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1. Introduction

Superfiuid helium exhibits some of the most fascinating effects known to
continuum physics. Standard texts such as WILKS [1] and PUTTERMAN [2] may
be consulted for comprehensive surveys. The generally accepted theory describing
the most fundamental aspects of the behaviour of this liquid is that due to LAN-
DAU [3]. At the foundation of this theory is a notional mixture of two ingredients
referred to as normal fluid and superfluid. As LANDAU has emphasized, this
mixture is not of the conventional kind. Since all the atoms present are helium
atoms, distinct constituents cannot exist independently of each other. Some
motivation for the mixture idea may be found from quantum statistical mechanics
in terms of the Bose-Einstein condensate, but we consider here only those appro-
aches which may be directly related to the principles of continuum mechanics.

A macroscopic thermodynamic framework for the LANDAU theory has been
presented by KHALATNIKOV [4]. In this work the densities ¢,, 0, and the velocities
v", v° of the normal fluid and superfluid are introduced in a plausible manner,
but the plausibility stems in some measure from conventional mixture ideas.
Aware of the dangers of unwarranted assumptions arising from this source,
PUTTERMAN [2] gives KHALATNIKOV’S treatment a different emphasis. He shows
how the postulates of the theory may be stated using conventional single-fluid
variables with the addition of just one vector field which he takes to be v'. Having
developed the theory he is then able to define g,, g,, v" using thermodynamic
functions and the relations

=0, T 0s» OV=0gM" + o0, (1.1)

where o, ov are the density and momentum of the whole finid. By this means he
shows that the LANDAU theory is the only theory of a certain class, and the mixture
model upon which it is based is not essential to the derivation of the equations;
the model may be viewed only as a convenient interpretation of some of the
variables. Although this result is reassuring, some investigation of the class of
materials studied by PUTTERMAN is desirable.
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Now in modern theories of continuum mechanics the classification of a material
is based upon the nature of its constitutive equations (e.g. functional or rate-
type) together with the variables appearing (e.g. deformation gradients or velocity
gradients). Our objective here is to examine a general class of materials, defined
in this sense, of which superfluid helium is a special case. We follow PUTTERMAN
to the extent that we use conventional single continuum variables together with
one generalised velocity v, and we postulate a rate-type equation for this velocity,
relating the superfluid acceleration to a certain ‘driving force’. However, we do
notrestrict this driving force to be the gradient of a scalar potential as PUTTERMAN
does. The use of the scalar potential leads, subject to the conditions of Kelvin’s
theorem, to the condition

curlv* =0, (1.2)

and gives the LANDAU theory a deceptively simple appearance. When the whole
set of independent variables required for such a driving force is examined a rather
complex situation emerges. Although LANDAU regarded (1.2) as essential, we can-
not raise this condition to the status of a constraint because it is not invariant.
We present here a set of constitutive equations, of sufficient complexity, and
containing a sufficient number of independent variables, to encompass the non-
dissipative LANDAU theory in a logical and systematic manner. We consider the
restrictions imposed upon these equations by the Clausius-Duhem inequality
using techniques similar to those of COLEMAN & NoLL [5]. These restrictions turn
out to be severe, and yet leave the theory a little more general than LANDAU’S.
This work extends that of ATKIN & Fox [6, 7]. In these papers we took the
constitutive equations for the conventional variables to be in the form directly
suggested by the LANDAU equations, and we then proceeded to examine the most
general superfluid equation of motion consistent with entropy balance. The result-
ing non-dissipative theory was shown to reduce to LANDAU’s if certain relations
between parameters were assumed. Further discussion of related continuum
approaches to superfluid helium will also be found in these papers.

2. Balance laws and entropy inequality

Let ¢ be the mass density of the liquid, v;, b; the components of velocity and
body force per unit mass, and o;; the cartesian components of the stress tensor.
Then the equations of mass and momentum balance have their usual forms

Do
Dr + otk = 0, (2.1
v;
ep; = i + 0b;, 0y = 0y, (2.2

where D/Dt denotes the material time derivative, a comma followed by a suffix
denotes partial differentiation with respect to the current cartesian coordinates
X;, repeated suffixes implying summation.
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We postulate an energy balance equation which differs slightly from that used
for conventional fluids, and the various terms appearing are most easily explained
if the equation is first presented in integral form. Suppose that an arbitrary set
of material particles of the fluid occupy a region V bounded by a surface X in
the current configuration at time ¢. Then we assume

d
= [ Govw; +oU)dV + [(g;+ I — op) n; dE = V{ o(bw; + r)dv. (2.3)
Vv P

In this equation igvw; + oU denotes the total energy density per unit volume.
(We avoid the use of the term ‘internal energy’ here because of our later assump-
tions that U depends on a velocity field.) The flux of energy across 2 arises from
the rate of working of surface traction together with the flux of q + L. Here ¢
denotes the heat flux and the vector I allows for an additional mechanical energy
flux. The introduction of ! is mathematically equivalent to the assumption,
developed by MULLER [8], that the entropy flux may differ from q/7, where T’
is the absolute temperature. This equivalence has been pointed out by GURTIN
& VARGas [9]. Finally, r denotes the rate of heat supply from the external world.
We use the Clausius-Duhem inequality in the conventional form

d
— [0S AV + [(q/T)n;dZ — [or/TdV =0, 2.4
dt y z v

where S denotes the entropy per unit mass. The point forms of (2.3) and (2.4)
may be written

DU
o7 + i+ 9 — 03 Dy =or, @.5)
@ Dt+qi,i—@r—T: s (')
where
g&=T; Dy=4Huv,;+ v, @7

By use of the Helmholtz free energy F = U — TS, (2.5) and (2.6) may be combined
to give

DF br 84

—Q-D—t —_ QS.D_I — li,i + Oy D,'j — 2_ 0. (28)

T =
3. Constitutive theory
Many of the novel phenomena observed in superfluid helium are believed

to arise from the motion through the fluid of certain microscopic excitations
known as rotons and phonons. In phenomenological theories account is taken
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of this motion by the introduction of an additional vector field. Here we postulate
the existence of a velocity field v° which we later identify with the variable common-
ly known as the superfluid velocity. We suppose that under a change of frame

x7 = Qy(®) x; + (), 3.1

where Q(¢) is an orthogonal tensor, the vector v*° transforms as an absolute velo-
city:

u* = Qv + ‘Qx:i(x}k —c)+ ¢, (3.2)
where
'Qij = Qiijk- (3.3)
We further postulate that v* satisfies an equation of motion of the form
L 3.4
Dt _'./; + is ( . )

where D,/Dt denotes the convected time derivative based on the velocity field v*:
DDt = 9]t + v} 0/éx;. (3.5)

The vector f is assumed to be objective, transforming as
1= 0uf; (3.6)

and is to be determined by a constitutive equation. The appearance of the body
force b in (3.4) ensures the correct invariance of the energy equation when the
constitutive equation for F contains a dependence on v°. This starting point is
similar to, but more general than, that of PUTTERMAN [2], where the driving force
f is assumed at the outset to be the gradient of a scalar potential.

Under change of frame (3.1), the velocity v can be shown to have the same trans-
formation property as that postulated for v* in (3.2). Hence, the vector

s=v —1 3.7
is objective, transforming according to
st = Qys;. (3.8)

We now postulate constitutive equations in which F, S, g;, [, f;, 6; depend on
o, T, Siy hi’ &is MU’ ]vll’ where

hy =g My =3(si;+ 5, Ny=3(s;— 5. (3.9)

The inequality (2.8) may now be written

o0F Do 0F Ds; oF Dh; oF Dg; oF DM, &F DN,-,-}
~\% Dr " @Dt 3k Dt T og Dt ' 3M, Dt ' 5N, Dr

oF Dr qg;
T T
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Using (3.5) and (3.7) we can show that

Ds; Dv; Dy

—D—tZE —D—t-— sjvi,j+ $i8ij» (3'11)
and using (2.2) and (3.4) we deduce
Ds; o
—D'; = '—f; + @ O — SiUi; -+ 85855 (3.12)

Consider now thermodynamic processes in which, at an arbitrary point and
instant of time, g, T, s;, v; and the gradients of these quantities take prescribed
values. Then Dp/Dt is determined through (2.1), and Ds;/ Dt is determined through
(3.12) and the constitutive equations. However, the material time derivatives of
hi, 8, My, Ny, T, appearing in (3.10) may be chosen arbitrarily and independently
of o, T, s;, v; and their gradients. Since (3.10) must hold for all admissible thermo-
dynamic processes, we deduce

oF oF oF oF oF
T

8/1,- o ag, - 6MU o 6NU = (3.13)

Since F must be invariant under change of frame, we must have therefore
F=F(,T,s?», s*=ss. (3.14)

To proceed further with the analysis of (3.10) some simplification of the con-
stitutive equations is desirable. Here we study a particular class of constitutive
equations which keeps the algebraic manipulations down to a reasonable level
while retaining sufficient generality to include the traditional LANDAU theory as
a special case. We consider constitutive equations for g;, [, f;, 0;; which are linear
in the gradients /;, g;, M;, N;. We restrict all equations to be at most of order
two in s; and its gradients with the exception of that for /; which is allowed to
be of order three. The motivation for the latter exception may be seen from (3.10)
where J; is the only variable not occurring in a product. Bearing in mind these
restrictions and the requirements of frame indifference we find that F takes the
form

F = ¢o(0, T) + 3$:(0, T) 52, (3.15)
and
f; = o;8; 4 ooh; 4 a8y + ous; My - SN, (3.16)
l; = Pisi + Pahi + Bsgi + BasiMy + BssiNy;, (3.17)
9 = v18i + vol - vagi + vasiMy + yssiNy, (3.18)

oy = 018;:5; + ooy + hysy) + o3(gs; -+ g8) -+ oMy — pdy. 3.19)
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The coefficients in (3.16)—(3.19) depend on ¢, T, s?, s;g;, S;f, My, although in
some cases the dependence on these variables is limited by the restrictions mention-
ed above. Explicit forms for the coefficients are given below. Substituting (3.15)-
(3.19) into (3.10) and making use of (2.1), (3.12) and (3.13) we find

0iSi{oys; - ool + x38; + ags; Myt — obysisiMy;
— {B1si + Bohi + Bag; + BasiMy + BssiNyh
— @&/ {y15i + v2hi + v3&i + vas; My + yssNg)
— disfoisis; + oa(hs; + Bysy) + o3(gis; + gisi) + oMy — pogl;
+ {(ed1 + o) sis5; + oolus; + Bs) + o3(gis; + gisi) + oM
+ {0*(eF/og) — p) b5} Dy = 0. (3.20)

Again the inequality must be satisfied by all admissible thermodynamic processes.
Considering first those in which Dy, My, h;, g;, 5i, Ny, N, may be varied arbitra-
rily and independently, we may deduce

Q¢1+61:09 pZQZaF/aQ’
(3.21)
0'2:0'3:0'4=0, 135:0, ’)/5:0.

Bearing in mind the restrictions that we have imposed on the constitutive
equations, we may write

o = Ggg + %188 + xaSihy + %3 M,
Oy = Gipg + 063152, (3.22)

_ 2
%3 = G3g + 3157,

B = Bio + Bus® + Busigi + Bussihi + BraMi,

B2 = Bao + B215%, (3.23)
B3 = Bao + Ba1s?,

Y1 ="10 + Yusig& + Vs + y13Mi,

Y2 = V20 + Y2157, (3.24)
73 = V30 + Y3157,

where all coefficients of the form wy, B, v, together with &y, &5, fa, fs, V4 Vs
depend only on ¢ and 7. Using (3.15) and (3.21), we find

P = po -+ p15%, (3.25)
where
Po = 0% 0do/dp, py = 30° 0,/00. (3.26)
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Using (3.23) we see that the only terms on the left-hand side of (3.20) involving
the second-order gradients of g, T, s; are

—ﬁlzsisjgj,i - 131351‘%‘/7 i — PrasiM, i
—/32/7:',.' - 53&; ﬂ4s i

Since these second-order gradients may be varied independently we deduce
ﬂ12 :ﬂIS :.314:/32 zﬁs :ﬂ4=0- (3.28)
Using (3.21)-(3.28) in (3.20) we find

(3.27)

{—Q¢'1 + 0b1x4 — b0y + 2pi$, — 2B, 1} 885, My — T ngM
+ {_/910 — P115* — boy5% + Q¢10‘1352} M; — %S}ngii
é op op
-+ {94’10‘20 .310 + —?_Odh (0¢10‘21 ‘l’l % "l‘ b —— 2o - + 0¢1x5 — 3;1)52}51'11
/3 14 op
{Qd’ﬂxso 3}0 }0 _0 ¢1
p ap

+ (0‘1’1“31 ¢1 iT + by 8]: + od1oy; — 6}1>S2}sigi

2 2 g 2 &
+ 09:1%105% — (V30 + V315 ) — (Y20 + Y215 )—'

—@(s, )7 — y;’ sgish = 0. (3.29)

Considering now the independent variations of s;, /;, g, My, we deduce the
following relations:

Bro =712 ="Y13 = Y20 = V21 = ¥4 =0, (3.30)
$1%10 = 0, Y30 =0, Y31 =0, |711[ = —731s (3.31)
—od + 01y — b0, + 2pydy — Zﬂu =0, (3.32)

Bi1 + $10, — 0¢,5,5 =0, (3.33)

7]
Q(XZO + % = O: (3.34)

op
0610030 + 61 a—" — ’%’ —0, (3.35)

B1a
0Pi1%21 — ¢1 + ¢1 6 + ob1xy, — —30— =0, (3.36)
op op

0i03y — 6, 2 aT Sy azi + oy, — 7}—‘ =0, (3.37)
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and (3.29) reduces to

g2
0121057 — (730 + 73157 o — T2 (5,8)* = 0. (3.38)
T T

4. Reduction to Landau’s theory

The preceding analysis has placed a number of severe restrictions on the pro-
posed constitutive equations (3.16)—(3.19). However, as it stands, the theory is
still more general than that of LANDAU. We consider now the further relationships
between the coefficients which lead to LANDAU’S non-dissipative equations.

For a non-dissipative theory we must take

Ko = Y11 = Y30 = Y31 = 0. 4.1)
In addition we take
Kgg =0y, =03 =0, &g+ as5=0, y0=0T5%;. 4.2)

With these assumptions and in the absence of heat supply the energy equation
reduces to

bs S =0 4.3
QE‘F (0 ¢151),i— . 4.3)

By use of the continuity equation, this may be written
o
= ©S) + {eS(i + dis)}i = 0, (44

and so ¢S(v + ¢,5) is the flux of entropy measured per unit area of elements
of surface fixed in space.

Now one of the most basic observations concerning superfluid helium, which
has a direct bearing on the two-fluid model, relates to the flow of the fluid through
a system of very fine channels known as a superleak. KAPITZA [10] showed that
the total entropy content of a reservoir feeding helium into a superleak showed no
measurable change.

This motivates the definition of a superleak as a region in which

v+¢13::05 (4'5)

and suggests a transition to two-fluid formalism. If we wish to view the fluid as
a mixture of normal fluid and superfluid, and regard a superleak as a region in
which only superfluid flows, then in such a region v” =0, or using (1.1),,

ov — o’ =0, (4.6)
Using (3.7), (4.5) becomes
1+ ¢)v—9 =0 4.7
In view of (1.1),, (4.6) and (4.7) coincide if we make the identification
b1 = 0s/0n- 4.8)
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The whole theory now involves only v* and ¢, in addition to conventional
variables, and the identification (4.8) means that all the terms appearing in the
governing equations may be written in terms of the two-fluid variables v* and
0s/0,. The relations (1.1) and (4.8) may be used to provide definitions of ¢,, g,
v” in terms of ¢, if required. We have therefore reduced the theory to the set of
field equations (2.1), (2.2), (3.4), and constitutive equations (3.13)s, (3.15), (3.21),
together with special forms of (3.16)-(3.19) which may now be written

f;’ = —MKis (49)
where
2
— I i I _gi g"_ o Y Y
p=Fr L (4 2) G- et -, 4.10)
2

005 , . S (an S\ £ 5
L= P @] — v)) (0f — v)) O — v)), 4.11)
g; = o, TS(vf — vi), (4.12)

00 . » SY (457 s
oy = —pd; — p ! — v) (v — v)). (4.13)

This set of equations constitutes the Landau non-dissipative theory.

In conclusion we may say that the Landau non-dissipative theory is a special
case of a fluid in which the independent variables of the constitutive equations
are density, temperature, and a generalised velocity field (together with its gra-
dients) satisfying a certain rate-type equation. An observed property of a superleak
may be formalised to provide a basis for the two-fluid description. Further study
may show how other observed properties may be treated similarly to motivate
the restrictions (4.2).
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