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Let Q be a bounded domain in R" with a piecewise smooth boundary 4Q.
Points in Q are denoted by x=(x,, ..., x,) and the time variable is denoted by x,
or t. Consider the non-linear hyperbolic boundary-initial value problem

Uy — V2 u+f(x, u)=0, (0.1)
u=0 on 0Q, 0.2)
u(x,)=U(x), ulx,0)=V(x). (0.3)

In this paper the question of the existence of global weak solutions of (0.1)~(0.3)
is investigated.
The method of analysis of (0.1)—(0.3) is based on the energy integrals of (0.1).
The “kinetic” and “potential” energies associated with (0.1) are the functionals
K(u)={$uldx, Juw)={ {$|grad u|*+ F(x, u)} dx.
a 2 0.4
respectively, where F is an antiderivative of f: F,=f. Suppose that J has a local
minimum at #=u,(x). Then, in analogy with the local minimum of a potential
function for a mechanical system with a finite number of degrees of freedom, we
may imagine a potential well W situated at u=u, in function space. If U lies in W
and if the total energy of the initial data is less than the depth of W then we expect
that (0.1)—(0.3) has a global solution.
In this paper it is shown that under certain conditions on the nonlinear term f
these conjectures are correct. The main result is the following theorem.

Theorem 1. Let the functional J have a local minimum at u=uy(x). By a simple
transformation (see section 2) u, may be translated to the origin, and it can be
assumed that u,=0 and that f (x,0)=F(x,0)=0. Let the non-linear term f(x,u)
satisfy the assumptions (i)—(vii) of section 1. Then there is a positive number d given
by (3.3) and a potential well W of depth d given by (3.4). Furthermore the boundary-
initial value problem (0.1) — (0.3) has a global weak solution (in the sense (2.2), (2.3)),
provided that Ue W and that the total initial energy is less than d:
v: 1% (0U\?
‘_2‘.{—2—+—2—’i§1 (6_x,) +F(x, U)} dx<d.
The weak derivatives u, and u;, i=1, ..., n of the solution u satisfy the energy
inequality
2 n 2 2 n
L <L
j{ > +i§1 5 +F(x, u)}dx___!_)f{ 5+ i;

Q 1

(%)2+F(x, U)} dx. (0.5
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The assumptions (i)— (vii) on the non-linear term f are overly restrictive, but
they allow us to apply the method of this paper under a single set of conditions.
In section 6 it will be seen that in some cases these conditions can be relaxed.

An immediate consequence of the variational formulation of (3.3) of d is that
the depth of W decreases as the size of the domain increases. Thus the boundary-
initial value problem (0.1)—(0.3) is relatively less stable on larger domains. On an
infinite domain equation (0.1) may not have a global solution for any set of
initial data.

Theorem 1 is proved by approximating the initial value problem (0.1)—(0.3)
by non-linear systems of ordinary differential equations. The global existence of
the solutions of these systems is proved by using the energy equality X+ J=const.
which is valid for finite dimensional systems. Compactness theorems and the
diagonal method are used to select a convergent subsequence from the sequence of
approximate solutions. The limit of this subsequence is then shown to satisfy the
boundary-initial value problem (0.1)—(0.3) in weak form. The main difficulties of
the approximation method are in establishing the existence and compactness of a
potential well associated with a local minimum of J. A convergence theorem
(Lemma 4.2) must also be proved.

Equations of the form (0.1) arise in diverse areas of mathematical physics. See,
for example, the references in [7]. Furthermore, the treatment of the initial value
problem (0.1)—(0.3) may provide a model for the investigation of other types of
non-linear partial differential equations of evolution. For example, the method
of approximating a non-linear system of partial differential equations by non-linear
systems of ordinary differential equations has been used by HopF [4] in his investi-
gation of the Navier-Stokes equations. Thus the approach appears to be a powerful
and elegant one which should be applicable to a wide class of semi-linear partial
differential equations or systems of evolution whose solutions formally satisfy an
energy inequality.

In [3] the existence of a strong solution of (0.1)—(0.3) for some finite time
interval 0<¢ <4 is proved by an iteration method. This method allows one to
establish a regular (differentiable) solution for the given time interval, but it does
not give any insight into the existence of a global solution of (0.1)~(0.3). On the
other hand, KELLER [5] has given examples of equations of the type (0.1) for which
the solutions diverge to infinity in a finite time interval for certain initial data.

In [7] the non-linear equation (0.1) with the presence of the damping term 2ay,
is discussed. The existence of a strong solution is proved there using a perturbation
technique. It is assumed in that paper that f(u) is analytic; but no growth assump-
tions are made on f, and f may even have singularities on the real axis. Further-
more it is shown that the solution u(x,¢) tends uniformly to the stationary point
U (x) as t tends to infinity. The initial data is assumed to lie sufficiently close to
the stationary point #,; but no precise description of the admissible initial data is
given.

One of the features of the approximation method of the present paper is that
it is possible to specify precisely that class of initial data for which (0.1)— (0.3) has
a global solution. The assumption of analyticity of f can be dropped, but assump-
tions about the asymptotic behavior of f as |u] = co must be added. On the other
hand, the solutions obtained by the approximation method are weak solutions.
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The actual construction of a solution of (0.1)—(0.3) is not discussed until
section 5. In sections 1 —4 the problem is restated in weak form, and the necessary
concepts and analysis are developed. In section 6 some specific examples are dis-
cussed.

1. Preliminaries

In this section we introduce some notation, basic ideas, and important lemmas
which will be needed in the course of the paper.

The volume element of integration in R” is denoted by dx=dx,...dx,. In
case n=1, Qis an interval on the real line. It is usually assumed that n=1, 2, or 3,
although some results hold for higher dimensions as well. The closure of Q is
denoted by 8. The boundary 0Q is assumed to satisfy some sort of regularity con-
dition, such as the cone condition [3].

For any T>0 let Q=0 x(0,7T) and let Q_ =Q x(0, o). The volume element
of integration in space-time is denoted by dx dx,.

The partial derivatives of the function u(x,?) are denoted by

au,i=0,...,n, where Ou _ Ou

0x; 0x, ot
For a function u(x) defined on  we introduce the norms:
1
Ilull,,=(9§|u|"dx)”, 1<p<ow (1.)

du

mumz=(5 > (4 )zdx)*, (12)
Qi=1 \0X

n 2 +
nun1,2=( | {_; (24) +u2} dx> . 13

The class of measurable functions « for which |lu|, is finite is the Banach space
L (Q).

’ We now construct a space of functions with weak derivatives as follows. Let
C& () denote the class of C*® functions with compact support in DQ. The comple-
tion of the class C§° () under the norm | |, , is denoted by H'. The Hilbert
space H! is a subspace of the Sobolev space W+2(2Q).

Let C*(2) be the class of functions which are k times continuously differen-
tiable on Q. If ne C*(Q) we have by an integration by parts

_[u—g—%dx=—j'windx (1.4

where ue C§ () and WF%- It is easily seen by the customary arguments [1]

that for any ueH' there exist functions w;, i=1, ..., n such that (1.4) holds for
any ne C'(Q). The functions w; are called the weak derivatives of u. The notation

grad = (22, )

x1, vees axn
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will always be interpreted in the weak sense (1.4) where necessary. For ueH! the
derivatives appearing in the norms |[| |||, or || |;,, are to be taken in the weak
sense. .

The function space H' consists of the class of functions ue L, () which vanish
on 0Q (in the weak sense) and which have weak L, first derivatives.

We have the following inequality of S.L. SoBoLEv [8] for functions in H:

Lemma 1.1. For all uc H'
full,=Cllull, (1.5)

where 12q=2n/(n—2) if n23 and 12q< 0 if n=2. The constant C depends only
on Q, q, and n.

We also need to discuss functions u(x, ¢) with weak space and time derivatives.
A class of test functions is defined as follows. We let & be the class of all e C2(Q2,,)
which vanish on dQ and which vanish identically for sufficiently large ¢. The class
& is called the class of test functions. We define %, to be the subclass of & con-
sisting of all # for which #=#,=0 on the hyperplane ¢=0.

The function u(x,t) is said to have weak space and time derivatives u;, i=
0,..,nif

ggu%dxdxo=—df‘£uindxdxo (1.6)

for all ne,. The Sobolev space W!'2(Q;) is the class of all such functions for
which the norm T ,, 3

lulg?= [j' § (z u,-2+u2) dxdxo]
is finite. 02 N=0

Weak solutions of the initial value problem (0.1)—(0.3) lie in the closed sub-
space of W!+2(Q;) which consists of functions which vanish on €. This subspace
is constructed as follows. Let 331 »(27) denote functions u(x,t)e C*(Q;) with the
property that u(x,t)=0 on dQ for 0<¢<T. Let B, ,(2;) denote the closure of
g«?l 2(Q7) under the norm |u]5%. For every uegé’1 2(27) (1.6) holds for every
n(x,t)e . In fact, if ue%, ,(Qr) we may approx1mate u by a sequence {u,,} in

A, ,(2r). Equation (1.6) holds for every u eﬂl »(Qr) and, passing to the limit,
we see that (1.6) holds for u as well.

The following imbedding theorem by Sobolev will be an important tool in
constructing weak solutions of (0.1)—(0.3).

Lemma 1.2, Let {w,} be a sequence of functions in W':2(Q,) such that the norms
| we |&, are uniformly bounded as k tends to infinity. Then there exists a subsequence
{wy.} which is a Cauchy sequence in L,(Qy).

Thus bounded sets in W*:2(Qy) are compact in L, (21). A proof of Lemma 1.2
may be found in [1].

A sequence of functions {w,} is said to have uniformly absolutely continuous
integrals on Q if given any ¢>0 there is a 6> 0 such that

flwldx<e, k=1,2,...
E

whenever meas(E) < and Ec Q. The following lemma can be found in [6].
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Lemma 1.3. Let & (u) be a non-negative function which increases monotonically as u
tends to infinity and which satisfies the condition

lim 2(—“)—=+oo.
u

U—+ o

Let {w,} be a sequence of functions on Qr. for which the integrals
T
f [o(wdxdt
0Q

are uniformly bounded as k tends to infinity. Then the sequence {w,} has uniformly
absolutely continuous integrals on Qr.

Lemma 1.3 will be used in conjunction with the following lemma.

Lemma 1.4, Let lim w, (x,1)=w(x,?) a.e. in Qr and suppose that the sequence {w,}
has uniformly absolutely continuous integrals. Then

lim j' fwe(x,)odxdxy= j' _fw(x Dodxdx,
k= 0 2
for all bounded measurable functions ¢ on Q.

The proof of Lemma 1.4 uses standard measure-theoretic arguments and will
be omitted. Finally, we have

Lemma 1.5. Let u;, converge to u in L,(Q) and suppose that |||, <4, k=1,2,.
Sfor p>2. Then w, converges to u in L,(Q) for 2<q<p.

Proof. By Fatou’s lemma we see that ||u|,< 4. For 2<g< p we have by Holder’s
inequality

flug—ul®dx< [y —ul®|u—ulf dx <[ty —udxT [ § lu—u P T 1)
(7] 7] 52 2

where a, B, 5, and f must satisfy

o+p=gq, —:—+Tl=1, s>1, t>1, (1.8)

P—q p—q p—1 p—1
o= 2( ), 2( ) s= , t= .
p—1 h=a- p-1 r—q g—1

We take

Then the relations (1.8) are satisfied; and, furthermore, as=2 and f¢ < p. There-
fore the first factor on the right side of (1.7) converges to zero while the second
factor remains bounded. Q.E.D.

The solution of (0.1)—(0.3) will be constructed by expanding the solution in
“normal modes”

u(x, )= ‘ZIQ;'(‘) Yi(x).
The functions {y;(x)} are chosen to be the eigenfunctions of the Laplacian on Q:

V2 +m =0, ¢,=0 on 0Q. (1.8)
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By Gauss’s theorem we have
J(grad go) - (grad ) dx= | {div (Y grad )~ V7 )} dx

) (1.9)

a‘/;j ds+ﬂjj¢i Yydx=p;0;;

=I‘/’i
o0

by the orthogonality properties of the eigenfunctions. The functions ; are in the
class C1(Q) and vanish on 9Q.

Listed below is a general set of conditions on the non-linear term f(x, «) under
which the approximation method will work to give an existence theorem for
(0.1)—(0.3) in the neighborhood of a stable equilibrium of the potential. Most of
the lemmas in sections 3 and 4 can be proved under more general assumptions or
under assumptions of a quite different nature. These more general assumptions,
however, vary from one lemma to the next, while the conditions below are in the
spirit of a lowest common denominator.

We assume that

(1) f(x,u)is twice continuously differentiable in u for each fixed xe Q.

(ii) either F(x,u) is uniformly bounded below for xeQ and — 0o <u< o0, or there
is a constant N and a constant ¢, 0<c <4, such that

cuf(x,u)—F(x,u) N
for all xeQ and — 0 <u< 0.
(iii) the operator A= V24 1,06, 0)
with the boundary conditions (0.2) is positive definite,

@iv) f,(x,0) is bounded and measurable on Q.
(v) If n=1 there is a constant M, such that | f,,(x,u)| S M, if |u| < p. It follows

that | f(x,u)| £ p> M, if |u|<p.
(vi) If n=2 there are positive constants C,, C, and ¢, 1 £g< o0, such that
'fuu(xs u)l§C1+C2|ulq’
[f(x, w)|SCy+Co|ul
luf(x, )| SC,+Cylul’.
(vii) If n=3 there are constants C; and C, and g <3 such that
[fuulx, )| SC +Cylul
| f(x, u)|§C1+C2|“|q+2
[uf(x, u)| SC +Cy lul™ 3.

Note that the growth conditions on f(x,u) and u f(x,u) in assumptions (vi) and
(vii) follow from the growth condition onf, . The significance of the condition

cuf(x,u)—F(x,u)sN
is discussed in section 4.
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2. Weak Formulation of the Problem

In this section the boundary-initial value problem (0.1)—(0.3) is stated in weak
form. The boundary condition (0.2) is met by requiring that the solution u belong
to the class %, ,(Qr) for all T>0. As discussed in section 1, %, ,(Q;) is the
closure under the norm | |5, of the class of C* functions which vanish on the
boundary.

The weak form of the initial condition u(x,0)= U(x) is stated as follows: if u

is the weak solution with weak partial derivative u, with respect to time, then

o)

J{guon—{-unodxdxo:—jU(x)ndx 2.0

for all test functions ne . It is easily seen that (2.1) is always satisfied if u is
differentiable in the usual sense and satisfies the initial condition u(x,0)= U(x).

The weak form of the partial differential equation (0.1) and the initial condi-
tion u,(x,0)=V(x) is expressed as follows. Multiply (0.1) by any test function 7,
integrate over Q, and integrate by parts. We get, using the condition u,(x,0)=
V(x),

fn V(x)dx+§0j{u,n,—iui§n——f(x, u)n}dxdt:(). (2.2)
2 0 Q i=1 Xi

We require that # and its weak derivatives u;, i=0, ..., n, satisfy (2.1) and (2.2)
for all ne &#. Weak solutions of (2.2) are constructed provided the initial data is
sufficiently close to a point of stable equilibrium in function space. The function
o (x) is a stationary solution of (0.1) if it satisfies the equation

—~VZiug+f(x,ue)=0, uy=0 on 9. (2.3)

Equation (2.3) is Euler’s equation for the extremals of the potential functional J.
The weak form of (2.3),

I{Zui—gi+f(x, uo)n}dx=0, (2.4
Q li=1 X;

is simply the statement that the first variation of J vanishes at u,. The variation #
in (2.4) is assumed to be any function of class C'(Q) which vanishes on 49Q.

We assume that u, is a stationary solution of (0.1) in either the strong sense
(2.3) or the weak sense (2.4). Of course, if u, satisfies (2.4) and has continuous
second partial derivatives, then u, satisfies (2.3). Let us show that by a simple
transformation it can always be assumed that the stable equilibrium under con-
sideration is at the origin. In fact, let

u(x, y=ug(x)+v(x, t)

where u is a solution of (0.1). We then get the following boundary-initial value
problem for v:
v, —V20+g(x,0)=0 2.5

v=0 on Q2 (2.6)
v(x, 0)=U(x)—up(x), v(x,0)=V(x), 2.7
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where
g(x, v)=f(x, ug+v)—f(x, ug).

The problem (2.5)—(2.7) is formally the same as (0.1)—(0.3), except that now the
stationary solution is the identically zero function. Note that g(x,0)=0.

From now on we always assume that the stationary solution u, of (0.1)—(0.3)
is at the origin; hence it is always assumed that f(x,0) =0. Furthermore, we always
take

F(x,u)= [ f(x,s)ds
0
so that F(x,0)=0 also.
From assumption (i) it follows by Taylor’s theorem that

u?
F(x, u)=f,(x,0) 7—+R(x, u)

(2.8)
where
R(x, w)=% [ fuu(x, D (u—1)*dt; (2.9
0
and
S, wy=f,(x,0)u+Q(x, u) (2.10)
where
Q(x, w)= | fou(x, t)y(u—1)dt. 2.11)
[}

3. Local Minima and Potential Wells

Our aim is to construct global solutions of (0.1)—(0.3) when the function U
lies sufficiently close to a local minimum of the potential functional J. The fact
that the first variation (2.4) of J vanishes at u, is not sufficient to guarantee that J
attains a local minimum at u,. To determine whether #, is a local minimum the
second variation of J must be examined. As discussed in section 2, it is assumed
that the local minimum in question is the function #,=0. In that case the second
variation of J is

n 2
#s= {3 5 (2 +mo ds,

i=1
where 7 is any function in H.
It is easily seen that 6*J(n) is the quadratic form for the operator

A=—V?*4£,(x,0) (3.2)

with the boundary conditions (0.2). Thus a necessary condition that J have a local
minimum at the origin is that the operator 4 be positive definite. (This is assump-
tion (iii) of section 1.) It follows that there is a constant r> 0 such that

. ré*Jmz(inl)?
for all neH!,
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We now proceed to construct a “potential well”’ associated with the minimum
of J at the origin. We proceed formally at first; then the construction is put on a
firm mathematical basis. Assume that the functional J is defined for all ueH'.
Since J has a minimum at the origin the function J(Au) is an increasing function
of 4 in a neighborhood of the origin (for 1>0). Let 1, >0 be the first value of A
at which J(Au) begins to decrease. We write 4, = 4,(x) to indicate the dependence
of 2, on u. The depth d of the potential well is given by

d=inf J (4, u). (3.3)

ueH!

The number d has the interpretation as the level of the lowest “pass” leading
out of the valley situated at u,=0. It is easily seen that 0<d<oco. If >0, the
potential weil W may be defined as follows:

W={u:ueH', 0<J(lu)<d for 0SA<1}. (3.4)

Thus, in order that ue W, we require that J(u)<d and moreover that all points
between 0 and u# — that is, all points of the form Au where 0<1=1 — lie below
the potential level d. These geometric ideas are immediate in the case of a poten-
tial function ¥(q,, ..., gy) Which is positive in a neighborhood of the origin (in
N-dimensional space) and has a local minimum there.

In order to put the preceding construction of W on a rigorous basis we must
show that .

(a) the existence of the positive number 1,(x) is guaranteed for each ue H*.

(b) the depth d given by the variational principle (3.3) is strictly positive.
Conditions under which (a) and (b) hold are given in Lemmas 3.1 and 3.2 below.
Lemma 3.1. Let ueH' and suppose that f(x,u) satisfies the assumptions (v)— (vii).
Then J(Lu) is continuously differentiable and

J'(Au)= [ {1]gradu|*+f(x, Au)} udx.
2
Proof. It is clear that the first term in J(4u) is continuously differentiable. There-
fore it is sufficient to show that the term
J(A=[F(x,Au)dx
2
is continuously differentiable.
We have for £>0,
F(x,(A+h)u)—F(x,Au) _ [
; =

j.lf(x, A+th)u)u dr] .

Therefore

JOW=ID) o utchuyu deds.
h Q0

In case n=1, ueH! implies that  is uniformly bounded on Q. Therefore the
integrand f(x, [A+th]u) is uniformly bounded for fixed 1, 0<7<1, and A tending
to zero. Let {A,,} be any sequence which tends to zero. By the Lebesgue dominated
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convergence theorem we get

lim 4=/ _ § jlf(x,zu)udzdx= ff(x, Auydx.
Q0 2

m-— oo hm

Since this result holds for any sequence {4, } we must kave
J"(l)=!§f(x, Au)dx.

To show that j' () is continuous at an arbitrary point 4,, let {4,} be any sequence
tending to Ay. Again by the dominated convergence theorem it follows that
J' (&) = J' (Ag); hence j’ (4) is continuous at 4.

In case n=2 it follows from condition (vi) that

| f(x, [A+7R] u)u|§C1+C2|/1+‘ch|"- |uld

By Lemma 1.1 the function u belongs to the class L, () for 1 <g<o0. Therefore,
for fixed A, 4 tending to zero, and 0=<7 <1, the integrand in the difference quotient
for j(1) is dominated in absolute value by the fixed integrable function

C, +Cylul”

Here Cj is some constant that dominates C, |A+th|? for 4, A, and 0Lt 1. The
dominated convergence theorem is again applied to all sequences A, tending to
zero to show thatj’ (4) exists. Similarly it can be shown thatj’ () is continuous.

The case n=3 is similar to the case n=2. The integrand in the difference
quotient for j(4) is bounded in absolute value by the fixed function

Cy+Cylul®

which is integrable by Lemma 1.1 provided that 1<¢<6. Since condition (vii) is
actually more restrictive than this, the proof of Lemma 3.1 is established.

Lemma 3.2. Let the functional J have a local minimum at u,=0, and suppose that
conditions (i) and (iii)— (vii) are satisfied by f. Then the depth d given by (3.3) is
positive.

Proof. To prove lemma 3.2 it is sufficient to show that there are positive numbers
« and B such that

(@) J'(Au)>0 for 0<i<1 whenever 0<|||u]||, Za.

(b) J(u)=p whenever |||u]||,=q.

It then follows that d= §. In fact, let 450, ueI?I ! and assume that « is normal-
ized so that || u#||, =a. (This renormalization of u simply changes the scale along
the ray {Au: A>0} and involves no loss of generality.) Let A, be the first value of 1
at which J(4u) begins to decrease; by (a) we have 4, = 1. If A, = co then u is not an
admissible trial function for the variational problem (3.3). On the other hand, if
A, is finite then by (b) we have

J(A w)zJW)zp,

since J (lou) increases over 0<A<4,. Since d is the infimum of the numbers J(4, u)
over ue H', we have immediately that d= §.
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We now establish the existence of positive numbers a and § for which properties
(a) and (b) are valid.

Let 0,, 8,, and 6, be three positive numbers such that 6, +0,+6;=1. 6, and 0,
are arbitrary, but 0, will be restricted later. We may write, by virtue of equations
(2.8) and (2.10),

Jw)=4%[{0,|grad u|*+f£,(x,0) u’} dx
2 (3.5)
+ {30, |gradu|*>+R(x,u)} dx+40; | |grad u|* dx
0 Q

J'(Au)y=2[0,|grad u|*+f,(x,0)u*dx
@ (3.6)
+ fA(1—-0))|gradu*+uQ(x, Au)dx.
2

By assumption the operator A in (3.2) is positive definite. By perturbation
theory, the operator

A(01)= _01 v2 +fu(xa 0)

will be positive definite for 8, sufficiently close to 1. Thus 6, is restricted to be
sufficiently close to 1 so that

{{6,1grad u|*+£,(x,0)u*} dx=0 3.7
o Q
for all ueH!.
We show below that there is a number o >0 such that
[{30,|grad u|®>+R(x,u)} dx=0 (3.8)
0

and
[{A(1—0)) |grad u|*+u Q(x, Au)} dx=0 (3.9)

Q2

for all 0=A<1 whenever || u]|, =<a. Property (a) then holds for this choice of « by
virtue of (3.6), (3.7) and (3.9). Moreover, for ||| # || =« we have

a*0,

J(u)g—eij lgradu®*dx=
24
2
by virtue of (3.5), (3.7), and (3.8). Thus we may take /3=—a2— 0.

To show that (3.8) holds whenever || u ||, is sufficiently small we first estimate
the term R(x,u). From (2.9)

IR(X, u)|§'£‘lu losnll?:l llfuu(xa t)(u—t)2| .

In case n=1, ueH* implies that u is uniformly bounded. Therefore for ||ul),
bounded by some fixed constant, there is a constant M, such that | £,,(x,t)|S M,
if [£|<p (assumption (v)). In that case |R(x,u)| S+ M, |u|’. In case n=2,3 it
follows from assumption (vi) or (vii) that

IR(x, w)| <4 |u*(Cy+Cy|ul?)

where 1Sg<owo if n=20rg<3if n=3.
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The above estimate also holds in case n=1 by taking C; =M, and C,=0. There-
fore if n=1,2, 3,

IQIR(x, ) dx|SHC, (lulls)* + Co(lull 4543}

From the Sobolev inequality (1.5) it follows that the above expression is dominated
by
Ci(lull 2+ Cy(llull ) (3.10)

for some constants C;{ and C5. The quantity (3.10) vanishes to third order in the
variable [|u]|l, at zero. Therefore there is a constant a; such that [|ul],<a,
implies that (3.10) is dominated by % 8, (|| u|l,)?, and (3.8) holds for ||u{|,<a,.

Similarly, since the term uQ(x,Au) behaves as 4> as w — 0, there is a constant
a; >0 such that (3.9) holds whenever ||u||,<a,. The proof of Lemma 3.2 is
completed by taking o =min{x,, a,}.

An immediate consequence of the variational expression (3.3) for d is that the
depth of W decreases as the size of the domain increases. In fact, let Q be contained
in a larger domain Q" and d and d’ denote the depths of the respective potential
wells Assuming that the boundary of Qi is sufficiently regular, the function space
H () can be embedded as a subspace of H! (22). Thus d' is determined by taking
the infimum over a larger class of functions, and therefore d’ <d.

The following lemma on the continuity of the functional J will be needed in
the sequel.

Lemma 3.3. Let the conditions (v)—(vii) be satisfied. If {1} is a sequence in gl
tending strongly to u then lim J () =J(u).

Proof. It is sufficient to show that

[F(x,u)dx— [ F(x,u)dx
@ 9

as k tends to infinity, since || %, ||, tends to ||« ||, as k = co0. In case n=1 the result
follows from the Lebesgue dominated convergence theorem and the fact that the
functions {u,} and u are uniformly bounded as k tends to infinity.

In case n=2 or 3 we have

1
F(x, u)—F(x,w)= [ f(x, T +(1 = 1) u) (u,—u) d.
0
Therefore, by Hoélder’s inequality,

| | F(x,u)—F(x,u) dx|
2]

! p 1 2
g[j_Hf(x,ruk+(1—‘c)u)”dxdr] Nug—ull,,, —+==1.
Q0 p p

By Lemma 1.5 the second factor above tends to zero as k — oo for 1< p' <0 if
n=2 or for 1=p'<6 if n=3. On the other hand, by condition (vi) or (vii), the
Minkowski inequality, and the convexity of the function |s|?? for pg> 1, the first
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factor above is dominated by

1 i/p
[j' f(C1+Coltup+(1—7)ul" dx d’t]
20

1/p
<C,[meas(@)]'"+C, |tuk+(1—'c)u|”dxdr]

<C,[meas(2)]?+C,

1
§§
L2 0

1 1/p
} _[tlukl‘“’+(1—r)|u|“dxdt]
20

r 1/p
<C,[meas(Q)]'"+C, flukl”+|u]”dx] )
L

The constant g satisfies the condition 1Sg<oo if n=2 or 1=5¢<5 if n=3. The
right side above is finite if #, and u belong to the class L, (). By Sobolev’s
inequality (1.5) this is the case provided that 1< pg< oo in case n=2 or provided
that pg=6 in case n=3. The lemma is proved for case n=2 by taking p and p’ sub-
ject only to the condition p>1, p'>1. In case n=3 we take p=6/q. Since ¢<35, it
follows that p’ <6, and the lemma is proved.

4. Compactness and Convergence Theorems

In section 5 the solution of the initial value problem (0.1)—(0.3) is approxi-
mated by a sequence of functions {#,(x,#)} which possess the following properties:

u,eC(,) and u,=0 on aQ 4.1

weW forall t=0 4.2)
n auk 2

Y ————) +F(x,u)pdx<d forall t=0 4.3)

@ S \ox;

where d is the depth of W. In order to prove the existence of a weak solution of
(0.1)—(0.3) it must be shown that the sequence {1} contains a subsequence which
converges in an appropriate sense. More precisely, we must show that there exists
a subsequence {u,-} and a limit function u such that for all 7>0

ue#,, ,(Qr) (4.4)
T tends weakly to the weak derivatives u;, i=0, ..., n;
0x;
4.5)
u,. tends to u strongly in L,(Qy)
T T
lim | [f(x,u)ndxdxo= [ {f(x,u)ndxdx,. (4.6
k'—w00 Q 0 Q

The function 7 in (4.6) is assumed to be any bounded mesurable function on Q.

In this section it is shown that under the assumptions (i) —(vii) on f(x,u) a
subsequence with the properties (4.4)—(4.6) can be selected from any sequence of
functions satisfying the conditions (4.1)—(4.3).
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First we show that W is a compact subset of L, (€2).

Lemma 4.1. Let f(x,u) satisfy condition (ii) and suppose that f(x,u) is con-
tinuously differentiable in u for each xeQ. Suppose also that J(Au) is continuously
differentiable in A for fixed ueH'. Then ||ul|, is uniformly bounded as u ranges
over W.

Proof. If ue W then
0< [{}|gradu|*+F(x,u)} dx=<d,
Q

0§%(I|lulll)2§d—‘J;F(x, u)dx. 4.7)

First suppose that F(x,u) is bounded below. Then there is a constant M =0 such
that F(x,u)= — M. From (4.7) we have that

0=3(llull)* <d+M - meas(Q).

To prove Lemma 4.1 in case F(x,u) is not bounded below, note that if ue W
then

0§J'(lu)|l=1=§[{|gradu|2+f(x, wuldx. (4.8)

From (4.7), (4.8), and condition (ii) we have
%(lllulllz)zéd—gcuf(x, u)dx+g {cu f(x,u)—F(x,u)} dx 4.9)

<d+c(llull)®+ N - meas(Q). (4.10)
Hence
0<(3—c)(llull;)>*<d+N - meas(Q)

for all ue W. Since 0<c <4, the proof of Lemma 4.1 is complete.

Let us give some examples of functions f(x,u) for which condition (ii) is satis-
fied.

(1) Suppose that
fle,w)=Y a; v (4.11)
i=1

where the functions a;=a;(x) are bounded and measurable on Q. We have
r ui+ 1
F = L
(0= 3 @i s
and so

cu f(x,u)—F(x,u)= Y. a,(x) [c—;] u'tl,
i=1 i+1
Suppose that r is even and that a,_,(x) = on Q, where J is some positive number.
Taking c=(r+1)"* we get
cuf(x,u)—F(x,u)=—

r
a,_,u

r(r+1)

This polynomial in u is bounded above for xeQ and all real u.

+lower order terms.

1la Arch. Rational Mech. Anal., Vol. 30
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More generally (ii) holds for functions of the form

Sf(x,u)= Zr: a;u' + p(x, u)

where a,_(x)=0 on Q and |up(x,u)| £ C; + C, |u|? for all xeQ, where C, and C,
are positive constants and p<r.

(2) Suppose that F(x,u) >— oo as u—=+ o for all xeQ. Let F satisfy the con-
dition that there exists a number u, >0 such that F(x,u)<O0 for all {u|Zu, and

P, iSRG u) (42) 412)

whenever 0 <u, Su; <u, or uy <u, Zu, <0. The number ¢ above satisfies 0<c<1.
Then condition (ii) is satisfied.

To see this, consider the case where u > u,,. (The case where ¥ < —u,, is similar.)
Since F<0 for u, Su, <u, we have by (4.12)

rreaz (i)

and, since the logarithm is an increasing function,

F(x uZ) l

o8 F e uy) F(x, 1)_ “1 .

This inequality may be written in the form

"zf(x,s) 1 2 ds
] F(x,s) _c— J: s

uy

Since this holds for all #; and u, such that u, <u, it follows that

feow) o 1
F(x,u) T cu’

Thus cuf(x,u)—F(x,u)<0 for all uz2u,. u=u, and, by a similar argument,
for u< —u, as well. Since cuf(x,u)— F(x,u) is bounded if |u|<u, condition (ii)
follows immediately.

A consequence of Lemma 4.1 is that W is compact in L,(Q). In fact, from the
variational inequality

— luli, (4.13)

Hy

lull.=

valid for all ue H !, where p, is the first eigenvalue of the Laplacian (see (1.8)), it
follows that Jul|,,, is uniformly bounded as u varies over W. The compactness of
W in L, (£2) now follows from the Sobolev imbedding theorem (Lemma 1) for the
space W!2(Q).

Now let {1} be a sequence of functions satisfying conditions (4.1)—(4.3).
From (4.2), (4.3), Lemma 4.1, and (4.13) it follows that there is a constant C such
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that

{ n a u 2 2
<y (a_’) +ultdxsC (4.14)
a li=o \0X;

for all  20. From (4.1) it follows that u,€ %, , () for all T>0.

duy.
ax;
converges weakly in L, (Qy) for i=0, ..., n and {u.} converges strongly in L, (Q;)
for every T>0. Since some subsequence of a strongly L, convergent sequence
converges pointwise a.e. we may assume that {u,.} converges a.e. on Q; for all
T>0. Now let u(x,t) be the strong L, limit of {#,.} on L,(Q;) for each T>0, and

By the diagonal method a subsequence {1} is constructed such that {

let u;, i=0, ..., n be the weak limits of the L, weakly convergent sequences { Ouy: }

For each T'>0 and for every bounded measurable function 5 0
T
lim | ||ue~u|?>dxdx,=0, (4.16)
k’'=0 0 Q
T au R T
lim | (X ndxdxo= | fundxdx,, i=0,...,n. 4.17)
k=008 0% 02

The limit function ue %, , (2,) for all 7> 0 and its weak derivatives are the func-
tions u;, i=0, ..., n.

Conditions (4.4) and (4.5) are satisfied by the subsequence {#, } and its limit u
constructed above. In the following lemma we give sufficient conditions on the
non-linear term f(x, ) so that (4.6) will hold also.

Lemma 4.2. Let {u,} be a sequence of functions satisfying conditions (4.1)—(4.3).
Suppose that u is the L, limit of u, in the sense (4.16) and let lim uy=u a.e. in Q.
Let f(x,u) satisfy conditions (i) and (v) — (vii). Then (4.6) holds.
Proof. For almost all (x,2)eQ,, we have lim f(x,u,)=f(x,u), since f(x,1) is con-
tinuous in u for all xeQ.

In case n=1 we have from (4.14) that

lu(x, DISYTQ)[[u'|* dx]* < const.

for all £ 20; here /(2) denotes the length of the interval . Therefore | f(x,u)| < M,
where M, is a positive constant, and (4.6) follows by the Lebesgue dominated
convergence theorem.

In case n22 it follows from conditions (vi) or (vii) that for any p>1 there are
constants C{ and C} such that

[fx,w)IPSCL+Chlul??.
In case n=2 we take p to be any number greater than unity. In case n=3, p is

chosen so that pg <6. This is possible by condition (vii). From Sobolev’s inequality
(1.5) and (4.14) it then follows that the integrals

T
J ,{ | f(x, u)|Pdxdt (4.18)

11b Arch, Rational Mech, Anal., Vol. 30



164 D.H., SATTINGER:

are uniformly bounded as k— oo for any T > 0. The limit theorem (4.6) now follows
from Lemma 1.4. Q.E.D.

From (4.18) and Fatou’s lemma it follows that f(x,u)eL,(Qy) for all T>0,
where p is some constant greater than unity. Since meas(Qp) <+ L(Qp)<
L,(Ly) and f(x,u) is integrable.

5. Approximation by Systems with a Finite Number of Degrees of Freedom

The existence of a weak solution of the boundary-initial value problem (0.1)—
(0.3) can now be proved using the analytical machinery developed in sections 1 —4.
The solution is approximated by functions of the form

k
u(x, )= ‘;qt-(t) ¥i(x) (5.1

where the {y;} are the eigenfunctions of the Laplacian. (Cf. (1.8).) The coordinates
g;(t) are solutions of a non-linear system of ordinary differential equations. We
denote by .#, the class of functions u lying in the subspace spanned by {5, ..., ¥;}.
For each t >0, u,e.#,.

Substituting the linear combination #, into the functionals K and J, we get the
expressions for kinetic and potential energies

K(q.ls- sqk) j% auk

k
dx= %i;(éi)z (.2)

J(q1s s W)= j%]graduk|2+F(x, u)dx

k
Z +§F(x,q11//1+ -+ g dx

(5.3)

by the orthogonality relations (1.9). The Lagrangian for this k-dimensional system
is the function

L(q'l’ L) ék; dis--+» qk)=K(q.13 (AR ] q.k)—'](qb eery qk)'

By the principle of least action, the ordinary differential system satisfied by
G5 -vs Gic 18

4 oL oL _, iy ..k,
dt ag;, d4q;
hence
oJ .
Qit5=0 =Lk (5.4)

It is easily seen that
oJ
ErA Ih%"‘jf(xslhéﬁ' st Yidx.

Denote points in k-dimensional Euclidean space E* by ¢=(qy, ..., ;). From
our assumptions concerning the local minimum of the potential functional J it
follows that the function J(g)=J(qy, .., ;) in (5.3) is positive in a neighborhood
of the origin, that J(0)=0, and that J has a local minimum at g=0. A potential
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well W, is constructed in E* with depth d; in the same way W was constructed in
. Thus, for g0 we let 1, =4,(¢) be the first value of 1 at which J(4g) begins to
decrease. Then

d,=1inf J(A, q) (5.5)
q¥0
where the infimum in (5.5) is taken over all ge E*.
We have immediately from (5.5) that d,=d. In fact d is obtained by taking the
infimum of J(1, u) only over ue #, .Since dis obtained by taking the infimum over

the larger class ft , it follows immediately that d <d,. The potential well W, is
defined by

W,={q: geE*, 0=J(4))<d, for 0<i<1}.
It is clear that WeW,.
Now let g(¢) satisfy the differential system (5.4) and the initial conditions

g4(0)=q0=(91059205 +-->9x0)

é(o)=q.0=(q'10:-—-,q-ko)- (56)

Assume that g,€ W and that the total energy (kinetic plus potential) is less than d;
that is,

Z @0 | j(gp)<dzd,. G.7)

Then the initial value problem (5.4), (5.6) has a global solution which remains in W
for all ¢t 20.

The existence of a global solution of (5.4) and (5.6) is a consequence of the
energy equality

IIMa-

% J(q, .- ,q;) =const. (5.8)

which follows immediately from the differential equations (5.4). In fact, the set W
is a bounded set in E*. Thus there is a constant >0 such that the initial data (5.6)
satisfy | g;o| £b; moreover, from (5.7) we have | §;o|<]/2d. It can be shown under

. . . . . oJ e
the assumption that f,(x,u) is continuous in # that the functions Ern are Lipshitz
1

continuous functions of g;, i=1, ..., k. (See the proof of Lemma 3.1.) Therefore
the initial value problem (5.4)— (5 6) has a local solution for some time interval
0<t £4. The constant é depends on the constants b, d, and the moduli of Lipshitz
continuity of the functions % The solution ¢(¢) so constructed is unique and
remains in W for 05t £46. For, if q(t) passes out of W at time #r=¢,; then we must
have J(g(¢,))=d; but this violates the energy equality (5.8) and the fact that the
total initial energy is less than d (5.7). Therefore q(8)e W and (5.7) is satisfied at
time t=4. The above argument may be repeated, and the solution can thus be
extended to the time interval 6 <t <24. Continuing in this way, it is seen that (5.4),
(5.6) does in fact have a global solution which remains in W for all £ 20.
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The initial conditions (5.6) appropriate to the k'™ approximation of the solution
of (0.1)—(0.3) are determined as follows. Let the initial data U(x) and V(x) in
(0.3) have the orthogonal expansions

UW=Toh()  VeI= T fb).

Let U, and ¥V, denote the orthogonal projections of U and V into the space .#,.
That is

U= Tadi) V= XA,

We have that |V, — V|, -0 as k — o0 ; assume that UeH! and that |U,— Ul
—0 as k — 00. We take the initial conditions (5.6) to be

dio=%;, di0=ﬂi' (5.9
Now let Ue W, VeL,(Q) and let

E(U, V)=£{%I VI*+3|grad U* +£(x, U} dx.

The quantity E(U, V) is the total energy of the initial data. The initial value
problem (5.4), (5.7) has a global solution if U,e W and E(U,, V) <d.

Suppose that E(U,V)<d. If J is continuous in the strong topology of H
then for sufficiently large & E(U,, V,) <d. In fact, by Lemma 3.3 limJ(U,)=J(U)
and therefore lim E(U,, V,)=E(U, V)<d. Moreover, there must be an infinite
subsequence {U,,} such that U, e W. For, suppose that U, ¢W for all but a finite
number of integers k. Then there is a sequence {4} such that J(4, U;)=d. Since
0= 4, <1 some subsequence, say A,., is convergent; let A, =1im 4,.. Now 0<1,<1
so that J(4o U)<d. On the other hand, |4, U,—4,Ull{,, >0 as »k’—o0; and
this implies that imJ (4. V) =J(4, U) by Lemma 3.3. This is a contradiction, and
therefore there must be an infinite subsequence {U; } such that U, e W.

We assume therefore that there is a sequence {k,} tending to infinity such that
U,,eW and E(U,,, V},)<d for all k;. The corresponding solutions of (5.4), (5.9)
exist for all time for each k,. From the energy equality (5.8) we see that the func-
tions {u,, (x,t)} satisfy the conditions (4.1)—(4.3). In section 4 it was shown that
there is a subsequence which tends to a limit v in the sense (4.5), (4.6) (see also
(4.16) and (4.17)). Let us show that u satisfies (2.1) and (2.2). We denote the sub-
sequence of approximate solutions by {u,}; let N,, be the dimension of the cor-
responding system of ordinary differential equations.

We first show that (2.2) is valid for test functions of the form

n(x, )=C;(HY(x) (5.10)

where C;(¢) vanishes identically for sufficiently large ¢. Let i be fixed and let m>i.
Multiplying the i"™ equation of (5.4) by C;(¢), integrating over [0, c0), and using
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the orthogonality properties (1.9) of the functions {i;}, we get
0= j {@i+wa+ jf(xa un) ¥ dx} Ci(t)dt

g{f‘l,lﬁﬁ Z Hiq;¥;+f (%, um)} CO¥i(x)dxdt

i=1

=]

0

FI{ 6t —V2u,+f(x, u,,,)} C;(OV.(x)dxdt.
00

Now integrating by parts we get

Ouy 0n & Ouy On
[ O 0 [ [{ S S 5 St 21

Now let m tend to infinity in (5.11). We take u,,(x,0)=U,(x) an

Vm(x). By (4.5), (4.6), and the fact that | V,,— V|, and U, —Ul,, tend to zero
as m tends to infinity, the limit function » and its weak derivatives u;, i=0, ..., n
satisfy (2.2) for any # of the form (5.10).

By linearity u satisfies (2.2) for any test function of the form

Me=Ci(OY(x) + - + C() Y (x). (5.12)

Now let (x,?) be any function in &. Let 5 be approximated by linear combina-
tions (5.13) and suppose that the norms

62 alnk 2
j z ( 0x; ) dx

Qi=1

—f(x, ,,,)n}dxdt 0. (5.11)

tend to zero uniformly in # on 0<¢ < oo as k tends to infinity. Then 7, tends uni-
formly to #n on @, as k tends to infinity. If n=1 this is obvious. If n=2, 3 the
statement follows from the representation

n(x, t)=!£G(x, ARy, Hdy,

where G (x,y) is Green’s function on the domain Q, and the fact that

{1G(x, y)|*dy<const.,, xeQ.
Q

For, by Schwarz’s inequality
[n(x, )—m(x, 1) J [G(x, |- 1Ay(m—nJ)ldy

62 52 7 +
<const. [_[ y (-—2— ——2’1) dx] .
2 i=1 a
Now (2.2) holds for each of the approximations #,. Letting k tend to infinity
and using the fact that the partial derivatives of #, tend strongly in the L, norm to
those of 5, we see that (2.2) is valid for the test function # as well.
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To show that « and its weak derivative u, satisfy (2.1) we first note that

H(—— + 6t) dydi=~[U,()ndx

for any ne &. Letting m tend to infinity, we see that (2.1) is satisfied by u, 4, and U.
It remains to show that the energy inequality (0.5) is valid. First note that (0.5)

holds for the approximations {u,,}. Since u,, tends to u in L, (Qr) for any T >0, we
have that

lim | {{un(x,)—u(x, )*dydt=0

m—+o G
for any measurable set G of finite measure in [0, c0). In the same way in which
Lemma 3.3. is proved it can be shown that

lim | (F(x,u m)dxdt—_\'jF(x,u)dxdt

m-w G Q

m
ax;
u;, i=0, ..., n, we have

jjluilzdxdxofjj' dxdt i=0,...,n.

Therefore for any set G of finite measure in [0, c0)

Ju

.”{Z (u)* +F(x,u)} dxdt<lim _H{Z": (6;)2+F(x’u"')} dxdt

m—=wo G Q (i=0

—jj{ +3 (2 +F(x,U)}dxdt
[

2
'”) +F(x, Um)} dxdt
m-w G R Xi

i=

=E(U,V)-meas(G).
Hence

I{E(U, V)-§ i%z—+F(x, u)dx} dt=0.
G 2i=0

Since this holds for arbitrary sets G of finite measure the integrand must be positive
for all f except possibly a set of measure zero. If necessary, the weak solution and
its derivatives may be modified on a set of measure zero in [0, c0); (0.5) then holds
everywhere.

6. Examples
Let us consider as a special case the equation

—Viu+yu®=0 6.1)

where p is an integer and y is a constant. In case n=1, 2 no other restrictions are
placed on p; but if n=3 it is assumed that 1 < p<5. In the last part of section 6 it
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is shown that (6.1) has a global solution for any initial data with finite energy if
>0 and p is odd. However, if p is even or if p is odd and y <0, then the energy
integral associated with (6.1) is no longer positive definite, and so the question of
the existence of global solutions of (6.1) is non-trivial.

The equation for the stationary solutions of (6.1) is
Vu=yu. 6.2)

It is easily seen that the functional J has a local minimum at #,=0. In case n=1, 2
the assumptions (i) — (vi) are satisfied and there is a potential well W of positive
depth at the origin.

Let us show that >0 in case n=3. We first show that for [[u||, sufficiently
small J'(Au)>0for 0<A<1. In fact,

J'(Awy={(Algradu >+ 2Py u? " Ydx=A{(llull,)* +y A2~ fuP* ' dx}.
0 2

By Sobolev’s inequality (1.5)
[y 22~ fuP™tdx]| < C(lu )"
2

for some positive constant C. Since p+12=3, J'(Au)>0 for all 0<A<1, provided
that [||u||, is sufficiently small, say ||u||, S«. Now if J'(Au)>0 for 0<A<1 we have
fyuPtldxz— [|gradu|®dx;
2 Q

hence

| grad u|? u”“)
Jw)= _f( +y pr1 dx

1 1 2 p—1 o,
> >
___(2 p+l)j'|gradu| dxz——— 30 +1)

Thus d is positive.

Using the fact that
pt+i

u
Fw=y—17 p+1 p+1

—fW (6.3)

it can be shown that (|||, remains bounded as u varies over W. (See the proof of
Lemma 3.2.) A global solution of (6.1) can therefore be constructed using the
approximation method discussed in sections 1 —5, provided that the initial data
are sufficiently close to the origin in the energy norm. Note that the relationship
(6.3) has allowed us to weaken assumption (vii) slightly.
The equation
—V2u4u?*=0 (6.4)

is an interesting special case. Suppose that #=1. Then the domain Q is an interval
(0,7), and the non-linear boundary value for the stationary solutions of (6.4) in
this case is

w'=u®, u)y=u(l)=0. (6.5)
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In addition to the trivial solution #,=0 the boundary value problem (6.5) also
has a solution which is convex and negative on the interval (0,/) [7]. Let this
solution be denoted by w.

The stationary point w is not a stable equilibrium of the functional J. In fact,
the second variation of J at w is

2 . ln’ |2 2
Im=[|——+wn)dx.
9 2
Since w=0 on 02 it is an admissible variation; and furthermore
0=J'(Aw)|1=1=[w’dx<0
2

since w<0 on Q.

Thus the potential energy functional J associated with (6.4) has two stationary
points: a local minimum at #,=0 and a saddle point at #,=w. The point w is at the
top of the “pass” leading out of the potential well at the origin. We have, by (6.6),
that

d=J(w)=§ [ |w|*dx.
Q

Equation (6.4) has a global weak solution provided that

12 3
ogj{'w' + 40 }dx<d
AV 2 3

for 0£A<1 and
VZ I Ul IZ U3
Oéﬁ‘. (—2—+—2"—+—3—) dx<d.

Finally we consider the case where f is a function of # only, and F(u) is positive,
convex, and even. The function f(«) is therefore odd, and F(0)=f(0)=0. Referen-
ces for the following remarks may be found in [6].

A function F satisfying the above assumptions is called an N-function. It is
said to satisfy the A,-condition if there exist constants k>0 and u,>0 such that
FQu)ZkF@) for all u=u,. A necessary and sufficient condition that F satisfy the
A, condition is that there exist constants ¢>0 and u, >0 such that

-uf—,f(%)-< ¢ forall u=u,. (6.7)

It follows from (6.7) that for all u=u,
F)SFEo) ()
Uo

Let us show that the boundary-initial value problem (0.1)—(0.3) has a global
weak solution whenever the convex positive function F satisfies the A, condition
(provided, of course, that the energy of the initial data is finite).

Let G be the N-function complementary to F. The functions F and G are
connected by the relation

lul f({u)=F @)+ G(f(uD). (6.8)
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The class of real-valued measurable functions on Q4 (7 >0) for which
T
pu; F)= | [F(w)dxdt
09

is finite is denoted by Ly(Q;) and is called an Orlicz class. We denote by L¥(Qy)
the class of all measurable functions « for which

T
ffuvdxdt<+oo
00

for all veLg(R2y). The class L¥(Qp) contains the class Lp(Q;), and LE(Q,) is a
Banach space relative to the norm

T
[fuvdxd:|.
00

lulg=sup
PYCTOES!

The Banach space L¥(Qy) is called an Orlicz space.

Now let #(Q;) denote the completion of #"*2(Q,) (see section 1) under the
norm

nuuF—[f ¥ (= ) dxdxo] +lul.

0 Ri=0

The Banach space & (Q) consists of functions » which possess weak derivaitves,
which vanish on 0€2, and which belong to the Orlicz space L¥(Qy).

A sequence of approximate solutions is now constructed as in section 5. The
initial data is subject to the condition of finite energy E(U, V)< + co. The poten-
tial well in this case is infinitely deep. The approximate solutions {u,,(x,?)} satisfy
the energy equality

" Oy, ~
!i[{lzol( 6x,- ) +F(u"')} dx—E(Uma Vm) . (69)

An discussed in sections 4 and 5 a subsequence {«,,} is selected for which the
derivatives converge weakly and which converges in L, (2;) for all T >0 to a limit
function u(x,¢). It is assumed that lim u,,. (x,t)=u(x,t) a.e. in Q. In order to
prove the existence theorem we must establish the convergence theorem

lim j [ fup)ndxdt= j jf(u)ndxdt (6.10)

m'—= 00 2

for all bounded measurable # and all 77> 0.
Now by (6.8) and (6.9) we see that the integrals

J 163 fu,)l)dxdt (6.11)

00

are bounded as m’ tends to infinity provided that the integrals

T
J T 1/ )|t | dx dt
0
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are uniformly bounded. The boundedness of these integrals, however, follows
from (6.7) and the energy equality (6.9).

The N-function G satisfies the conditions of Lemma 1.3. Therefore from the
boundedness of the integrals (6.11) it follows that the functions {f(u,.)} have
uniformly absolutely continuous integrals. The convergence theorem (6.13) is
now proved in the same way that Lemma 1.4 was proved.

Thus (0.1)—(0.3) always has a global solution (for finite initial energy) whenever
F(u) is positive, convex, and satisfies the A, condition. Note that the above analysis
applies to arbitrary dimensions and that the growth condition (vii) has been con-
siderably weakened.

The method indicated in this paper should be regarded as a general approach
to existence theorems for non-linear equations of evolution. For example, the same
method should work equally well for parabolic equations or systems. It is also
possible that the existence of solutions of non-linear elliptic boundary value
problems of the form

Viu=f(u) u=0 on 0Q

might also be proved by the method of approximation by systems with a finite
number of degrees of freedom.
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