A°(0)
0e&(a°, o)

which, in view of (3.34), yields (3.35); q.e.d.

If 2 has the Clausius property at ¢°, the domain X° of the upper potential
A°=m(c°, +) contains ITc° [see the proof of Theorem 3.1]; when IT¢° +X, Z° may
be larger than I7¢6°. Indeed, Theorem 3.4 below tells us that if 2 has the Clausius
property at ¢°, the set X2° contains all states which are limits of the form lim P,o°,

n—r oo

where P, is a sequence of processes for which the values «(P,, 6°) of the action =
have a limit; moreover, if the topology on Z obeys a certain mild restriction met
by all metric spaces, then X° is precisely the set of all states which are such limits,
and A°(o) equals a supremum of limits of numbers «(P,, ¢°).

Theorem 3.4. Let 2 be an action which has the Clausius property at a state ¢°
in Z. The set Z° of (3.24) then contains every state ¢ for which there is a sequence
nw P,, with P, in II, such that

[=lim 2(P,, ¢°) (3.36)
exists and
limP,¢o°=o0. (3.37)

Moreover, for each such state ¢ and sequence n— P,,

I£m(c®, o). (3.38)
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If the topology of X satisfies the first axiom of countability, then for every element
o’ of Z° there is a sequence n— P,, with P, in II, such that

m(c°, ¢')=lim (B, ¢°), limP,¢°=¢"; (3.39)
in this case
m{c®, ¢’)=sup lim 2z(P,, 6°), (3.40)

where the supremum is taken over all sequences n— P, for which ¢’=lim P,c°
n—=+ 0

and for which the limit / in (3.3:\6) exists [this supremum is a maximum, for it
is achieved by the sequence n~ P, obeying (3.39)].

Proof. Let n— P, be such that / exists, and let ¢ be as in (3.37). Because « has the
Clausius property at ¢°, the set S(c°, o) of (3.16) is, by Lemma 3.2, not empty.
Let ¢ in &(¢°, 0) and £>0 be given. Then @ is a neighborhood of &, and, by
(3.37) and (3.36),

P,6c°c0 and !—¢=a(P,0°)
for at least one positive integer n. Hence
l—e<sup {c° - 0},
and as this holds for each @ in &(¢°, o), we have, by (3.17),
m(e°®,0)21—e>—00;
i.e. ¢ is in 2°. Furthermore, as ¢>0 is arbitrary, m(¢°, o) obeys (3.38).

Suppose now that the topology of Z obeys the first axiom of countability, let
¢’ in X° be given, and let {0,|k=1, 2, ...} be a neighborhood basis at ¢’. By (3.17)
there is, for each positive integer k, a set 0% in S(a°, ¢’) such that

m(e°, ') <sup 2{c° = 0"} <m (s, a’)+%. (3.41)

Clearly 0* 0, is in &(6°, ¢'), and so also is

0" N (@*n0oy.
k=1
Hence

m(c®, ¢’} <sup 2{c° — (5"}

<sup (0" > 0} <m(e", )+, (342

because "< 0" and (3.41) holds for k=n. Since II 6° is dense in X, for each
positive integer » thereis a P, in IT with P,6°e®"; moreover P, can be chosen so
that

sup 2{o° - 0"} ——’11—< 2(B,, a°). (3.43)
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By (3.17), (3.43), (3.3), and (3.42), we have

~ 1
m(s®, o’)—-%gsup 2{c° > 0"} -

< a(P, 6°)Ssup 2{c° - 0"}
Le] ’ 1
<m(e®, a")+—.
n
Thus we can construct a sequence n+— P, with P, in IT, P,c°c@", and
1 ~ 1
m(o°®,6')— - < a(P,, c°)<m(c°, 6')+ P (3.44)

It is clear from (3.44) that the sequence n+ P, obeys (3.39),. Let @ be a neigh-
borhood of ¢'; @ contains, as a subset, an element 0y of the neighborhood basis
{0.]k=1,2,...} at ¢’, and, by the definition of &, &" = Oy; furthermore, §" < "
for all n= N. Hence, for each n= N, we have

p o_pn _oN
P,o°e0"cO0” <Oy 0,

and therefore the sequence n— P, obeys (3.39),. When we proved (3.38), we
showed that for every sequence nw P, obeying (3.36) and (3.37) with o=0’,
there holds

lim 2(P,, 6°) £ m(c°, 0');

in view of this and (3.39),, the relation (3.40) is obvious; q.e.d.

Because of Theorem 3.4, the concept of ““approach” defined in Definition 3.3,
is important to our subject.

Definition 3.3. Let 2 be an action for (Z, IT) and let ¢° and ¢ be in XZ. If there
exists a sequence n~» P,eIl such that o=1lim P,c° and the real sequence n+—

n—+cw
2(P,, ¢°) converges, then we say that ¢ is «-approachable from ¢°. When a sub-
set & of X contains all states which are =-approachable from elements of & we

say that & is closed under <-approach.

Clearly, for any action « and any state o, the set of states a-approachable
Jrom o contains 1o, the set of states accessible from o.

Theorem 3.4 tells us that if = has the Clausius property at ¢°, then the set %°
of (3.24) contains all states a-approachable from ¢°; if, in addition, the topology
of Z obeys the first axiom of countability, then 2° is precisely the set of all states
a-approachable from ¢° and the function m(¢°, -): 2° > R is given by (3.40).

As was the case for the results preceding Theorem 3.4, the remaining discussion
of this section does not require a topological axiom of countability.

Lemma 3.3 and the second sentence of Theorem 3.4 immediately yield the
following theorem.

Theorem 3.5. The set of states at which an action « has the Clausius property is
closed under «-approach.
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Less obvious, but also true, is

Theorem 3.6. If # is an action which has the Clausius property at a state ¢°,
then £°, the set defined in (3.24), is closed under «-approach.

Proof. Let ¢° obey the hypothesis of the theorem, let ¢’ be in Z°, and suppose
that 6eZ is e-approachable from ¢, i.e. is such that there is a sequence n— P,ell
for which lim «(P,, ¢') exists and lim P,o’=0. We must show that ¢ is in 2°,

noo - o
and to this end we let @ be an arbitrary set in S(¢°, ¢). Since ¢’ is in Z°, Lemma 3.3
tells us that = has the Clausius property at ¢’ as well as at ¢°, and, by Lemma 3.2,
there exists a neighborhood @ of & such that 2{¢’ —» 8} is bounded above. Let
=00, and observe that the sets 2{c°— @)} and «{¢'— &} are both bounded
above. By Lemma 3.4, ¢’ has a neighborhood ¢ such that

sup 2{6° - 0’} +sup 2{c’ — 0} <sup «{c° - 8} +1. (3.45)
Because ¢’ is in Z°, we have by (3.24) and (3.17),
— oo <m(c®, 6’ )Ssup 2{c°— 0'}. (3.46)

Moreover, since o=1lm P,6’, and I=lim «(P,, 6') exists, there is a positive
n—o« n—aw

integer » such that P,o" is in & and

l<a(P,d)+%;
from this it follows that
l<sup 2{c’ — 0} +1. (347

On adding (3.46) to (3.47), we obtain, by (3.45), the inequality
m(c°, 6")+1—1<sup 2{c° - 0}.
Since @ =0, for each process P with Pc°cd, we have Po°c0, and therefore

sup 2{6° — 0} <sup 2{s° > 0}.
Thaus,
sup «{c° > 0}>m(c°, ¢)+1-1. (3.48)

Because (3.48) holds for each set ¢ in S(¢°, ), and the right hand side of (3.48)
is finite and independent of @, it follows from (3.17) and (3.24) that ¢ is in Z°;
g.e.d.

It is a corollary to Theorem 3.6 that whenever ¢’ is in X°, the set Ilo’ is a
subset of X°.
The following remark summarizes observations we have made about 2°.

Remark 3.2. If an action « has the Clausius property at a state ¢°, then the set Z°,
defined by (3.16), (3.17), and (3.24), enjoys the following properties:

(1) Z° is dense in Z, for X° contains each state #-approachable from ¢°
and hence each state accessible from ¢°;

(2) Z° is closed under #-approach;

2 Arch. Rational Mech. Anal., Vol. 54
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(3) «has the Clausius property at each point of Z° and hence at each state
a-approachable from ¢°;

(4) there is defined on X° an upper semicontinuous function which is an
upper potential for .

Theorem 3.7. Let 6°, o', and o be states, let « be an action which has the Clausius
property at ¢°, let Z° be the set defined in (3.24), with m as in (3.17), and let
A°: Z° > R be the upper potential defined for « by (3.30). If ¢’ is in 2°, and there
is a sequence n— P,ell, such that

limP,¢'=0¢ (3.49)
and, in addition,
(P, ¢')=0, for n=1,2,..., (3.50)
then not only is ¢ in 2°, but
A’ ()2 A° (o). (3.51)

Proof. Let n+ P, be as in (3.49) and (3.50). By item (2) of Remark 3.2, ¢ and

o, d=efP,,a’ (for every n) are in X°. By Definition 3.2 and the equation (3.50), there
holds, for each n,
A°(0,)2A°(6")+ «(P,, 6")=A° (o). 3.52)
By (3.49),
limo,=0

n—=o0

in the topology induced on 2° by X, and, by Theorem 3.3, 4° is upper semi-
continuous at ¢ with respect to this topology. Hence, for each ¢>0, there is an N
such that, for n> N,

A°(a)+e> A°(a,). (3.53)

Employing (3.52) for an n> N, we obtain, in view of (3.53),
A°(0)+e>A°(d),
and as this holds for each ¢>0, the theorem is proven.
The argument employed to prove Theorem 3.7 yields also

Remark 3.3 Let 2 be an action which has the Clausius property at some state ¢°,
and let Z° and 4° be as in (3.24) and (3.30). If ¢’ in 2° and P in I, n=1, 2, ...,
are such that the sequence n+— o,, defined by

6,=PV¢, ¢,=P%¢,, ..., 6,=P"0,_,, ...,
has a limit ¢ in X and, moreover,
1 2
0= (P, 6")= a(P?®,6)= = a(P™,0,_)="--,
then o is in X° and

A(6)24(0,) =2 A(0,) S A(0,4 ) S-S A(0).
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Proof. Since ¢’ is in X°, the state 6, =P ¢’ is in Z°, and, since 2(P", ¢")=0,
Definition 3.2 yields
A(oy)—A(6)2 2(PV, 6)=0.

Similarly, for n=1, 2, ...,
Ao, )—A(0,)Z 2(P"7 D, 6,)=0,
i.e. A(c,,,)=A(c,). Let us now define a sequence of processes P, as follows:
pP,=PY,  p,=P?Pp, .., P,=P"P,_,.
Since P,a’=g0,, and, by (2.3),
2(P,,0")=a(P",P,_,6)+ a(P,_{,0)
=a(P®,6,_1)+ a(P,-1,0)

=0+ a(Pn—-l’ o”)’
ie.
d(Pn, 0") = a(Pn— 15 OJ)= = a(Pl’ 6’)=0’
we conclude that the sequence n+> P, obeys (3.49) and (3.50). Thus, o is in 2°, and
A(o)= A(c"). To show that A(¢s) dominates each of the numbers 4(s,), we note
that since 4 is upper semicontinuous at ¢, there is, for each ¢ > 0, an N such that

for each integer n> N,
A(o)+&> A(a,),

and since 4(c,)= A(0o,) for k<n, we have
A(o)+¢e> A(o,)
for every positive integer n; this can be true for every >0 only if
A(0)2 A(0,)
for n=1,2, ...; q.e.d.

The following observation, although not employed in subsequent sections,
appears worth recording as an interesting generalization of a result of DAY *.

Remark 3.4. If 2 is an action which has the Clausius property at ¢, and o, then
for every e>0 there is a neighborhood @, of o, and a neighborhood @, of a,,
such that sup 2{c, - 0,} is finite, sup 2{c, — 0} is finite, and

sup 2{g; = 0,}+sup 2{c, > 0,} <e. (3.59)

Proof. Let £>0 be given. Since ¢ has the Clausius property at o;, there is, by definition, a
neighborhood 0, of o, such that

£
sup z{c, >0} <7 (3.55)
By Lemma 3.2, since « has the Clausius property at o,, the set &; can be chosen so that
sup @{c, > 0,}is finite, and, by the definition of supremum, there then exists a process Pfor which

* 11969, 1], p. 91, Lemma 2, item (1).
2.
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Po,isin 0, and

sup 2 0, 0,} < a(P, 62)+%' (3.56)

For this process P, there is, by Remark 2.1, a neighborhood &, of o, such that P@,c @, and
d(p, Oz)c./i/;, (a(P, 0'2)). (3.57)
3
Again by Lemma 3.2, since « has the Clausius property at o;, we can choose @, such that
sup «{a; — 0,} is finite. If P is a process for which Py is in 0,, then o, is in Z(PP), PPa is in
0,, and, by (3.56), (3.57), (2.3), and (3.55),

a(P,a,)+sup alo, ~0,} < a(P,0,)+ a(P o))+

<a(P,6)+ (4(13, Po‘1)+%) +%

— € € & £ &
-—d(PP, 0'1)+'—3“+Z<“§-+—3—+Z‘.

Thus, for every process P with Po, in 0,,
11
a(P’ 01)<T§- &€—sup 4{02 - @1}9
and if we consider the supremum of the left side over all such processes P, we obtain

11
sup z{a; - 0,} gﬁ e—sup z{o, >0},
which clearly implies (3.54); q.e.d.

The following theorem gives another generalization of DAY’s Lemma 2
[1969, 1] and is closer to that lemma in form than our Lemma 3.4 and Remark 3.4.

Theorem 3.8. If 2 is an action with the Clausius property at ¢°, then the function
m defined in (3.17) has the following properties:

@)
—ow<m(e®,6°)L0;
(i) if o, is such that m(e¢°, 6,) and m(o,, 6°) are finite, then
m(o®, o)+ m(ay,0°)=0;
(iii) if o; and ¢, are such that m(¢°, ¢,) and m(o,, 0,) are finite, then

m(o-os 0-1)+ m(alr 02)§ m(aoa 02)'

Proof. To prove (i), we note that, when « has the Clausius property at ¢°, there is, for each
£>0, a neighborhood @, of ¢° such that

sup #{c°—0,} Ze. (3.58)

It is obvious that @, is in the class S(¢°, 6°) given by (3.16) [with o set equal to 6°], and hence
(3.58) and (3.17) yield

m(c®, 6°)Ssup a{o° > 0,} <e,
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for each ¢£>> 0, which implies (i). To prove (iii), we let 6°, o;, and o, be such that z has the Clausius
property at ¢° and both m(c°, 6,) and m(o, g,) are finite. By Lemma 3.2, the class S(¢°, 0,) is
then not empty. For each @ in G(0°, 0,), there is, by Lemmata 3.2 and 3.3, a neighborhood® of &,

for which 0@ and both sup «{c°— 0} and sup «{c, — 0} are finite. Since « has the Clausius
property at ¢° and o, it follows from Lemma 3.4 that, for each £>>0, &, has a neighborhood ¢,
with 2{g°— @} bounded above and with

supz ¢°—0,}+sup z{o, - 0} <sup 2{c° — 0} +¢. (3.59)

Of course, @, is in the class S(¢°, 0y) and, as 0 is in S(o;, 0,), the inequality (3.59) implies the
inequality

m(c°®,0,)+m(o,, 0,)<sup z{c° - 0} +e.
Clearly, sup 2{c°— @} does not exceed sup 2{c°— @}, and hence the inequality
m(s°, 6;)+m(cy, 0,) <sup z{c° » O} +¢ (3.60)

holds for each @ in &(s°, o,) and each &> 0. The validity of (jii) follows immediately from (3.60)
and the definition (3.17). It is obvious that (iii) and (i) together imply (ii); q.e.d.

4, Actions with the Conservation Property

In Definition 3.1 we defined conservation property. The definition was equiva-
lent to

Definition 4.1. An action « has the conservation property at a state ¢° if and only
if both 2 and — 2 have the Clausius property at ¢°.

We have here the following analogue of Theorems 3.1 and 3.5.

Theorem 4.1. If the set of states at which an action « has the conservation property
is not empty, then it is dense in X and is closed under #-approach.

Proof. Let 2 be an action and suppose « has the conservation property at some
state 6°. Let ¢ be «-approachable from ¢°, and let #= — «; then, clearly, # is an
action and by Definition 3.3, ¢ is #-approachable from ¢°. Of course, Defini-
tion 4.1 tells us that 2 and # have the Clausius property at ¢°, and by Theorem 3.5
both these actions have the Clausius property at ¢. Thus =z has the conservation
property at o, and it follows that the set € of states at which « has the conserva-
tion property is closed under s-approach. Moreover, since € contains all states
«-approachable from ¢°, € contains the set ITo° which is dense in X; q.e.d.

If there is a state ¢° at which an action « has the conservation property, then
« has the Clausius property at ¢°, and hence, by Theorem 3.3, # has an upper
potential. The following theorem shows that the presence of the conservation
property at ¢° (as distinguished from the Clausius property) implies that two
upper potentials for « must agree, modulo addition of a constant, on those states
in their common domain which are #-approachable from &°.

Theorem 4.2. Let 2 be an action, and let 4, and 4,, with domains &, and &/,
be upper potentials for <. If 2 has the conservation property at ¢°, then there is a
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number ¢ such that
Ax(6)=A(o)+c 4.1

whenever o is in &, N/, and is «-approachable from o¢°.

Proof. Let ¢’ and ¢”' be two arbitrary states which are in &, N %/, and are z-ap-
proachable (and hence “(— z)-approachable”) from ¢°. The theorem will be
proved if we show that

Ai(a")—A,(0")=A,(c") — A4, (o). (4.2)

Now, by hypothesis, both « and — « have the Clausius property at ¢°, and hence
it follows from items (1) and (4) of Remark 3.2 that —« has an upper poten-
tial, A_, whose domain contains the states ¢’ and ¢". Let ¢>0 be given. By
Definition 3.2, ¢'' has neighborhoods ¢ _, @,, and @, such that

A_(og)—A_(6)> — 2(P,0')—¢, (4.3a)
Ai(6")—A,(6")> a(P,c")—¢, (4.3b)
Ay(6")—A,(6")> (P, ') —¢, (4.3¢)

whenever P is such that Po'e0E0._ Nn0O,n0, As 0 is non-empty and open, it
follows from axiom I of the definition of a system that there is at least one P
with Po’'e®, and thus there exists a process P such that all the inequalities (4.3)
hold. Similarly, there exists a process P such that

A_(6)~A_(¢")y> —a(P,d")—¢, (4.42)
A (6 —A,(c")> a(P,¢")—¢, (4.4b)
Ay(0")— A,(6")> (P, 6" —e. (4.4¢)

Upon adding the four inequalities (4.32), (4.3c), (4.4a), and (4.4b), we find that
[4:(6")—A4,(6)]—[4,(6")—A,(6")]}> —4e. (4.5)

By adding (4.3a), (4.3b), (4.4a), and (4.4c), and multiplying the sum by —1, we
obtain
[A;(c")—A;(a")]—[As(6")— A, (6))] <4e. (4.6)

The inequalities (4.5) and (4.6) can hold for every ¢>0 only if (4.2) holds; q.e.d.

Definition 4.2. Let 2 be an action for a system (X, IT). A real-valued function 4
is called a potential for z if

(1) the domain of A is a dense subset o/ of X, and

(2) whenever o, and o, are in &, there is, for each ¢>0, a neighborhood
¢ of g, such that

Pell, Po,e0®0 = |[A(o,)—A(c)—2(P,0,)[<e. 4.7
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We have here the following obvious analogue of Theorem 3.2.

Theorem 4.3. If an action has a potential A4, then it has the conservation property
at every state in the domain of A.

Proof. If #is an action with potential A, and if ¢° is a state in the domain of 4,
then for each £>0, there is a neighborhood @ of 6° such that (4.7) holds with
0,=0,=0";ie.

Pell, Poé°cl = |a(P,c°)|<s,

which is (3.2); q.e.d.

Theorem 4.4, If there is a state ¢° at which an action « has the conservation
property, then it has a potential whose domain contains all states «-approachable
from ¢° and is closed under «-approach.

Proof. If 2 has the conservation property at ¢°, then « and — « have the Clausius
property at ¢°. Since, by Definition 3.3, * z-approach” is equivalent to ““( — «)-ap-

proach”, it here follows from items (1), (2), and (4) of Remark 3.2 that _Z
has an upper potential j*} whose domain j:;* contains all states #-approach-

able from ¢° and is closed under «-approach; hence the set .91°d-i-fd+ NS _ also
has these two properties. We write 4 for the restriction of 4, to &/°; to show that
A is a potential for «, we need only verify that 4 obeys item (2) of Definition 4.2,
for it is obvious that «#° contains IT6° and hence is dense in 2. Let o, and o,
be in &°, and let >0 be given. As 4, and A _ are upper potentials for # and — «,
respectively, there are neighborhoods 0., 0_ of ¢, such that

As(6)—A,(0)>a(P,0,)—¢ (4.8)
and

A_(@)—A_(0)> — 2(P,0) =5 49)

def . .
for each process with Po, el = 0, n0_. Of course ¢ is a neighborhood of 7,,
and, by axiom I for systems, there is at least one such process P. Similarly, there
is at least one process P such that

A, (0) =4, (0)> a(P,o) 5,
A_(6)—A_(0)> — (P, o) %~

On adding these last two inequalities to (4.9), we find that
A.(c)~A,4(02)> —a(P,0y)—¢. (4.10)

In other words o, has a neighborhood @ such that for all P with Po €0, (4.8)
and (4.10) hold; but (4.8) and (4.10) together imply |4 (5;)— 4 (a,)— 2(P, 6,)| <t;
q.e.d.
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Remark 4.1. When the topology of Z obeys the first axiom of countability, if «
has the conservation property at ¢°, then ¢° is «z-approachable from itself.

Proof. When the topology of 2 obeys the first axiom of countability, there exists
a countable neighborhood basis {0,|n=1, 2, ...} at ¢° and this basis can be
chosen so that 0, , is a subset of 0, for each n. By axiom I of the definition of
a system there exists, for each n, a process P, such that P,6°e0,. If the action «
has the conservation property at ¢°, then, by (3.2), for each positive integer k,
there is an element @,, of the basis at ¢° such that

1
Pell, Po°cl, = Ia(P,a°)l<T,

1
but P, 0° is in @,, and hence | 2(P,, a°)|<E, i.e. the sequence k> «(P,, ¢°)

converges to zero. Clearly the function k> n, occurring here can be chosen so
that n,,,>mn, and by the properties of {0,|n=1, 2, ...} this choice of k> n;
yields

limP, ¢°=0";

k— o0

q.e.d.

It is clear from Remark 4.1 that when the first axiom of countability is assumed,
Theorem 4.4 becomes

Remark 4.2. When the topology of X obeys the first axiom of countability, if =
has the conservation property at ¢°, then # has a potential whose domain con-
tains ¢° and is closed under z-approach.

An argument similar ¥ to that employed to prove Remark 4.1 can be used to
establish

Remark 4.3. If the topology of Z obeys the first axiom of countability, and if
o/ <X is the domain of a potential for an action «, then each state in &/ is -ap-
proachable from every state in <.

The following lemma, which does not require a topological axiom of count-
ability, shows how two potentials for a single action must be related at nearby
points in their domains.

Lemma 4.1. Let 4, and A4,, with domains &/, and %,, be potentials for a given
action, and suppose that &/, N, is not empty. There then exists a number ¢
such that, for each £>0, each state ¢’ in &, has a neighborhood ¢’ <X for which

'€V ne, = |A,(6")—A,(c")—c|<e. (4.11)

Proof. Let ¢° be in & N7, and denote by 2 the given action for which 4,
and A, are potentials. Put
c=A,(c")—A,(c°). (4.12)

* The main difference is that (4.7) should now be used where (3.2) occurred in the proof of
Remark 4.1.
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1f ¢’ is in &7;, then, by Definition 4.2, there is a neighborhood @’ of ¢’ for which
Pce0 = |A,(0")—A,(¢°)— «(P, a°)l<%. (4.13)

Let ¢” be in @' n,. Again by Definition 4.2, there is a neighborhood @ of 6"’
for which

Po®e0” = |A,(0")—A,(c°)— «(P, )| <%. (4.14)

Let P be such that Pg® is in 0"’ n 0’ (by axiom I for systems, there is at least one
such P in IT); then (4.12)-(4.14) yield

|4,(6")—A;(6)—cl|= iAz(‘T”)—Az (6°)— 2(P,0°)—[A4,(6")— A,(c°)~ 2(P, 00)]]
S14,(0")— A (6%)— a(P, 6°) | +14,(6") = A((6°) — 2(P, 6°)]

g.e.d.

Let A4, with domain &/, be a potential for an action. If in Lemma 4.1 we put
A,=A,=A, then we find that ¢=0, and, further, if ¢’ is in &, then, for each
&£>0, ¢’ has a neighborhood ¢’ =X such that

|4(c")—A(c")| <&,

whenever ¢’ is in @' n&/. In other words, 4 is continuous with respect to the
topology X induces on . Thus we have

Theorem 4.5. Every potential for an action is a continuous function.

Remark 4.4. If # is an action which has the conservation property at a state ¢°
and if 4 is an upper potential for z whose domain &« contains the set IT¢>, then
A, the restriction of 4 to IT6°, is a potential for «.

Proof. Since « has the conservation property at ¢°, « has, by Theorem 4.4, a
potential 4, whose domain contains ITe”. Of course, 4, is an upper potential
for «, and, by Theorem 4.2, there is a number ¢ such that

A(e)=A,(6)+c 4.15)

for all ¢ in IT¢°, the domain of A. Of course IT¢° is dense in X. Since, for each
£>0, A, obeys (4.7) for all o, and ¢, in I16°, it follows from (4.15) that A does
too, and, therefore, 4 is a potential for .

The following theorem is a direct consequence of Lemma 4.1.

Theorem 4.6. If 4, and 4,, with domains &/, and %/,, are potentials for a given
action, and if &, N7, is not empty, then there exists a number ¢ such that

Uedlmdz = A2(6)=A1(0')+C.
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Proof. The potentials 4; and 4, satisfy the hypothesis of Lemma 4.1. Hence there
exists a number ¢ such that if ¢’ is in &7, N 2Z,, then, for each ¢>0, ¢’ has a neigh-
borhood @’ <X such that (4.11) holds. Let ¢’ be a fixed element of &, Nof,;
then (4.11) yields, for every ¢>0,

{A,(6)—A,(c)—c|<s; (4.16)

for ¢’ certainly is in both ¢’ and «/,. But, since (4.16) holds for every £¢>0, we
have A,(c')— A,(¢')—c=0 for the given ¢’ in &, N &,; q.e.d.

Thus, any two potentials for a given action can differ by no more than a constant
on the intersection of their domains.

5. The Laws of Thermodynamics

In each branch of thermodynamics one is concerned with a system (Z, IT)
having the structure required by the axioms I and II of Definition 2.1; on Z& 1T
there are given two distinguished functions ¢ and s which are actions in the sense
of Definition 2.2 and which enter into two laws called the First and Second
Laws of Thermodynamics:

1. First Law. There is a state ¢° at which the action ¢ has the conservation
property.

2. Second Law. The action s has the Clausius property at ¢°.

It follows immediately from these laws and Theorems 4.1 and 3.1 that the
set X, of states at which « has the conservation property and the set X, of states
at which s has the Clausius property are both everywhere dense in the set ¥ of all
states of the system. Moreover, by Theorem 4.1, X, is closed under e-approach
and, by Theorem 3.5, Z, is closed under s-approach.

By Theorem 4.4, there is a function F of state which is a potential for ¢ in the
sense of Definition 4.2. That is, the domain of E, &, is dense in 2, and whenever
o, and g, are in &, there is, for each £¢>0, a neighborhood @ of ¢, such that

|[E(62)—E(o)]— (P, 0y)| <e, (5.1

for all processes P which take o, into @. In particular, for processes P obeying
Po, =0, with 0, and o, in &, there holds

E(o,)-E(o)=<(P,0y). (5.2)

Theorem 4.4 tells us, further, that < has a potential £ whose domain & is closed
under ¢-approach and contains all states e-approachable from ¢° (and hence all
states accessible from ¢°). By Theorem 4.6, any two potentials for ¢ can differ
by only a constant on the intersection of their common domains, and, by Theo-
rem 4.5, every potential for ¢ is a continuous function of state.

In thermodynamical theories one selects a potential function E for < and
calls it the energy function for the system; the value of E at a state o, E(0), is
referred to as the energy of the system in the state o. The energy function is chosen
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by normalizing E so that the system has zero energy in some preferred ““reference
state”.

By Theorem 3.3 there is a function S of state, called an entropy function, which
is an upper potential for 4, in the sense of Definition 3.2. That is, the domain %
of S is dense in Z, and whenever o, and ¢, are in %, there is, for each £>0, a
neighborhood ¢ of ¢, such that

S(6,)—S(6)>3s(P,6,)~¢ (5.3)

for all processes P taking o, into @. In particular, for processes P obeying
Po,=0,, with ¢, and g, in &, we have

S(0,)~S(a)Z4(P, ay). (54)
The entropy function S can be chosen so that
S(e)=m(c°, ), (5.5)
where
m(e°,0)= inf sups{c”—0O} (5.6)
OeS(a°, o)
with
(0% 0)={0|0<Z, Oopen, €0, sups{c° — 0} < }. 5.7

The domain X° of this entropy function S=m(c°, -) is the set of states o for which
the infimum in (5.6) exists; i.e.

domain S=2°={c|ceZX, m(c°, 0)> ~ 0}, (5.8

and S is upper semicontinuous on X°. By Remark 3.2, the set Z° is closed under
s-approach and contains all states s-approachable from ¢°. It follows from
Remark 3.3 that S ““increases monotonically to a limit under isolation™ in the
following sense: If 6 and ¢’ are two states with ¢’ in 2°, and if n g, is a sequence
of states which has a limit ¢ in £ and is such that, for some sequence n+— P, of
processes,

o,=P¢', o,=P0o, ..., 0,=P,6,_q, ...,
and

0=6(Py, 0" )=3(Py, 6)=+--=5(P, 0,-1)=""",

then not only is each state o, and the limiting state ¢ in Z°, but further,

S(¢)sS(6)< - £5(0,)£5(0,4 )= £5(0). (5.9)

6. Stagnant States
Definition 6.1. Let 3 be either the set of positive integers 1, 2, ... or the positive
real axis R** = (0,00). A subset P of IT of the form {PI"|ve3J} is called a
stagnating family of processes if it has the following three properties:
(1) the set Q(P)d;fﬂ 2 (P™) is not empty;

ved
(2) if v, and v, are in 3, then the pair (PP, PU')) js in &, the process
P2 ptil i in P, and
plval P[Vl]=P[V2+V1]; (6.1)
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(3) there is at least one state ¢ in & (P) for which the limit lim Pl'1o exists
in the Hausdorff space X, and lim P™¢ is in & (P); when o is such a state,

v o

the state lim P"6eZ (P) is referred to as a stagnant state for P.

v+ oC

It is easily shown [see item (2) above and Definition 2.1] that, for a stagnating
family {P™|ve3J]},

plval” ‘(@(P[w]) r\.@(P[vZ]))=P[“]—1(@(P["Z]) (‘\%(P[v']))

for each pair of indices v,, v, in J; here, of course, P!"'! and PI?! denote the
transformations induced by the indicated processes.

We write X, for the set of all o in 2 (P) for which

Po ™ lim PMo, (6.2)
exists and is in 2(P); the notation Po emphasizes the fact that a stagnating
family P induces a mapping of X, into 2(P)cZ; actually, as we shall show in
Theorem 6.1, the mapping induced by P is an operator on X, in the sense that it
maps X, into Z,. Of course, the function o+ Pg need not be continuous. We call
Z, the effective domain of P. For the range of 6 Pg we write PZ,.

Theorem 6.1. If P={P)[veJ} is a stagnating family of processes, then
ceX, ve3 = PMgeZ,
and

oceX, = FoeZ,;

that is, P 2, X, for each PP in P, and PZ,cZ,.

Proof. Let ¢ be in 2, and v in 3. To show that Pl is in X, one must show that
lim PP} Pl'lg exists and lies in @ (P). Item (2) of Definition 6.1 here yields
v
P ptlg— plvivlg = p0] pllg and, by the continuity of the transformation
induced by P'), we have

lim P Pt g =Pl lim P g,

v - v =
where lim PU"Jg exists and equals Po which isin 2 (P), because ¢ is, by hypoth-

v/ o
esis, in Z,. Hence
lim PPV PM g = Jim PY P16 = PP Py,

i.e. lim PV PlMg exists and equals PI'YPo with Po in 2(P). To show that

v =0
PUIPg is in @ (P), we note that
PY P =pPMiim PMg
V=
= lim P g = lim P ¢=Pg,
v v

with Po in 2(P). Thus lim PP PP6e P (P), ie. PMoeX,.

v oo
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To prove that Pg is in Z, when ¢ is in X, one must show that lim Pl Pg
vy

exists and lies in 2 (P). But for each v in 3, we have, as above, PI"'Pg=Pg, i.e.

PU P is independent of v, and hence lim PI'1 Po exists and equals Po, which

is in 2 (P), because ¢ is in 2;; q.ed. 7%

If Pis a stagnating family of processes, then the states in PX, are the stagnant
states for P. Thus o is a stagnant state for P={P!|ve3} if and only if o has the
form o=lim PM"¢’ with ¢’eX,. In particular, each stagnant state is in 2 (P).

hand- ]
To motivate the terms “stagnating” and ‘‘stagnant”, we now show that, when
regarded as a function on PZ,, each member of a stagnating family P is the
identity operator,* and the function P:X,— X, ie. 6~ Pg, is idempotent.**

Theorem 6.2. If P={P"}|ve3J} is a stagnating family of processes, and ¢ is in 2,
then the following statements are equivalent:
(a) o is a stagnant state for P, i.e. 6ePZ,;
(b) for every vin 3, P o=0;
(c) o€Z,, and there is at least one number v, in I for which Pllg=g;
(d) geZ,, and Po=a.

Proof.* ** To show (a) = (b), we observe that, according to (a), thereisa ¢’ in X,

for which ¢ =lim P! ¢’, and therefore ¢ is in 2 (P); hence for an arbitrary element
vy 0

vo of 3, we have, by the continuity of the transformation induced by P! and

by (6.1),
Pl g=PlIlim P ¢’ = lim PU*-! Pt g’

=lim P"*"¢’ =g,
v— oo )
which, since v, is arbitrary, is the same as (b). The implication (b) = (c) is trivial.
To show (c) = (d) we note that if ¢ is in Z, and PU! 6 =0, then, by (6.1),

Ppl2val g — plvil plvd o - plv.l 5 o,
and, by induction, P!"*) g=¢ for all positive integers n; thus
lim Pl g =g, (6.3)
n—+o

and because the limit (6.2) exists, (6.3) yields lim PP =0, which is the same
as (d). It is obvious that (d) implies (a); q.e.d. ™

As corollaries to this theorem, we make the following two remarks.

Remark 6.1. If ¢ is a stagnant state for the stagnating family P={PM|veJ},
and if F is a mapping of &/ <X, into R with ¢ in &, then the function f on 3
defined by f(v)=F(PP ¢) is a constant.

# (a)=>(b) in Theorem 6.2.
# ¥ (@)= (d) in Theorem 6.2,
# # # This proof is due to NoLL; it was employed by him in a less general context: [1972, 2], p. 23,
Prop. 12.1.
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Remark 6.2. A general system (2, II) may have states o such that ¢¢I1¢o. How-
ever, for systems which have stagnating families of processes, we can assert that
whenever ¢ is a stagnant state, o€l o. That is, since (a) implies (b) in Theorem 6.2,
if ¢ is in PX; for some stagnating family P, then ¢ is accessible from itself via each
process in the family P.

Theorem 6.3. Let o be a stagnant state for a stagnating family P={P"™|veJ} <1I.
If «is an action for (Z, IT), then «,: 3— R, defined by

2,(v)=a(P", o),
obeys the additivity relation

aa(vl +v2)= aa(vl)+ ao'(VZ)'

Proof. If v, and v, are in 3, then, by application of (6.1), (2.3), and item (b) of
Theorem 6.2, we obtain

2,(vi+v,) = a(P" v g)= (P21 PP g)
=a(P"", 6)+ a(P?, P g)

= 2(P"', 6)+ 2(PU?, 0) = 2,(v)) + 2,(v,);
g.e.d.

When «, o, and P obey the hypothesis of Theorem 6.3, we call the number
2,(1)=a(P'™), ¢) the rate of supply of « to maintain the state ¢ (by means of P).

If 3=R*™, and «, has some weak property of regularity, such as monotonicity,
or even measurability, then additivity for «, implies linearity and hence differentia-

o ., d
bility with Ty e (v)= «,(1)=constant.

In Theorem 6.6 below we observe that if #, o, and P are as in Theorem 6.3
but with I=R**, and if, in addition, « has the Clausius property at o, then <,
is differentiable, and, moreover, its constant derivative «,(1) cannot be positive;
i.e. one must “‘remove”’ «, rather than “supply” « to maintain the state o.

Theorem 6.4. Let ¢ be a stagnant state for a stagnating family P, and let z be
an action. If « has the Clausius property at o, then

PeP = 2(P,0)<0. (6.4)
If «z has the conservation property at o, then
PeP = 2(P,0)=0. (6.5)

Proof. If P is in P, then, since P is stagnating, and ¢ is in PZ,, Theorem 6.2 yields
Po =0. Therefore, the paragraph following Definition 3.1 tells us that if = has the

Clausius . Jnot positive
. r ty at o, 2(P, ; g.e.d.
{conservatlon} property (P, 0) is {zero q.e.d

Theorem 6.5. Let 2 be an action, let P={P"|ve3} be a stagnating family of
processes, and let o be a state in the effective domain, Zp, of P. Let vin 3 and
e>0 be given. If « has the Clausius property at Po, then there is a number
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N=N(v, &) such that

pe3, u>N = (P PHg)<e. (6.6)
If z has the conservation property at Po, then there is an N=N(v, &) for which
ped, u>N = |«(P"), PMg)|<e. 6.7)

Proof. If « has the Clausius property at Po, then Theorem 6.4 yields pv1(Pe)=<0,
re 2pra(lim P#16) 0. (6.8)

=0
By Definition 2.2, the function ppi: 2(PM)— R is continuous, and hence (6.8)
yields

lim 2pr1 (P* o) = lim 2(PM, P g) <0.

Il p o0
But this relation means that there exists an N= N(v, &) such that (6.6) holds. If =
has the conservation property at Pg, then application of this same argument to
both 2z and — « yields (6.7); q.e.d.

If 6, 2, and P are as in Theorem 6.4, then they are as in Theorem 6.3, and 2,
is additive; moreover, when « has the Clausius property at g, by (6.4), «, is non-
increasing on the ordered set J. If I=R**, then a non-increasing additive

function <, on 3J is linear and hence differentiable with %— a,(v)=a,(1). This
proves

Theorem 6.6. Let ¢ be a stagnant state for a stagnating family P={P0|ve3J},
and let « be an action. If 2 has the Clausius property at o, then the function «,,
defined by

2,(N=2a(P",0), veS,
is such that

da(vl)— da(vl) = da.(l)é(),

Vo=V
. . d .

for all distinct v,, v, in J; if, in particular, I=R**, then —— «, exists, and

dv
()=, D=0,

If 2 has the conservation property at g, then
a,(1)=0.

Thus if 2z has the {Clauszus } property at a stagnant state c°, then the rate

conservation f i
Lo . not po
of supply of « to maintain the state ¢° is ser op 5 zve}.

Theorem 6.7. Let ¢° be a stagnant state for a stagnating family P={P|ve 3]},

Clausius

. roperty at ¢°, then z has
conservation | ProPeTY ’ “

and let « be an action. If 2 has the {
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{an upper potential

a potential }, A, whose domain & contains ¢°. Furthermore, for any such

upper potential

potential A, with ¢° in &, 4(P116°), as a function on 3, is a constant.

Proof. If # has the {Clausms } property at ¢°, then by {

Remark 3.2 }
; « has
conservation

Theorem 4.4

{an upper potential , 4, whose domain «/ contains the set /1¢°. However, by

a potential
Remark 6.2 we here have ¢° in IT¢° and hence in 7. The constancy of 4(P™ ¢°)
on 3 follows trivially from Remark 6.1; g.e.d.

For an incompressible simple fluid with fading memory, one can consider a material element
which has, at time zero, a particular strain-energy history, i.e. a particular state o. The state o
may be such that if one subsequently subjects the element to a shearing flow with constant
rate of shear and removes heat at an appropriate constant rate, then, in the limit as #— 00, the
state ¢° of the element will correspond to an isothermal steady viscometric flow. [Of course,
the existence of a limiting state here requires that we identify the thermodynamic states of a
material element with the *reduced states” discussed by NorL*.]* * During the approach to a
steady viscometric flow, one is applying to the element, in each time interval [0, r), a process
P,(}—ime in a stagnating family P={Plfl|teR*"} with 6°= lim P,6 = Po; the state (or

t—
“reduced state™) g™ is a stagnant state for P. The viscometric flow corresponding to the reduced
state ¢® is in the class of flows which CoLEMAN* # # called “‘substantially stagnant motions ™.

Theorems 6.4 and 6.7 here tell us that if ¢ is a stagnant state for a stagnating family
P={P,|teR**} and if, moreover, ¢® is in the common domain of the energy function E and
the entropy function .S mentioned in Section 5, then for each P,eP,

¢(P,0%)=0, 4(P,0")=0, (6.9)
4 gpoy=0, -* s(Po*)=0 (6.10)
dt AT de T :
d
and, by Theorem 6.6, ar s(P,, o®) exists and is a constant as P, varies in P.* ¥ # ¥ The relations

(6.9) have been used to show that the viscosity function of a simple incompressible fluid cannot be
negative, ¥ ¥ ¥ # #

In the example in which ¢® = lim P, o corresponds to a viscometric flow, we do not expect

>

4(P,, o) to have a limit as #— 00, and this is related to the fact that in that example the stagnant
state ¢® is not a ‘‘relaxed state”. It should be emphasized that although Theorem 6.7 yields an
upper potential $* for s with ¢® in its domain, it may turn out that ¢® is not in the domain &
of some originally chosen entropy function S (albeit ¥ must be dense in ). In other words, if
¢ is in &, even if & has the properties (1) and (2) given to 2° by Remark 3.2, and, in addition
¢® = lim P,6°, one cannot conclude that ¢* is in &. However, as we point out in Section 7, if

| Smdlv o}

{P,|te R*} ““relaxes 6° for 4, i.e. is a stagnating family such that lim P,¢°=¢> and lim ¢(P, ¢°)
oo =
* [1972, 21, § 10.

## Tn a future work we shall treat formally and in more detail than here the theory of
reduced states and stagnant states of incompressible simple fluids with memory. The thermo-
dynamics of material elements with memory is discussed in Section 12 of this essay, but with an
emphasis that does not require the introduction of symmetry groups and reduced states.

*4¥ 1962, 1], § 5.
### ¥ Of §7 of COLEMAN [1962, 1].
## % %% 11962, 1], Remarks 6 and 7.
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exists, then if ¢ has the Clausius property at ¢°, the entropy function S of (5.5)~(5.8) has ¢® in
its domain X°.

Indeed, in thermodynamics one is often interested in stagnating families P of processes P,
for which, as t— 00, ¢(P,, o) and ¢(P,, o) both have limits for some initial states o. In, for example,
the theory of the thermodynamics of simple materials with fading memory, Coreman® discussed
material elements which have, at time zero, an arbitrary strain-energy history, but from that time
on have their strain and internal energy held constant, i.e. are subject to adiabatic ““relaxation”. ##
If for a stagnating family P and an action ¢, there exist states o for which the “‘limiting supply”,

lim (P, o), is finite, then, as we intimated above, one says that P is a relaxing family of
t—> o0

processes for «, and one refers to the stagnant states Po as relaxed states for «; if a(P,, a)=0
for each state o and process P, in P, then P is called a null family of processes for . In Section 7
we develop a general theory of relaxing families of processes.

7. Relaxed States

Definition 7.1. Let 2 be an action and P={PI"|ve3} be a stagnating family
of processes for a system (Z, IT). If there is a state ¢ in X, for which the limit,
lim 2(P™, ),
v+
exists, then P is called a relaxing family of processes for 2, 6°=Po=1lim P ¢ is
called a relaxed state for =, and one says that P relaxes ¢ to ¢° for 2. "

Thus, ¢° is a relaxed state for « if and only if ¢° is a stagnant state for some
stagnating family P which has a state ¢ in its effective domain Z, such that

lim 2(P™, 6) exists and ¢°=Po. (7.1

v— 00

Clearly, if P relaxes ¢ to ¢° for «, then ¢° is «-approachable from o, and in
view of Remark 3.2 and Theorem 4.1 we can assert

Remark 7.1. If an action « has the Clausius . property at a state o, and if P
conservation

relaxes o to ¢’ for «, then 2 has the Clausius . property at ¢’.
conservation

Theorem 7.1.%* ** If 2 is an action and ¢° a relaxed state for «, then
(P, 6°)=0 71.2)

whenever P is a member of a stagnating family which relaxes a state to ¢° for «.

Proof. Let P={P™|ve3} be a family which relaxes ¢ to ¢° for =, and let PI"-
be an arbitrary member of P. Since 6°=Po, we have

2(P™, 6°)= 2(P1™), Pg)= (P, lim P o)

V=00
= lim «(P™, P™ ),
v oo
* 11964, 1].
## Asin an “adiabatic stress-relaxation experiment”.
* # # Note that in Theorem 7.1, in contrast to the second part of Theorem 6.4, we do not assume
that « has the conservation property at ¢°.

3 Arch. Rational Mech. Anal., Vol. 54
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by the continuity of zprv;. However, since o is in 2(PUV-*") =g (Pl-1PM) the
relations (2.3) and (6.1) yield

2(PY), PM )= 2(P™ P, 6) — 2(PM, 6) = 2(P™ ), 0) — (P, 0),

and hence

2(P1, 6°)= lim [ (P, 6)— «(P""), 0)]. (7.3)
Because P relaxes o to 6°, (P, o) has a limit as v— 00, and this implies that the
limit on the right in (7.3) must be zero. Thus #(P"-}, 6°)=0, and, since PU*1 is
an arbitrary member of P, the theorem is proven.

Lemma 7.1.% Let 6° be a state and let 2 be an action with the Clausius property
at ¢°. For each state o, let S(¢°, ¢) and m(c°, ¢) be as in Lemma 3.3:

&(a°, 0)={010c%, Oopen, ce0, sup 2{c° - O} <0}, (7.4
m(o°,6)= inf supz{c®—0}. (7.5)
@eS(e° o)
The set,
Z°={c|oeZ, m(c°, 6)> — 0}, (7.6)

then contains all states of the form P¢’, with ¢’ in Z° and P a relaxing family
for 2. Furthermore, if ¢° happens to be a relaxed state for 2, then ¢° is accessible
from itself and

m(c°, 6°)=0. (1.7

Proof. Let ¢’ be in Z°. Each state of the form P¢’, with P a relaxing family for «,
is z-approachable from ¢’ and hence, by item (2) of Remark 3.2, is in 2°. Thus
the only thing requiring verification here is the last sentence of the lemma. Let
o° be a relaxed state for 2. Then ¢° is a stagnant state, and, by Remark 6.2, ¢° is
in IT¢° and hence in 2°; furthermore, by Theorem 7.1 and item (b) of Theorem 6.2,
there exists a process P for which (7.2) holds and Po°=¢°. Hence, for every
neighborhood @ of ¢°, we have P¢° in @, and thus

sup «{c°—> 0} = 2(P, 6°)=0,
which, by (7.5), yields
m(c°, 6°)=0. (7.8)

However, since « has the Clausius property at ¢°, for every ¢>0 there is a neigh-
borhood 0 of ¢° for which

sup 2{c° > 0} <g¢; (7.9)
by (7.4), each such 0 is in the class S(¢°, 6°), and hence (7.5), (7.8), and (7.9)
0<m(c°,6°)<Zs.

As this is true for every ¢>0, m(c°, 6°)=0; q.e.d.

* 1t is interesting to note that, when ¢° is a relaxed state, the conclusion (i) of Theorem 3.8
reduces to the equation m(o°, 6°)=0 which more closely resembles the conclusion (2) of Day’s
Lemma 2 [1969, 1].
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Employing Lemma 7.1 we now prove

Theorem 7.2. Let ¢° be a relaxed state for an action «. Suppose that < has the
Clausius property at ¢°, and consider the function 4°: £° — R, defined by

A°(0)=m(c°, 0), (7.10)

with m(6°, 6) and Z° given by (7.4)~(7.6). The function 4° is an upper semi-
continuous upper potential for 2, and the domain 2° of 4° not only contains
II'6° (which in this case includes ¢°) but, in addition, is closed under z-approach
and hence is ““closed under relaxation” in the sense that 2° contains all states o
of the form 6 =P¢’ where ¢’ is in Z° and P relaxes ¢’ to ¢ for <. Furthermore,

A°(6°)=0. (7.11)

If we let A be the set of all upper potentials for z whose domains contain the set
2° and which vanish at ¢°, then 4° is the least element of % in the sense that

Ae”A, o€’ = A(e)=A°(0). (7.12)

Proof. Since « has the Clausius property at ¢°, the proof of Theorem 3.3 telis
us that the function 4° defined by (7.10) is an upper potential for «z and is upper
semicontinuous. It follows from items (1) and (2) of Remark 3.2 that Z° contains
IT6° and is closed under «-approach and hence under relaxation. Furthermore,
since ¢° is a relaxed state for «, ¢° is, by Remark 6.2, in IT¢° and hence is in X°.
By (7.7), m(6°, 6°)=0; i.e. A° obeys (7.11). It remains to show that (7.12) holds.
To this end, let 4 be in A and o in X°. Then, by item (2) of Definition 3.2, there is,
for each £>0, a neighborhood @ of ¢ such that

A(g)— A(6°)> (P, 6°)—¢, (7.13)
whenever Po° is in @. Therefore, since 4(c°)=0,
A(o)zsup 2{c°— 0} —e. (7.14)

Since (7.13) implies that sup z{¢° — 0} is finite, it follows from (7.14), (7.4), (7.5),
and (7.10) that

A(e)= inf sup#{c°—0}—c=m(c°, 0)~e=A(0)—¢,
0eB(ad° a)

and, because this holds for all £¢>0, we have A(6)=A°(0); q.e.d.

As an immediate consequence of Theorems 3.2 and 7.2 we can assert that
when 6° is a relaxed state for =, z has the Clausius property at ¢° if and only if «
has an upper potential whose domain contains ¢°.

Theorem 7.3. Let 6° be a relaxed state for an action <. Suppose that « has the
Clausius property at ¢°, and let m and Z° be as in (7.4)—(7.6). Suppose further
that m(g, ¢°) is finite for every state o for which m(c°, &) is finite, and consider
the function A°: 2° > IR, defined by

A°(6)= —m(o, ¢°). (7.15)

3
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A° is an upper potential for 2 obeying
A°(c°)=0. (7.16)

If we again let U be the set of all upper potentials for «# whose domains contain
the set 2° and which vanish at ¢°, then A° is the greatest element of U in the
sense that

AeW, 0e3° = A(e)SA°(0). 717

Proof. By item (1) of Remark 3.2, 2°, the domain of 4°, is dense in . Therefore,
A° is an upper potential for < if it obeys condition (2) of Definition 3.2. To see
if that condition is obeyed, let ¢, and o, in 2° and £>0 be given. By Lemma 3.3
and the definition of 2°, 2 has the Clausius property at ¢, and ¢,, and, by
Lemma 3.2, there is a neighborhood 0° of ¢° for which

sup 2{c; > 0°} <o and supz{s,—0°}<o0. (7.18)

By the hypothesis of the theorem, because g, is in Z°, we have not only m(c¢°, g,)
finite but also m(o,, ¢°) finite, and by the definition [see (7.4) and (7.5)] of
m(o4, 6°), we may choose ¢° such that

m(oy, 6°)>sup «{o, —»(0°}—%. (7.19)
By (7.18), the states o; and o, and the open set 0° satisfy the hypothesis of
Lemma 3.4. Thus there is a neighborhood 0, of o, for which
sup 2{o; = 0°}>sup 2z{o, —» 0,} +sup 2{c, > 0°} —%.
In view of (7.15), (7.19), and this last inequality, we have
A°(c))~A°(6))= —m(63,6%)+m(0y, 0°)
> —m(0,, 6°)+sup 2{o, > 0°} —%

> —m(03,0°)+sup z{o; > 0,}+sup {6, —> 0°} —%—%,
and since, by (7.4) and (7.5), sup «{o, > 0°} =m(a,, c°), there follows
A°(0,)~A°(01)> —m(3, 6°) +sup a{oy = O,} +m(0,,09)—5
=sup 2{o; > 0,} —=.

However, for every P in IT with Po, in @,, we have sup #{c, - 0,} = 2(P, a,),
and hence the inequality above tells us that o, has a neighborhood @, such that

Pell, Po,e0, = 2°(02)—Z°(01)>4(P,01)—e;

i.e. condition (2) of Definition 3.2 is obeyed by A°, and A° is an upper potential
for 2. It is clear from (7.15) and (7.7) tha} A°(6°)=0, i.e. that A° is in U, and
the only thing remaining to show is that A° is the largest element of 2.
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Let 4in ¥, o in 2°, and £>0 be given. Because A is an upper potential for «
and has ¢ and ¢° in its domain, there is a neighborhood @ of ¢° such that
A(6°)— A(0)> «(P,0)—¢, (7.20)
whenever Po is in @; but, since 4(c°)=0, (7.20) becomes
—A(0)> 2(P, 0)—¢, (7.21)
and this implies that sup <{c — 0} is finite. Indeed, (7.21) tells us that
—A(o)Zsup {6 >0} —¢. (7.22)
By (7.4), (7.5), (1.22), and (7.15),
—A(@)zm(s,6°)—e=—A°(0)—¢, (7.23)
and since ¢>0 is arbitrary, this yields 4°(6)=4(0); q.e.d.

Theorem 7.3 is less general than Theorem 7.2, because in Theorem 7.3 we
have made the additional hypothesis m(o, 6°) be finite whenever m(s°, o) is.
This added condition is fulfilled if ¢° is <-approachable from every ¢ in 2°. That
is, we have

Remark 7.2. Let 6° and ¢ be states, and let 2 be an action which has the Clausius
property at ¢°. If m(c°, o) isfinite, and ¢° is <-approachable from ¢, then m(c, 6°)
is finite.

Proof. If m(¢°, 0)> — o0, then, by Lemma 3.3, < has the Clausius property at o,
and, if ¢° is e-approachable from o, there follows, by Theorem 3.4 [or item (1)
of Remark 3.2], m(o, 6°)> — ; q.e.d.

As an immediate consequence of Theorems 7.2 and 7.3, we can assert

Remark 7.3. Let ¢°, 2, m, and U be as in Theorem 7.3. Then the upper potentials
A° and A°, defined by

A°(e)=m(c®,6), A°(6)=—m(o,0°),
bound ¥ in the sense that
Ae, oeX’ = A°(0)SA(0)SA°(0).

It follows from this that if m(6°, 6)= —m(o, ¢°), then the upper and lower
bounds 4° and A° are equal, and we have the following interesting theorem.

Theorem 7.4. Let 2 be an action which has the Clausius property at one of its
relaxed states ¢°, let m and X° be given by (7.4)~(7.6), and suppose that m(s, 6°)
is finite for every ¢ in Z°.* The equation

m(c°, 6} +m(o,¢°)=0, forall ceZ°, (7.24)

# In view of Theorem 3.8, this hypothesis implies that m(c°, 6)+ m(e, 6°) is not positive.
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gives a necessary and sufficient condition that # have exactly one upper potential
A° such that

(1) the domain of 4°is 2°;
(2) A(s°)=0;

this upper potential obeys the formula
A(6)=m(c°, 6)= —m(a, ¢°).

The following remark draws together results about potentials stated in
Theorems 4.3-4.6 and an observation about relaxed states made in Lemma 7.1.

Remark 7.4. Let 6° be a relaxed state for an action «, and suppose that .z has the
conservation property at ¢°. Then « has a potential 4° whose domain &/ con-
tains ¢° and is closed under z-approach (and hence is ‘““closed under relaxation” *).
The action « has the conservation property at every state in the set &, and the
potential 4° is continuous on &/. Furthermore, 4° can be chosen so that 4°(¢°)=0,
and, if this is done, A° is unique in the sense that every other potential for 2 which
has ¢° in its domain &/’ and vanishes at ¢° must equal 4 on &/ 7",

In the proofs of Theorems 7.2 and 7.3, the hypothesis that ¢° is relaxed was
used only to verify that ¢° is in Z° and that 4°(¢°)=A4(¢°)=0. If we replace that
hypothesis by the assumptions that XZ° contains ¢° and that (7.24) holds, then
the proofs of Theorems 7.2 and 7.3 yield

Remark 7.5. Let m and Z° be given by (7.4)—(7.6), and assume that ¢° is in X°.
The equation
m(e®, 6)+m(e,6°)=0, forall ceX® (7.25)

is a sufficient condition that « have exactly one upper potential 4 such that
(1) the domain of A4 is XZ°, and
(2) A(c°)=0.

Definition 7.2. Let « be an action, and let P={P"|ve 3} be a stagnating family
of processes. If oeZ, is such that «(P™, 0)=0 for each PIeP, then P is called
a null family of processes for = at o.

Clearly, if P is a null family for « at some ¢ in Z, then P is a relaxing family
for «. A converse to this assertion is given in

Theorem 7.5. Let 2 be an action and P a relaxing family of processes for «. If
o° is a relaxed state for 2 with respect to P, then P is a null family of processes for
« at ¢°.

In other words, a relaxing family P for « is a null family for « at each relaxed
state in PZ,,.

# As explained in the statement of Theorem 7.2.
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Proof. If P relaxes a state ¢ to ¢° for «, then, by Definition 7.1, ¢ is in 2, and
6°=Pg; hence Theorem 6.1 tells us that ¢° is in %, while Theorem 7.1 yields
2(P™, ¢°)=0 for each P in P; j.e. P is a null family of processes for z at ¢°;
q.e.d.

The following corollary to Theorem 3.7 generalizes to our present context an
observation made by Coleman in the theory of materials with fading memory.*

Theorem 7.6. Suppose « has the Clausius property at ¢°, let Z° and A° be as in
(7.6) and (7.10), and let ¢’ be in Z°. If P is a null family of processes for « at ¢’,
then not only is P¢’ in X°, but, moreover,

A°(Pa’)= A°(c").

8. State Functions in Thermodynamics

Returning to the formulation of thermodynamics discussed in Section 5, we
now make the following definitions. A state ¢° is here called a relaxed state if
and only if there is a stagnating family P={P™|ve3} which has a state ¢ in its
essential domain Z, such that 6°=Po=1im P ¢ and both

v 00

lime(P™, 6) and lims(P™, o) 8.1)
exist. The set IT¢° is again called the set of states accessible from ¢°, but we say
that a set of states is closed under approach, only if it is closed under both s-ap-
proach and e-approach.

In this section we make the following assumption: There exists at least one
relaxed state ¢°, and at this state the First and Second Laws hold; i.e. e has the
conservation property at ¢°, and s has the Clausius property at ¢°.

It now follows from Theorem 7.2 and Remark 7.4 that there is 2 set 4 which
contains all states accessible from ¢° (including ¢°), is closed under approach,
and is such that ¢ has the conservation property and s has the Clausius property
at every state in . Indeed, it is clear from Remark 3.2 and arguments employed
to prove Theorems 4.1 and 4.4 that if we define m®), m(=9), and m(® by the rela-
tions (7.4) and (7.5) with « replaced, successively, by ¢, — ¢, and 4, then we may
choose 7 to be the set

T ={c|eeZ, m?P(c¢°, o) finite for i=¢, —e¢,s}. (8.2)

We here make this choice for 7. It follows from Theorem 7.2 and Remark 7.4
(and the proofs of the several theorems behind Remark 7.4) that there exist
functions E and S mapping 4 into IR which obey

E(@©@%)=0, S(°)=0, (8.3)

and which are such that E is an energy function and S is an entropy function in
the sense explained in Section 5, i.e. E is a potential for ¢, and S is an upper
potential for 4.

* 11964, 1], Remark 31, p. 38.
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It follows from Theorems 4.5 and 4.6 that there is exactly one energy func-
tion E on J obeying (8.3),, and this energy function is continuous.

Let $ be the set of entropy functions on J which vanish at ¢°. It is an im-
mediate consequence of the Definition 3.2 that § is a convex set, i.e.

S1,8,€9H, ae©®,1) = oaS;+(1—-a)S,eH. 8.9

Theorem 7.2 gives us an extreme point for $. Indeed, by that theorem and its
proof, $ contains an element S° which is the smallest entropy function in the sense
that

SeH, o7 = S()=5°(0). (8.5)
The entropy function S° is determined by the action s through the formula
S°(6)=m’(¢°,6), oeT. (8.6)

Remark 7.2 here tells us that if the relaxed state ¢° is s-approachable from a
state ¢ in 7, then m!(o, ¢°) is finite. By Theorem 7.3 and its proof, if m*(c, ¢°)
is finite for each ¢ in 7, then the function 8°, determined by s through the equation

S°(6)= —m*(0,6°), oeT] 8.7
is in $ and is the largest entropy function in the sense that
Se$H, oeT = S()<85(0). (8.8)

If m*(c, ¢°) is finite for each ¢ in 7, then, by Theorem 7.4, § contains exactly
one function if and only if the action s is such that

m*(c°, ) +m*(a, 6°)=0. 8.9)

By Remark 3.3, even if (8.9) does not hold, the smallest entropy function S°
of (8.6) “increases monotonically to a limit under isolation” as explained in the
sentence containing equation (5.9).

II. Thermodynamics of Material Elements
Preface to Part I

The central goal of our research has been to render precise and develop
concepts which are common to all branches of thermodynamics. At this point
in our essay it remains for us to show that the mathematics developed in Part I
is appropriate for describing physically useful systems and for finding the restric-
tions placed upon them by the laws of thermodynamics. We now (starting in
Section 9) attempt to do this by developing a theory of simple material elements. *
In this theory, we deduce, rather than assume, the existence of entropy as a function
of state, in accord with the approach to thermodynamics advocated in Section 5.
Indeed, in Theorem 9.3, which is a corollary to Theorem 3.3, we observe that the
Second Law implies that every simple material element has an entropy function S
which obeys an integrated form of the Clausius-Duhem inequality and which is

# See Definition 9.1.
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an upper semicontinuous function of state. Sections 10, 11, 12, and 13 are devoted
to detailed discussions of the following important special classes of simple material
elements: elastic elements, elements with internal variables, elements with fading
memory, and viscous elements. We prove that every member of these classes of
material elements furnishes a definite example of a system in the sense of Defini-
tion 2.1.* For each of the special classes, additional structure yields further
regularity for S beyond semicontinuity. In Section 12, we show, for example,
that for a material with fading memory .S has ““instantaneous derivatives” which

obey the “generalized stress relation”.* #

9. Simple Material Elements

In the general theory of systems (X, IT), X is a Hausdorff space, and each process
in IT induces a continuous mapping pp of a subset 2 (P) of X onto a subset Z(P)
of X. One writes £ for the subset of IT x IT consisting of pairs (P’', P") for which
G(P"YNR(P’) is not empty, and one assumes that there is assigned a function
P 11, written (P”, P')~ P’' P’, such that pp«p.6=pp»pp.c. The nature of the
elements of II is left unspecified, and IT has no structure other than that arising
from the assumptions made in Definition 2.1 about the functions P+ pp and
(P", Py P"” P’. Simple material elements, which we are about to define, are
special systems for which each element of IT is a vector-valued function on an
interval of the form [0, ), 0<t<oco. We shall often employ the same symbol,
P, for an element of I1 (i.e. a vector-valued function on [0, £)) and the X-valued
function, pp,: 2 (P,) » #(P,), determined by it. When P, is considered a Z-valued

function we shall write P,¢ for its value at a state ¢ in Z(P), ie. P,a'd;fpptcr
(as in Part I); when, however, P, is considered a vector-valued function on [0, #),
we shall place parentheses about its argument and write P,(7) for its value at a
number 7 in [0, #).

We say that a vector-valued function P, on [0, £), with rte R** =(0, o), is
piecewise continuous if the limit P,(t+) exists and equals P,(7) for each tin [0, 1),
the limit P,(tr—) exists for each 7 in (0, ¢], and P,(z—)=_P,(7+) at all but a finite
number of points in (0, £). We are particularly interested in cases in which the
range of P, is a subset of the vector space

U=Lin(®)®ROY, ©.1)

with ¥ a real three-dimensional inner product space, and Lin (¥7) the space of
tensors on ¥ (i.e. linear mappings of ¥~ into ¥").* ** For an inner product and
norm on U we use

(B,b,b)-(C,c,e)=B-C+bc+b-c,

|B, b, b|=]/(B, b, b)- (B, b, b),

(9.2)

# The proofs required to show this are in general non-trivial, for they rest upon modern
results in the qualitative theory of ordinary and functional-differential systems.
* % Cf. COLEMAN [1964, 1, 2].
#¥% § ater we use the symbols Sym (¥) and Lin ()" to denote, respectively, the set of
symmetric tensors in Lin (#7) and the set of tensors in Lin (¥") with positive determinant.
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where b-¢ is the inner product of b and ¢ as elements of ¥°, and B-C=trace BCT
with CT the transpose of C.

A function mapping a finite interval into U is here said to be piecewise dif-
ferentiable if it is continuous on its domain and differentiable at all but a finite
number of points.

Definition 9.1. A simple material element (X, I1, 0, T, q) is a system (Z, IT) for
which
(1) each element of IT is a piecewise continuous function P,=(L, h, y)
mapping an interval [0, ¢), e IR* ¥, into the vector space U of (9.1); if P, isin 1T,
then, for each t in (0, t), P, the restriction of P, to {0, 1), is in I and
2(P)>2(P); if 2(P,)nA(P,,) is not empty, i.e. if (P,, P,) is in 2, then
the function P, . ,,: [0, t; +1¢,) = U, defined by

P, (1), for 1€[0, 1),
P, (t—t,), for te[t;, t,+1y),

22

Ptl+tz(r)={

is in I1, has .@(P,l“z):p;t: (2(P,)nR(P,)), and for each o in D(P,,+,,)
obeys the formula

P, 4,6=P, P, 0;
the function (P,,, P,,)> P,, , is the mapping (P", P')— P’ P’, from & into II,
which, by axiom II of Definition 2.1, must be assigned for a system;

(2) there is a continuous mapping o+ ,0=(F, e, f) which takes X into
Lin (¥)** xR x ¥ < U; for each pair (P, ¢) in II® X, the function 1+ g,
defined by

a,={a’ for 1=0, ©93)

P,o, with P, =P, for te(0,1],
is a piecewise continuous mapping of [0, ¢] into X and is such that

1 40,=(F(7), e(1), B(1)) (X))

is piecewise differentiable with a classical derivative (F (t), é(z), B(z)) at each
point t of continuity of P,: [0, t) - U; moreover, for each ¢ in X, there is at
least one P, in IT such that ¢ is in 2(P,) and the function 71— g, of (9.3) is
continuous at every 7 in [0, 7];

(3) there are given continuous functions of state,
f: >R,
T: £ - Sym(¥"), 9.5)
q: 27
such that, for each pair (P,, 6) in I1<¢ Z, the relations

F(0)=L() F(2),
é(t)=T(o,) - L(r)+h(7), (9.6)

B =v(1),
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hold at each point of continuity of P,, and the function s on II$ Z, defined by
h(z)
8(c.)

is an action; in (9.6) and (9.7), ¢, is given by (9.3) with P,=(L, h, ¥): [0, t) - U,
and (F (1), e(1), B(7)) is given by (9.4).

s(F, 0)= 6‘ df+gq(0f) - B() dr, 9.7

In the triplets (L, A, y) which describe processes P,, L stands for the velocity gradient, & is

. . , divg .
the rate at which heat is absorbed per unit mass |i.e. h=r— 4 with u the mass density, g the

heat flux vector, and r the rate of supply of heat by radiation), and 7 is the material time-derivative
1 1
of — 7 grad —-, with 8 the absolute temperature. In the mapping ¢ — qo=(F, ¢, B), F is the present

(or “instantaneous”’) value of the deformation gradient (relative to a preassigned reference),

1

1
e the present value of the specific internal energy, and fthe present value of the vector — —ﬂ— grad 7

1
(i.e. ﬁ=—,;e—2 g with g=grad 0). The values of the state functions & and ¢ listed in (9.5) are,

of course, the temperature and the heat flux vector; the value of T is the Cauchy stress divided
by the mass density x.

Remark 9.1. For each simple material element, the function ¢, defined on

aox by t t

e(P,0)=[T(6) - L(x)dt+ [ h(r)dz (9.8)
4] 0

with ¢, as in (9.3), is an action which has the conservation property at every state
in XZ. The potential E for e, called the energy function for the simple material
element, is defined on all of Z, is unique to within a constant ¢, and has the form

0‘7=(F,e;p) = E(U)=e+c; (99)

i.e. to within a constant ¢, E(c) is simply e.

Proof. Let o', with jo'=(F, ¢, §), be in Z, let P,.=(L, h, y) be in II with ¢
in @(P), let go,=¢(P.0")=(F(1), e(1), B(z)) as in (9.4), and note that because
we have P, piecewise continuous on [0, ), T continuous on Z, and 7~ o, piecewise
continuous on [0, ¢}, the integrals in (9.8) exist, and «(P,, ¢') is well defined.
Since T~ e(t) is piecewise differentiable (and hence continuous), (9.6), and (9.8)
yield "
¢(P,0)=[é(Ddr=e(t)—e(0)=e()—¢', (9.10)
L]

and, since ¢’ depends continuously on ¢’, we may conclude that ¢p =e(P, ")
is continuous. For each pair (P,,, P,) in 2, item (1) of Definition 9.1 gives us an
explicit formula for P,,,, =P, P,,, the value of the ““successive application func-
tion” from & into II, and this formula is clearly such that for each ¢’ in 2 (P, P, ),
9.10) yields p . .
©10)y (B Py )= (P sy )=ty + 1) e
=[e(t)—e'T+[e(ty +12)—e(ty)]

= Z(l)n, a')+e(f,tz9 Ptl O',),



44 B. D. CoLemaN & D. R. OwWeN

which has the form (2.3). Thus ¢is an action as defined in Definition 2.2. It follows
from (9.10) that for each ¢ in R, the function E defined in (9.9) is such that when-
ever (P, o) is in I1® Z, there holds

E(Po")—~E(c)=¢(P, o). (9.11)

By item (2) of Definition 9.1, E is continuous on Z, and therefore each state o'’
has, for each ¢>0, a neighborhood ¢ such that

Pell, Pcd'e0 = |E(¢")—E(Pd)|<e.
On employing (9.11) to eliminate E(Po¢’) from this last expression, we obtain
Pell, Po'e® = |E(@")—E(c')—<(P,d")|<e.

In view of Definition 4.2, this implies that E is a potential for ¢, and, by Theorem
4.3, ¢ has the conservation property at every state in the domain ¥ of E. Further-
more, it follows from Theorem 4.6 that any potential A4 for ¢ defined on all of Z
can differ by at most a constant from a given function E of the form (9.9); but this,
in turn, implies that A also has the form (9.9); q.e.d.

For simple material elements the First Law of Thermodynamics is taken to
be the assertion that the action ¢, defined in (9.8), has the conservation property
at at least one state. Thus, by Remark 9.1, we can assert

Remark 9.2. Every simple material element obeys the First Law of Thermo-
dynamics.

Here the Second Law of Thermodynamics is taken to be as follows:

Second Law. There is at least one state ¢° in X at which the action 4, defined in
(9.7), has the Clausius property.

Although the First Law is automatically fulfilled by material elements obeying
Definition 9.1, the Second Law is not, unless the state functions 0, T, and ¢ obey
certain restrictions. The problem of finding these restrictions will be studied in
detail in subsequent sections for various special cases of simple material elements,
but to indicate how such restrictions come about, we now state two general
theorems.

Theorem 9.1. Let o, be a state of a simple material element (Z, I, 6, T, q), put
o0.=(F,, e,, B.), and suppose that the action s of (9.7) has the Clausius property
at g,. If IT contains a process P,=(L, h, y) such that, for each 7 in (0, ?), #(x)=0
and P,0,=0,, with P, the restriction of P, to [0, 7), then

4(0,) - p.=0. 9.12)

Proof. If s has the Clausius property at ¢, and P,o,=0,, then, by the discussion
following Definition 3.1, 4(P,, 6,)<0; if, further, 4(z)=0 and ¢,=P,¢,=0, for ¢
in (0, ), then we have, by (9.7),

0= [q(s,)- B(x) dr=1tq(0.) B;
q.e.d. 0
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Definition 9.2. Let P, be a process of a simple material element (2, I1, 6, T, g), let
o be in 9 (P), and let a,, for 1€[0, ], be as in (9.3). If

0(c,)=0(s), for 1e(0,1] 9.13)
(i.e. if #=0 on [0, 1)), then P, is said to be isothermal when applied to ¢. If
00.=(F(7), e(2),0), for ze[0,t] (9.149)

(i.e. if y(z)=0, and 4o has the form (F, e, p) with g=0), then P, is homothermal
when applied to o. If

Po=o, 9.15)
then P, is cyclic when applied to o.

Theorem 9.2. Let o be a state of a simple material element (X, I1, 0, T, q),
and suppose that the action s of (9.7) has the Clausius property at ¢. For each
process P, that is both cyclic and homothermal when applied to a, there holds

t

T(o,)-L(x)
TR

with o, as in (9.3). Consequently, if P, is cyclic, homothermal, and isothermal
when applied to o, the total work corresponding to P, and g, i.e. the number

(9.16)

w(P, 0) = i T(c,) - L(z) d, (9.17)

is not negative.

Proof. The discussion following Definition 3.1 tells us that, if P, is cyclic
when applied to o, and if s has the Clausius property at g, there holds

024(P, 0),
and, by (9.7) and (9.6),, this inequality can be written

0= [—l%isﬁ)—_ké(ﬂ] dt+ gq(o;) B dr

|
0o
{- L)Lk
0

: (9.18)
= 8o d1+e(t)—e(0)+Jq(a‘,)-ﬁ(‘c)dt.
But, by (9.4), (9.3), and (9.15), we here have
(F(®), e(), B()=oP.o=o0=(F(0), &(0), B(0)),
and, in particular,
e(t)=e(0). 9.19)
If P, is homothermal when applied to o, then (9.14) asserts that
B()=0, for te[0,1]. (9.20)

The relations (9.18)-(9.20), obviously imply (9.16). If P, is isothermal when applied
to o, then it follows from (9.13) and the positivity of the function # that (9.16)
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is equivalent to the assertion that the number #(P,, 0) of (9.17) is not negative;
q.e.d.

In the following remark we use the concept of ““s-approach” rendered precise
by Definition 3.3.

Remark 9.3. Every state of a simple material element is s-approachable from
itself.

Proof. If ¢ is a state of a simple material element (Z, IT, 0, T, q), then by item
(2) of Definition 9.1 there is a P, in II which has ¢ in 2(P,) and is such that the
function t+» o, defined in (9.3), is continuous on [0, #]. For this process P, we put,
for each positive integer #, et

Pn = Pt/n=Pt|[O,L);

and we observe that the continuity of 7 o, at =0 implies that

limP,o=o.
Moreover, the formula (9.7) for s, the piecewise continuity of the function
P,=(L, h, y), the continuity of the functions 6 and g of (9.5), and the continuity
of the function 7 (F(7), e(1), (1)) of (9.4) imply that, as » increases without
bound, the numbers s(P,, 6)=4(P,;,, o) not only have a limit, but
lim s(P,, 6)=0.

n—ow

Hence, o is s-approachable from ¢; q.e.d.

In view of Remarks 9.3 and 3.2, Theorem 3.2, and observations made in
Section 5 [see (5.4)], we have

Theorem 9.3. In order that a simple material element (Z, I1, 6, T, q) obey the
Second Law of Thermodynamics, it is necessary and sufficient that s have an
upper potential S, called an entropy function, which is upper semicontinuous and
whose domain is closed under s-approach and contains the state ¢° occurring in
the Second Law; if ¢ and ¢’ are in the domain of S, then
, ¢ h(o) :
S(a)—S(a)_>__j§—dr+fq(a,)-ﬁ(r)dr, (9.21)
o 0(ar) 0
for each P, in II with ¢'=P,0. Of course, the states o, and the vectors B(r) in
(9.21) are given by (9.3) and (9.4) with P,=(L, h, ): [0, t) - U.

The relation (9.21) underlies much recent research® on the thermodynamics
of simple materials. Various special cases of simple material elements can be

*# See COLEMAN & NOLL [1963, 2], CoLEMAN & MIizEL [1964, 3] [1967, 2], COLEMAN [1964, 1, 2]
[1970, 1], CoLEMAN & GURTIN [1965, 1, 2] [1966, 1] [1967, 1], OWEN [1968, 4], COLEMAN & OWEN
[1970, 2], CoLEMAN & DiLL {1968, 1] [1973, 1], and the extensive list of references given by DAY
[1972, 1]. In these works more is assumed about state functions than has been assumed so far
here, and (9.21) is employed in differentiated form. For derivations of the differentiated form
of (9.21) from a global form of the *‘ Clausius-Duhem inequality”’, and for insight into the origin
and early uses of (9.21), see Dungm {1911, 1], TRUESDELL [1952, 1] [1961, 2], and TRUESDELL &
ToupInN [1960, 2].
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obtained by imposing additional structure on Z ¥ and giving rules for calculating
P,¢s. The most elementary examples of simple materials are elastic materials,
and in the next section we shall show how the theory of elastic elements can be
developed in our present framework. For elastic elements (o=g, for each ¢ in X,
and hence ¥ is a subset of the finite-dimensional space U=Lin (" )@ R® ¥ .

10. Elastic Elements

Definition 10.1. A simple material element (2, I1, 6, T, q) is called an elastic
element if
(1) the state space X is an open connected set of elements (F, e, ) of
Lin ()** xR x ¥ (which is, in turn, an open connected subset of U=
Lin (¥) @R @ ¥"); for each fixed element (F,, e,, B,) of Z, the set {F,} x {e.} x
v ={(F,, e,, )| pe¥"} is contained in X; the topology of X is that induced
by the natural topology of U, i.e. that arising from the inner product (9.2),;* *
the mapping ¢ — (o is taken to be the identity mapping:

00 =0} (10.1)
(2) the functions 8 and q of (9.5) are continuous, and T is continuously
differentiable;

(3) let P,=(L, h, y) be a piecewise continuous function mapping an interval
[0, ), teR**, into the set U of (9.1), and let 2(P,) be the set of all states ¢
such that the differential equation

F=LF,
é=T(F,e,B)-L+h, (10.2)
B=7,
with the initial condition
(F(0), e(0), B(0))=o0, (10.3)

has a solution® * * whose values (F(z), e(1), B(1)) lie in X for 7€[0, ¢]; if Z(P)
is not empty, then P, is a member of II, and for each ¢ in 2 (P,) the state P,c
is the value at time ¢ of the solution of (10.2) obeying (10.3):

Po = (F(1), (), B()). (10.4)

* Note that so far £ has only a topology; we have not yet assumed that X has a translation
space or any manifold structure.

*#* In applications one may, for example, take Z to be a set of elements (F, e, f) of U with F
varying over all of Lin (¥*)** and g varying over all of ¥, while e has a lower bound e,(F)
which depends continuously on F; i.e. one may take, for some prescribed continuous function e;:
Lin ()™t > R,

Z={(F,e,p)| FeLin(¥)* ", g(F)<e<o, Be¥’}.
#3# # We of course mean a solution in the classical sense; such a solution (F, e, #) is continuous

on [0, ] and has a classical derivative (I':, e, ﬁ) at each point of continuity of (L, &, y); wherever
(F, &, f) exists it obeys (10.2).
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Thus if P,=(L, h, y) is a process of an elastic element, then there is a point ¢
in X such that (10.2) has a solution (F, e, f) on [0, ¢] obeying (10.3). Since we
assume that T: X — Sym (¥") is continuously differentiable and that P,, as a U-
valued function on [0, #), is piecewise continuous, the right-hand side of (10.2)
obeys a local Lipschitz condition. It follows that the solution (F, e, B) is the only
solution of (10.2) corresponding to the process P, and the initial condition (10.3).
Thus, the mapping o+ P,o of (10.4) is well defined; i.e., P,: 2(P,)— 2 is a func-
tion. Furthermore, because X is an open subset of U, the trajectory of the solution
(F, e, p) forms the ““center line” of a compact tube T which has positive radius
and lies in X at a positive distance from the complement of X in U. On I, the right-
hand side of (10.2) has a single Lipschitz constant. Using these observations and
standard techniques of the qualitative theory of differential equations, one can
show that 2 (P,) is an open subset of X and that the mapping P,: 2(P)— X is
continuous. It is evident that if t is in (0, ¢), and if P, is the restriction of P, to
[0, 7), then every o in Z(P,) is in 2 (P,).

Thus as the general theory of Part I requires, each element P, of IT induces a
transformation, i.e. determines a continuous X-valued function on a non-empty
set & (P,) which is open in Z. In addition, the processes P, of an elastic element and
the function 7+ o,= 40, have the properties mentioned in item (2) of Definition
9.1. Moreover, when 0 and g are continuous on X< U, the function s: IOX - R
of (9.7) is well defined and continuous in ¢ for each P, in II. It is easily verified
that 4 obeys the additivity relation (2.3); in other words, 4 is an action, and since
(10.2) implies (9.6), item (3) of Definition 9.1 is verifiable for an elastic element.
Of course, for an elastic element the function (P, P, )~ P, P, =P,,,,, is defined
as explained in item (1) of Definition 9.1; it is easily seen that this function does
map & into II and obeys axiom II of Definition 2.1. The requirement placed on

a system (Z, IT) in axiom I of Definition 2.1, i.e. that Hatf{P,alP,eH, o€ (P)}
be dense in X for each o in X, is met here, for the following easy theorem shows
that, for each state o of an elastic element, IIo=2.

Theorem 10.1. For each pair of states ¢’, ¢ of an elastic element there is a
process P, in IT such that " ,
o¢'=Po.

Proof. Let ¢'=(F', ¢, p') and o¢”"'=(F",¢”, B’) be two given elements of ZX..
Since X is connected and open in U=Lin (¥ )® R @ ¥, ¥ is polygonally con-
nected, and ¢’ and ¢’ can be joined by a continuous path (F, e, ) in X formed
from a finite number of segments on each of which (F, ¢, f) is constant. Thus’

we have a function (F, e, g): [0, ] — 2 with #>0 and such that

(F(0), (0), B(0))=(F', ¢, B)=0", (10.5)
(F(D), e(), B®)=(F",¢", ") =05", (10.6)
and the function P,=(L, h, y): [0, ) - U, defined by
L=FF*,
h=é—T(F,e, B)- (FF™Y, (10.7)

v=8,
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is piecewise continuous. On comparing (10.7) and (10.5) with, respectively, (10.2)
and (10.3), and noting that the trajectory of the function (F, e, p) lies in Z, we see
that the piecewise continuous function P,=(L, A, y) defined by (10.7) is a process
in the sense of Definition 10.1, and, moreover, ¢’ is in 2 (P,). Furthermore, com-
parison of (10.6) with (10.4) tells us that here P,¢'=0¢"'; q.e.d.

In view of Theorem 10.1 and the observations made just before it, any object
(Z, 11,0, T, q¢) which obeys items (1)~(3) of our Definition 10.1 is a system in
general and, in particular, is an example of a simple material element; i.e. X and I
have the properties required by Definition 2.1, while Z, I1, 8, T, and q have the
properties required by Definition 9.1. That is,

Remark 10.1. Definition 10.1 is consistent with Definitions 9.1 and 2.1.

A particular elastic element is specified when Z, IT, 6, T, and q are given. If one
requires that an elastic element (Z, IT, 8, T, q) obey the laws of thermodynamics,
as stated at the beginning of Section 5, then 8, T, and q¢ must obey certain restric-
tions, which we shall discuss below.* As we observed in Remark 9.2, the First
Law is here automatically satisfied. We shall here show that familiar restrictions
on state functions follow from the Second Law. This is the case also in COLEMAN &
NoLv’s approach to the thermodynamics of elastic materials,** where entropy
is taken to be a primitive concept.* * ¥

Theorem 10.2. If an action for an elastic element has the

Clausius
conservation

conservation
property at every state in X,

{Clausius }
property

at one state in X, then it has the{

Proof. By Remark 3.1, an action has the Clausius property at a state ¢ only
if it has that property at all states in ITo, and Theorem 10.1 here yields To=2Z,
The analogous argument based on Theorem 4.1 here tells us that an action pos-
sessing the conservation property at one state has that property at all states; g.e.d.

For simple material elements in general, and hence for elastic elements in
particular, the Second Law of Thermodynamics has been taken to be the assertion
that the action s defined in (9.7) has the Clausius property at a state in X. It follows
from Theorem 10.2 that an elastic element (Z, I1, 8, T, q) obeys the Second Law
if and only if s has the Clausius property at every state in Z.

Theorem 10.3. If an elastic element (2, I1, 0, T, ¢) obeys the Second Law of Ther-
modynamics, then g must be such that for each state (F, ¢, f) in Z,

q(F,e, p)- p=0. (10.8)

Proof. Let 0=(F, e, ) be an arbitrary state of the elastic element, and let £ be a
positive number. Clearly, the function P,=(L, 4, y), defined by

P,(7)=(0,0,0), for 7€[0,1), (10.9)

# See Theorems 10.3, 10.5, and 10.6, and Remark 10.3.
## 11963, 2]. See also COLEMAN & MizeL [1964, 3].
## % The theorems of this section generalize results obtained for elastic materials by CAPRIOLI
[1955, 1] and DAY [1972, 1], who assumed, rather than showed, that T and 6 are independent of g.

4 Arch. Rational Mech, Anal., Vol. 54
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isin IT, and ¢ is in 2 (P,). For this process P,, we have, for each 7 in (0, #),
h(t)=0 and P,o=0, (10.10)

where P, is the restriction of P, to [0, 7). The relation (10.8) follows immediately
from (10.10) and Theorem 9.1; g.e.d.

Theorem 10.1, Remark 3.2, and Theorem 3.2 here yield the following theorem
which should be compared with Theorem 9.3.

Theorem 10.4. An elastic element (2, II, 6, T, q) satisfies the Second Law of
Thermodynamics if and only if the action s of (9.7) has an upper semicontinuous
upper potential S whose domain is all of Z. For each pair of states ¢, ¢’ this entropy
function S obeys the relation

t h(‘L’) t

S(a')—S(a)gO 8(o) dr+(£q(0',)-ﬁ(r)dr (10.11)

for each process P, with P,o=¢'. Here, again, o, and f(7) are as in (9.3) and (9.4)
with P,=(L, h, y): [0, t) > U.

1f S is differentiable on X, then (10.11) becomes equivalent to the assertion
that the Clausius-Duhem relation,

LY (10.12)

holds on each solution of (10.2). In Theorems 10.5 and 10.7 we shall show that
for an elastic element, the entropy function is differentiable and is unique to within
a constant.

We say that a real-valued function f on X is differentiable at c=(F, e, p) if
U=Lin (¥')® R @ 7" contains an element (0 f(0), 0, f(0), 05 f(c)) obeying

f(F+A,e+a,p+a)y=f(F,e,B)+0cf(6)-A+3,f(0)a

10.13

+0pf(0)-a+0([(4, a,)]) ( )

for those elements (4, a, ) of U such that (F+ 4, e+a, B+a) is in X; here df f(c)

is an element of Lin (¥7); 0, f(¢) is in IR; and d, f(0) is in ¥". We say that f is

continuously differentiable on X if fis differentiable at each point in X, and the func-
tion o (0 f(0), 0, f(0), 05 f(6)) is a continuous mapping of X into U.

Theorem 10.5. If an elastic element (Z, IT, 8, T, q) obeys the Second Law of Ther-
modynamics, then it has a continuously differentiable entropy function S which
is defined on all of X and determines the state functions 0 and T through the rela-
tions

6(o)=[08,5(c)]" ", (10.14)

T(c)= —0(0)[05 S(a)] F”, (10.15)
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which hold for each state o=(F, e, p); furthermore, this entropy function is in-
dependent of B, i.e. obeys the relation

S(F,e,p)=S(F,e,0) (10.16)
throughout X.
Proof. Consider the line integral

[ -TF, e,pF"" 1
1o={ [ iF.ep Y OF P

de+o-dp] (10.17)

which is defined on each oriented polygonal curve ¢ lying in
Zclin()""@R@ 7.

Of course, if ¢* and ¢~ are two curves which are in the domain of I and which
differ in orientation, and only in orientation, then

()= —I(c"). (10.18)

Now, let o be a fixed arbitrary element of Z, and let <* be a closed oriented poly-
gonal curve containing ¢ and lying in Z. For each ¢ >0 there is a continuous piece-
wise-linear parametrization T+ (F (1), e(1), B(x)) of «*, with domain [0, ], obeying

(F(), e(1), B(1))=(F(0), £(0), B(0))=o. (10.19)

Corresponding to this parameterization we have a function P,= (L, 4, y): [0,#) » U,
defined by (10.7). As we observed in the proof of Theorem 10.1, P, is a process
with P,a=(F (¢), e(¢), B(¢)), which here, by (10.19), reduces to P,o=0. Employing
the parameterization 7+ (F(1), e(1), B(7)), we can write

o L[ =T(E@, @, BO)FT' (1) - é(@)
Ie )“ﬂ 0F(), e, B@) (T”e(F(r),e(r),ﬂm)]dT’

and, by (10.7),, this becomes

S h@
0 G(F(‘[)s e(T)9 ﬁ(T))

Tt is a consequence of Theorem 10.2 that if (X, II, 6, T, q) obeys the Second Law
of Thermodynamics, then the action s has the Clausius property at every point
in X and, in particular, at the point ¢. Since P,6 =0, we have, in view of (5.4),
(P, 0)<0, or, by (9.7),

I(e dr. (10.20)

10
o 0(0)

where 6,=(F (1), e(x), B(1))=P,0, with P, the restriction of P, to [0, 7). Hence,
(10.20) yields

dr+ [9(c) - B()dr <0,
0

1) S~ [4(F (), e(), B@) - P d. (10.21)

Let
M(c*)=sup{—q(F,e,B)-B|(F,e, Pcc"}. (10.22)

4%
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Since <" is a compact subset of X, and q is continuous on X, M(<™) is finite.
By Theorem 10.3, M (<*) is not negative. Obviously, M(c*) is independent of ¢
and the parameterization of <*, and (10.21) and (10.22) yield

I(cH)StM (™).
Since this relation holds for each £>0, we have
I(c")<0. (10.23)

If ¢~ differs from <™ in orientation, and only in orientation, then the argument
which gave (10.23), since it was independent of the orientation of <%, gives also

I(c7)<0. (10.24)
But, by (10.18), I(¢™)= —1I(<*), and hence (10.24) yields —I(¢*)<0, which is
compatible with (10.23) only if

I(c*)=0. (10.25)

As o is an arbitrary state in X, and <* is an arbitrary closed, polygonal curve
through o, our proof of (10.25) shows that the line integral I vanishes on every
closed, polygonal curve lying wholly in the open connected set

Zclin(M**oR 7.

Hence, by (10.17) and a well known fundamental theorem on the existence of
potentials for vector fields, the function from X into U=Lin (¥)®R@ ¥
defined by —1T(0)

a=(F,e,If)""( (o) FT™, 0(10)’0)

has a potential in the classical sense; i.e. there exists a differentiable function
S: 2 - R, obeying the relations

dr S(0)=—T(e)F""'/0(0),
8.8(0)=1/6(0), (10.26)
which are equivalent to (10.14), (10.15), and (10.16). Since 8: X —»R*™* and
T: 2 — Sym (¥") are continuous functions, S is continuously differentiable on X.
To see that S is an upper potential for s, i.e. an entropy function for (Z, 17, 6,
T, q), we observe first that S obviously satisfies the condition (1) of Definition 3.2.
To verify condition (2), we let o be an arbitrary state and P,=(L, h, 7) be an arbi-
trary process such that ¢ is in 2 (P,). The supply of ¢ in going from o to P,¢ via
the process P, is given by the formula (9.7). If we write, for each 7 in [0, ¢],

0.=(F (1), e(7), B(r)) and take into account (10.2),4,, then the equation (9.7) can
be written in the form

T —T(F(3), e(r), B())FT'(7) - F(1) + (<)
*(F =] [ B(F(2), e, B0) |4

+ OI q(F(2), e(0), B(0)) - B(D) d,
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and, by (10.26), we have

(P, 0)= g [0¢ S(F(2), e(c), B(x)) - F(1) +2, S(F (x), e(z), B(1)) é(2)

+0, S(F(2), e(), B(x)) - B(0)] dr+ oj 4(F(2), e(z), B(2)) - B(x) d. (10.27)

Because S is differentiable on X, and the function t+ (F(7), e(z), B(1)) is dif-
ferentiable at all but a finite number of points in the interval [0, ¢], we can apply
the chain-rule to the composite function S(F(-), e(*), #(+)) and cast (10.27) into
the form

(B 0)= [ 2= S(E@, ¢, @) e+ [a(F @), e, BE)- BO dv
=S(F(1), e(), B(H))—S(F(0), e(0), B(0) (10.28)
+[4(F (), (), B(2) - B d.

By (10.3) and (10.4), equation (10.28) can be written

(P, 6)=S(P,0)—S(0)+ I' 9(c)- p(r)dr. (10.29)
By Theorem 10.3, the integrand °
4(c) - B(D=4(F(1), e(2), B(2)) - B(?)
is nowhere positive; therefore (10.29) yields
é(P,, 6)<S(P,6)—S(0), (10.30)

and, by the arbitrariness of ¢ and P,, this relation holds for every ¢ in X and each
P, in IT which has ¢ in 2 (P,). Let ¢’ be an arbitrary state in 2 and ¢ a given positive
number. There exists, by the continuity of S on X, a neighborhood @ of ¢’ for

which ¢’'el = S(¢")—e<S(s"),
and hence
Pell, Poel® = S(@)>SPFPo0)—t = S(c)—S(c6)>S(Po)—S(g)—s.

From this and (10.30) we conclude that, for each pair of states ¢ and ¢” and each
positive number ¢, there is a neighborhood @ of ¢’ for which

Pell, Poel = S(c")—S(0)>s(P,0)—¢.

Therefore, S satisfies item (2) in Definition 3.2 and is an upper potential for s;
g.e.d.

As an immediate corollary to Theorem 10.5, we have

Theorem 10.6. For an elastic element (Z, IT, 6, T, q) which obeys the Second Law,
the functions @ and T are independent of B, i.e.

O(F, e, p)=0(F,e,0), T(F,e,f)=T(F,e0), (10.31)
throughout X.
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It is clear that the equations (10.14)—(10.16) of Theorem 10.5 determine the
differentiable function S to within a constant. Furthermore, employing (10.11)
[i.e. (5.4)] and arguments given by CoLEMAN & NorL [1963, 2], one can show,
for an elastic element, that every differentiable entropy function obeys the equa-
tions (10.14)-(10.16). Thus, the Second Law implies that a given elastic element
has exactly one differentiable entropy function which is normalized, i.e. which
takes a preassigned value at a prescribed ‘‘standard state’”. Actually, however,
one can obtain a stronger result. The next theorem tells us that an elastic element
has no non-differentiable entropy functions. We give two proofs for Theorem 10.7.
The first employs Remark 7.5, and although longer than the second, may be of
interest, for it shows that quantities of the type sup «{c° — @} discussed at length
in Section 3 and 7 can be calculated when the system is an elastic element and «
is the action 4 of (9.7); the second proof is more elementary but does not illustrate
as well the significance of Remark 7.5.

Theorem 10.7. Let ¢° be a fixed state of an elastic element (Z, I1, 8, T, q), and let
S° be a preassigned number. If the elastic element obeys the Second Law, then it
has exactly one entropy function whose domain is X and for which

S(e%)=5". (10.32)
Proof. Since an entropy function plus a constant is again an entropy function,

the theorem will be proven if we can show that (2, I1, 0, T, q) has one and only
one entropy function § on X obeying

5(6°)=0. (10.33)

Let S: X — R be a continuously differentiable entropy function of the type given
to us by Theorem 10.5 and its proof, i.e. obeying (10.14)~(10.16) and (10.29).
Clearly, the function S defined by

S(6)=S8(0)-8(¢°), o€z, (10.34)

is an entropy function on X and obeys (10.33). Thus, the elastic element has at
least one entropy function S of the required type. To show that it has only one,
we let ¢’ and o'’ be arbitrary elements of X and let s{¢' > ¢"’} be the following
subset of IR:

s{c’ > 6"y ={s(P, ') | Pell, Pa’ =5""}. (10.35)

By Theorem 10.1, this set is not empty. Because S is an upper potential for s, we
have, by item (2) of Definition 3.2 [see (5.4)],

s(P,a)<£8(a")~S(o"),
whenever Po’'=¢"’, and hence the set s{¢" — "’} is bounded above with
sups{c’ = a"}<8(¢")—8(a"). (10.36)

Furthermore, because S was chosen to obey (10.29), we have, for each process P
with Po’'=0",

s(P,6")=8(c")—S(¢") + g q(F (1), e(v), B(v)) - B(x)dr, (10.37)



Mathematical Foundation for Thermodynamics 55

where (F(7), e(7), B(7)) is the value at time 7€[0, ¢] of the solution of (10.2)
corresponding to the process P, and the initial state ¢’. Now, recall that  is poly-
gonally connected, and let < be a polygonal curve which lies wholly in X< U and
has ¢’ and ¢” as end points. For each t>0, < has a continuous piecewise-linear
parametrization, 1+ (F(2), e(z), B(z)), with domain [0, ¢], and, as we saw in the
proof of Theorem 10.1, each such parametrization of ¢ determines a process P,
obeying P,6’=¢"’; for this process (10.37) holds. When P, is so determined,

<tM(e), (10.38)

0fq(l‘"(f), e(), B(1) - B(r)dt
M(e)=sup{|q(F, e, B)-BI|(F,e, Pe<}

is finite, because ¢ is compact, and ¢q is continuous on Z. Thus, for each ¢t>0 and
each process P, obtained by parameterizing < with a parameter t varying over
[0, ¢], we have, by (10.37) and (10.38),

where

({q(F(f), e(0), B(2))- B(r)dt

[$(Ps 01)“(3(52)‘§(01))‘§_ <tM(¢). (10.39)

with M (¢) determined by the chosen curve ¢. Clearly, (10.39) and (10.36) yield

sups{o’ ="} =8(c")—-S(d"). (10.40)
For each ¢'eZX and each open set 0 <= 2Z, let
s{c' > 0}={s(P,¢")| Pell, Pc’'c0} = R. (10.41)
For ¢’ and ¢ in X we put, as in Lemma 3.3,
m(o’,6'y= inf sups{c’— 0}, (10.42)
Oe@(c',a"")

where S(¢’, ¢'") is the following class of subsets of X:
S(o',0"")={0|0cZ, Copen, "' €0, sups{c’ > O} <o} (10.43)

By Theorem 10.1 and the proof of Theorem 3.1 (or Lemma 7.1), m is well defined
onExZ, ie. for(¢',6")eXx X, m(o',¢")>—co.If O is in S(¢’, ¢”"), then (10.35)
and (10.41) yield
4{c’ > 0}= ) ¢{c' >0},
el

and hence, by (10.40),
sups{c’ — 0} =sup {5(0) |60} - S(5"); (10.44)

as s{a’ — @} is bounded above, so also is {S(c)|c€0}. Since § is continuous on X,
for each ¢>0and ¢ in S(o’, 6'"), there is an open neighborhood @, of ¢’’ such that
0.0 and

sup {S(0)|0€0,} <S(c") +s¢, (10.45)

Clearly, 0, is in &(¢’, ¢'"), and (10.45) yields
inf  sup{S(6)|ce0}<sup{8(c)|0e0,} <8(c")+e.

GeS(e',a"’)
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As this holds for each £¢>0, we have
inf  sup {S(0)| o0} <S(c"). (10.46)
0e&(o’,a’’)
Furthermore, since each set @ in (o', 6"’) contains ¢"’, we have also
inf sup{S(c)|o€0}=3(c"),
Oe&(a’,0"")
and comparison with (10.46) yields
inf  sup{S(0)|0e0}=8(c¢"),
O0ecS(a’ya’’)
or, by (10.44) and (10.42),
m(o’,6")=8(c"")—8(c"). (10.47)
By interchanging the arbitrary states ¢’ and ¢’’ and repeating the argument
which led to (10.47), we obtain

m(¢”, 6")=8(c")-S(¢"),
and on adding this to (10.47) we find that
m(o”’,ay+m(c’, 0')=0

for every pair (¢', ¢'') in Z x Z. In particular, if ¢° is the fixed state mentioned in
the hypothesis of the theorem, we have

m(c°, 6)+m(o, 6°)=0

for every o in X. Thus, the condition (7.25) of Remark 7.5 is here satisfied, and we
conclude from that remark that there is exactly one upper potential for ¢ with
domain ¥ and which vanishes at ¢°; i.e. S, given by (10.34), is the only entropy
function obeying (10.33); q.e.d.

Alternate proof of Theorem 10.7. Because the elastic element (2, IT, 8, T, q) obeys
the Second Law, it is clear from Theorem 10.5 that the element has at least one
entropy function on X which obeys (10.32). To show that there is only one, let S
be any given entropy function for (Z, IT, 6, T, q) with domain X, and let ¢’ and ¢”*
be two arbitrary states in Z. Since X is polygonally connected, there is an oriented
polygonal curve <* which joins ¢’ to ¢” and lies wholly in 2. As we saw in the
proof of Theorem 10.1, each continuous piecewise-linear parameterization of ¢,
t(F (1), e(z), B()) with z€[0, ¢], >0, determines, through (10.7), a process
P,=(L, h, y) with P,¢’=0". Since S is an upper potential for s and has domain %,
it follows from (5.4), (9.7), (9.3), (10.4), and (9.6), that for the process P, we have

| ;l((;)) dt+ gq(a,)~ﬁ(r) dr

_{ TE@.e@ B F @ F@ e
] 0(F (1), (@), B(@)) (10.48)

+ ({ q(F (1), e(x), B(v))- () d

8(c")~S(e")z

=1(0+)+£¢1(F(T), e(), B(v))- () dr,
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with 7 the line integral defined by (10.17). The number
N(c*)=inf{q(F, e, B)- B|(F, e, P’} (10.49)

is finite, because ¢* is compact, and q is continuous on X. The relations (10.48)
and (10.49) yield

S(6'")—S(a)zI(c")+tN(c™), (10.50)

where S(¢”"), S(c”), I(¢*), N(¢*) do not depend on the parameterization of <.
Since for every ¢>0 there is a continuous piecewise-linear parameterization of <*
with domain [0, ¢], (10.50) holds for every >0, and we may conclude that

S(@')—S(a)zI(c™). (10.51)

If we now interchange ¢’ and ¢’ and replace <* by the curve ¢~ which differs
from ¢* only in orientation, then the argument which gave (10.51) gives

S(e)—S(6")2I(c7),
but, since I(¢™)= —I(e*), this yields
S(e")—=S(@)SI(c™),
which is compatible with (10.51) only if
S(@)—S(a)=I(c*). (10.52)

Thus, the difference in entropy for two arbitrary states ¢’ and o'’ does not depend
on the choice of entropy function, and this implies that at most one entropy
function S on X can satisfy (10.32); q.e.d.

Theorem 10.7 telis us that the entropy function of an elastic element is unique
to within a constant; if we combine this fact with equations (10.40) and (10.35)
of the first proof of the theorem, we can make the following assertion.

Remark 10.2. If S: X — R is an entropy function for an elastic element (Z, 17, 6,
T, q), then
S(c"")—S(c¢)=sup{s(P,¢")| Pell, Po'=0"}, (10.53)

for each pair (¢/, ¢’") in Zx Z.

Remark 10.3.* It is a consequence of the ““heat conduction inequality” (10.8)
that

q(F,e,0)=0 (10.54)

whenever (F, 0, 0) is in 2. (In other words, it follows from the Second Law that
heat does not flow through an elastic element without a temperature gradient.)

Proof. By item (1) of Definition 10.1, if (F, 6, 0) is in X, so also is (F, e, «b) for
each « in IR and each b in ¥, and (10.8) yields

q(F,e,ab)-(xb)=0.

* Cf. PrerIN & RIvLIN [1958, 1] and CoLeMAN & NoLL [1963, 2] whose proofs assume that
¢ is differentiable; the present proof does not.
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For « in R* " this reduces to
q(F,e,ab) - b<0,

and hence, by the continuity of g on X, we have, for each b in ¥/,

q(F,e,0)-b= lim q(F,e,abh)- b<0.
a0+
But, since q(F, 6,0) is independent of b, the inner product q(F, 8, 0)-b
can fail to be positive for each b in ¥ only if ¢ (F, 6, 0)=0; q.e.d.

Remark 10.4. Although we have not made use of the fact here, one can easily
show that every state of an elastic element is stagnant in the sense in which the
term is used in Section 6; furthermore, those states (F,e, §) for which
q(F, e, B)- B=0 are relaxed for s in the sense of Definition 7.1.

The main results of this section may be summarized as follows.

Remark 10.5. An elastic element (Z, IT, 0, T, q) satisfies the Second Law if and only
if the action s of (9.7) has the Clausius property at every state in Z. This condition
is equivalent to the assertion that s has an upper potential S which is defined on
all of X and is unique to within a constant. This entropy function for (Z, I1, 0, T, q)
is continuously differentiable, obeys (10.16), and determines the functions 8 and T
through the relations (10.14) and (10.15). Furthermore, in order for (2, I1, 0, T, q)
to obey the Second Law it is necessary and sufficient that the state functions
0, T, and q satisfy both of the following two conditions:

(i) # and T are independent of B, and there exists a differentiable function
S of F and e such that, for each state (F, e, f),

O(F, e, p)=0(F,e)=[3,S(F,e)] "
and
T(F, e, B)=T(F,e)=—0(F,e)[0;S(F,e)]F";

(ii) for each state (F, e, B), g obeys the ‘“heat conduction inequality”’,

q(F7 e,ﬂ)ﬁ§0

11. Elements with Internal Variables

Definition 11.1. A simple material element (Z, 11, 0, T, q) is called an element with

internal variables if
(1) there is given an open connected set @ of elements (F,e, B, @) of
Lin(¥)** xR x¥ x#", with # a finite-dimensional vector space with an
inner product *“-”’; the topology of @ is that induced by the natural topology
of Lin(")YOR®Y W =U®W ; for each element (F', ', B, «") of @, the
set {(F', ¢, B, a’)|Be¥"} is a subset of @; if o is the set of all «’ in ¥ for
which @ has elements of the form (F, ¢, B, '), then for each &’ in &, the set

def

I, ={(F,e B, a)|(F,e p,a)ed} (11.1)
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is connected; the state space Z is a subset of @ as explained in items (3)-(4)
below;

(2) the functions 8 and g in (9.5) are defined and continuous on @, T is
continously differentiable on &, and there is given a continuously differentiable
function f mapping @ into ¥#;

() if (F',e', p',a') is in @, we write W5 . g o fOr the set of piecewise
continuous functions P,=(L, h, ¥) which map an interval [0, ¢), with teIR* ",
into U in such a way that the differential equation

F=LF,
é=T(F,e,B,a)-L+h,
=1,

a=f(F,e, B,a),

has a solution (F, e, §, «) which obeys the initial condition

(F(0), e(0), B(0), a(0))=(F', ¢, ', &) (i1.3)

and lies in @ for all 7€[0, 7]; the functions T and f are such that there exists
a distinguished point ¢°=(F°, ¢°, B°, &°) in ¢ with the following property:
for each neighborhood @ of ¢° in @, there is, for every (F', ¢, §’, ') in & an
element P, of ¥§. . g,y for which the solution of (11.2) and (11.3) has its
final value (F (), e(t), B(¢), 2(¢)) in O;

(4) let @°° be the subset of & which is comprised of all values of solutions
of (11.2) with

(11.2)

(F(0), e(0), B(0), a(0))=(F", ¢°, °, a) =0" (11.4)

and P,=(L, h, y) in ¥,.; the set X is the closure in ¢ of &°"; the topology of
Z is that induced by U® #";
(%)
n=y v, (11.5)
cel

the domain Z(P,) of a process P,ell is the set of all elements ¢ of X for which
P,isin ¥,; when o is in 2 (P,), the state P,s is defined to be the value at time ¢
of the solution (F, e, #, ) of (11.2) with (L, A, y)=P, and

(F(0), €(0), B(0), x(0))=0; (11.6)

ie.
Poo = (F(1), e(1), B(D), a(2). 11.7)

Since we here assume that T: & > Sym(¥") and f: & - %  are continuously
differentiable and that P,=(L, h, y) is piecewise continuous on [0, ¢), the right-
hand side of (11.2) is locally Lipschitzian. Thus, for each P, in I, when ¢ is in
2(P,), the equation (11.2) has only one solution obeying (11.6). (It has at least
one solution, because ce2(P,) implies P,e¥,.) It follows that the mapping
o+ P,a of (11.7) is well defined as a function from 2 (P)c X into ¢. Because X
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is a subset of &, which is, in turn, an open subset of U@ #", the trajectory of the
solution (F, e, B, @) of (11.2) which obeys (11.6) (with oecZ) forms the center
line of a compact tube T which has positive radius and lies in @ at a positive
distance from the complement of @ in U® #". On I, the right-hand side of (11.2)
has a single Lipschitz constant. One can use this observation to show that 2 (P,)
is an open subset of X and that the mapping o P, 6e® is continuous.

Now, let o be in @ (P,) for a fixed process P, in I1. If ¢ is in ®7', i.e. is of the
form P,c°, then P,o has the form P,,,¢° for an appropriate process P, and
hence P,c is in ®°°, a subset of Z. By item (4) above, each element of X is in &
or is, at worst, a limit point of ®°°, If ¢ is in ®°, then as we have just seen, P,
is in X. If ¢ is a limit of a sequence of points o, in @, then all of these points
o, with n greater than some integer are in the open set 2 (P,), and for these points
P,o, is, as we have observed, in Z. By the continuity of P, on 2(P,), P,s, converges
to P,o. Thus, P,o is in the closure of X, and hence in Z. In other words, Z(P,),
the range of the transformation induced by P,, is a subset of X, as is required by
Definition 2.1. The “successive application function” (P,,, P,)~P,, P, =P, ,,,
is defined as explained in item (1) of Definition 9.1, and hence axiom II of Defini-
tion 2.1 holds here. To see that the remaining requirement placed on (Z, II) by
Definition 2.1, i.e. axiom I, also holds here, let us note that if @ is an arbitrary
open subset of Z, if ¢ is an element of X, and if 0° is a neighborhood of the
distinguished state ¢°, then by items (3)-(5) of Definition 11.1, there are pro-

cesses P, and P, in II for which the state o’ ‘LifPto' is in @°, and the state o'’ =P,c¢°
is in @; if we fix 0, o, and P,, because of the continuity of P, we can choose ¢°
in such a way that P, maps @° into @, and then IT will contain a process P, P, such

that PP, is in @; thus IT aq——ef{PolPeH , 069 (P)} is dense in X for each arbitrary
o in X'; that is, axiom I holds here.

It is easily verified that a set II of processes P,, a set X of states ¢, and a triple
(6, T, q) of state functions (restricted from & to X) that obey items (1)-(5) of
Definition (11.1) also obey items (1)-(3) of Definition 9.1.

In summary, we have

Remark 11.1. Definition 11.1 is consistent with Definitions 9.1 and 2.1.

A particular element with internal variables is specified when there are given,
in accord with Definition 11.1, the following mathematical objects: the vector
space #~, the set ®< U@ ¥, the functions 6, T, ¢, and f on &, and the distin-
guished state ¢°. Nevertheless, to emphasize that an element with internal
variables is a simple material element, we usually refer to it as the ‘“‘element
(z,11, 0, T, q) with internal variables™.

The mapping ¢+ oo introduced in item (2) of Definition 9.1 is the function
(F,e, B, x)(F, e, B), i.e. the perpendicular projection of XcU@¥# into U.
If o is in Z,., then, by (11.1), ¢ has the form (F, e, B, a’), which can be written
(o0, ).

For simple material elements in general, the Second Law of Thermodynamics
is taken to be the assertion that the action s of (9.7) has the Clausius property
at a state in Z; for elements with internal variables we take this state to be the
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distinguished state 6° mentioned in items (3) and (4) of Definition 11.1. Thus, the
Second Law here reads:

Second Law. The action s of (9.7) has the Clausius property at the state ¢°.

It is worth noting that the set ®°" introduced in item (4) of Definition 11.1
equals the set IT¢° of states accessible from the distinguished state ¢°:

def

9" =I1¢° = {¢|6=Pq°, Pell}. (11.8)

Remark 3.1 here yields

Remark 11.2. If (Z, I1, 0, T, q) obeys the Second Law of Thermodynamics, then s
has the Clausius property at each state ¢ in [16°=d°".

The following corollary to Theorem 9.1 shows that the Second Law restricts
the choice of the function gq.

Theorem 11.1.* Let (F, ¢, B, ) be a state of an element (Z, IT, 8, T, q) with internal
variables which obeys the Second Law of Thermodynamics. If (F, e, B, a) is in
IT6° and is such that

f(F,e, B,2)=0, (1.9
then

q(F,e, B,a)- B=<O. (11.10)

Proof. If o=(F, ¢, B, @) is in IT¢°, then by Remark 11.2, s has the Clausius prop-
erty at . If this state ¢ also obeys (11.9), then each U-valued function P,=(L, &, y)
on [0, ¢), with >0 and L=0, =0, y=0, is clearly in ¥,, i.e. is a process, and for
such a process P,, we have P,o =0 for t€(0, ¢). Thus, the state ¢ obeys the hypo-
thesis of Theorem 9.1; q.e.d.

Although in this section we make no use of the general theory of stagnant
states developed in Section 6, we should like to point out that a state obeys the
condition (11.9) in the above theorem if and only if it is a stagnant state for a
stagnating family {P,|#e R**} of processes for which the functions L, &, and 7y
vanish.

Theorem 11.2. Let ¢ be a state of an element (X, II, 6, T, q) with internal variables.
In order that

f(0)=0, (11.11)

it is necessary and sufficient that ¢ be a stagnant state for the stagnating family
{P,|teR* *} of processes such that

P=(L hy) with L=0, h=0, y=0 on[0,§), (1112
for every tin R**,

* Cf. CoLeMAN & GURTIN [1967, 1], p. 601, eq. (5.20).
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Proof. Suppose (11.11) holds. Consider the one-parameter family {P,|reR**}
of processes obeying (11.12). This family clearly obeys item (2) of Definition 6.1.
It follows from (11.11) that the constant function T+ ¢ is a solution of (11.2)
for processes in this family, and hence the family aiso obeys items (1) and (3)
of Definition 6.1, with the present given ¢ a state in 2(P)= [ 2 (P,) such that

t>0
P,o0=0, which implies that lim P, exists and is in & (P). Thus if (11.11) holds,
t—> e
the family {P,|te R™*} obeying (11.12) is a stagnating family, and ¢ is one of
its stagnant states.

Suppose now that o is a stagnant state of the family {P,|fe R *} of processes
obeying (11.12). Then, by Theorem 6.2, P,6 =0 for each process obeying (11.12);
i.e. when L, h, and y are identically zero, the equation (11.2) must have the con-
stant function 7+ ¢ as a solution, but this is possible only if f(6)=0; q.e.d.

Since Theorem 9.3 holds for simple material elements in general, it holds for
elements with internal variables in particular, and need not be repeated here.
For elements with internal variables, one can go beyond Theorem 9.3 and use
the Second Law to construct an entropy function which obeys analogues of the
relations (10.14) and (10.15), which we have derived for elastic elements. Before
doing this, however, we make a non-trivial remark and prove a needed lemma.

Remark 11.3. For each state ¢'=(F’, ', §, @') of an element (X, IT, 6, T, q) with
internal variables, the set

Zo={(F,e,B,a)|(F, e, B a)ed} (11.13)

is a subset of 2. We call . the instantaneous space corresponding to a'.

Proof. Let ¢'=(F', ¢’, p’,a’) be in X, let '’ be in Z,., and let @'’ be an arbitrary
open subset of @ containing ¢”’. To prove that X,. is a subset of X, we must show
that ¢” is a limit point of elements of the set ®°" defined in item (4) of Defini-
tion 11.1, but to show this it suffices to prove that X has an open subset ¢’ which
contains ¢’ and is mapped into @’ by some process P, in I1. (For such a set ¢’
certainly contains an element G of ¢°, and as we observed in the second para-
graph following Definition 11.1, if & is in @, then P, is in ®°" as well asin 0"".)
To this end, we let ¢ be an oriented polygonal curve which lies in 2. and joins ¢’
to ¢'’; we know that such a curve exists, because we assumed in item (1) of
Definition 11.1 that @ is open and Z,. is connected. For each >0, the union
of all closed spheres which have radius § and are centered at points on < forms
a tube T with ¢ as its “center line”. We choose J>0 small enough that: (a) the
closed sphere of radius é about ¢’’ is contained in 0", and (b) ¥ is contained in
&@. Clearly, T is a compact set, and hence

ME sup{|f(0)|| o€ T} (11.14)

is finite. Let v (F (1), e(1), B(7), ') be a piecewise linear parameterization of ¢
with domain [0, ¢], where ¢ is chosen so that

tM <3, (11.15)
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and let 1 a(7) be the corresponding solution of the differential equation

a(1)=f(F(2), e(r), B(x), (1)) (11.16)

with the initial condition

x(0)=a'. (11.17)
It is easily shown that (11.14) and (11.15) vield, for each 7 in [0, ¢],
la(z)—a'| <9, (11.18)
and hence
|(F(z), e(1), B(2), a(x))— (F(x), e(1), B(x), a’)| <6. (11.19)

(The estimate (11.18) assures the existence and uniqueness of 7+ a(7) as a solu-
tion of (11.16) and (11.17) on [0, #].) Let P,= (L, 4, 7) be defined on [0, #) by the
relations

L=FF !,
h=é—T(F, e, B, a) (FFY), (11.20)
'y:ﬁ.’

where the function 1+ (F (1), (7), B(7), & (1)) is constructed as explained above.
It is clear that P, is piecewise continuous on [0, #), and, by (11.20) and (11.16),
1 (F (1), e(7), B(7), 2(1)) is a solution of (11.2) with (L, A, y)=P,; this solution
obeys the initial condition

(F(0), e(0), B(0), 2(0))=(F', ¢', ', a')=0", (11.21)

because here F, e, and B come from a parameterization of ¢, and « obeys (11.17);
furthermore, it follows from (11.19) that the trajectory of this solution lies in T
and hence in ®. Thus, in view of items (3) and (5) of Definition 11.1, P,e ¥, <11,
i.e. P, is a process. Furthermore, since the solution z+ (F(x), e(t), B(7), «(1))
of (11.2) corresponding to the process P, and the initial condition (11.21) obeys,
by (11.19),

[(F(2), e(t), B(D), a(D))—(F (D), e(2), (D), &')| <$,
(F(®),e(), (), &' )=0",

we may conclude that P,¢’ is within distance é of ¢’* and hence is in ¢".

where

We have just constructed a process P, which takes ¢’ into ¢"’. Because P, is a
process of a system [see Remark 11.1 and Definition 2.1], the transformation
induced by P, is a continuous mapping of an open set 2 (P,)<= X into X. Therefore,
¢’ has a neighborhood ¢’ in £ such that P,0'<@"; q.e.d.

Lemma 11.1. Let o' =(F', ¢/, B’, a)=(y0', @) be a state of an element (Z,1,0,T, q)
with internal variables, let X, be the connected subset of X defined by (11.13),
let ¢ be an oriented polygonal curve which lies in X, and has initial point ¢’,
and let I (<) be the following line integral:

_ [T, eBe)F' 1 .
I(c)—cf[ B(F 2 p.a) -dF+0(F,e,p,a,)de+0-dﬁ]. (11.22)
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For each >0, there is a process P, in IT, with ¢’ in 2 (P,) and

[5(P, ') —I(<)| <e. (11.23)

Proof. For the given oriented curve ¢, we may construct a closed tube I with
center line < as described in the previous proof; the radius >0 of T (i.e. the
radius of the closed spheres comprising ¥) may be chosen again small enough
so that T is contained in @. Now, let ¢>0 be given, let / be the length of <, and put

M=sup{|f(o)||ceT},
and

Q=sup{|q(F,e, B,a)- B||(F, e, B, 0)eZ}. (11.24)

Since T is compact, and f and ¢ are continuous on &, the numbers M and Q are
finite. Furthermore, the continuity on @ of T and the positive function 8 imply
the existence of a number # such that 0<# =<4 and

T()F{"'  T(o)Ff’ 1 1
0(s) 0(s:) 0(c) 0(o1)

whenever o,=(F;, e,, B;,a;) and o,,=(F;, e;;, B:1» %;;) are in T and obey
lo;—0;;]<n. Let T’ now be the tube, with centerline ¢, comprised of closed spheres
of radius n but otherwise constructed as I, and let 7+ (F (1), e(7), B(1), ') be a
parameterization of ¢ with domain [0, ¢], where 7 is chosen so that

2 2 2

<% (11.25)

tQ<§ and tM<1. (11.26)

An argument given in the proof of Remark 11.3 here tells us that this parameter-
ization of ¢ determines a process P, in IT such that ¢’ is in 2(P) and, for each
7 in [0, ), if P, is the restriction of P, to [0, 7), then ¢,=P,¢’ is in I’ and

IU','—(()O',, al) I <n. (]1.27)

[See (11.19), and note that o,=(40,, (7)) and o0,=(F (1), e(7), B(7)).] It follows
from (9.7), (11.2), and (11.22) that

I"(R,a,)_l(c)l:‘gq(o’r)'ﬁ(’[)d't—I T(O't) F(T) -F(T)—é(T) dT

4] 6(01)
£ T(40,,a) F()" " - F(x)—é(r) |
+d B(o0n ) dz|.

Hence, by (11.24) and the triangle inequality, we have

, H[TGou ) F@'™ TO)FE' '] .
lé(R,a)—I(c)l_S_QHéfH el Tl ].m)

(11.28)
drt.

+| ey ™ eér,)] ¢
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Since (11.27) holds for all T in [0, ¢], we may employ (11.25) and Schwarz’s
inequality to obtain from (11.28),

t ';:T ——
|s(P,a)—I(c)|SQt+ g[VWxVIF(t)IZ+|é(t)|2] dr.

Because / is the length of ¢, i.e.

t - <
1= (VIF@P+1¢@) 12 +18() 1 d,
4]
and ¢ obeys (11.26),, the above inequality yields

. € € .
Id(l)taa) I(€)I<5+ ZIXZ_S,

q.e.d.

Theorem 11.3.¥ If an element (Z, I1, 8, T, ¢) with internal variables obeys the
Second Law of Thermodynamics, then it has an upper semicontinuous entropy
function S such that:

(1) the domain X° of S contains ¢°, is closed under ¢-approach, and is
such that if (F’, ¢, §’,a’) is in XZ°, then Z,., the instantaneous space corre-
sponding to «', is a subset of Z°;

(2) at each point 6=(F, ¢, B, @) in Z°, the partial derivatives d; S(o),
0, S(0), dp S(0) exist and obey the relations

T(o)=—0(0) [6rS(0)] F7, (11.29)
0(0)=[8.S(a)]" %, (11.30)
0=20,5(0). (11.31)

The relations (11.29) and (11.30) imply that S determines the functions T and 0
not only on Z° but also on all of X. The relation (11.31) implies that S is inde-
pendent of f on Z°, ie.

S(F,e,B,0)=S(F,e,0,%) (11.32)

for (F, e, B, @) in 2°. Furthermore, T and 0 are independent of § on X, i.e,
T(F,0,B,a0)=T(F,e,0,a), (11.33)
O(F,0,B,a)=0(F, e,0,x), (11.34)
whenever (F, e, B, a) is in Z.

The set X° referred to here is that defined by the equations (5.6)—(5.8), and this set has the
properties listed in Remark 3.2 (with ¢ playing the role of 2); in particular, Z° is dense in Z, is
closed under s-approach, and contains each state s-approachable from °. Since, by Remark 9.3,
o° is ¢-approachable from itself, 6° is in Z°. The statement that S is an entropy function for the
element means that S is an upper potential for ¢ and implies that S obeys the relation (9.21)
for each pair of states o, ¢’ in Z° and each process P, in IT with ’=PF,c.

* For a derivation of (11.29)-(11.31) starting from the assumption that there exists a dif-
ferentiable entropy function § on X, see CoLEMAN & GURTIN [1967, 1], § 5.

5 Arch. Rational Mech, Anal., Vol. 54
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To prove Theorem 11.3 we shall first show that when a state 6'=(,6", ') is in 2°, 2 is a
subset of X°. We shall then define S on X° through the formula (5.5) and observe that, by the
proof of Theorem 3.3, S is a semicontinuous upper potential for s. We shall then prove that,
for each state o=(F, e, B, @) in X°, the line integral I(<¢) of (11.22) vanishes on every closed
polygonal curve ¢in X, and hence the restriction to Z, of the vector field (—TFT~ 10, 1/0, 0)
has, in the classical sense, a potential V,: X, — IR, which depends of course on « as a parameter.
We shall prove, further, that the difference, S(F, e, 8, o), between S(F, e, B, ) and V(F, e, B, o)
is independent of F, e and g on X°, and this will yield (11.29)-(11.31) forthwith.

Proof of Theorem 11.3. Let X° be defined as in (5.8),:
Z°‘3—if{a|aef, m(c®, 0)> — w}; (11.35)

here m(c°, o) is given by (5.6), i.e.

m(c°,0)= inf sups{c°— 0} (11.36)
0eS(s°,0)

with &(0°, o) as in (5.7). We have already observed that X° contains ¢° and is
closed under s-approach. Now let ¢'=(,0’, a") be an arbitrary element of Z°,
and let ¢'" be in X,., i.e. have the form ¢” =(,0"', a'). We want to show that ¢”’
is also in Z°. To this end we let ¢ be an oriented polygonal curve which lies in
X, and joins ¢’ to ¢”. (It follows from item (1) of Definition 11.1 that such
curves exist.) By Lemma 11.1 and its proof, there is, for each positive integer »,
a process P®™ in IT such that

1
IP(")a’—-a”|<—
n
and

9P, 0) = I() <

where I is the line integral defined in (11.22). The sequence n— P clearly obeys
the relations
lim P ¢’ =¢"

and

lims(P™, ¢")=1(¢),
and, by Theorem 3.6 or item (2) of Remark 3.2, the state ¢'’ is in 2Z°, for ¢’ is
s-approachable from o’. Thus, the presence of (F', ¢', ', «’) in XZ° implies that
X, is a subset of 2°. Let S: £°—> IR be defined as in (5.5), i.e.

S(e)=m(c°,6), oc€X° (11.37)

with m as in (11.36). As we showed when proving Theorem 3.3, S is an upper
potential for s and is upper semicontinuous. Thus, S is an entropy function for
(Z,11,0, T, q), and its domain has the properties mentioned in item (1) of the
present theorem.

Leto'=(F, ¢, f', a)=(y0', @’) be again an arbitrary element of 2°. By item (3)
of Remark 3.2, the action s has the Clausius property at ¢’. Therefore, for each
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¢>0, there is a neighborhood ¢ of ¢’ in X such that
N
if(P, (4 )<?,

for each P in IT with Po’ in @. Let < be a given closed oriented polygonal curve
containing ¢’ and lying in Z,.. By Lemma 11.1 and its proof, there is a process
P in IT with ¢’ in 2 (P), P¢’ in 0, and

ls(P, o) —1(")| <53
for this process P we have
I(e*)<s(P, o-’)+§
and hence

" _E &
1 (6‘ ) < —2-+ 5 =é.

As this is true for each >0, there holds I(¢*)<0. If we repeat this argument
employing ¢~, the closed curve which differs from <* only in orientation, we
obtain I(¢")<0, and since I(¢”)=—I(c"), we may conclude that I(¢*)=0.
Thus, the line integral 7 vanishes on every closed oriented polygonal curve lying
in . and passing through ¢'; because Z,. is polygonally connected, this implies,
by a standard argument, that J vanishes on every closed oriented polygonal
curve in X, including those which do not contain ¢'. Hence, by (11.22) and the
fundamental theorem on the existence of potentials for vector fields, the function

— ’ —T(o) - 1
a—(F,e,ﬁ,a)-—»( 50) FT ,9(6),0)

is a U-valued function on X,. which has a potential in the sense that there exists
a differentiable function V,.: X,.— R obeying

Or Ve (0)= ~T(0) F""'/6(0),

0,V (0)=1/6(0), (11.38)
0p Vo (0)=0.
Let us define S: 2°> R by
5(0)=S(0)~V.(0), (11.39)

for each 6=(F, e, B, &) in Z°. Let &’ be such that there is a triplet (F’, ¢, §) for
which the state ¢'=(F', ¢’, B, a)=(y0', @') is in Z°. Then, as we have shown,
Z, <2 Letting 6" =(F",e", B, a')=(y0',a’) be an arbitrary element of X_.,
we now show that §(6’)=5(s"). To this end, let «* be again an oriented poly-
gonal curve in Z,. joining ¢’ to ¢”, and let >0 be given. Because S is an upper
potential for ¢ and has both ¢’ and ¢’ in its domain, there is a neighborhood
0" of ¢" such that

s(P, o) <S(a”)—S(a’)+—§— (11.40)
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for each P in II with P¢’ in @”. (See Definition 3.2.) By Lemma 11.1 and its
proof, there is a P in IT for which P¢’ is in ¢ and

|s(P, 6")—I()| <=,

with I the line integral (11.22). By the construction of V.,
I(") = Va’(Oa“’ G’) - Va' (06l9 a/),

and hence there is a process P for which (11.40) holds and for which there also
holds

—§<4(P, )= (Vi (o6”, @) = Vi (o', @)). (11.41)

Clearly, the relations (11.39)—(11.41) yield
~£<5(6")=S(0") = (Vo (o0”, &)~ Ve (o0’ ) =3(") - (@),
and since £>0 is arbitrary, we have
0=5(¢")—-8(s").

If, in the argument just given, we interchange roles of ¢ and ¢’ (and hence change
¢* to ¢7), we obtain
0 g S(GN) - S(G’/),

and thus S(¢”")=S(0’) for each pair of states ¢’, ¢ in Z,.; i.e. if @ in #" is such
that £, N Z° is not empty, then X_ is a subset of Z° and the restriction of S to X,
is a constant. Hence the derivatives of S with respect to F, e, and B exist at each
point in 2° and vanish:

9rS=0, 09,5S=0, 03S=0 on X" (11.42)
Since V, is differentiable on X, and since, by (11.39),

S(0)=5(0)+V,(0), for a=(F,e, B, )e°, (11.43)

the equations (11.42) and (11.38) tell us that 0 S, 0, S, and J; S exist at each
point in Z° and obey the equations (11.29)-(11.31).

Knowledge of S and the relations (11.29) and (11.30) obviously yield knowledge
of T and 0 on 2°. But 2° is dense in ¥, and it has been assumed that Tand 0 are con-
tinuous on X (in fact, on @). Hence the restrictions of Tand 6 to X° have unique con-
tinuous extensions to Z, and therelations(11.29) and (11.30) doindeed imply that S
determines the functions T and 6 on all of X. By item (1) of Definition 11.1, if
(F,e,p,a) is in Z,., then so also is (F', e, B,a’) for all B in ¥7; hence if
(F', e, B',a’)is in X° then (F', &', B, &) is in Z° for all B, and (11.31) implies that
(11.32) holds throughout X°. It is clear that (11.32), (11.29), and (11.30) imply
that T and 6 are independent of § on X°. To show that T and 6 are independent
of pon X, we let 6'=(F,¢',p',a) and ¢”"=(F', ¢, B, a’) be two states in X
which differ only in values of B. Because 2° is dense in X, there exists a sequence
n—g" of states (F", ", p", «™) in Z° converging to ¢’. For each of the vectors a",
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the corresponding instantaneous space, Z,», is a subset of Z°, and since the prop-
erty of belonging to sets of the form X, is independent of the value of §, we can

def .
assert that each term of the sequence n+ 8" = (F", e", B”, &") is in 2°, and, obviously,
the convergence of ¢" to ¢’ implies the convergence of é° to ¢’'. Thus, for each n,

T(8")=T(s"),
and by the continuity of T and 8 on X,
limT(¢")=T(c"),

[ Amdie o]

lim 6(c")=0(c"),

Hence
T(o')=T(c"),

6(8")=06(0"),

lim T(6"=T(s""),

n— o

lim 6(6")=0(c"").

n— oo

0(c")=06(c""),

and we conclude that T and 6 are independent of § on X; q.e.d.

12, Elements with Fading Memory

Let us review some concepts from the elementary theory* of fading memory
formulated by CoLEMAN & NoLL [1960, 1][1961, 1][1962, 2], CoLEMAN [1964, 1, 2],
and CoLEMAN & MizeL [1966, 2].

A real-valued, Lebesgue-measurable function £ on R** =(0, 00) is called an
influence function with the relaxation property if ¥ *

@ k(s)>0ae. onR**, and

[k(s)ds<oo; (12.1)
0
(i) the functions K and X, defined by
o def k(s+o0)
K(o) = ess. sup ———, 12.2
( ) se(O,ooI)) k(S) ( )
def k(s)
K (o) = ess.sup ——, 12.3
- ( ) se(O,oo? k(S-I—O') ( )
have finite values on R * = [0, o0);
(iif) sup K(0)< co. (12.4)

[0, )

If a real-valued function k on (0,00) has properties (i) and (ii), then for it
there exist positive numbers a, b, and ¢ such that

ae b <k(s)<c, a.e.on R*¥, (12.5)
* We refer to this theory as the “elementary theory” of fading memory to distinguish it
from CoLEMAN & MizEL’s more recent abstract theory [1967, 2] [1968, 2] which employs general
Banach function spaces whose norms need not have the representations (12.9) and (12.13),.
#* See COLEMAN & MizeL [1966, 2], particularly pp. 101 and 111. Of course, “a.e.” and
*““ess. sup” here mean almost everywhere and essential supremum, with the underlying measure

taken to be the Lebesgue measure.
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and, moreover, as s — 00,
sk(s)—0 essentially.* (12.6)

If £ has properties (i) and (ii), then for k& to have property (iii) it is sufficient
(but not necessary) that k be monotone decreasing. * *

The interested reader will have no difficulty in verifying that the following are
examples of influence functions with the relaxation property:

1 +vsin®s
1+s* 7
Let 0 be the zero element of U=Lin(¥ )®IR@® ¥ . For each function

¢:R*" > U and each v=0, we write T® ¢ and T,,¢ for the functions R** - U
defined by ** *

k(s)=e™"°, k(s)= >0, v=0.

v )0, for se(0,v],
™ ¢(S)_{¢(s— v), for se(v, o), (12.7
T @) =¢(s+v), for se(0, ). (12.8)

Now let there be assigned a fixed influence function & with the relaxation
property and a fixed number p in [1,00). We write %,=%,(p, k) for the set of
measurable functions ¢: R** — U for which

def

lel7 = ;! [ (s)17k(s)ds (12.9)

is finite. The normed space U, =1, (p, k), with norm|| - |,, obtained by considering
the same those elements ¢, ¥ of %, for which |¢—y|,=0, is a separable Banach
space. COLEMAN & MizeL* * * * showed that, granted condition (i) onk, the condition
(i) is equivalent to the assertion that for each v=0, T™¢ and T, ¢ are in %,
whenever ¢ is. They also showed that (i) and (i) imply that (1) * **** for each
v20,T™and T, are boundedlinear operators onl,,and (2) * * * # * * the dependence
of these operators on v is continuous in the sense that for each ¢ in U, and each
620,

lim [TO*® ¢ -T@g|, =0, (12.10)
v=>0
ling ITo+s®—Te ¢l =0. (12.11)

They showed further that, granted (i) and (ii), the condition (i) is equivalent
to the assertion that for each ¢ in %,,

lim | T ¢|,=0. (12.12)* ##*# e

v

* CoLEMAN & MizeL [1966, 2], Thm. 5, p. 106.
# % 11966, 2], Corollary to Thm. 6, p. 112.
*##** Cf. 11966, 2], § 3.
# % ## 1966, 2], Thm. 3, p. 101.
*# # ¥ ¥ 1966, 2], Lemma 1, p. 95.
# % # # % # 11966, 2], Remarks 3.2 and 4.3, pp. 97 and 105.
## % H# %4 11966, 2], Remark 6.4, p. 111.
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If @ is a function on R* =[0, c0), then we write ,® for the restriction of @
to R**. Let #=%(p, k) be the set of all functions @: R* — U which have ,®
in %,, and note that the function ||-||: - R* defined by

® 1

®ll=]2©)|+|.2],=|P0)|+ [g |¢(S)I"k(8)d5] r, (12.13)

is a semi-norm on %. The normed space U, with norm | ||, obtained by calling

the same those elements ®,, ¢, of ¥ with |®, —P,|=0 is clearly a separable
Banach space; indeed *

U=UaU,. (12.14)

In this section we discuss systems for which each state o is an element of 1,
i.e. is an equivalence class of functions @ in % which are equivalent under |- |.
By (12.13) all the functions @ in a class ¢ have the same value @ (0) at 0. We call
the vector @ (0)e U the present value or instantaneous value of o and use for it the
symbol ,o. Thus, each ¢ in W=U @ U, has a present value,

oo=(F, e, )eU=Lin(")® @Y (12.15)

which is well defined and equals the projection of ¢ into U. The past history of
oell is the projection of ¢ into U, and is written ,o. This past history is just the
equivalence class, under | -||,, of the restrictions to R** of the functions & in the
class ¢ and is well defined. Obviously ¢ in U is determined when 40 and ,o are
given, and we have

loll=loo|+llall,Zlo0]. (12.16)

If f maps an interval f into U, and if £ contains the interval (0, 1), then we
write df° for the function on (0, c0) defined by

oo ndet § f(z—s), for se(0, 7],
bf (9= {O, for se(t, 0); (12.17)

when this function is in %,, we use symbol df* to denote also the corresponding
element of UU,.

If f: [0,4] - U is piecewise differentiable on [0, 4], then the function (12.17)
is obviously in %, for each 7 in (0, A4].

Definition 12.1. A simple material element (Z, I, 6, T, q) is called an element with
fading memory if

(1) there is a p in [1,00) and an influence function k£ with the relaxation

property such that X equals the subset of M (p, k) formed from those func-

tions @ in % (p, k) whose ranges are contained in X;, a given open connected

subset of Lin(#)** xR x ¥"; the “instantaneous space” X, is assumed to

have the property that for each triplet (F', &', ) in 2, the set {(F', &', B)| ¥ }

is contained in X;; the topology of X is taken to be the metric topology induced

on ¥ by the norm topology of the Banach space U(p, k) [whose norm |||

# The norm ||| defined in (12.13) is equivalent to the norm shown in equation (2.4) of
[1966, 2].
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is defined in (12.13)]; thus, for an element with fading memory, the states,
i.e. the elements of X, are equivalence classes of functions taking R* into X;;
each state ¢ has a well defined present value jo=(F,e, f)eX; and
a well defined past history ,cell,; we write

0=(o0,,0)=(F, ¢, B,,0)eUDU,; (12.18)
(2) the functions T, ¢, and 1/6 of (9.5) are locally Lipschitz continuous

onXcl;

(3) let P,=(L, h, y) be a piecewise continuous function mapping an interval
[0, 1), teR* ™, into U, and consider the differential system

F(t)=L(z) F(v),
é(ty=T(s,) - L(t)+h(7), (12.19)

B(@®)=y(r);
if 0 is in 2 and A is in (0, ¢], a function f=(F(-), e(+), B(+)) mapping [0, 4]
into X, is called a solution up to A of (12.19) with initial state o provided (i)
f is piecewise differentiable on [0, 4], (ii)

JF(©0)=(F(0), e(0), p(0))= 0, (12.20)

and (iii) at each 7 in {0,4] at which P, is continuous, the equation (12.19)
holds where, for >0, o, is given by the formulae

00:= f(T) = (F (1)5 € (T), ﬁ(r))r

ro-‘:=T(r)r0-+bft, (1221)

and for 1=0, o,=0; let Z(P,) be the set of all states which are initial states
for solutions up to ¢ of the system (12.19); if 2 (P)) is not empty, then P, is a
member of I, and, for each ¢ in Z(P),

[def

Pd'= g, (12.22)

where o, is defined by (12.21) with =1 and with f a solution up to ¢ of (12.19)
with initial state o.

The following remark follows immediately from theorems we give in a forth-
coming paper [1974, 1] for this Archive.

Remark 12.1. If P,=(L, A, y) is in II and ¢ is in 2 (P,), then

(a) the solution f up to ¢ of (12.19) with initial state & is unique, and for

this solution sup |o,| <o0, where g, is as in (12.21); moreover,
te [0, 1]

(b) there exists a §=0(P,, 6)>0 and an M= M(P,, 6)<oo such that for
each o in X obeying |6’ —c] <3, (12.19) has a solution f’ up to ¢ with initial
state ¢, and for this solution there holds, for each 7 in [0, ¢], the relation

lo;—o | <Mla"—0; (12.23)
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by (12.21) and (12.16), the relation (12.23) implies that
If'(M—-f@I=M|d’ —al,

ie.
IFF@)—F@+le@—e@ |+ @—B@)*sM?|e’—0o|| % (12.24)

It follows from the conclusion (a) of the above remark that for each P, in IT
the induced transformation ¢ — P,c, given by (12.22), is well defined as a Z-valued
function on 2 (P,), and it follows from the conclusion (b) that this transformation
o~ P,o is continuous. The conclusion (b) also implies that the set 2(P) is open
in Z. The successive application function, (P,,, P, )+ P,, P,,=P,, +,,, is defined
as explained in item (1) of Definition 9.1, and, by item (3) of Definition 12.1, each
element with fading memory obeys axiom II of Definition 2.1. The following
remark tells us axiom I of that definition is also satisfied.

Remark 12.2. For each pair of states ¢, ¢’ in X and each >0, there is a pro-
cess P in IT such that ¢’ is in 2(P) and

le”"—Po'|| <. (12.25)

Proof. Let u=,0’. Standard methods of the theory of .%,-spaces can be used to
show that there is a function @: R* - X; which is in %,, is continuously differ-
entiable, is equal to u at all points of R* except for a set of the form [0, N) with
0<N< o, and, moreover, is such that

B(0)=oo" and [o—c"|=],c—,0"],<=

5 (12.26)

where ¢ is the equivalence class in Il containing the function ®. We write u' for
both the constant function on R** with value u and its equivalence class in ,.
Let M be choosen so that M >N and

&

IT 0o ~uh)l, <

(12.27)

[By (12.12) such a number M exists.] Let f=(F(-),e(:), B(-)): [0, M]->Z; be
defined so that
f(t)—{u’ for te[0, M —N],
Tl®eM—1), for te(M—N,M].

(12.28)
Clearly, f is continuously differentiable on [0, M1, and, by (12.17) and (12.7),
DfM= Tyt (12.29)
We now let P=(L, 4, y): [0, M) - U be defined by
L@=F@F@™,
h(1)=é(1)—T(s,) - (F() F(9)™Y), (12.30)

y(©)=B(),
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where, for each 7 in [0, M], o, is determined by

00.=(F (1), e(x), B())=f(1)

12.
=T " 4D =T o' 4Ty M, (12.31)

By the continuity of f and the continuity of the translation semi-groups TC
and T, [as expressed in (12.10) and (12.11)], the mapping 7+~ o, defined by
(12.31), is a continuous mapping of [0, M) into X <. Therefore, because T is
continuous on X, and f =(F(+), é(+), B(+)) is continuous on [0, M), the function
P of (12.30) is continuous on its domain [0, M). Furthermore, if we let P play
the role of P, in (12.19), then f becomes a solution up to M of (12.19) with initial
state ¢’. Thus, P is in II, and ¢’ is in 2 (P). By (12.22), Po’' =0, at 1=M, and
hence, in view of (12.31), (12.28), (12.26), and (12.29), we have

o(P0)=ogoy=f(M)=P(0)=(0"

,.(PO")=rO'M=T(M)ro',+be=T(M)ra,l+ra,_T(M) uT. (1232)

It follows from (12.32), (12.26), and (12.27) that

lo” =PI = 0" = AP o), S 0" =0l + T (o' —uh)l, <5+ 2=e;

g.ed.
We shall refer frequently to the following easy proposition.*

Remark 12.3. Let (X, d) and (X', d) be metric spaces, and suppose that f: X - X’
is locally Lipschitz continuous, i.e. such that for each x in X there is a neigh-
borhood A"(x) of x and a number M (x) for which

z,ye N (x) = d'(f(2), f(MN)SM(x)d(z,y).

Then, for each compact connected subset C of X, there are positive numbers L(C)
and §(C) for which

d(x,0)<6(0), d(y,0)<d(C) = d'(f(x),f(M)SL(C)d(x,y).

It is now obvious that a set IT of processes P,, a set X of states ¢, and a triple
(6, T, q) of state functions that obey items (1)-(3) of Definition 12.1 also obey
Definition 2.1, equation (9.6), and item (1) of Definition 9.1. Item (3) of Defini-
tion 12.1 and the proof of Remark 12.2 tell us that item (2) of Definition 9.1 is
satisfied here. Moreover, since we have here assumed that 1/0, T, and q are locally
Lipschitz continuous on Z, we can verify easily, in view of Remarks 12.1 and 12.3
that the real-valued function s(P,,-) given by (9.7) is continuous on 2(P,) for
each P, in IT. It is clear that s has the property of additivity required by Defini-
tion 2.2. Hence s is an action, and item (3) of Definition 9.1 holds here. In summary,
we assert

Remark 12.4. Definition 12.1 is consistent with Definitions 9.1 and 2.1.

* Cf 11974, 1].
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When we refer to “an element (Z, I1, 8, T, ¢q) with fading memory”, it is, of
course, understood that the instantaneous space Z; has been assigned in advance
and that enough is known to determine the function shown in (12.13) (and
hence the topology on 2).

Elements with fading memory are simple material elements, and, therefore,
for them the Second Law of Thermodynamics asserts that the action s has the
Clausius property at some state ¢° in X. of course, Remark 3.1 here yields the
following analogue of Remark 11.2.

Remark 12.5. 1f (2, I1, 0, T, q¢) obeys the Second Law of Thermodynamics, then
there is a state ¢° such that s has the Clausius property at each state in 176°.

Clearly, Theorem 9.3 holds for elements with fading memory. As in the case
of elements with internal variables, for elements with fading memory one can go
beyond Theorem 9.3 and construct an entropy function (i.e. an upper potential
for s) which obeys analogues of the relations (10.14) and (10.15) derived previously
for elastic elements; the analogues of (10.14) and (10.15) for elements with memory
are called generalized stress relations* . With this goal in mind, we now prove

Lemma 12.1. Let ¢'=(y0’, ,0)=(F', €', §',,6") and ¢"'=(F",e¢", B’, ,0'"), with
,0''=,0', be states of an element (X, I, 0, T, ¢) with fading memory, let ¢ be
an oriented polygonal curve lying in the instantaneous space X; and connecting
(F',e', B)to (F', e, B), and let I(<) be the line integral
T(F,e, B,,6)F'' 1

19=] [‘ 0F.e.8.,0) T OF e B0

de+0-dﬁ]. (12.33)

For each pair of positive numbers v, ¢, there is a process P, in I1, with ¢’ in 2 (P,),
le” —P,6’f| <v, and
(P, 0 —I(c)| <e. (12.34)

Proof. Since ¢ is a compact subset of U, the quantity
M=sup{|(F, e, B)||(F,e, e} (12.35)
is finite. For each 6 >0, let

I;={oloeZ, jo€¢ |,0—,0,<0}. (12.36)
The set
C= {O’=(00', ,0') | OGEL.’ ,.O'=,O',},

is clearly a connected compact subset of X, for it is the image in ¥, under a con-
tinuous mapping, of a connected compact set ¢ in U. It therefore follows from
Remark 12.3 and item (2) of Definition 12.1 that there are positive numbers L

* Their existence was pointed out by CoLEMAN [1964, 1, 2], who obtained them in a theory
which started with the Clausius-Duhem inequality and an entropy functional with certain prop-
erties of differentiability, including the existence of ‘‘instantaneous derivatives”. Our present
approach to the generalized stress relations, although based on a different hypothesis, employs
arguments foreshadowed in the Ph. D. thesis of W. A, DAy, written in 1967 under the direction
of M. E. GUrTIN and published as [1968, 3].
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and ¢ such that if g equals 7, ¢, or 1/0, then
lg(o)—g(0:)| SL|o;—o0yll (12.37)

whenever ¢; and o;; are within distance é of C. However, each element of T;
is within distance é of C, and hence (12.37) (with g=T, g, or 1/0) holds whenever
6; and o;; are in T;. This implies that

Q=sup{iq(o)||oeI;} (12.38)

is finite. Now, let v>0 and ¢>0 be given. As a consequence of (12.37) there
exists an x in (0, 8] such that if o;,=(F,, e;, B;, ,0,) and o,;=(F;;, e;;, B:;, ,0:;) are
in T; and have Jo;— o]l <7, then
T(o)F{ '  T(a)F}; 11
6(cy) 0(a;:) 0(s) 0(o;)
with / the length of <. By (12.1), (12.7), and (12.10), there is a r>0 such that

2 2 2

(12.39)

IQM<2, (12.40)
[;k(s)ds] <2, (12.41)

and
ITO,6" =0, = | T® 0"~ T g'[, <1 (12.42)

2
for all 7 in (0, t]. Let f=(F, e, B) be a piecewise linear parameterization of ¢ with
domain [0, ¢], and let (L, A, y): [0, £) » U be given by

LO=F@F@) ™,

h(t)=¢é(1)—T(o,) - L(2), (12.43)

Y@ =5(),

where for each 7 in [0, #),
Oarz(F (T), e(T)’ ﬂ(’C)),

6. =T o' 40" (1244)

The formulae (12.43) and (12.44) imply that (L, 4, y) is piecewise continuous on
[0, ¢) and is such that f is a solution up to ¢ of the differential system (12.19)
with initial state o’. Hence P,=(L, k, y) is a process, and ¢’ is in 2 (P,). It follows
from (12.44), that

”ro-t—roJ”r= ”T(t) r0"+bfr—,0',”,.§ ”T(t) ra, _ralllr+ ”bfrnn

and since f has its values in ¢, we have, by (12.42), (12.17), (12.9), (12.35), and
(12.41),

T t ‘1_
lhoo=,'ll, <L +[I!f(r——s)l"k(s)ds] <+ [[mrkeas]?
110 0 (12.45)
<y tg=n
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Note that (12.44), and the definition of f=(F, ¢, §) imply that
o.=(F (1), e(), B)=(F", ¢", B,

because (F”, e, f’') is the end point of the curve <. Hence, in view of (12.16),
the hypothesis that ,¢''=,0" and the inequality (12.45) yield

le” —~Fo'=l6"—a:ll =lo6" — o0, + ;6" — 0., =,0"— 0]l <,

and if we choose #in (0, 6] to be equal to orless than v, then we have |6’ — P,¢’| <v.
The values of the function 7+ o, defined in (12.44) have their present values 40,
in ¢ and, by (12.45), their past histories ,o, at distances less than s from ,o’; i.e.
for each 7 in [0, ¢), o, is in the set T,=T;. Using this fact, we now estimate the
number |s(P,, ¢")—I(¢)| for the process P, which we have just constructed via
(12.43). By (9.7), (12.33), and (12.43),, there holds

j‘ T(6)F(1)" " F(t)~ €@ ,
0(c)

f T(F(z), e(2), B(2), ,0)F ()" " F(z) = ¢ , \
O(F (z), e(2), B(v), ,0")

and, in view of (12.18) and (12.44),, we have

[6(Py 6")=1(0)|= Iq(fff) B(yd—

ls(P, 0')—I(c)l§§lq(at)l [B(x)|de

o ][R AFE" T, 0)F@"
0 0(00-:3 ,.O") 0(061’ rar)

] F()

dr.

+[ L —— ] é(1)
9(00}, ,-0',) G(OGv rat)
From this, by (12.35), (12.38), and Schwarz’s inequality, we obtain

|9(P, )= 1(c)| QM ¢
N j[ T(o00 ) F@" _ T(o0s,0)F@""

9(00'.,, 7 ) 9(00'1’ ro.t)
(000 ,0) 0(0:,0))

2

1 1 T - 2 . 214
] DF@I+é(@1* ] dr,

and the inequalities (12.45), (12.39), and (12.40) now yield,

6P, 0)—1()| <5+ ,I[lF(r)l HE@PF des g +uyxl=s,

which is (12.34); g.e.d.

Let 2’ be a subset of Z such that whenever a state ¢ is in X', so also is every
other state with the same past history ,. Following CoLEMAN [1964, 1, 2], we say
that a real-valued function f on X’ has an instantaneous derivative at a state
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o=(F, e, B, ,0) in Z’ if U contains an element (D, f(0), D, f(c), Dy f(c)) obeying

J(F+A,e+a,B+a,,0)

=f(F,e,B,,0)+Dpf(0)- A+ D, f(0)a+Dpf(0) - a+0(|4, a, x|) (12.46)

for all elements (A4, a, @) of U such that (F+ A4, e+a, p+a) is in Z;; D f(o) is
an element of Lin(¥"), D, f(¢) is in IR, and Dy f(0) is in ¥".

We have now assembled the apparatus needed to derive the generalized stress
relations from our formulation of the Second Law.

Theorem 12.1.* For an element (Z, 1, 6, T, ¢) with fading memory that obeys
the Second Law of Thermodynamics, there is an upper semicontinuous entropy
function S with the following properties:

(1) the domain X° of S contains ¢°, is closed under s-approach, and is
such that if ¢’ is in Z°, then so also is every state ¢ with ,o=,0";

(2) at each state ¢ in X°, S has an instantaneous derivative

(DF S(O’), De S(O’), Dﬂ S(U))
obeying the relations

T(c)= —6(a)[D¢S(0)] FT, (12.47)
8(c)=[D.S(a)] "%, (12.48)
0=D,S(0). (12.49)

The ““generalized stress relations” (12.47) and (12.48) imply that S determines T
and 0 on all of Z. The relation (12.49) implies that, for (F, e, 8, ,6) in 2°,

S(F, e, B, ,0)=S(F, e,0, 0). (12.50)

Furthermore, throughout 2, the functions T and 6 are independent of the present
value of B in the sense that

I(F,0, B, ,0)=T(F,e¢,0, 0),

O(F,6,B,,0)=0(F,¢,0, ,0), (1230
for each state (F, 6, 8, ,0).
Proof. Let X° be as in (5.8),:
3°Z{oloeZ, m(s°, 0)> — 0}; (12.52)
here m(¢°, o) is given by (5.6), i.e.
m(c®,6)< inf sups{c®— 0}, (12.53)

OeS(s°, o)

with €(¢°, o) as in (5.7). By Remarks 3.2 and 9.3, 2° is dense in Z, is closed under
s-approach and contains ¢°. Let ¢'=(y6’,,0') be an arbitrary element of >°,

* For derivations of (12.47)—(12.50) starting from the assumption that there exists a Fréchet-
differentiable entropy function S on X, see COLEMAN [1964, 1] and CoLEMAN & MizeL [1967, 2].
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and let ¢’’ have the form (46", ,6'), i.e. be such that ,6'"=,0’. Let ¢ be an oriented
polygonal curve which lies in Z; and joins oo’ to ¢o’’. By Lemma 12.1, there is,
for each positive integer n, a process P™ in IT such that

1 1
[P™e —6"|| <—
n
and

[P, o) = 1(2) <

where I is the line integral of (12.33). The sequence n— P™ obeys the relations

lim PM ¢’ =¢"

and

lims(P™, ¢')=1I(¢),

n—aw
and thus, by Theorem 3.6, the state ¢’' is in Z°. Hence the presence of ¢’ in 2°
implies that X° contains every state ¢ with ,0=,0". Let S: Z° >R be defined as
in (5.5):

S(o)=m(6°,0), 0€X° (12.54)

with m as in (12.53). As we showed when we proved Theorem 3.3, S is upper
semicontinuous and is an upper potential for s, i.e. an entropy function.

We have just shown that (2, I1, 6, T, q) has an upper semicontinuous entropy
function S obeying item (1) of our theorem. To show that S obeys item (2), we
let ¢’ =(y0', ,6°) be in 2° and let ¢>0 be given. By item (3) of Remark 3.2, s has
the Clausius property at ¢’, and, therefore, there is a v>0 such that

s(P, a')<f2- (12.55)

for each P in IT with |jo'—Pac’|| <v. Let I be the line integral (12.33), and let
% be an arbitrary closed polygonal curve in X;< U passing through the point
o' =(F', e, B). 1t follows from Lemma 12.1 that there is a P in I7 with ¢’ in
P(P), l¢'—Ps’| <v, and

[s(P, a’)—I(c+)|<%; (12.56)
for P there holds, by (12.56),
1(c")<s(P, o)+,

and, by (12.55),
+_E &
I(eT)< 2 + 7 =¢
As this last inequality holds for each ¢>0, we have 02I(<"*), and the same
argument applied to the curve <~ differing only in orientation from et yields
0=1(¢7)=—I(c¥). Thus I(¢*)=0; i.e., I vanishes on each closed polygonal

curve lying in Z; and passing through (F’, ¢, §'). Since Z, is polygonally connected,
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this implies that I vanishes on every closed oriented polygonal curve in X;, in-
cluding those which do not contain ¢’. Hence, by (12.33) and the fundamental
theorem on the existence of potentials for vector fields, the function from ZX;
into U given by

—T(F, e, ﬁaro-,)FT—l 1
(Fa €, ﬁ))—)( G(F’ e, p, ro") ’ O(F, e, pa ral) ’ 0)

has a potential in the sense that there exists a differentiable function V,.: ;- R
such that
T(F,e,B,,0)F '

G(F’ e’ p’ rai) ’

1
D=5 05,57

a[i Vra’(F, e, ﬁ)=0’
for every triple (F, e, f) in Z,. Let us define §: Z° - R by
S5(6)=5S(e)—V,(F,e,p), o=(F,e B,,0)eZ’, (12.58)

where S: 2°— R is given by (12.54), and V,,: Z;,— R obeys (12.57). Let ,o in U,
be the past history of some state o=(,0, ,0) in Z°, and let o' =(F', €', §', ,0") and
¢"'=(F",¢e", p’, ,0"”) be two states in X such that ,¢"'=,6"=,0. By an argument
given in the previous paragraph, ¢’ and ¢" are in X°, the common domain of S
and S. Let <* be an oriented polygonal curve in X, joining (F', ¢’, By to (F”, ", ),
and let £>0 be given. Because S is an upper potential for s and has both ¢’ and ¢”’
in its domain, there is, by (3.29), a neighborhood 0"’ of ¢" such that, for each
P in IT with P¢’ in 0",

al" V;a'(F, e, p)= -

0.V (Fye, (12.57)

s(P, o")<S(o"’)——S(a')+%. (12.59)
Lemma 12.1 tells us that there exists a process P’ with P’'¢’ in @', with

6P, )~ 1()| <5,
and hence, in particular, with

—%<0(P', o) —1(2). (12.60)
By the construction of V., (12.60) can be written

——;—<ﬁ(P’, o_l)_[V;a,(FII’ ell’ B,’)—I/'-G»(FI, el’ ﬁl)]’
and, by (12.59) and (12.58), we have, since ,0'' =0,
—~£<8(6")—8(o").

Since £>0 is arbitrary, this implies that

0=5(¢s")-5("),
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and, by interchanging the roles of ¢’ and ¢’ in this argument, we may conclude
also that 08 (¢')—S(s”). Hence, if o’ and ¢” are in Z° and are such that ,o'=
,6''=,0, then S(¢’")=38'(¢’). In other words, S(o) is independent of the present
value of ¢ in the sense that for each pair of elements (F’, ¢’, ), (F”, e”, p’") of 2,

S(F,e,p,,00=8(F",¢", 8", ,0), (12.61)

whenever ,o is the past history of a state in the domain X° of 3. In the terminology
of (12.46), the relation (12.61) states that S has an instantaneous derivative at
each state in its domain, and this derivative is zero:

DF§=0’ De§=0’ ng=0.

Moreover, the function S: 2° — IR, since it obeys (12.58), is the sum of S and a
function V defined on X° by

V(e)=V,(F,e,B), o=(F,e, B, 0)eX’.
Clearly ¥ has an instantaneous derivative given by
DeV(0)=0gV,(F,e,B), etc.,
and hence S has an instantaneous derivative obeying
DeS=D;S(0)+DpV(6)=0+0sV,(F,e,B), etc.

It follows from this and the relations (12.57) that S obeys item (2) of our theorem.

In view of the relations (12.47) and (12.48), the function S determines the
restrictions of T and @ to Z°. By item (2) of Definition 12.1, T and 8 are continuous
on X, and, therefore, since Z° is dense in X, S determines T and @ on the entire
state space Z. For each (F', ¢, B) in Z,, item (1) of Definition 12.1 tells us that
all triples of the form (F', €/, p), with fin ¥, are in X;. In view of this, the sentence
containing (12.50) is obviously true. It is clear that (12.50), (12.47), and (12.48)
imply that (12.51) holds for each triple (F, e, f) in X, and past history .o in I,
such that the state (F, e, 8, ,0) is in Z°. If (F', €', ') and ,6’ are such that ¢'=
(F',e,B,,0) is in X, then there exists a sequence n—a"=(F", " g*, ,o") of
states in the set X° for which lim 6”=0¢'=(F’, ¢, ', ,0’). (This is so because 2°

n—oo

is dense in X.) Item (1) of Definition 12.1 and item (1) of the present theorem

imply that n+ 8" o (F*, e", 0, ,6") is again a sequence of states in Z°. The con-
vergence of the sequence nw—c” to (F', ¢, §’, ,0') implies the convergence of
n— 6" to (F', ¢, 0, ,0"), and the continuity of T on X then yields the relations

T(F',e,p,,6)=1imT("), T(F,¢,0,.6)=1lmT(E". (12762)

n— o n—+ oo

For each n, the states o" and 8" lie in 2°, and (12.51), holds throughout Z°; we
therefore can write

T(")=T(F", &", B", ,6")=T(F", ", 0, 6" =T(5").
Hence, by (12.62), we have
I(F,e, B, ,6)=TF,k,0,,0),

6 Arch. Rational Mech. Anal., Vol. 54
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and, of course, the same argument holds for the function 8; i.e. (12.51) holds
throughout X'; g.e.d.

The theorem just proven is the main result of this section; it shows that the
principal results of CoLEMAN’s theory of the thermodynamics of materials with

memory ¥ hold also here.
It follows from (12.1) and (12.13) that if (F, e, B) is in U, then the constant
function (F', e', %) with value (F, e, p), i.e.

F'(s)=F, e'(s)=e, p'(s)=p, seR?, (12.63)

is in %. Furthermore, by item (1) of Definition 12.1, if (F, ¢, B) is in Z;, then the
element of U corresponding to the equivalence class (F', ef, 1) isin Z,i. e. is a
state. The functions T°, 6°, ¢° defined on Z; by

T°(F, e, B)=T(F', ', p"),
0°(F, e, p)=0(F", ', "), (12.64)
q°(F, e, p)=q(F', ', "),

are called equilibrium response functions, for they give T, 6, ¢ when F, e, and B
have been held constant for all time.

In the theory of CoLEMAN referred to above it is shown that the equilibrium
response functions T°, 6°, ¢° have certain properties enjoyed by the response
functions of elastic materials,* * and entropy has an extremum at constant histories.
Theorems 12.3 and 12.4 below show that similar results hold here.

If we let F', etc., be the restriction to R** of F', etc., defined in (12.63),
and if we put ,o'=(F?', e, ,B"), then (12.64) can be written

T°(F, e, B)=T(F,e, B, ,0"),
6°(F,e, B)=0(F,e, B, ,0"), (12.65)
4°(F,e,p)=q(F,e, B, ,0").
It follows from (12.51) and this that, for each triple (F, e, B) in X,
T°(F,e, p)=T(F,e,0, 0",
0°(F, e, p)=0(F,e,0, c").
For each >0 we define P!1: [0, 1) > U by
Pty =(L (v), h(2), y(1))=(0, 0,0), (12.67)

for all « in [0, t). Every such function P!l is an element of I7, and as each
state 0=(F, e, B, ,6) in X is an initial state for the constant solution

f(T)E(F’ e’ ﬁ)’ 16[03 t];
of the system (12.19) with L, 4, and  as in (12.67), we have 2(P'")=X for each
t>0. Clearly, Pllpil_plntel  for ¢ ¢ eR*, (12.68)

# 11964, 1), particularly Thm. 1.
*# 11964, 1], § 8 and § 12.

(12.66)
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Furthermore, it is obvious that if

o' =(F', ', B") (12.69)
with F*, e', and B' as in (12.63), then
Pgt=g", forall t>0. (12.70)

In the terminology of Definitions 6.1, 7.1, and 7.2 we can assert

Remark 12.6. The set P={P!}|teR* "}, with each P! as in (12.67), is a stagna-
ting family of processes with Z,=2 and with each state o' of the form (12.69)
in PZ,, i.e. a stagnant state for P. Moreover P is a null family of processes for the
action ¢ of (9.7) at each state ¢’ of the form

o'=(F,e,0,.0) (12.71)
(with ,¢’ arbitrary), and P relaxes each such state (12.71) to a corresponding

state 6= (F'", e’t, 0%). Every state o' of the form (F', ', 0) is a relaxed state for s.

Proof. The first sentence of the remark follows immediately from Theorem 6.2
and the discussion containing equations (12.68)-(12.70). Now, for a state ¢’ of the
type (12.71), we have, for P11 in P, by (12.16) and (12.21),

1P’ o)l =]oP" 0"~ o0 |+ I,P* 0"~ 0],
=0+|T® 0" +df"— 0.,

where o, =(F't, ¢'T, 0'") and f(r)=(F, ¢, 0) is the solution of the system (12.19)
with (L, &, y)=(0, 0, 0) and with ¢’ the initial state. By (12.7) and (12.17),

0o=TY ol +0f";

(12.72)

hence, by (12.72),
1P 6" — ol =TO(o’ — o),
and (12.12) yields
lim [P ¢’ — .|| =0,
- w
limPY¢' =6, or Po'=0.. (12.73)
t= o0
Furthermore, when P!} is in P, we have, for 7 in (0, #), not only /(z)=0 but also,
by (12.19);, B(r)=0, and when the initial state for (12.19) is ¢'=(F', €', 0, ,0"),
we have B(1)=0. Thus, (9.7) here yields

s(P",6")=0, forall teR*". (12.74)

In view of (12.73), (12.74), and Definitions 7.1 and 7.2, it is clear that P is a null
family for s, at each state ¢’ of the form (12.71), and P relaxes ¢’ to &. As this
argument is independent of the values of F’ and ¢, each state of the form (F', et, 07)
is a relaxed state for s; q.e.d.

ie.

Theorem 12.2. If (F, e, f) in U is such that the corresponding constant function
(F', e', B") in U characterizes a state at which s has Clausius property, then

q°(F, e, p)- p=0. (12.75)

6*



84 B. D. CoLemaN & D. R. OWEN

Proof. Consider the process P!'1=(0, 0, 0) defined by (12.67) with ¢=1. Clearly
the state o =(F', ef, B') is in 2 (P!'Y), and, by (12.70), for each 7 in (0, 1) we have
Plilgt=gt, where PI1=(0, 0, 0) is the restriction of P! to [0, 7). Hence the
hypothesis of Theorem 9.1 holds here, and (12.75) follows from (9.12); g.e.d.

Let
0,={(F,e)|(F, e, p)cZ; forsome ¥ }. (12.76)

Theorem 12.3.% Let (X, 11,0, T, q) be an element with fading memory which
obeys the Second Law of Thermodynamics, and let S: 2°— IR be the entropy
function of equation (12.54) in the proof of Theorem 12.1. If (F,, e,) is an element
of @,, then the state o, given by

ox=(F}, €}, 0" (12.77)

is in X° and has the following “maximizing property” for S: for each state ¢
in 2° with
o0=(Fy, e, p) forsome B in ¥, (12.78)
there holds
S(6)£S(0y)- (12.79)

Proof. By item (1) of Theorem 12.1, 2° is not empty, and if ¢’ is in 2° then so
also is every state ¢'' with 6’ =,0’. Thus, if (Fy, e,) is in @, then there is in X°
a state of the form (F, ey, By, ,0). Let o be any state in 2° with this form. [¢ will
then obey (12.78).] Again by item (1) of Theorem 12.1, because ¢ is in Z° so also
is the state o_=(Fy, €4, 0, ,6). By Remark 12.6, the set P={Pl"): ze R* "}, with
each P! as in (12.67), is a null family of processes for s at o,,,and Po, =0, with
o, as in (12.77). It therefore follows from Theorem 7.6 that o, is in 2° and
S(0.)=S(0,). But, by (12.50), S(c,)=S(0), and (12.79) follows forthwith; q.e.d.

It follows from (12.76) and item (1) of Definition 12.1 that the set ©; is
an open connected subset of Lin (¥)@® R. If ¢is an oriented polygonal curve
in @, we write J(¢) for the line integral

J(c)_cj[ rE.e0  FTEEn )

(12.80)

where T° and 0° are the equilibrium response functions defined in (12.64), 4 ,.

Lemma 12.2. Let (F,, ¢,) and (F,, e,) be two points in @,, let ¢, and o, be the
states given by
o,=(Flel, 0", o,=(F}, ¢, 0", (12.81)

and let ¢ be a closed oriented polygonal curve joining (F,, e,) to (F,, e;) and lying
in @;. For each pair of positive numbers v, ¢, there is a process P in IT such that o,
is in 2 (P),
[Po,—a,ll <v, (12.82)
and
{J(e)—s(P,a,)|<e. (12.83)

# Cf. CoLEMAN [1964, 1], Remark 31, p. 38.
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Proof. The norm |(F, )| of an element (F, e) of Lin (¥")® R equals the norm of
the triple (F, e, 0) regarded as an element of Lin (V)@ R BV, ie. |(F,e)|=
|(F, e, 0)]. If (F, e) is in @,, then (F, e, 0) is in X;, the constant function (F*, et, 01),
defined through (12.63), determines an element of Z, and we have

IFT, &', 0N =1o(F", e, 0M) | + | (F', ', 01,

© 1
=1, e, 01+ | [KOIE e 0P ds]? (12.84)
~IF, OIN,
with
0 1
N=1+ [jk(s)ds] v, (12.85)
0

Let (F,, e,), (Fy, €5), and < be as in the hypothesis. As ¢ is compact, the number,

M = {sup|(F, o)) |(F, e)e <}, (12.86)
is finite. For each §>0, let

I,={0=(F,e,0,,0)|0eZ, (F,e)ec, |,0—,F' e, 0", <5} (12.87)
The set

C={(F',e",0")|(F, e)e<}

is a connected compact subset of Z, because it is the image in Z, via a continuous
function, of the curve < which is, of course, a connected compact subset of @,;.
Hence, by Remark 12.3 and item (2) of Definition 12.1, there are positive numbers
L and 6 such that if g equals T or 1/, then

|g(6)—g(o:)| Lo, —o0yl

whenever ¢; and o;; are within distance § of C. As each element of I, is within
distance & of C, we may conclude that for each £>0 there exists # in (0, §] such
that if 6; and o, are in I, and satisfy }6;—0;;|| <n, then (12.39) holds (with /
again the length of ¢).

Now, let 7+ (F(7), e(7)) be a piecewise linear parameterization on [0, 1] of
the given curve <. Since this parameterization is a uniformly continuous function
on [0, 1], there is, for each u>0, a positive integer n=n(u) such that

I(F(2), e(e)~(F(x"), e(")) | <p (12.88)

for all v/, v in [0, 1] with |t"~1""|<1/n. For each k in {1, 2, ..., n}, let < be the
segment of ¢ obtained by restricting the parameterization — (F(z), (7)) to the

. k-1 k .
interval [ o ~n—] .We now construct a second parameterizationt (F, (1), e, (1))

of <which traces out the segments <1, £, ... ™, and “pauses” at the endpoint
(F (—:—), e (—s)) of each segment <® for an interval of length 4,>0. As in the
proof of Lemma 12.1, we can use item (3) of Definition 12.1 to obtain from such
a parameterization of ¢ a process P; our goal here is to show that this process P
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satisfies (12.82) and (12.83) when the numbers 4,, ..., 4, are chosen to be suf-
ficiently large. To construct the function 7+ (F 4 (1), e, (7)), we shall first choose
a parameterization of each segment < and so obtain processes P*’, whose properties
are easily analyzed; we shall then employ the formula P=p®pt-1 ... p»
to show that P has the properties desired of it. To this end, let 4, be a positive

1
number, let t;,=—+21,, and let (F'V,e",0): [0,;,]->Lin(¥)@R®¥ be
defined by "

(F(x), e(1),0), for 1€ [O, ’1—1)

(FO (1), e (1), 0)= (F (%), . (%)’0) for 1:6[17’ 11]~

Clearly, (F®", eV) is a parameterization of <"’ and is piecewise differentiable
on [0, #,]. By item (3) of Definition 12.1, the function (F", e, 0) determines a
process P, in IT such that ¢V is in 2(P,) and such that, for each 7 in (0, #,],
the corresponding process P, obeys

(12.89)

OPtaa = (F(l)(t)’ e(l) (T)a 0)’

P.o, =T (F, ], 0) + b, (1299
with
(1) (1)
oo JED(t=5),e(1—5),0), for se(0,1],
Dfl (S)_{O, fOr SE(T, (x)) (1291)

We now fix 7 in (0, ¢,] and observe that, for the state (F(") (7)1, ') (1)', 0%), we have

(FD @, e V@), 07)=(FD (1), eV (2), 0)

,(F(l)(‘r)T, e(l)(r)’(, 0?)=T(t)r(F(1)(T)T, e(l)(T)T’ 07‘)+bgrl’
with
(1) (1)
bt (s)= (FV(1), e (0),0), for se(0, 1],
0, for se(1, ),

and in view of (12.90), (12.91), and (12.9), these last formulae tell us that
”P‘t O'a‘—(F(l)(T)*, e(l)(T)Ts OT)” = ”rPta-a_r(F(l)(T)T’ e(l)(‘t)t 01‘)”1’
= | TOLFL el, 0N — (FV ()", eV (1), 0N)] + 0 ff ~d gl
SITOLFL el 0N = (F (), eV (0, 0N, (12.92)
T 1
+ [j [(F P (t—5), e (t—5),0)— (F (1), eV (1), O)I”k(s)ds] P,
(4]
By (12.89) and (12.88),

1

[f|(F“>(r—s), eM(z—5),0)—(FP(1), e (), 0)|7 k(s) ds]7<(N— Du (12.93)
0
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with N given by (12.85). COLEMAN & MizeL¥* have shown that there exists a
positive number K such that, for each ¢ell, and 620,

IT %1, =Kl
Employing this and (12.84), we find that
ITOLFL, el 0 — (FV (D), &P (), 0M)]1,
<KN|(F, e)—(FP @,V @),

and (12.89) and (12.88) yield

(F,, e)— (FP (), e (1)) | = (F(0), e(0))— (F (1), e(D)) | <p.
In view of (12.92)—(12.94) and this last inequality we have, for each 7 in (0, ¢,],

IP.6,—(FP @, V@ 0N <[N(K+1)—1]p (12.95)

It is easy to see that our derivation of (12.95) places no restriction on the positive
number 4,. The relation (12.12) implies that for 4, sufficiently large there holds

TéD [,P% aa—r(F (%)T e (%)T 0*)]

We choose 4, and P,, so that both (12.95) and (12.96) are valid. In order to make
use of (12.96), we note that, by (12.89)-(12.91), P, g, obeys

e (2))

rl)tl o’azT(ll)f(Pl a(l))+bhi‘l’

DR (5) = (F (%),e (—:;),0), for se(0, 4,1,

0, for se(4,, 00),

(12.94)

<p. (12.96)

r

with

and from this it follows immediately that
i 1
(e (2o )'0)
n n
t 1
e (21 (310)
r n n r
t t
ol o (£ () (1) )]
r r n n

1P aa—(F ), eV (1), 0] =\

r

Thus, (12.96) tells us that

| P, aa—(Fm(tl)", Mt 0Nl <p. (12.97)
* [1966, 2], Remark 6.4, p. 111.
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In summary, we have shown that there exists a positive number #,, a process P,
in IT, and a parameterization T+ (F® (1), e¥ (1)) of <" on [0, ,] such that, for
each 7 in (0, ¢,],
0P16a=(F(1)(T)3 e(l)(r)s 0),
and
1P, —(FV (D), V(@) 0N <[N(K+1)—1]g,

and such that (12.97) holds. Repetition of the argument given above, with one
additional estimate, shows that there exist positive numbers ¢,, t5, ..., £,, processes
P,.P,, ..., P, in Il, and parameterizations 7~ (F®(7), e® (7)) of ¢* on [0, £,]
such that, for each k=2, 3, ..., n and 7 in (0, ],

OPrPtk_ 10 I)tzptl aa=(F(k)(T)’ e(k)(f)’ 0),
“PtPl‘k- T Ptan O-a—(F(k)(T)T: e(k)(_[)f’ 01)” < [N(K+ 1) -1 +K] Hs
and such that

[Py Py, =+ Py Py og—(FO (1", €® (1), 0" < .

k=1

Let us now put
p=min{v, f/[[N(K+1)+(K-1)]},

t=t1+”'+tm t0=09

k—1 k
and, foreach kin {1, ...,n} and allzin | Y ¢;, > tj],
j=0  j=0

(Fe(2), ex(0)= (F ) (r - kz;::t j) ,e® (1: - ké::t 1))

If we let P,: [0, t) > U be determined by the function 7> (F,(z), e, (7)) as in the
proof of Lemma 12.1, then it follows that P, is a process,

Pt=Pt,,"‘ Ptls

| Peo,— 0l <v,
and

OPt=(F* (1)3 €x (T)’ 0)1
"Pt P —(F* (T)T’ €x (T)T! OT)” <n.
In particular, P, obeys (12.82) and, by (12.98), ,, (12.87), and (12.16), we have

(12.98)

P.c,eT, (12.99)

for each 7 in (0, ¢]. Clearly, each state (F, (z)', e, (¢)f, 0) also is in T;, and, by
(12.98),,, and (12.99), we can set o;=P,0, and 6,;=(F 4 (7)', e, (v)!, 0') in (12.39)
to obtain

2

| T(P,o)Fx ()" T(F, @), ex(®, 0N F ()" ™"

0(P.a,) O(F+(v)', ex (1), 0F)
o 1 P
0(P.a,) O(F, (e, 00| ~ 42
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which, by (12.64), yields

TR0 ) Fx (D" T°(Fu(1), e4(0), ) Fu ()"

G(Pt aa) 90 (F* (1)9 €x (1")’ 0)
) | s (12.100)

€
O(P,o'a) - BO(F*(T), e*(fg)’ 0) < 472"
for each 7 in (0, ¢]. By (12.80), (9.7), (9.6), (9.3), (12.98),, and (12.100) we have

L[ TEO 80900 F,0-40
3 6°(F (1), e(0), 0) t

2

+‘

|J(e)—3(B, 0,)| =

{ T(P,6,)Fy(7 " Fou(t)—é, ()
+ B (P.0) d’(

&

211= <sg;

t "Ef‘ - 2 >
< I]/WVIF*(r)I +léx @ dr=
0
q.e.d.
Theorem 12.4. Let S: & — R be an entropy function for an element (Z, 7, 8, T, q)
with fading memory, and let &° be the set of all triples (F, e, ) in Z; with (F', e, 1)
in &. If the domain & of S contains the domain X° of the entropy function §

of Theorem 12.1, then the “equilibrium response function” 8°, i.e. the function
on &° defined by

S°(F, e, B)=S(F', ', Y, (12.101)

has the following properties:

(1) if (F 1y, (1)) and (F 3y, €(2)) are in @, then (F(,), €(4), 0) and (F2y €02y, 0)
are in &°, and, for every oriented rectifiable curve in @ joining (F ), e(;)) to
(F (2, €(2y), there holds

SO(F(Z)a €2y 0)—§°(F(1), €(1) 0)=J("+)a (12.102)

where J is as in (12.80);

(2) the function S8°(:, -, 0) is continuously differentiable on its domain @,
and obeys the familiar “equilibrium stress and temperature relations”,

T°(F,e,0)=—0°F, e, 0)[0S°(F, e, 0)] FT,

6°(F, e,0)=[0,8°(F, e, 0)]". (12.103)
Proof. As each state ¢ of the form o =(F', e', 07), with (F, ¢) in @, is, by Theorem
12.3, an element of X°, such states are also in &. Hence (F;), e;,) in @; implies
that (F;), e;), 0) is in the domain &° of 8°. Now, let there be given (F(y), e1y)
and (F,), ez)) in @;, an oriented polygonal curve et Alying in @, and joining
(F (1), (1)) to (F(2), €(2)), and a positive number &. Since S is an entropy function,
i.e. an upper potential for s, and since the states a™ =(F},,, ef,,, 0") and ¢® =
(Fl,, e}y, 07) are in &, there exists v>0 such that

s(P, 6 V)<8(a?) - §(a(1))+—§—, (12.104)
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for each process P in IT with
1Pe) —6®| <v. (12.105)

Lemma 12.2 tells us not only that there exists a process P obeying (12.105) and
hence (12.104), but also that P may be chosen so that

J(e)=s(P,0M) <5,

and, for such a process, this inequality when added to (12.104) yields
J(*)<8(6®) =8 (6™ +e.
Because ¢>0 is arbitrary and S° obeys (12.101), we have
J(e)YE8(F 2y €20, 0)—5°(F 1), €1), 0). (12.106)

If we now interchange (F ), e;)) and (F,), €.,)) and replace «* by the curve ¢~
which differs from <* only in orientation, then the argument which gave (12.106)
gives

_J(€+)=J(€-)§S°(F(l), e(l), 0)_SO(F(2), e(z), 0),

which, in view of (12.106), yields (12.102) when ¢ is polygonal (and hence when ¢
is rectifiable). In view of (12.80), it follows from (12.102) that $°(-, -, 0) is a po-
tential (in the usual sense) for the following vector field on ©;<Lin (¥")® R:

—T°(F, e, 0)F""' 1 :
(F, e)'—’( 0°(F,e,0) ~ 6°(F, 6,0))’

thus S°(-, -, 0) is differentiable on @; and has this vector field for its gradient;
in other words, S° obeys (12.103). Because the function (F, e, §)— (F', ', g9
is continuous with its domain Z; in U and its range in U, and the functions Tand 0
are continuous on X<, it follows that 7°, 6° are continuous functions on @,,
and hence (12.103) implies that the gradient of S(-,-, 0) is continuous on @,.
Thus S° has properties (1) and (2); q.e.d.

The following remark is an immediate corollary of the theorem just proven.

Remark 12.7. Consider an element with fading memory that obeys the Second
Law of Thermodynamics, let ° be the domain of the entropy function S of
Theorem 12.1, and let Z* be the set of all states in Z° which have the form (F7, et,
0"). If S is any entropy function for the same element whose domain contains X°
as a subset, then the restriction of S to X* must equal, to within a constant,
the restriction of S to X*, and both restrictions must obey (12.103).

An argument employing Theorem 12.1 and Lemma 12.1, instead of Theorem
12.3 and Lemma 12.2, but otherwise entirely analogous to that used to prove
Theorem 12.4, yields

Theorem 12.5. Let S: % — R be an entropy function for an element (Z, 1, 8, T, q)
with fading memory. If 2°, the domain of the entropy function S of Theorem 12.1,
is a subset of &, then S has the following properties:
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(1yif (F', e, B, ,0)isin Z° and (F"', ¢, B'") is in Z,, then, for every oriented
rectifiable curve ¢* in X, joining (F', ¢, §) to (F"', e/, "), there holds
S(FII’ e!l’ ﬁll’ ra/)_g(Fl’ el’ BI’ r61)=1(c+),
where [ is the line integral defined in (12.33);
2) at each state o=(F, e, §,,0) in 2°, § has instantaneous derivatives
DiS, D,S, DyS obeying the relations
T(6)=—6(c) DsS(c) F7,
0(e)=[D.S(e)] ", (12.107)
(3) if ,o is the past history of a state ¢=(,0,,0) in Z°, then the function

S(-,,0): Z;» R and the function S(-,,s), with S given by Theorem 12.1,
obey a relation of the form

S(F, e, B,,0)=S(F, e, B, ,0)+/(,0)
for all triples (F, e, §) in Z,.

The following theorem shows that a condition analogous to a “work axiom™
proposed by Day [1968, 3] implies the Second Law for an element with fading
memory.

Theorem 12.6. Let ¢° be a state of an element (Z, I1, 0, T, q) with fading memory,
and let s be as in (9.7). If the set

€ {5(P, 0°) | Pell, o(P6°) = 0°} (12.108)

is bounded above, then s has the Clausius property at ¢°.

Proof. We shall show that if s does not have the Clausius property at ¢°, then the
set € is not bounded above. To this end we observe that there is an />0 and a
neighborhood @ of ¢° such that, for each state 6=(F, ¢, B, ,0) in 0,

2

<M?, (12.109)

2

T(F,e,B,,0)F'" 1
(F,e, B, ,0) +

0(F,e, B, ,0) 6(F,e, B, ,0)
and the line segment ¢, in U joining (F, e, B) to ,0° lies in Z; and has length less

than 1. The existence of M and @ follows from items (1) and (2) of Definition 12.1.
By (12.109), we have, for each ¢ in 0,

()| < [ Mdl=MI<M, (12.110)

where I{c,) is defined by (12.33) with ¢ playing the role of .6, and / is the length
of ¢,. Now, suppose that s does not have the Clausius property at ¢°, and let b
be an arbitrary number. Lemma 3.1 tells us that, for each neighborhood ¢’ of ¢°,
the set s{¢° — 0") is not bounded above. In particular, there is a process P; such
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def .
that the state ¢’ = P,¢° is in @ and

s(P,, 6°)> M+1+b. (12.111)

If in Lemma 12.1 we put ¢’ =(,0°, ,6’) and ¢=¢,.,, we may conclude from that
lemma and its proof that there exists a process P, such that

o(Py0")=¢0° (12.112)
and
8(Py, 6')>I(c,)—1.

From this, the additivity of s, and (12.111), we obtain
4(Py Py, 6°)=4(P,, 6")+4(P,, 6°)>1(¢,)+ M+b,
and, since (12.110) yields I(¢,)> — M, we have
s(P,P,, 6°)>b. (12.113)

Moreover, since ¢’'= P, ¢°, we have P, P, ¢°=P,0¢’, and it follows from (12.112)
that o(P, P, 6°)= ,6°. Hence the number s(P, P, ¢°) is in the set €, and, by (12.113),
the number 5 is not an upper bound for €. Since b is arbitrary, € is not bounded
above; q.e.d.

Theorem 12.7. Let ¢° be a state of an element (Z, I1, 0, T, q) with fading memory,
suppose that ¢° has the form
o°=(F', ¢', 0"), (12.114)

and let @ be the following set of numbers:
C={s(P, 6°)| Pell, o(Pc°)=y0°},
with s as in (9.7). The action s has the Clausius property at ¢° if and only if
sup €=0. (12.115)

Proof. It follows from Theorem 12.6 that if (12.115) holds, s has the Clausius
property at ¢°. Thus, the only thing to prove here is the assertion that if s has the
Clausius property at ¢° and if, in addition, ¢° has the form (12.114), then (12.115)
holds. To prove this, we let ¢°=(F?, €', 0"), we let P in IT be such that ,(P¢°) = ,¢°,
and we let S be the entropy function of (12.54). By Theorem 12.3 and item (1)
of Theorem 12.1, both ¢° and P¢° are in 2°, and there holds

S(Pc)=S(s°). (12.116)
As S is an upper potential for ¢, there also holds
s(P, 6°) < S(Pc°)—S(c°). (12.117)
It follows from (12.116) and (12.117) that

§(P, 0°) <0,
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and, as P is an arbitrary process with 4(P¢°)= 40, we conclude that 0 is an upper
bound for €. Because, for >0, the process P of (12.67) obeys o(P6°)=,0° and

s(P™, 6°)=0,
the number O is in € and hence is the least upper bound for €; q.e.d.
As an immediate consequence of Theorems 12.6 and 12.7, we have

Remark 12.8. Let 6° be a state of an element with fading memory and have the
form (12.114). If the set € defined in (12.108) is bounded above, then sup €=0.

The main results of this section are contained in Theorems 12.1, 12.3, and 12.4
and are summarized below.

Remark 12.9. For an element (X, II, 8, T, q) with fading memory that obeys the
Second Law of Thermodynamics, there exists an upper semicontinuous entropy
function S, given by (5.5), which has the properties listed below:

(i) the domain 2° of S is given by (5.8), contains ¢°, is closed under s-ap-
proach, and is such that if ¢’ is in 2°, then so also is every ¢ in X with ,6=,0";

(ii) at each state in X°, the function § obeys (12.50) and has instantaneous
derivatives which obey the “generalized stress relations” (12.47) and (12.48);

(iii) for each choice of (Fy, e,) in @;, of all states in Z° whose present
values have the form oo =(F, ey, B), the state (F}, !, 0") maximizes S;

(iv) the “equilibrium entropy function” S°(-, -, 0), defined by

def

S°(F,e,0) = S(F', ¢, 0",

is differentiable on ©; and obeys the “equilibrium stress relations” (12.103).

13. Viscous Elements

Definition 13.1. A simple material element (Z, IT, 8, T, q) is called a viscous element
if
(1) Z equals Z; x Lin (¥"), where X, is an open connected subset of

Lin(#)*"* xR x¥
such that, for each triple (F’, €', ') in X, the set {(F’, €', B)| B ¥} is contained
in X;; the topology of X is that induced by the natural topology of
Lin (" )Y®R@®¥ @ Lin (¥)=U® Lin (¥);
the mapping o+ 4o takes ¥ into X; and is defined to be
o=F,e, B, M) = ,o=(F,e, pB); (13.1)

(2) the functions 8 and ¢ of (9.5) are continuous, and T is continuously
differentiable;

(3)let P,=(L, 11, y) be a piecewise continuous function mapping an interval
[0, 1), teR™* ™ into the set U of (9.1), and let 2(P,) be the set of states ¢ such
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that the differential equation,

F=LF,
é=T(F,e,B,L)-L+h, (13.2)
ﬁ =7,
with initial condition
(F(0), e(0), B(0))=0, (13.3)

has a solution 7 (F (), e(z), B(z)) whose values lie in X, for 7€[0, ¢]. If 2(P)
is not empty, then P, is a member of I1, and for each ¢ in Z(P,), the state
P,c is the element of X, x Lin (¥7) given by

P,o = (F (1), e(t), B(£), L(t—)), (13.4)
where
L(t—)=1lim L(x). (13.5)
it

Arguments given after Definition 10.1 can be applied here to show that (a)
for each P, in IT the mapping ¢ — P,o of (13.4) is well defined (i.e. single-valued)
and is continuous, (b) the set Z(P,) is open in X, and (c) for each initial condition
(13.3) the mapping v o, of (9.3) has the properties mentioned in item (2) of
Definition 9.1. It is also easily verified that item (3) of Definition 9.1 holds here.
Thus, items (1)—(3) of Definition 9.1 hold for viscous elements, and, as Definition
2.1 requires, for such an element each P, in IT is a continuous Z-valued function
on a non-empty open subset of X. Since the successive application P,,P, =P,,,,,
is defined as in item (1) of Definition 9.1, axiom II of Definition 2.1 holds here,
and it is a corollary of Theorem 13.1 below that axiom I of Definition 2.1 also
holds. Thus we can assert

Remark 13.1. Definition 13.1 is consistent with Definitions 9.1 and 2.1.

Theorem 13.1. For each pair of states ¢’ and ¢”’ of a viscous element (X, I1, 0, T, q)
there is a sequence n— P, of processes such that ¢’ =lim P,¢’ and lim s(P,, ¢")

n-a0 n- o
exists, where sis as in (9.7). That is, every state of viscous element is s-approachable
from every other state.

Proof. Let o'=(F', ¢, ', M’) and ¢’ =(F", ¢”, B’, M"”’) be in Z. By item (1) of
Definition 13.1, the triples o6’ =(F’, ', §') and 46"’ =(F", ¢", p”') are in X, and,
as X; is an open connected subset of U, there is an oriented polygonal curve «
which lies in 2; and joins 40’ to o0”. Let t+>(F(7), e(1), B(1)) be a piecewise
linear parameterization of < on an interval [0, t], and consider the function
(LD, BV, yMy: [0, £) - U defined by

[Y(@)=F()F()",
h(“(‘r) =é(1)— T(F(‘r), e(1), p(v), L(”(t)) . L“)(r), (13.6)
¥ () =B (2.



Mathematical Foundation for Thermodynamics 95

If we put (L, h, p)=(LD, AV, 91, then the function 7+ (F(z), e(7), B(7)) is a
solution of (13.2) whose values lie in X; and which obeys the initial condition
(13.3) with jo0=40". It follows from item (3) of Definition 13.1 that PV =
(LD, B, 9y is a member of IT, and, by (13.4) and the fact that 1+ (F(7), e(7),
B (7)) parameterizes <, we have

PDa'=(F (1), e(®), B(), LV (1))

13.7
=(F", e, B, V(). (13.7)
For each positive integer # we choose a, in (0,1/n] so that
(™ —1)|F"} <%, (13.8)
and we let F{2: [0, «,] » Lin (#")* " be the solution on [0, «,] of
i"f,z)(r)=M”F,(,2)(t), ze[0, &, ],
with the initial value
FO©O=F";
ie.
FS,Z)(T) — eM”tFH.
It follows from (13.8) that, for each 7 in [0, «,],
FO@)-F"| <,
and hence
1
[(F$?(z),¢", B, M) —(F", ¢", B, M")| < (13.9)

Therefore, there is an N> 0 such that if, for each n> N, we put

[P@)=FP@F? @) =M",
()= —-T(FP (), e, ', M")-M",
72 (1) =0,
then PP =(L?, h{?, y): [0, «,) — U is a process, and
P(l)a’=(F”, e, B, L“)(t—))

is in 2 (P*). In view of (13.2), the process P{*) so constructed leaves e, B, and M
unchanged, and we have

PP PLg =(FP(a,), e, B, M"). (13.10)

Because (13.9) holds for each t in [0, «,], it follows from (13.10) that, if we put
(for n>N)

p,E p@ p, (13.11)

n
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then

1
|Pyo'—0" | <—.

Since this last inequality holds for each n> N, (13.11) gives us a sequence n— P,
such that

¢'=limP,o".
By the additivity of s, i.e. by (9.7) or (2.3), to show that this same sequence n— P,
is such that lim 4(P,, ") exists, it suffices to show that lim s(P{®), PM¢’) exists.

Now, it follows from (9.7) and the definition of P{?, that
$(B?, PWg)

(13.12)

an I:___ T(F,(,Z)(T), eu’ ﬂu’ Mu) . M//
O(F,(,Z)(T), e", ﬂ”, MI/)

Because T, ¢, and 6 are continuous on Z, it follows from (13.9) that there is a

Z>0 such that, for all n>Z, the integrand in (13.12) is within unit distance of

- T(O'”) -M" ’r 1t
“—0(6,‘,)—4"1(0' )-8,

+q(F,(,2)(T), elI’ ﬂ”: MI/) . ﬁ”] dT
0

and hence
2 1N _ T(O'”) N M” ’" H]
(7, P o) = [~ TGL kg 8] o,

for n>Z. As a, is in (0, 1/n], (13.13) yields, forthwith,

<a, (13.13)

lim (P>, PV ") =0;

g.e.d.

Viscous elements are simple material elements, and for them the Second Law
of Thermodynamics asserts that the action s has the Clausius property at some
state ¢°. Let S, m, and X° be defined by (5.7), (5.6), and (5.8),. In view of Remark
3.2 (or Lemma 3.3 and Theorem 3.4), it follows from Theorem 13.1 that we here
have

Theorem 13.2. For a viscous element which obeys the Second Law, X° equals
the entire state space X, and s has the Clausius property at every state.

We now assemble the apparatus needed to prove the main result of this section,
Theorem 13.5.

Theorem 13.3. Let S: & — R be an upper potential for the action of (9.7). If the
system is a viscous element, and if ¢’ and o'’ are two states in & with 46’ = 46", then

S(0")=5S(a").

Proof. If ¢’ and ¢’ in & are such that 46’ = (6", then for some element (F', ¢', §)
of U, there holds ¢'=(F', ¢’, p’, M’) and ¢"' =(F', &', B’, M"’). Let ¢>0 be given.
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By Definition 3.2, there is a neighborhood @ of ¢” such that
Pell, Pdo'e0® = S(a")—S(c')> (P, o’)—%. (13.14)
As in the proof of Theorem 13.1, we can construct processes P, P{2) and

P,=P® P™, such that
¢"'=1limP,o’,

lims(P?, PV ") =0, (13.15)
and hence
lim4(P,, o) = lims(P?, PP ")+ s(PD, 6") =4(PV, ¢"). (13.16)

Moreover, since g6’ =0’ =(F’, €', '), instead of employing a curve cand equation
(13.6), we may choose PV so that, when considered a function on [0, 7), PV
has the form (LD, 2™V, y=(0, 0, 0), and (9.7) yields

d(P(l), a’):tq(Fl, e,, ﬂ’, 0)‘”’;

As this construction of P is valid for any choice of #>0, we can choose ¢ so
that

$(PD, 6")> —%. (13.17)
By (13.15) and (13.16), for » sufficiently large we have P,¢’ in ¢ and

8(Py 0> (PP, 0) =3 (13.18)
when P,g’ is in 0, (13.14) yields
S(0")=5(0)> (P, )~ 3
and hence, in view of (13.17) and (13.18), we have
S(@@'")—S(¢")> —=.

Because ¢ is an arbitrary positive number, we may conclude that S(¢’")=S(¢"),
and as the argument just given can be applied with ¢’ and ¢’ interchanged, we have
S(6) = S(¢"); thus S(6¢’")=S(¢"); q.e.d.

Let @; be the following subset of Lin (*)** ® R:

def

0, = {(F, )| (F,e,00eZ}={(F, &) | (F, ¢, 0, 0)cX}. (13.19)

For each oriented polygonal curve < lying in @;, we here write J(¢) for the line
integral

J(=] 0F. 00 T oF 0,0 %

T-l
act [_ T(F, ,0,0)F 1 ] (13.20)

Theorem 13.4. Let ¢'=(F', ¢', ', M") and ¢ =(F", ", ', M) be two arbitrary
states of a viscous element (Z, I, 8, T, q), and let S map X into R. If S'is an upper

7 Arch. Rat. Mech. Anal., Vol. 54
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potential for the action ¢, then
S(a")—S(e)=J(e)

for every oriented rectifiable curve ¢ joining (F’, ') to (F”, €’’) and lying in 6.

Proof. In view of Theorem 13.3, S(¢") and S(c¢"") are independent of the values of
M’ and M", and since J(¢) is obviously independent of M’ and M"’, we may put,
without loss of generality, M'=M'"=0. Let < be an oriented polygonal curve
in @; joining (F’, e") to (F", '), let 1 (F(7), e(7)) be a piecewise linear param-
eterization of < on [0, 1], and put

L@=F@F@),
h(v)=é(r)—T(F(7), e(x), 0, L(1)) - L(x).
For each positive integer n, let (I, ", y"): [0, n+ 2 ) — U be defined by

n
(L@, 1" (0),y" ()
0,0, —np), for ze [0, %),

() (o) et

124 1 2
©,0,np"), for te[n+—n—,n+7).

It is easily verified that P ™ =(I7, A", y") is a process in IT with (F’, ¢, §’, 0) in
2(P™) and

Pd'=P"(F',¢', ', 0)

( ‘e, (i—‘c) np, 0), for te (0, —1—),
n n
_ ‘(F(L (=) et (1) )0 L (2 (T__l_))), for ce [, ns L),
n n n n n n n n n
(F”, en’ (’C“‘n‘_L) nﬁll’ 0>’ for TE [n_*_l’ n+2.).
n n n

1 ] , PMg' differs from

. J1
Note that for 7 in [——, n+—
n n

by a term,
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whose magnitude is O (1/n), uniformly in 7. Since Tand @ are uniformly continuous
on compact subsets of X, for each £>0, there is an N such that if we put

1 (n) _r 1 1 T
i T(P, cYF|—(t——
A d_e__f I _ n n
B o 0(P" o)

then | 4,|<¢/2 for all n> N. Since
4
s(P™,6)—J(c)= [ q(P"a")-B'n [%—'c] di+4,
0

n+l
n

+ +j}_q(P,(")a’)-ﬂ”n [t——n—%] dr,
if we put "
Q'=sup{lq(F',¢,p,0)-B|||1BI<IBI}
Q"=SuP{IQ(F"’ e”, ﬁ,O) - Bl I ”’|<lﬁ"l}’
then

n r 1 r 6 1‘ rr
|4(P( ),G)—J(€)|<7Q +‘2—+—n—Q » (1321)

for each n> N. The continuity of g on X implies that Q' and Q' are finite, and if
we choose N sufficiently large that it exceeds 2(Q’+Q"")/e, then, for each n> N,
we have not only (13.21), but also

[s(P™, ¢")—J ()] <e. (13.22)

7+
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Each process P™ is so constructed that

P(n) l=<F”, eu, (‘c—n—%) nﬁ", 0)
=(FII, ell’ ﬁll’ 0)=0_II’

and, hence, if S: ¥ — R is an upper potential for s, S must obey
s(P™,6)<8(0")—S(0),

2

=pt+
T™=n 7

or, by (13.22),
J(c)<S(c")—S(c")+e.
Since £>0 is arbitrary, this last inequality implies that
J()=S(@")—S(0"). (13.23)

The argument just given may be repeated with ¢” and ¢’ interchanged and with ¢
replaced by the curve ¢~ which differs from ¢ only in orientation. On doing this,
one obtains the relation
—J(e)=J(cT)ES(6")—S(c"),
which is compatible with (13.23) only if
J(e)=S(c")—S(o").
This last equation has been derived for an arbitrary oriented polygonal curve ¢

which lies in @; and joining (F’, ') to (F”’, e"’), and hence the equation must hold
for every such rectifiable curve; q.e.d.

Itis evident from Theorem 9.3 and item (4) of Remark 3.2 that a simple material
element which obeys the Second Law has an entropy function S, i.e. an upper
potential for s, and S can be chosen so that it is an upper semicontinuous function
with 2° for its domain. By Theorem 13.2, for a viscous element obeying the Second
Law there holds X°=2, and hence S can be chosen so that the entire state space
is its domain. Moreover, it follows from Theorem 13.4 [see (13.20)] that an
entropy function S with domain X is not only upper semicontinuous, but is conti-
nuously differentiable; indeed, it is a potential for the following continuous vector

field on X2, T(F, ,0,0) FT 1 ) 0)
0(F,e,0,0) ’6(F, e 00" ")

and hence must have this vector field for its gradient. In particular, the derivatives
of S with respect to f and M must vanish, and this, by the structure of X prescribed
in item (1) of Definition 13.1, implies that S is independent of p and M.¥ Since,
by Theorem 13.4, each entropy function S with domain X must be such that its
differences are determined by the line integral J, which, by (13.20), is specified
when 0 and T are given, a viscous element has on X at most one entropy function
which vanishes at a prescribed state. Thus, we have

Theorem 13.5.** If a viscous element (Z, IT, 0, T, q) obeys the Second Law of
Thermodynamics, then the element has exactly one entropy function S whose

(F, .8, M) (-

* of course, that S is independent of M follows also from Theorem 13.3,
*¥ For derivations of relations equivalent to (13.24)-(13.28) starting from the assumption
that there is a differentiable entropy function S on X, see COLEMAN & MizeL [1964, 3] and CoLEe-
maN & NoLL [1963, 2].
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domain is ¥ and which vanishes at a prescribed point ¢, in X; this entropy function
is continuously differentiable, obeys on X the relations

T(F,e,0,0)FT""

OpS(F, e, p, M)=— BF e 0.0) (13.24)
9.S(F,e, B, M)=W:TW’ (13.25)
0pS(F, e, p, M)=0, (13.26)
duS(F, e, g, M)=0, (13.27)
and, for each state o=(F, e, §, M),
S(6)=S(F, e, 0, 0). (13.28)

By (13.28), we can regard S as a function on the set @, defined in (13.19);
we write (13.28) in the form S(6)=S(F, ¢). On ©; and X, respectively, we define
functions T® and T by

TOF, &) = T(F, e, 0, 0) (13.29)
TO(F, e, p, M)=T(F, e, 8, M)—TO(F, e). (13.30)

The values of T and T® at a state o=(F, e, B, M) are called the “equilibrium
stress” and the “extra stress” corresponding to o.

Because the function S in Theorem 13.5 is differentiable, the relations (9.21)
and (13.2) imply that there holds, for each state o= (F, e, §, M) and each process
P, with (L, A, y) continuous on [0, #) and with L(0)=M,

o h _T(F,e, b, L(0)- L(0) ¢
5290 T P~ F e BLO) T OF e BLO)  (1331)

=000
+4(F, e, p, L(0))- B,

where ¢ is the projection on R of —d~P,a

3 , regarded as an element of
Lin(#)®R® Y, and K

=0

. d
—ES(P.,O')

=0

By (13.28) and (13.2),,
S=0,S(0)- L(0) F+3,5(0) é. (13.32)

Employing (13.31), (13.32), and arguments introduced by CoLEMAN & NoLL* and
CoLEMAN & MizeL **, one may easily show that Theorem 13.5 has the following
corollary.

Theorem 13.6. Consider a viscous element (Z, 11, 8, T, q), and let T® be defined
by (13.29) and (13.30). If the element obeys the Second Law of Thermodynamics,

* 11963, 21.
*% 1964, 3), see § 4.
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then at each point (F, e, 8, M) of X there holds

T@(F, e, p, M) M—q(F, e, p, M)- B0, (13.33)
and
O(F,e, B, M)=06(F, ¢, 0, 0). (13.34)

Remark 13.2. COLEMAN & MizeL*® called (13.33) the “general dissipation
inequality”> (for viscous materials) and explored its consequences in detail for
viscous fluids. When M =0 the relation (13.33) reduces to the heat conduction in-
equality,

q(F, e, B,0)-B=0, (13.35)

and when $=0, (13.33) becomes the mechanical dissipation inequality for viscous
materials:

TO(F, e, 0, M)-M =0, (13.36)

For linearly viscous fluids, (13.36) implies the usually assumed inequalities for
the viscosity coefficients.

Remark 13.3. It follows from (13.34) that 8 can be considered a function on @;;
when o=(F, e, B, M), we write

0(a)=0(F, e).
In this notation, the relations (13.24) and (13.25) become
TO(F, )= —6(F, ¢) 0z S(F, e), (13.37)
O(F,e)=[0,S(F,e)] . (13.38)
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