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Introduction

This paper as well as a subsequent one (part IT of this study, immediately
following in this journal) is concerned with the existence of nontrivial solutions
for some semi-linear elliptic equations in R". Such problems are motivated in
particular by the search for certain kinds of solitary waves (stationary states)
in nonlinear equations of the Klein-Gordon or Schrédinger type. To be more
precise, consider the following nonlinear Klein-Gordon equation

€))] D, — AD + a*’D = f(D).

where @ = &(t, x) is a complex function defined on t€R, and xcR¥, AP =
N

>, &*®/oxt, and a is a real constant. Suppose that

i=1
@ flee®) =fl@) €°, Vo, 0€R.

Hence, we may assume that f: IR —R is a real continuous function which is odd,
and f(0) = 0. Equation (1) corresponds to the Lagrangian density

1 1 a?
o=~ IO + 7 VOL +F 107 — R(2),
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where VO = (8®/ox, ..., éD/ox,) and

F(o) = Ofgf(s) ds, oCR.

Then, looking for a solitary wave in (1) of “standing wave” type, that is, @ of
the form &(t, x) = €“'u(x), w€R, and u:RY R, oneis led to the equation

3) —Au 4+ mu = f(u) in R",

where m = a* — w?. Notice that u=0 is always a trivial solution of (3),
while of course one is interested in nontrivial solutions, that is u =£ 0.
In terms of u, the Lagrangian S(u) has the expression

1 m
_ —— [ 1yyl2 _ 2
“) S(u) Rf L dx 3 [ |Vu|? dx 4+ 3 f u? dx fF(u) dx.

For physical reasons, one wants the Lagrangian to be finite, and hence one re-
quires u to vanish at infinity. This plays the role of a boundary condition for (3).
Therefore, we impose here the condition u¢ H'(RY). Actually, this condition
more than suffices for our purpose since, as will be seen later, in most cases the
solutions will have exponential decay at infinity. A weaker condition than u¢
H'(RY) is considered in section 5 (namely, |Vu|e€ L2RY)).

Another classical type of solitary waves is that of travelling waves. Consider
a real Klein-Gordon equation (1), that is @:RxRY—+R and f:R-—>R.
Then, looking for a travelling wave solution of (1), that is @ of the form @(¢, x) =
u(x — ct) where u:RY—R, and c€R" is a fixed vector such that |c| < 1,
one obtains the following equation for u:

N &*u

2., : N
®) _i,j2=1 ay Zxr o 4+ d*u=f(u) in R",
Here a; = d; — ci¢;, c; being the coordinates of c. It is easily checked, using
the fact that |c| < 1, that the constant coefficient operator in the left hand side
of (5) is elliptic. Thus, after a change of coordinates, (5) can be converted into an
equation of type (3).

Stationary states of nonlinear Schrédinger equations lead to similar problems.
Indeed, consider the equation

(6) D, — AD = f(D),

where @:R xRN — C and f satisfies the symmetry property (2). Then, looking
for standing wave solutions, that is @D(z, x) = e "™ u(x), one is again led to
problem (3).

To sum up, we consider the following semi-linear elliptic problem
* —Au = g(u) in RY,
u€ H'®Y), u=0,

where we always assume that g:R —R is a continuous function which is odd,
and thus g(0) = 0.
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Equations of type (*) arise in various other contexts of physics (for example,
the classical approximation in statistical mechanics, constructive field theory,
false vacuum in cosmology, nonlinear optics, laser propagations, etc.) They are
also called nonlinear Euclidean scalar field equations (cf. e.g. [6, 28, 34, 35]).%

The Lagrangian associated with (*), S(u) is defined by

7 S(u) = %R]fv |Vu|? dx — ijv G(u) dx,

where G(s) = f g(¢) dt. The functional S() is also called the ““action” associated

0
with (*) (when (*) is thought of as a Euclidean field equation; cf. e.g. [28, 29]).
Moreover, by analogy with nonlinear elliptic problems in bounded domains,
S(u) is sometimes (unprecisely) called the energy associated with (*). In the
following, we use indifferently the terms action or Lagrangian to designate S.
In a totally different context, a solution of (*) can also be interpreted as a non-
trivial stationary state for a nonlinear heat equation

®) = — Ay = g),

v = p(t, ), t =0, x€R". Such problems arise in biology, especially in popula-
tion dynamics theory (cf. e.g. [7, 33, 60] and the survey article of Fire [32]).
There is an important and well known litterature about semi-linear elliptic
boundary value problems in a bounded domain of R". We refer the reader for
instance to [2, 5, 20, 48, 53] for the existence of positive solutions and to [4, 5, 22,
23, 25, 26, 39, 53] for the existence of an infinite number of distinct solutions.
Evidently, a striking contrast between semi-linear elliptic boundary value problems
on a bounded domain and on R" is the apparent lack of compactness in treating
the latter. Therefore, a first natural approach to (*) would be to use the above
works and to approximate a solution of (*) by a solution of an analogous problem
on the ball Bg = {xcR", |x| <R}, thatis, first solve —Aup = g(ug) in By,
g | oeBp = 0, and thenlet R— 4~ co. One of the difficulties to overcome in such
an approach is the absence of uniform a priori bounds (i.e. independent of R)
in the works mentioned above. This method is nevertheless developed in [9],
though it requires some restrictions of a technical nature on the nonlinear term
g. Here and in part II, we study (¥) by using variational methods, working with an
appropriate constraint in order to have some compactness. This constraint can
be made transparent because of the “autonomous” character of (*) and the fact
that one can use scale changes inR¥. The fact that g is““autonomous” (thatis, depends
only on u), and the operator is the Laplacian (or a constant coefficient elliptic ope-
rator), constitute the main restrictions on the method presented in this study.
A special feature of (*) is its invariance under the group of displacements.
That is, if £ is a rotation in R¥ and Ce€R¥ is a fixed vector, then, for any solu-
tion u of (*), the function v defined by v(x) = u(%x + C) is also a solution of

1 References are gathered at the end of part II] of this study, following in this
journal.
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(®). Such an indeterminacy will not be present in what follows, since we will be
seeking “radial” solutions of (¥), that is, solutions u# with spherical symmetry:
u depends only on |x|. Such solutions are sometimes called ““particle-like” (cf.
e.g. [6]). In this case, u, as a function of r = | x|, satisfies the ordinary differential
equation

© T 8w, €0, o).

One can also obtain certain existence results by analysing (9) using a “‘shooting”
type argument (cf. [15]). This approach, as well as the local one evoked above,
also provides results for the “nonautonomous” case, that is when g is allowed to
depend also on r. However, the optimal results for the autonomous case which
we present here are only obtained by working directly with (*).

In section 4.3 we show, following an argument of COLEMAN, GLAZER and MAR-
TIN [29], that the solution u, of (*) which we derive from our variational problem
has the property of having the least action among all possible solutions of
(*),namely 0 << S(uo) = S(u), for any solution u of (*). Such a solution u, is called
a “ground state” for (¥). It can be shown that a ground state is necessarily a
positive and radial solution of (*¥).

It is conjectured (and not known except for a very special case, see [27])
that, at least for certain classes of nonlinearities g, the positive radial solution
of (*) is unique. Therefore, it is customary (though not quite correct) to call a
positive radial solution of (*) a ground state. Solutions u of (*) such that S(u) >
S(u,) are called “bound states”. In this paper (part I), we prove the existence of
a ground state. In the second part of this study, we show the existence of infinitely
many distinct bound states u, of (¥), k€ N, with furthermore S(u;) } + co.
The proof there rests on two results in critical point theory (cf. section 8 in part IT),
the main value of these theorems being to allow a greater flexibility in the choice
of the manifold defining the constraint.

Several of the results presented here were announced in [8, 11, 12]. Some
results concerning the existence of solutions for certain semi-linear weakly coupled
elliptic systems in R”, as well as a discussion of certain bifurcation questions in
(*), can be found in [12, 13].

Acknowledgment. The authors are grateful to Professors W. A. STrRAUsS and H. BRe-
z1s for having called their attention on this class of problems and for stimulating discus-
sions on this subject.

1. The Main Result; Examples

Throughout this paper, with the exceptions of sections 5 and 6, it will be
assumed that the dimension of the space N is at least 3. We recall that g: R -~ R
is a continuous function such that g(0) = 0. We also assume that g is odd.
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We consider the problem
* —Au = g(u) in RN
uc H'®Y, u==0.

The function g is required to satisfy the following conditions:

a.n — oo < lim g(s)/s < 1Tn§ g(s)s = —m < 0.

S0+ s—>0F

_ N2

— < h 1 < _————
(1.2) oo 2313-?00 g(®)/s' =0, where / N_—3"
¢
(1.3) There exists { > 0 such that G({) = f g(s)ds > 0.
0

The following theorem concerns the existence of a ground state of (*).

Theorem 1. Suppose N = 3 and that g satisfies (1.1)—~(1.3). Then (*) possesses
a solution u such that
i) u>0 on B,
il) u is spherically symmetric: u(x) = u(r), where r =
with respect to r.
iif) uc C*@BYM).
iv) u together with its derivatives up to order 2 have exponential decay at infinity:

[D*u(x)| < Ce™ %, xcRW,
for some C, 6 >0 and for |x|<2.

x|, and u decreases

This theorem will be proved in section 3 by means of a constrained minimiza-
tion method. Let us first illustrate the result by giving a few simple examples.
We will also derive some necessary conditions in section 2.

Example 1. Consider the equation
—Au+mu=Aluf'u in R,

1.4
.9 ue H(RY), u=0,

where 1 and m are positive constants and p > 1. This equation was treated by
S. PonozAev [51]; he showed that (1.4) possesses a solution if and only if

N+ 2
t<p< Nt2 . Notice that in this case the hypotheses of Theorem 1 reduce to

N-—2
.. N+ 2
the same condition. The fact that for p = N3 (1.4) does not have any solu-
tion follows from a well known identity of Porozaev [51] which we recall in
section 2. The method of POHOZAEV consisted in maximizing

A
- p+1
P -+ IR‘I;\.Ilu] dx
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over the set
1 m
1 Ny. 2 2
{ueH RY; ijwui dx + = R{v” dx = 1}.

The constraint causes a Lagrange multiplier to appear, and one obtains a positive
solution of —Au - mu = 20u”. The Lagrange multiplier 6, shown to be posi-
tive, can then be removed by looking for a solution v = ou, ¢ > 0, and using
the special homogeneity feature of (1.4). Equation (1.4) was also studied by
BERGER [16, 17] and by CorrmAN [27] who showed (1.4) to possess infinitely
many distinct solutions, using the same special feature of homogeneity of (1.4).

Example 2.
—Au 4+ mu =2 |uP " u —ulu” 'y in RY
(1.5)
uc H'BRY), u=0,

where 4, u, m are positive constants and p =+ ¢, 1 <C p, g. Here the hypotheses
N 42

of theorem 1 reduce to 1 << p < max j—, q) and to the existence of { > 0
N—2

such that

G(0) =

p+1___£__ q+l_ﬂ 2
p+lé q+15 24‘ > 0.

The second condition is automatically fulfilled if ¢ << p. Thus Theorem 1 applies

N2
for 1 <g<p<

N3 This case was treated by STRAUSS [55], who also showed

. s ) + 2 .
the existence of an infinite number of solutions. If g = - = p, it follows

from the Pohozaev identity (see Section 2 below) that there cannot exist a non-

trivial solution of (1.5). The case

v i > <C ¢ << p remains open: it is not known
whether or when there exists a solution of (1.5). Lastly, when p < g, Theo-
rem 1 applies if there is a ¢ > 0 such that G({) > 0. Actually, again from the
Pohozaev identity, it can be seen that (1.5) has no solution if G({) <0 for all
¢ > 0. Hence the condition (1.3) is in this case both necessary and sufficient.
This condition means, in particular, that for given u, m > 0, there exists A* > 0
such that (1.5) has no solution for 0 << A = A*, while Theorem 1 applies for
A> A% For p < q a weaker result was obtained in [55], namely the existence
of at least one 1> 0 for which (1.5) possesses a positive solution). In fact 1*
has the expression

2= () -0+ na-p -t a+ 0

q—p
—1
A=1, p=3, g=235, which was studied by ANDERSON [6], the requirement

where a =

—1
and b :s—-_——. In the particular case of (1.5) with m = 1,
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(1.3) yields exactly u <C 3/16. This explains why the latter condition appears in
[6].

The proof of Theorem 1 in the particular framework of equation (1.5). which
serves as a model and for which technicalities are somewhat simpler, is developed
in [11].

Equations of type (*) have been considered in a number of works in addition
to the ones already mentioned. The one dimensional problem (N = 1) was studied
by STUART [56] and Dancer [30], while in higher dimensions, existence results
were obtained by NEHARI [47], SYNGE [58], RYDER [54]. The first general study
of this type of equations is due to STRAUSS [55). A general result for the existence
of a ground state is given in COLEMAN, GLAZER and MARTIN [29].

2. Necessary Conditions

2.1. Pohozaev’s identity. Several necessary conditions for the existence of a
solution of problem (*) can be derived from an identity which seems to be due to
S. I PonozaAev [51]. It asserts that a solution of (*) which, together with its
first derivatives, is sufficiently small at infinity, necessarily satisfies

N—2
@2.1) —2—R£|Vu|2 dx = NRIfVG(u) dx

(G always denotes the function G(z) = f g(s) ds). Before being more precise, let
0
us give a formal argument explaining (2.1). Define the two functionals

Twy= [|Vu|*dx, V()= [ Gw) dx.
RN RN

(By analogy, + T corresponds to kinetic energy while ¥ corresponds to potential
energy. Thus S = —;— T — V.) Consider a scale change in RY: for ¢ > 0 define
4,(x) = u(x/o). One readily checks that

Tw,) =" TW), V()= V().
N—2

Hence S(u,) = 5 T(u) — o¥V(1). Now, if u is a solution of (*) then at least

d
formally it can be interpreted as a critical point of S. Therefore, one has S(u,)k, 1
= 0, which is precisely (2.1).
The preceding argument is not rigorous, however, for two reasons at least.

Firstly, one needs to know that S is a C! functional on the space where it is
defined (see the Appendix of PartI, for such a result). Then, one also needs

d . . . .
to show that ua(x)lg_l = —Vu(x)-x lies in the right integration space.

1 This identity is also known under other names. In particular it is also associated
with the names of Rosen and DerRrICK. Notice moreover that it is just the ‘“Virial
theorem™,
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We now proceed to give a rigorous proof of the fact that any solution of (*)
satisfies Pohozaev’s identity (2.1). This will be derived as a corollary of the follow-
ing more general statement. Let us remark that this level of generality—even
in the case of the corollary 1 below—seems to be new for the identity.

Proposition 1. Suppose g is a continuous function: R — R such that g(0) = 0,
t

and let G(t) = f g(s) ds. Let u satisfy
0

—Au = g(u) in D'RY).
Assume furthermore that
uc LY@®Y), VucIXRY), GueLl'R").
Then u satisfies

2N
m R.]l\; G(u) dx.

@1 T 1vVul? dx =
RNV
Remark 2.1. The condition u¢€ L3 (RY) can still be weakened. As for the
conditions Vue L*RY), G(u)c L'(R"), they are needed for the integrals in
(2.1) to make sense at all.

ou &u
ox;’ Y= Fx, ox;
we adopt the summation convention on repeated indices. Observe first that
because of uc L2(RY), standard regularity theory (see e.g. section 4.1 below)
shows ue WZIR") for any g, 1 < g < - oco. In the first part of the proof
we use the device of PoHOZAEV [51], multiplying the equation by x;; and integrat-
ing by parts to get the Pohozaev identity on a ball Bg = {xcR", |x| < R}.
We then show the boundary term (on 9Bg) to converge to 0 as R— - oo,
Indeed, integration by parts yields

Proof of Proposition 1. In this proof we write u; = and

fg(u) ux; dx = fi (G(w)) x;dx = —N fG(u) dx + fG(u) xm; dS.
Bx Bp ox; Br

0Bp

But —u; = g(u) and we have

el fujju,-xi dx = fuj((s,]u, "I‘ x,uu) dx — fujn_,-x,-u,- das

Bp Bp 9BR

= f|Vu]2dx——g f]Vulzdx-—% f
By Bg oby

ou?

n RdS.

Thus,

2N —2R |1 2
22 | |Vul?Pdx ——— | Gu)dx= -
B~R[ N— 231[ N—22 34

ou
on

ds + f G(u) dS].
eBp
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We will now show that the right hand side in (2.2) converges to O for at least one
suitably chosen sequence R,—> 4 co. We have

-+ 00

Q3 [{ew! + {VuiZdx= [ {f [(G(u){+{vu[2]ds)dk< + oo,
BNV [

Hence, there exists a sequence R,— -+ oo such that
R, [ {{G@W)|+ |Vul?}dS—0 as n— + oo.
Indeed, if
lim R [{GG)| + |Vul?}dS — >0,
R+ o0 2

then
J (6] + |Vul as

would not be in L*(0, 4 oo0), which contradicts (2.3). Therefore, since

[ |Vu|* dx — [ |Vu|? dx, [ G dx — [ G(u) dx
RN BN

BR,, R,

as n— + oo, we derive the identity (2.1) from (2.2) (with the choice R =R,
and n — -+ oo).

Corollary 1. Assume g satisfies (1.1) and (1.2). Then any solution of (*) satisfies
the Pohozaev identity (2.1).

Proof. To be more precise, we mean any solution of (*) corresponding to a
truncated function g (see section 3 below), where (i) g(s) = g(s) if g(s) > 0 for
s> ¢ and (i) if 3s, > ¢ such that g(so) =<0, then 2g(s)=g(s) on [0, 5]
and 2(s) = g(so) on [s,, + o0) (for simplicity we take g and g to be odd). As
will be seen later, solutions of (*) corresponding to g are also solutions of
(*ywith g. (If lim g{(s) >0 or ligl g(s) << 0, we can actually take g in such a

—+ S+ o0

i
S';—GJ

way that the two problems have the same solutions). The corollary follows im-

mediately from proposition 1, for if u€ H'(R") solves (*), then by a standard

bootstrap argument (see Section 4.1 below) u € L(RY), while by Theorem A.VI

in the Appendix, G(x)€ L'(RY).

Remark 2.2, In the case of radial solutions of (*), one can use the exponential
decay of u and Vu (see Section 3.3) to obtain a simpler proof of the identity, by
making the preceeding scale-change argument rigorous (an alternative way would
be to multiply the ordinary differential equation satisfied by such a solution by
rMu'(r) and to integrate by parts). We remark that by a recent result of GIDAs,
N1, and NIRENBERG [37], if g'(0) << 0 and if g(s) = g(s) — g'(0) s is an increasing
function of s, then any positive solution of (¥) is spherically symmetric (and de-
creases with r).
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2.2. Some consequences of Pohozaev’s identity, and some necessary conditions.
We now show that conditions (1.1)—(1.3) are “‘almost” necessary for the existence
of a solution of problem (*).

(a) Hypothesis (1.3) is necessary, for if u is a solution of (*), then by (2.1)

[ G) dx > 0.
RN

(b) Hypothesis (1.2) is justified by considering the pure power case, that is
equation (1.4) (Examplel in Section 1), where gw)=A4|ul""'u — mu, 1,
m > 0. If u satisfies (1.4), then multiplying (1.4) by u and using (2.1) yields

2N [ 6w

2 — —
R[VIVuI dx—Rvag(u)udx—
whence
1 N-—2 m
-_ = p+1 —— 2
l(p+1 N )R[vl’” dx NRjj;lu dx > 0.
This implies

1 N—2 that i N2
p+1> N’ at is p<N_2

=1/

Thus (1.4) has no solution when p == /. On the other hand, it is known [51, 17,
55) that when p <</ (1.4) admits (infinitely many distinct) radial solutions.
From this example, we see that a growth hypothesis like (1.2) is needed and that

N+ 2
= N—f—z (the ““critical exponent”) is indeed the cut-off.

(c) Consider now hypothesis (1.1). We claim it is “almost” necessary in the
sense that if g'(0) > 0, then (*) has no radial solution. Indeed, if uc H'(RY)
is spherically symmetric, then by a result of STRAUSS [55] (see Appendix, Radial
Lemma A II) there exists a constant C (= C(N)) > 0 such that

”u“Hl(RN)
lu(x)] =< C Tx[=DP >
and actually |u(x)| = o(|x|"™"P?2) as |x|— +oco. Let m=g'(0) and
q(r) = m — g(u(r))/u(r). Then, considering the case N =3 and assuming g
is C? in the neighborhood of 0, one has ¢(r) = o(r~!) as r-> -+ oo while u
satisfies the linear equation

—Au + g(r)u = mu in R3,

But this is impossible, since it violates a result of Kato [40] which states that the
linear Schrédinger operator —4 + ¢(r) has no positive eigenvalues associated
with eigenfunctions in L?*(R®) under the condition g(r) = o(r~!). A careful
discussion of equation (9) (in the Introduction) in the case g'(0) >0 would
lead to the same conclusion. Thus hypothesis (1.1) is “almost” necessary.
Notice, however, that g’(0) > 0 is not exactly the negation of (1.1). The only
remaining case, essentially, is the limiting “zero mass” case where g’(0) = 0.
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Then the existence question becomes much more complex and many different
phenomena may take place, depending on the structure of g. We will study this
case in Section 5 below, where we prove an existence theorem (which we believe
to be very nearly optimal) for a ground state solution.

(d) Another consequence of Pohozaev’s identity is the following

1
Corollary 2. If u is any solution of (*), then S(u) = WT ) > 0.
Proof. Just use (2.1). Then

| 1 N-—-2 1
S(u)=7T(u)— V(u)=7[1 ——N—] T(u):FT(u)>O.

3. The Constrained Minimization Method

A natural method to solve (*) would be to look directly for critical points of
the action S on the space HY(R"). Indeed by Theorem A.V in the Appendix,
after a suitable modification of g (see below), S is a C! functional on H'(RY).

Actually this method was used in [55] for some particular cases and in [31]
for some existence results for dimension N = 2. However, a first difficulty en-
countered in this approach is the fact that S is neither bounded from above nor
from below on H'(R™). That S is not bounded above is well known (due to the
presence of the gradient term). On the other hand, under hypothesis (1.3) there
exists we& H'(RY) such that

Vw)= [Gw)dx >0
RN
(see below, Section 3, proof of Theorem 2). By the scale change of section 2.1
N2
one has S(w,;) = —— T(w) — " V(w). It follows from V(w)>0 that S(w,)

— — o0 as 6-> oo, as claimed. Another difficulty in this approach lies in
the fact that S does not satisfy conditions of the type (PS*) or (PS~) in an obvious
way.

Therefore, rather than looking for critical points of S, we will consider a
constrained minimization problem. First, however, we need to modify the func-
tion g in order to make ¥ of class C! and a meaningful functional on H'(R").

Define a new function g:R—R as follows:

@) if g(s) = 0 forall s >¢, put g =3g;
and
(i) if 3 sq = ¢ such that g(so) = 0, put
g(s) on [0, 50]

0 for s = 5.

2 =|
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For s =0, g is defined (as g) by g(s) = —g(—s). Observe that g satisfies the
same conditions as g. Furthermore, by the maximum principle, solutions of prob-
lem (*) with g are also solutions of (*) with g. (Indeed, in case (ii) above, a solu-
tion u of (*) with g satisfies |u| <Cs,, whence g(#) = g(u)). Hence there is no
loss in generality in replacing g by g in the following discussion. Henceforth we
will always adopt the convention that g has been replaced by g; we keep however
the same notation g. With this modification, g satisfies the stronger condition

|g(s)] N+ 2

(1.2 bis) am !SII =0 with l=]—v—'_:“‘2‘

Theorem A.V of the Appendix then applies, and thus

Vw)= [ G(w)dx
BN

is a meaningful C! functional on H!(RM).
Consider the following constrained minimization problem:

3.1 minimize {T(w); w € H'RY), V(w) = 1},

introduced by COLEMAN, GLAZER and MARTIN [29]. The problem (3.1) leads to
a solution of (*). Indeed if u solves (3.1) then, since 7 and ¥ are of class C! on
H'(RY), there exists a Lagrange multiplier 6 such that T'(u) = 0V'(u); that is
(at least in the distribution sense)

(3.2 —Au = Og(u) in RV,
We will show below that necessarily 6 > 0. Thus, letting u,(x) = u(x/s), 0 > 0,
one has
0 N
—Au, = G—zg(u,,) in RY,

Therefore, choosing ¢ = VE, one obtains a solution of (¥).

Theorem 2. Under the hypotheses of Theorem 1 the minimization problem (3.1)
has a solution uc H'(RN) which is positive, spherically symmetric, and decreases
with r = |x|. Furthermore, there exists a Lagrange multiplier 0 > 0 such that

u satisfies (3.2). Hence u;, for o = VE is a solution of (*).

Proof of Theorem 2. This will be divided into several steps:

1. The set {wec H'R"), V(w)= 1} is not empty.
2. Selection of an adequate minimizing sequence.
3. A priori estimates.

4. Passage to the limit.

5. Conclusion.

Step 1. The set {we H'(RY); V(w) = 1} is not empty. This is the only place
where hypothesis (1.3) is used. Let ¢ > 0 be such that G({) > 0. For R>1,
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define
¢ for [x] <R
wr(x) =1 R+ 1—r) for r=|x|€[R R+ 1]
0 for |x| = R+ 1.

Thus wg € H'(RY). Letting |-| denote Lebesgue measure, it is easily checked
that one has

V(wg) = G(§) | Bg| — | Bgyy — Bgl (5161305}§|G(S)|)-

Hence there exist constants C, C' > 0 such that
V(wg) = CRY — C'RV L,

For R >0 large enough, this shows that ¥(wg) > 0. Then, introducing a
scale change on wg, Wg.(x) = wg(x/o), we have V(wg,) = o"F(wg). Thus
for an appropriate choice of ¢ >0, we have V(wg,) = 1.

Step 2. Selection of an adequate minimizing sequence. There exists a sequence
(u) C H'(RY™) suchthat ¥(u,) = 1 and nETeo T(u,) = I = inf {T(w); we H'(B")
V(w) = 1} = 0. Let u} denote the Schwarz spherical rearrangement of |u,|.
(The definition and some properties of the Schwarz symmetrization are recalled
in the Appendix A3). One has u*¢c H'BY), V() =1, and I < Twh) < T(u,).
This means that () is also a minimizing sequence. Replacing («,) by (1)), we
will assume henceforth that, for all #, u, is nonnegative, spherically symmetric
and nonincreasing with r = |x|.

Step 3. Estimates for u,. We will show that ||u,|, &M is bounded. For s=0,
define gi(s) = (g(s) + ms)* and g,(s) = g4(s) — g(s). (Here at = max (a, 0)
is the positive part of a). Extend g, and g, as odd functions for s < 0. Then one
has g=g, — g, with g,,g, =0 on R*, and

N+2
(G3) g =of) as s—0; lilggl(f)=o, where 1=N—J_r2,
and
(3.4 g =ms, Vs=0.

Let Gi(2) = f g(s)ds, i=1,2. From (3.3) and (3.4) we see that for any
0
£ >0, there exists C, > 0 such that
3.5 Gi(s) = C, |s|""! + eGy(s), Vs€eR.

(Indeed, one has g,(s) = C, 5"+ eg2(s), ¥ s=0.) Now, since T(@,)} I, [V, |l 25,
is bounded, which implies by the Sobolev embedding Theorem * that ||z, 2% @M

* gLWHRY) o L2'(RY) (cf. e.g. [44]).
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= C, where 2* =/ 1 =2N/(N — 2). (Here and in the sequel C designates
various positive constants independent of n). Writing V(u,) = 1 in the form

(3.6) [ Gi(wy) dx = [ G(u,) dx + 1
ry RN
and using (3.5), we derive (with ¢ = 1/2 in (3.5))
Crt [ Gy ax= [ Gow)dx + 1
2 ~Y 2\n wRAN 2\ .

Hence [ Gy(u,) dx = C, and by (3.4),
RV

—’;lfu,z, dx < Gy(u,) dx = C.

Thus {|u,],1 @& is bounded. This implies by Holder’s inequality that {[u,]]
= C for any p, 2 < p < 2%,

LARN)

Step 4. Passage to the limit. First, observe that u,(x)—~0 as |x|-—> + co
uniformly with respect to n. Indeed, since u, is radial and nondecreasing and u,
is bounded in L2(RY), it is easily seen that |u,(x)| < C|x|™™?, xcRV,
with C independent of n (see Radial Lemma A IV in the Appendix). Now, since
u, is bounded in H'(R"), one can extract a subsequence of u, again
denoted by u,, such that u, converges weakly in H'(R") and almost everywhere
inR" to a function u. Observe that u¢ H'(RY) is spherically symmetric and non-
increasing with r.

Now, let Q(s) = s2 - |s|. From (3.3) and (3.4), we derive

3.7 Gl(s)~>0 as s->t+oo and as s—O0.
o(s)
We also know that
(3.9 sup [ Q(u,) dx < + oo,
n R'N
(3.9) Gi(u,) — Gw) a.e. in RY,
(3.10) u,(x) =0 as | x| — + oo, uniformly in ».

Therefore the compactness lemma of STRAUSS [55] (see Appendix, Theorem Al)
applies. Thus,

[ Gi(w,) dx— [Gy(u)dx as n— + oco.
RN R‘N

Using Fatou’s Lemma in (3.6) we deduce that

[ Gi(w)dx = [ G(w)dx + 1,
RN RN
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that is, ¥(u) = 1. On the other hand, we also know that
T < lim T(,) = I.

n->-4 0o
Now suppose for contradiction that ¥(u)> 1. Then, by the scale change
u,(x) = u(xjo) we have V(u,) =" V(u) =1 for some 0, 0 <o < 1. Also,
T(u,) = 6" 2 T(u) < 6”21 But by the very definition of 7, T(u,) = I But
this would imply 7= 0, whence T(x) = 0, i.e. u =0, contradicting V(x) > 0.
This is impossible and therefore V{(u) = 1 and T(u) = 1> 0; u is a solution of
the minimization problem (3.1).

Step 5. Conclusion. Since V and T are C* functionals on H'(R") (see Appen-
dix), there exists a Lagrange multiplier 8 such that % T'(u) = 0V'(1). We remark
first that 6 == 0, since if 0 = 0 one would have u = 0 which is impossible.
Let us show that 6 > 0. Suppose for contradiction that 6 << 0. Observe that
Vi) =0 (V'(u) =0 gives g(u) ==0, which implies ©==0 since g(s) =0 for
s> 0 small, a contradiction to V() = 1). Consider a function w¢& 2(R"Y)
such that

V), w> = [gu)wdx > 0.
RNV
Since V(u + ew) ~ V(u) + &(V'(u), w> and
T(u + ew) ~= T(u) + 2¢0 {V'(w), w> for e—0 and 6 >0,

one can find ¢ > 0 small enough sothat v = u + ew satisfies V(1) > V(u) =1
and T(v) < T(x) = I. Again by a scale change, there exists ¢, 0 << ¢ << 1 such
that V(v,) =1 and T(v,) < I, which is absurd. Hence 6 > 0.

Thus u satisfies, at least in the H' sense, the equation

—Au = 6g(u) in RY

and so u(-/ V?) =ug is a solution of problem (*).

Remark 3.1. In dimension N =1 and N = 2, the method used in Step 3
for obtaining bounds on the sequence (u,) fails. The reason for this failure is
that in those dimensions a bound on | Vx| in L>(RY) alone does not yield a bound
on u in an L'*!(RY) space (/ < + o0). Actually, the constrained minimization
problem (3.1) has no solutions when N =1 or N = 2. Indeed, let us examine
separately the cases N=1 and N = 2.

Case (i): N = 2. Under a scale change, one has the following relations

T(uc) = T(u)a V(uo) = ¢® V(u)
Thus,
inf T()— inf T().

{V}u):l) {¥(u)>0}
Now if it is supposed for contradiction that u, is a solution of (3.1), then one
has V(uy) = 1 and T(uy) = (Vl(n)ino} T(u). Hence ug is an ““interior minimum”
u) >
for T(u); thus T'(uo) = 0, whence u, =0, a contradiction to F(uy) = 1.
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Case (ii): N = 1. The scaling relations in this case read
T(w,) = o' T@),  V(u,) = oV (w).

Choose a w& H'(R) such that V{(w) = 1. Recalling that 311)1(1)1+ g(8)fs = —m <0,
we see that there exists 6,¢€ (0, 1) such that V(0ow) =0 and V(Ow) >0 for
6, < 6 < 1. Clearly, V(0w)—0" as 0-—>04. Let o) = V(6w)~'; thus
V(0weey) = 1. Now, T(0weg) = o(0)~! T(Ow) = 02V (6w) T(w).

Letting 0 6,, this shows that (Vg}t;” T(u) = 0.

The case N = 1 for problem (*) is treated in Section 6 below. A very general
existence theorem, involving conditions which are both necessary and sufficient,
is proved there by means of simple methods of ordinary differential equations.
For the case N =2 and under more restrictive assumptions, one can obtain
existence results by a “local approach” (see [9]) or by “‘shooting methods™ (see
[15]). Other results for the case N = 2 were obtained by M. J. EsTEBAN [31]
using critical point theorems due to AMBROSETTI & RABINOWITZ [5] for the action S.

Remark 3.2. There is a ““dual” variational method to (3.1). Consider the prob-
lem

(3.11) maximize {V'(w); uc H'(R"), T(w) = 1}.

One can check that the proof of Theorem 2 easily adapts to problem (3.11) and
derive from it a solution of problem (¥*). This observation will be used in Part II.

4. Further Properties of the Solution

Let u denote the solution to problem (¥) which we have obtained in the pre-
ceding section. We shall consider the regularity and exponential decay of u, and
thus complete the proof of Theorem 1. Lastly, we show that u has minimum
action among all possible solutions of (*). We assume throughout this section
that g is odd.

4.1. Regularity. We show that u ¢ C*(RY™), using the following more general
lemma (also applicable for the regularity of the solutions obtained in Part II).

Lemma 1. Under conditions (1.1), (1.2 bis), if u is a spherically symmetric
solution of (*) then uc C*RN).

Proof of Lemma 1. u satisfies the equation
.1 —Au = g(x) u in RV
where ¢(x) = g(u(x))/u(x). By (1.2 bis), one has
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. 4 N
Since u€ H'(RM), we also have u€ I**(R™). Noticing that 2* =35

we see that g€ LV*(RY). Now, using a result of BRezis & KAT0 [19], we obtain
uc LL(RY) for 1=<p<<oco. A classical bootstrap argument (on balls By)
then shows that u€ L5, (R"). Thus by the L? estimate [1] we know that uc WZ2(RY)
for any p < + oo. Hence ue€ C™(RY), «c (0, 1).

Since u satisfies the equation

(42) —U, —

u, = g(u)’ re (Oa + OO),

we already know that u,, is continuous, except possibly at 0. Let us put z(r) =

d
g(u(r)); viscontinuous on [0, -+ co). Rewriting (4.2) as — — (rN “lu)=r¥"1u(r)
and integrating from 0 to r yields

r
My, = — [ sV lu(s) ds.
¢

With a change of variable, we have

1
u, = —r [ N Yo(re) dt
0
or
u, !
—=— [ " ()ar.
r 0
Since
1
0
f A (7)) dt—)v—(—) as r—0,
¢ N
we deduce that «,,(0) exists and #,,(0) = —z(0)/N. Furthermore, from equation

(4.2) we then see that u,, — —v(0)/N as r—0. Thus, u& C}RM).

Hence the solution of (*) obtained in Section 3 satisfies u€ C*(RY). We also
observe that # > 0 onR", by the maximum principle, and that u is a decreasing
function of r, since by the strong maximum principle, #'(*) << 0 for any r > 0.

4.2. Exponential decay. The decay of u, |D*u| (| = 2) at infinity is shown
in the next lemma (this result also applies to the (non-positive) bound states ob-
tained in Part II).

Lemma 2. Under conditions (1.1), (1.2 bis), if u is a spherically symmetric
solution of (*) then
|D*u(x)| = Ce™ ™,  xcRV
Sor some C, 6 >0 and for || =2.
Proof. The exponential decay of u at infinity follows from a standard argument

of ordinary differential equations (see e.g. [55]). For the sake of completeness,
we repeat it here.
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By Lemma 1 u is of class C3(R"); accordingly it satisfies equation (4.2). Set
v = r®™ D2y then v satisfies

o= o)+ 5] o

where q(r) = —g(u(r))/u(r) and b = (N — 1) (N — 3)/4. For r large enough,

say r = ro, one has

b
2

m
>
re = 2

q(r) +
(recall that u(r)—0 as r— 0 by the Radial Lemma A II in the Appendix).

Let w = v?; then w verifies
1 ) b
—z_wrr:vr+ q(r)+r_2 w.

Thus for r=r, one has w,, = mw, and w=0.

Now let z = e~ Vmr w, + V;w). We have z, = e~ Vmr w,, — mw) = 0;
hence z is nondecreasing on (r,, + o0). If there exists r; > r, suchthat z(r,) > 0,
then z(r) = z(r;) > 0 for all r = r,. This implies that

w, - Vm w = (z(ry)) e ,

whence w, + V;w is not integrable on (r; -} o). But v? and v v, are integrable
near oo (for ue H'(RV)), so that w, and w are also integrable, a contradiction.
Hence z(r) <0 for r = r,. This implies that

(mrw), = Vmrz <0 for r=r,.

Hence w(r) = Ce=V»r and in turn

N—1  VYm

4.3) lu(r)| = Cr 2 e 27 for r=ry,

for certain positive constants C and r;.
To obtain the exponential decay of u,, observe that u, satisfies

4.4 N, = —rVlgw).

Hence using (1.1) and the exponential decay of u it is easily seen that for r large
enough, say r = ry, one has my |u| < |g(u)| < m, |u|, where m, = m, > 0.
Hence, integrating (4.4) on (r, R), using (4.3), and letting r, R— -+ co shows
that ¥¥~! 4, has a limit as r — co; this limit can only be zero by (4.3). Integrating
(4.3) on (r, + oo) then implies that u, has exponential decay. Lastly, the exponential
decay of u,, (and thus of | D*u(x)| for |x| = 2) follows immediately from equation
4.2).

4.3. Minimum of the action among solutions of (*). By a result of COLEMAN,
GLAZER & MARTIN [29] the solution of (*) obtained by the constrained minimiza-
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tion method of Section 3 has the important property of minimizing the action
among all solutions of (*). The proof of this fact which we present now relies
essentially on the Pohozaev identity (2.1). Therefore it is crucial, from this view-
point, to know that any solution of (*) satisfies this identity (cf. Proposition 1
above).

‘Theorem 3. Let u denote the solution of (*) obtained in Theorem 2. Then for
any solution v of (*) one has
0< S = S).
Let us recall again that by any solution v of (*) we mean a solution correspond-

ing to the truncated g, that is g (see above). We follow the argument of [29].
Let u be the solution of (3.1) obtained in Theorem 2, so that

V() =1 and T(z) = min {T(w); we& H'R"), V(w) = 1}.

Then, as we have seen, there exists § > 0 such that —Au = 6g(ir) in RV, and
u is defined by u = %‘ By (2.1), one has

2N
2.1 Tu) = V(u)
The scale change relations yield

T(u) = 0 T(u), V(u) = 02 V() = 6N2.
Hence from (2.1) we derive
N—-2

b=—x%

T@w).

1
By Corollary 2, the action for a solution of (*) has the expression S(u) = — T ).
Thus,

1 (N — 222
@5 s =y (Hy) @

Now, Jlet v denote another solution of (*), so by (2.1)
2N
T@) = —— V(v)

Let ¢>0 be such that ¥(v,) =1, thatis o = V()" "™, or using (2.1),

N — 2\~
g = (T) [T(U)]—(”N).

Let us express S(v) in terms of T(v,). We know (Corollary 2) that S(v) = T(v)/N.
On the other hand, T(v,) = ¢ 2 T(v), so using the preceding expression of o,
_ 2)—(N—2)IN

N
T(v,) = (W [T@P™.
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Hence

1
4.6 SO) =70 =5 (57 [T,

1 (N —2\W-2n
v ()

Since u solves the minimization problem (3.1) and V(v,) = 1, we have T(v,)
= T(u). Using this inequality together with (4.5) and (4.6) yields S(¥) = S(u).

5. The ‘“Zero Mass’’ Case

As we have seen in Section 2, the situation where g’(0) = 0 is a limiting case
from the viewpoint of existence results. Indeed, we have seen that when g’(0) > 0
there are no solutions of (*) while when g’(0) << 0, Theorem 1 applies. We call
the case g'(0) = 0, the ‘‘zero mass” case. This situation arises in certain problems
related to the Yang-Mills equations; see e.g. [35, 36]). In this section, we prove an
existence result which is more general than Theorem 1, as it also includes situations
where g'(0) = 0. We believe this result to be a nearly optimal one,

We assume here that g:R+--R is continuous and satisfies:

N+2
(5.1) g0)=0 and lim i) <0, where /= N—“—_%
(5.2) There exists ¢ > 0 such that G({) > 0.
(5.3) Let o =inf{{>0; G)>0}. If g(s) >0 for all s>, then
y g(S)
im
s+ o0 S

Theorem 4. Under hypotheses (5.1)—(5.3) there exists a positive, spherically
symmetric, and decreasing (with r) solution u of the equation

—Au = g(u) in RN

such that u€ 2"*(RN). Furthermore, u is a classical solution (i.e. uc C*(RV)).

Proof. As in Section 3, we modify the function g by letting g(s) = g(s » o)
if there exists s, > o such that g(s,) = 0. We again denote by g the truncated
function g. The proof of Theorem 4 rests on the same constrained minimization
method as in Section 3. Consider the problem

(5.4) minimize {T(w); we 2"*R"), |Gw)| € L'RY), V(w) = 1}
where again

Tw) = [|Vw|]*dx, V(W)= [ G(w) dx.
N BN

For the definition of 2" the reader is referred to [44]; 9"*(R") is just the Hilbert
space obtained by taking the completion of 2(R") for the norm | w|| 12 = VT(w).
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(Equivalently, using Sobolev’s embedding theorem, 2*(R") is the space of func-
tions in IZ*'(R™) such that Vuc (LA@RM)V).

The proof will be divided into the following steps:
5a. Existence of a solution to the minimization problem (5.4).

5b. Existence of a Lagrange multiplier 6 > 0.
5c¢. Regularity of the solution of (¥*).

5a. Existence of a solution to the minimization problem. By taking the same wy
as in Step 1 of the Proof of Theorem 2, we see that the set

A={wePHRY); |GW)|cL'@®"), V(w) =1}
is not empty. Let (u,) be a minimizing sequence for (5.4), i.e. #,€ 4 and
T(u,) | I = inf {T(w); w€ A} as n 1 4 oo.

We may always assume, as in Step 2 of the Proof of Theorem 2, that u, is non-
negative, sperhically symmetric and nonincreasing. (Indeed if («,) is a minimizing
sequence, then so is (), where ©* is the Schwarz symmetrization of u,; note that
there is no difficulty in defining the Schwarz symmetrization on 2% R"); see
Appendix A3).

Thus ||u,,||91,2(RN) and hence | u,| 2@ remain bounded.

After truncation of G, from (5.3) it follows that
(5.3 bis) g = C+ s, seR;
hence for any finite R, there exists a constant C(R) such that

(5.5) [ 16| dx < C®).
Br

Furthermore, |u,(r)| < p(r), where 3(r) is independent of » and r—ljﬁmoo p(r)=0.
(Indeed by the Radial Lemma A III of the Appendix,

Iun(r)l =Cr77,

where « > 0 depends only on N and C depends only on [|Vu,,1[L2(RN), which is
bounded). Using (5.5) and V(u,) = 1, we see that, for any R > 0 fixed, there
exists a constant C(R) such that

(5.6) [ G)dx= —C(R).

RN_-Bp

Put gt = max (g, 0) g~ = (—g)t, so that g =g" — ¢~ and g, g~ = 0. Also,
set

z

i) = [ g7 ds, @@=jy@m

0

From (5.6) we deduce that
6N)) [ Gu,) dx = C(R) + [ Gi(u,)dx.

RN—Bp RN_Bg



334 H. BEReSTYCKI & P.-L. LIONS

We know that 0 < u,(r) = B(R) for r = R,n¢ N, where f(R) > 0as R— + oo.
By (5.1), for R large enough, there exists a constant &(R) >0 such that

0= Gy(u(r) = e(® |u )™, r=R,  neN.
Futhermore (by (5.1)) we can suppose &R)— 0 as R— + oco. Hence

(5.8) [ 1Gw) dx=e(B) [ |u,|"" dx= CiR).

RN-Bg RN-Bg

This together with (5.5) shows that |G,(u,)| is bounded in L'(R").

We can extract a subsequence of (#,), again denoted by (u,), such that u, — u
weakly in 2"} R") and u, —u almost everywhere in R". Note that « is non-
negative, radial and nonincreasing. Now, for any R, since u, is bounded in H'(Bg)
we have

[ G\(u,) dx— [Gy(u)dx as n— + oo,
Br Br

using (5.3 bis). Since by (5.8),
f |G(u,)| dx—0 as R— -+ oo,

RN_Bg

uniformly with respect to #, we then derive that

fGl(u,,) dx — fGl(u) dx.
RV RV

From V(u,) = 1, thatis
f Gl(un) dx =1 + fG2(un) dx;
N N
it follows (using Fatou’s Lemma) that G,(u), G,(u)€ L'(RY) and
fGl(u) dx = 1+ [ Gy(u)dx,
RN RN
that is V(x) = 1. On the other hand, we know that 7T(u) = Egrnw T(w,)=1.

Thus we conclude as in the Proof of Theorem 2 that V(u) =1, i.e. u€ 4 and
T(u) = I. Hence u is a solution of the minimization problem (5.4).

5b. Existence of a Lagrange multiplier 0 > 0. We now prove that there exists
6 %= 0 such that —Au = Og(u) in BY, Observe that u<c H'(C,) on any region
C,={xeR", e < |x| <1/} for 0<e< 1.

Denoting by 2!? the space of radial functions in 2", we remark that u is also
a solution of the minimization problem

minimize {T(w); w€ 214, w = u in RY — C,, V(w) = 1}

This is a classical problem in the calculus of variations, as T and ¥ are C*!
functionals on H(C,). Therefore there exists a constant 8 such that —Adu = 6g(u)
in the sense of 2°(C,), for all ¢ > 0. That is, —Au = Og(u) in 2'(R" — {0}).
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To see that this equation is also satisfied at the origin, we use a result of [21]
about the singularities of solutions of semi-linear elliptic problems. Indeed, if’
uc HY(B,) satisfies

—Au = Og(u) in D'(B; — {0}

and g verifies condition (5.3 bis), then the equation also holds at the origin:
—Au = Og(u) is satisfied in 2'(RY).

The possibility 6 = 0 is ruled out by V(u) = 1. We can eliminate the case
6 << 0 too, by using the same argument as in Section 3. Indeed, if we& P(R").
is such that f gw)wdx >0, then for 6§ <0 and &£>0 small enough the

RN

function v =wu 4 ew would satisfy V(@) > V(@) =1 and T(@)< T(u).
But as we have seen by a simple scale change argument this is impossible. Hence-
uc RN N HL(RY) satisfies —Au = 0g(u) in RY, with 6> 0.

5c. Regularity of the solution of (*). Using a scale change, we find that Uy

which we again denote by u in this section, is a positive, spherically symmetric,.
and non-increasing solution of (*). Write (*) as

—Au = gq(x) u in R",

where g(x) = g(u(x))/u(x). By (5.3 bis), g€ LNXRY). Since uc HL.(RM),
we find from a result of Brézis & Kato [19] that u€ LE(RY) for 1 < p < oco.
A standard bootstrap argument then shows that uz ¢ C*(R") as before.

6. The Case of Dimension N=1
(Necessary and Sufficient Conditions)

In this section we will show, with very few restrictions, that there exists a
necessary and sufficient condition for the solvability of problems like (¥) in one
variable. In this case, furthermore, the solution of (*) is unique when it exists.
The proofs rely on simple arguments adapted from H. Berestycki & P. L. Lions.
[11].

Let fe C(R,R) be a locally Lipschitz continuous function with f(0) = 0.

Let F(z) = [ f(s)ds. Consider the problem
0

—u" =f(u), wucCXR),
(6.1)

linI:’I u(x) =0, wu(xy) >0 for some x, € R.
Theorem 5. A necessary and sufficient condition for the existence of a solution
u of problem (6.1) is that
Lo = inf{{ > 0; F({) = 0} exists,

6.2
62 £o >0, f({o) >0.
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Furthermore, if (6.2) is satisfied, then (6.1) has a unique solution up to translations

of the origin, and this solution satisfies (after a suitable translation of the origin):
(i) u(x) = u(—x), x€ R (“u is radial™),

@) u(x) >0, xeR,

(iit) u(0) = o,

(iv) u'(x) <0, x> 0.

Remark 6.1. Under the assumptions of Theorem 5, the solution u of (6.1) can
be obtained as the solution of the initial value problem
—u" = f(u) in R,
u(0) = Z,, u'(0) = 0.

The other solutions are obtained by translations; v(x) = u(x + C), C€ R being
a constant.

(6.3)

Remark 6.2. Observe that condition (6.2) implies that

i) There exists £ >0 such that F() > 0.

ii) If fis differentiable at 0, then f’(0) =< 0. We thus have the same type of
assumptions that were made for the case N = 3. However, in dimension 1 (as
is well known) no growth restriction needs to be imposed on f.

f(s)

Remark 6.3. If one assumes in addition to (6.2) that lin(} ~ < —m<0,
then u, u’, ¥’ have exponential decay at infinity: There exist C, 4 > 0 such that

0 =< ux), |’ [0/ < Ce ™, xeR

(see Section 4 above).

Proof of Theorem 5. (a) Condition (6.2) is sufficient. Let u denote the solution
of (6.3). This solution exists and is unique on a certain maximal interval (—X, X).
Multiplying the equation by u’ yields

6.4) - —%— u'(x)* = Fu(x)), |x]<X.

Now observe that:

(i) w(—x) = u(x), |x| <%,

(i) u(x) > 0, |x| < X. Indeed, if not, there exists x, with u(x,) = 0. But
then by (6.4), u'(x,) = 0, and by the uniqueness of solutions of the initial value
problem, w = 0, which is impossible.

(ii) #'(x) << 0, 0 << x < X. Indeed, since #'(0) = 0 and «"(0) = —f(&,) < 0,
it is clear that u’(x) << O is negative for small x > 0. Now, suppose there exists
Xo >0 such that u'(xy) =0 and 0 <C u(x,) << {,. This implies by (6.4) that
F(u(x,)) = 0, which is impossible by the very definition of {,. Hence u’(x) < 0,
x << X.
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From (ii) and (iii) above we derive that  is bounded: 0 < u(x) < ¢, for
x > 0. Applying a standard continuation argument we then show that u is defined
on all of R:Xx = + oo,

(iv) XEIJPOO u(x) = 0. Indeed, let L = 1&1‘1 } u(x); thus 0 < L < {,. From

(6.4) we see that — 3 (w'(x))? — F(L) as x—> -+ oo, which obviously implies
F(L)=0 and L =0.

(v) The solution of (6.1) is unique up to translations. Let v be another solution.
By translating the point where v reaches its maximum to the origin, we can assume
that ¢'(0) = 0. By uniqueness of the initial value problem v must be symmetric
(v(—x) = v(x)). Multiplying (6.1) by v" yields

— —;— v'(x)? = Flu(x)) — F(v(0)), x€R.

Thus, 4 v'(x)?—> F(v(0)) as x— oo, implying F(v(0)) =0. Suppose
v(0) > £,. Then there exists x, such that »(x) >, for 0= x < x,, and
v(xo) = Co. Since v also satisfies (6.4) we have u'(x,) = 0. But then, v"'(x,) =
—f(Co) < 0, contradicting v(x) > {, for x << x,. Hence, it must be the case
that (0) = {,, which means that v is a solution of (6.3). Thus » = 1 by unique-
ness of this problem.

(b) Condition (6.2) is necessary. Suppose (6.2) is violated and that there exists
a solution v of (6.1) such that »(0) > 0 and »'(0) = 0 (indeed, v is even modulo
a translation). By the same argument as above, F(v(0)) = 0. Hence {, << 4 oo
(i.e. ¢, exists). Hence (6.2) can only fail to be satisfied in two ways:

(i) Case 1. {, > 0 but f(Z,) = 0. Then v(0) = {,, and then exists x, =0
such that o(xo) = {,. Then also v'(x,) =0 and v"'(xy) = —f({o) = 0. If
f(o) = 0, then the conditions v(x,) = Ly, v'(xe) = v''(x0) = 0 imply v={,,
which is impossible. On the other hand if f({,) << 0, then since whenever »(xg)
= (o one also has v'(xq) =0 and v"(x,) >0, v can never go below (g,
which is impossible too. Hence, this case is ruled out.

(ii) Case 2. §o = 0. Let v(0) = {; > 0. Then F({,) =0 and f({y) >0 (f
not, as we have seen in Case 1, » could not go below ;). There exists £,, 0 <
£, < £y, such that F({,) = 0. Again, f(£;) > 0. But there exists x > 0 such
that o(x) =, and v(x) > ¢, for any x, 0<<x< % Then v'(X) =0 and
v"”(X) = —f({,) < 0, which is a contradiction.

Remark 6.4. The sharp difference between the case N = 1 and the dimensions
N = 3 should be stressed. Indeed, for the case N = 1, when there is existence
for problem (*), one also has uniqueness. On the other hand for dimensions
N = 3, roughly speaking, when there is existence, then, in the odd case, there
also exist ifinitely many distinct solutions. The optimal conditions for the existence
of a ground state in dimension N = 2 are not entirely clear for the moment
(partial results are however available for dimension 2 in [9], [15], [31]).
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In a general manner, the results concerning existence for (*), strongly depend
on
1) the dimension », and

2) the function spaces where solutions are being sought. This shows that one has
to be quite careful in defining with precision the function spaces or the variational
problems used to solve (*). One also has to be careful in approaching (*) via the
ordinary differential equation (9), since solvability depends on N.

Appendix

A.I. A compactness lemma of Strauss. We recall here a compactness result
(used in section 3) due to STRAUSS [55], and present a very simple proof of it.

Theorem A.X. Let P and Q:R — R be two continuous functions satisfying

P
(I.1) %90 as |s| > + oco.
Let (u,) be a sequence of measurable functions: RN —R such that
(L2) sup [ [Q(u,(x))| dx < + oo
RN
and
1.3) P(u,(x)) > v(x) a.e. in RY, as n— + oco.

Then for any bounded Borel set B one has

[1Pu(x)) — v(x)| dx—>0 as n—> + oc.
B

If one further assumes that

P(s)

1.4 — >0 as s—>0,

a4 o6)

and

(L.5) U (x)— 0 as | x| — 4 oo, uniformly with respect to n,

then P(u,) converges to v in L'Y(R™) as n— + oo.

Example. Suppose (w,) is a sequence of functions RY — R which is included
in a bounded set of LP(RM) N LYRY), 1 < p < g< + co. Suppose further-
more that w, converges to some w a.e. in R", and that w, as well as w satisfies
(I.5). Then w, converges strongly to w in L'(R") for any r¢ (p, ). Indeed, we
remark that by Fatou’s Lemma, we L?(RY) N\ L(RY), and apply Theorem A.L
with

Py =1s[, Q@) =I[sP"+ sl uy=w,—w.
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Proof of Theorem A.I. (1) To prove the first part of the theorem, we need to
show that P(u,) is uniformly integrable on B. But by condition (I.1), there exists
C > 0 such that

|P(u))] = C+ C|Qw, ()|, xRN,
Thus P(u,) and v (by Fatou’s lemma) are in L1(B). Next, we see that

P(u,(x)) dx < f [ P(u,(x))| dx,
BAIP ) 2K) (e () SEWNB

for some function ¢ such that @(K)— + oo as K— 4 oo,
Applying condition (I.1), we then have

| P(un(x))| dx = &(K) Bf |Q@u,(x)) | dx = Ce(K),

{| P, (N 2 KINB

where &(K)— 0 as K-> + oco. This shows the uniform integrability.
(2) Now let ¢ > 0; by conditions (I.4) and (1.5), there exists R, > 0 such
that

|x| = Ry implies | P(u,(x))] = £|Q(u,(x))|, n€EN.
Therefore, by Fatou’s Lemma, »¢€ L'(RY), and

|o(x)] dx < eC.

{Ixl ZRo}

Now, from the first part of the theorem, there exists n, such that for any
n g n09

[ 1P ) — o) dx <e.

{l x| <Rq}

To sum up, we have for n = ny (ny = n(€)),

[ | P(uy(x)) — o(x)| dx < 2eC + e.
BN

A.IL. Some radial lemmas. We prove here some useful radial lemmas concerning
the uniform decay at infinity of certain radial functions. The first one is due again
to STrRAUSS [55].

Radial Lemma A.II. Ler N = 2; every radial function u€ H'(R™) is almost
everywhere equal to a function U(x), continuous for x 40 and such that

(IL1) | U] = Cx [x|4 2 ||ul] Jor | x| Z oy

HYBN)

where Cy and oy depend only on the dimension N.
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Proof. Since the first part is classical, we just indicate the way to show (I1.1).
By a standard density argument, it suffices to consider the case u¢ 2(RY). Let
N—1

2

m = ; we have

d d d 2
7 My = 2 o r™uw) - ru < [Er_ (r"’u)] + (r™u)?.

Now if N = 3, integrating over [0, r], we obtain

[ (du\?
N—1,2 < 2y N-1 N=-2 2
r u(r)zof{(dr) +u}e do + mr™ =2 i),
or

m
(1 - 7) PN 2) Z Co il -

We next prove a radial lemma (in the same spirit as the preceding one) for the
space 2"4RY). Recall that 2'?(RY) denotes the closure of Z(R") for the norm

||<P||91,2(RN) = flV‘Plz dx.
RV

Then (see [44]) by Sobolev’s inequality, 2"2(R") <~ L¥*(RY), for N =3,
with 2* — 2N/(N — 2).

Radial Lemma A.IIl. Let N = 3. Every radial function u in 9"*(RY) is almost
everywhere equal to a function U(x), continuous for x ==0, such that

(11.2) UM = Cy |x]@M2 ”ungl,z(RN)s |x[ =1,

where Cy only depends on N.

Proof. As above, it suffices to consider the case when u¢ 2(RM). Now,
following a device of COoLEMAN, GLAZER and MARTIN [29], we set r = ¢¥ and
define

1
€0) = ur) exp 5 (N = 2}

An elementary calculation then shows that
+ o0

e N — 2y
VUl gy = 18777 : J @'())* dy + f (—7{")—(00’))2 dy}

— o

(|SN¥~!| is the area of the unit sphere in RY). Since for any v€ H'(R) one has

dv
fo(»)| = 2| o)) @‘

lu(r) r¥=DR| < Cy || Vu]

. L’(R)’
we obtain

L2(RN)
and the desired inequality follows at once.
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We next prove an easy lemma, used in the proof of the existence of a ground
state solution.

Radial Lemma A.IV. If ue LP(R™), 1 < p < + oo, is a radial nonincreasing
Sunction (ie. 0 =< u(x) <u(y) if |x| = |y|), then one has

N 1/p
(11.3) lu(x)| < |x|~MF (IS—N;W) fullomyy, x==0.

Proof. For all r> 0, we have (setting » = |x|)

r N
ey Z V'] [ Lel)s" s = | SV ()P ;.

Denote by HL(RY) the subspace of H'(RY) formed by the radial functions.
An important corollary of Lemma A.II is

Theorem A.I'. The injection HXBRY) — LP(RY) is compact, for 2 < p < 2N/
W~ — 2.

Proof. The injection H'(RM) < LP(RY), when 2 < p < 2N/(N — 2), fol-
lows from Sobolev’s Theorem and Hélder’s inequality. Now let (u,) C HX(RY) be
a sequence of radial functions such that [/, ||z, is bounded. From Lemma A. II
we deduce that (u,) has uniform behaviour at infinity with respect to n, i.e.,

lim |u,(x)| =0 uniformly with respect to n. We can extract a subsequence

|x|+c0

(4,,) which converges almost everywhere in R", and weakly in H}(R") to a radial

function u. Applying Theorem A.I above (with the choice P(s) = |s|?, O(s) =
52 4+ |s]?") we then find that u, converges strongly to u in LP(BM).

AIIl. Some results about Schwarz symmetrization. We recall here, without
proofs, the basic properties of Schwarz symmetrization. First, let us recall the
definition of the sperhical rearrangement (or symmetrization) of a function.
Let fe L'(RY); then f*, the Schwarz symmetrized function of f, is a radial,
nonincreasing (in r), measurable function such that for any « > 0,

mi{f* =z of = m{|f| Z o},
where m is the Lebesgue measure. It is obvious that

[F(fydx= [ F(f*)dx
RN RN

for every continuous function F such that F(f) is integrable.
A fundamental property of the mapping f— f* is the following

Riesz Inequality. Let f, g be in L*(R"); then
(L1 [F@) g dx = [f*(0) g*() dx.
RN rNV
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From this inequality, we see that

(111.2) If* — g*lam = 1f — gluem.  f g€ LX®RY).

Another important consequence of the Riesz inequality is the following result,

Let u be in @V*(RN) if N =3 (respectively, in HY(RM) for any N). Then u*
belongs to DVARN) (respectively, to H'(RY)), and we have

(1IL3) fIVur@) 2 dx = [|Vu(x)]? dx.

RN RN

“This result is essentially well known (see [38]), but with stronger regularity re-
-quirements and with a somewhat delicate proof; recently Lies gave a quite simple
and general proof, using only the Riesz inequality and the symmetry property of
the fundamental solution of the heat equation (see [43]). Though the result was
established in the case of H! functions only, the case u€ 2 }(RY) follows easily
from a simple density argument.

A.IV. Some functionals of class C' on H'(R"). We prove here some assertions
about the C* character of certain integral functionals defined on H'(R"). We
believe these are standard results (they are certainly well-known and used in the
case of a bounded domain), but since we would not find any precise reference,
we include the proofs. We start with the bounded domain case.

Theorem A.V. Let 2 be a bounded, regular domain in RN, with N = 3. Let
g€ CR)Y satisfy g(0) =0 and

— [g(9)] . N+2
(V.1) IXIETOOW << -+ oo with l—m

Then the functional
t
V) = [ G(u(x)) dx, where G(t) = [ g(s) ds,
19 d
is well-defined and of class C* on the space H(Q). Moreover one has
(IV.2) V), vy = [glu(x))v(x)dx, u,vc H'(LQ).
2

Theorem A.VI. Let N = 3 and let g be a continuous function on R satisfying
g(0) = 0, condition (1V.1), and

= |g(s)]
(IV.3) 1?83 S < e

Then, the functional V(u) = f G(u(x)) dx is well-defined and of class C! on
rN
the space HY(RY). Moreover
AV2) VW), g = [ () o) dx, u,ve HIEY).
rN
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Remark. The above results remain true (with the same proofs) if g also depends
on x:g = g(x,s), and satisfies the Carathéordory condition. Conditions (IV.1)
to (IV.3) must then, however, be satisfied in a uniform sense with respect to
x€Q or xcRY.

Proof of Theorem A.V. The fact that ¥ is meaningful on H'({2) is immediate.
To show that it is of class C! (see VAINBERG [59]), we only need to show:

(i) For u,vc H'(Q),

%{V(u + ) — V() — tgf g v dx}

—0as r—0,t>0.
(i) If u,— u in H'(Q) (strongly), then

sup
PEH Dol i gys 1

-0 as n— oo,

[ {e(,) — g@}vax

2

Proof of (i). We have

L Vi) — V() —t [ g)vdx
t 2

N’

IA

J

Q

dx.

1
{Glu + 1) — G(u) — 1g(w) v} —

Now, almost everywhere in £2, one has

H_ (Gl + 1) — Gw) — teu) v}

= {sup ot + w)] + sl 1o
1€]0,1]

={C+ Clu + Clel} o]

(here, we use the fact that |g(s)| < C + C|s|' for scR). Thus, letting 4 =
{C+ Clu' + C|v} |v], & lies in L' (2) by the Sobolev imbedding theorem
(H'(Q) = L'*1(Q)). We have next

%{G(u + ) — G(u) — tg() v} -0 ae. x€ L2, as t—~ 0

and
1
T{G(u + 1) — Gu) — tgu) v}| < h, ae. x€ 2, he LL(D).

The conclusion now follows by applying Lebesgue’s dominated convergence
theorem.

Proof of (ii). We also know that u,— u in L'*'(2) (note that [+ 1 = 2%),
Hence by a standard result in integration theory (cf. [18]), there exists z € L ()
such that (taking subsequences, if necessary)

lul, |u,] <u ae in 2, neN.
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Therefore we have

I+1 _
lg(u,) — g)| T < C+ C@*'.

I+1
This shows that g(u,) — g(@) in L7 (L), and in turn

[ {g(u,) — gw)} vdx

2

sup
liell g1y =t

=7 lg(u,,)—g(u)lljl“ldx}"*[" sup | [lof dx}ff“l.

”UHHI(Q)gl 2
This concludes the proof of (ii) and hence of Theorem A.7.
Proof of Theorem A.VI. We follow the proof above.

() For any u,vc H'(RY), one has

—~0as tr—=0, r>0.

‘—I-—{V(u + w) —V(u) — 1t fg(u) v dx}
t RN

We now use the inequality
g(s)] = Cls| + Clsl,  seR
for some positive constant C. With /# now defined by
h={Clu|l + Clo| + Clu|' + C|o[}|v]
we have 4¢€ LY (RY). This enables us to repeat the previous argument.

(ii) We show that

sup l f {g(u,) — gu)} vdx|— 0 as n— + co.

: - N
UGH‘(RN),IILHHl(RN)él IR

Let ¢ > 0; we assert that there exists R, > 0 such that

sup

HI(RN)gl

= e.

[ {g(u,) — g(u)} vdx

|x] 2 Ro

Hell

In view of Theorem A.V and its proof above, we will then be finished). Since
u, —> u in H*(R"), and so also in L'T!(R"), taking subsequences if needed, there
exist u¢€ L'T'@RY), ue L% (RY) such that (cf. [18])

lul, |u,| =u ae in B, |u|,|u,|=u ae. in RV,
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Then, for any R > 0, we have

sup | [ o) — g} odx| < Cliloowan| 90 oligun)
14l 7, gy 1521 R 10l 7, g ¥, 51
2l
il isguznt, 52 _ 1olsicran)-
H\(RM=
Hence,
sup J {gw,) — g} vdx|= Claquzn + C Bl 4 10y 2 oy

v€H1(RN)’“U“H1(RN)§1 Ixl2R 2

Since u¢€ L*(RY) and ue L"'(RY), we derive the existence of R, >0 such
that

sup = e.
HI(RN)

This concludes the proof of Theorem A.VI.

J {e(w,) — g} vdx

|x|2Ro

llell =1
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