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1. Introduction

We define a geometrically natural probability measure on a function space
of k dimensional surfaces in R”. This measure generalizes n dimensional circular
Brownian motion to an arbitrary smoothness class and its domain to a compact
manifold of arbitrary dimension and topological type. Then, with respect to this
measure, we prove several geometric results including the following:

(7.1) Almost every compact, connected, k dimensional C>* submanifold of R"
bounds a unique k + 1 dimensional surface of least area.

(8.9) If n> 2k, almost every C" map of a fixed compact C* Riemannian manifold
of dimension k into R" is an embedding.

Our methods combine geometric measure theory, probability theory, partial
differential equations, and pseudo-differential operators.

1.1. The measure. There is a unique (up to scaling) measure on the space of
continuous real-valued functions on [0, o) which vanish at 0 such that
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(1) behavior on disjoint intervals is equivalent and independent,

(2) increasing and decreasing are equally likely.

That measure is the celebrated Brownian motion [22, pp. 97, 420]. We will be inter-
ested in the version of Brownian motion defined on the space

C(S', R")

of continuous functions from the circle into R*. Like Brownian motion on the
line, this measure can be defined by considering a set of random Fourier series

€)) Xo+ Y X,m 'cosmt+ Y,m 'sinmt (X, Y,ER"
m=1

under the measure obtained by giving the coefficients X,,, Y,, independent Gaus-
sian distributions of mean zero and variance one. It follows from work of G. HUNT
[25] that

(4) almost surely the series (3) converges uniformly to an o-Héolder continuous func-
tion for 0 < o < .

The resulting probability measure induced on C(S', R"), called » dimensional
Brownian motion on the circle, gives a measure on the space of continuous closed
curves in R". To generalize this measure to k& dimensional C? surfaces, we replace
S! by an arbitrary compact, connected C* Riemannian manifold .# of dimension
k, and we replace sines and cosines by eigenfunctions ¢,, of the Laplacian on .#.
We consider formal series

where the B,, have independent Gaussian distributions of mean zero and variance
one and the weight function

p:Zt— Rt

is chosen large enough to insure that almost every series (5) converges in the C?
norm (as can be accomplished trivially). The induced measure x4 on C%.#, R")
has many nice geometric properties (cf. Theorem 6.2). It is invariant under
rotations of R”, and open sets in the C? norm are measurable and have positive
measure. In particular the subspace & of embeddings has positive measure, and
thus

(6) there is a measure u | _ & on the space of compact, connected C? submanifolds
of R" of dimension k.

The measure ¢ on ¥ could not be translation invariant. Indeed, V. SUDAKOV
([31], presented in [23]) has proved that there is no o-finite measure on an infinite
dimensional, locally convex, Hausdorff linear space under which even the class
of measure zero sets is translation invariant. However, for our measure y, this
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class is invariant under translations by sufficiently smooth functions (Theo-
rem 6.2(2)).

The construction of the measure  works as well on the space C%**(.#, R")
of functions with x-Holder continuous g™ derivatives. The choice of the weight
function 8 determines the smoothness class of the measure’s support quite finely
(cf. (6.6)). In particular, we prove that (Theorem 6.3)

Dif r>@+0)k+1/2, ¢>0, and p(m) = cm’, then almost surely the
series (5) converges in C**(M,R"),

a generalization of HUNT’s result (4) to arbitrary dimension and smoothness
class. This theorem leads naturally to a canonical choice for the weight function
B, given in (6.4), which fits particularly well into the abstract theory of Gaussian
measures as generalized by L. Schwartz (cf. 6.7). Indeed, one outcome of the
present paper is to provide interesting applications of such measures.

Remark. A measure provides a discriminating indicator of small sets. Not
every first category set, for example, has measure zero. Even on the real line
there are open dense sets of arbitrarily small Lebesgue measure (let g,, g, ...
be an enumeration of the rationals and put E =\J (g, — &/2", q,, + €/2™)).
It has been our experience with Theorem 7.1 that to prove a set has measure zero
involves a more uniform version of a much simpler first category argument.

1.2. For almost every boundary there is a unique mass minimizing surface.
Every compact manifold in R" bounds a mass minimizing flat chain modulo
two, that is roughly, a surface (not necessarily orientable) such that no other has
less area. Large families of counterexamples show that such a surface need not
be unique (cf. the introduction to [17]). Nevertheless we prove that, with respect
to the above measure (1.1 (6)), almost every compact, connected C>* manifold
does bound a unigue mass minimizing flat chain modulo two (Theorem 7.1).
This theorem generalizes our earlier result for two dimensional surfaces in R3
[17, Theorem 7.1]. The largest change in the proof involves a lemma (7.2) on
uniqueness for the Cauchy problem for a second order elliptic system of partial
differential inequalities with merely C* coefficients. This lemma, when applied
to the minimal surface system, implies that two unoriented mass minimizing sur-
faces with the same manifold as boundary, which are tangent C? manifolds with
boundary in some open subset of the boundary, are identical.

1.3. Transversality and immersions almost everywhere. We shall prove some
generic geometric properties of the space ¥ = C9%.#,R"). The most basic
arguments of geometric measure theory about dimension and product integration
yield our first type of result:

82 If n=2k (k=dim .#) and q =2, then almost every BC % is an im-
mersion.

Combining our methods with Sard’s theorem proves, in the terminology of 8.1,
the next result:

(8.7 If a> 2k. then almost everv immersion. intersects itself transversallv.
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The result (8.9) quoted at the outset of the paper follows as an immediate corollary
of these two.

The author would like to thank the many friends on whose help he has so
heavily relied, including R. DubpLEY, P. GILKEY, V. GUILLEMIN, R. MELROSE,
J. SanTOs FiLHO, P. SEELEY, and M. TAyLoR. This work has been partially sup-
ported by the National Science Foundation under Grant MCS-7621044 and
graduate support.

2. Function spaces

We define the two spaces of functions fundamental to our work, the Holder
spaces C%* and the space LZ of Bessel potentials, and state the Sobolev Embed-
ding Theorem 2.4 which relates them. SEELEY’S article [10] provides a good intro-
duction to the topics of Chapters 2 and 3.

2.1. Holder spaces. A multiindex « is a k-tuple (x4, ..., &) of nonnegative
integers. Put |x| = Zu;, and define the differential operator on R,

. L0\ AN
o ()"

Let # be a C* Riemannian manifold and denote the distance from y to z by
|y —z|. Let ¥ be R” or C", and let g€ Z+, 0 < y < 1. We denote by

C¥N(AM, V),

the vectorspace of functions f:.# — V with y-Holder continuous derivatives
of order g; i.e., functions f for which there is a constant C such that, for all multi-
indices « with |x| = ¢ and for all y,z€ #, we have

|D*(y) — Df(z)| < Cy — 2.

The least such C is called the Hoélder constant. We sometimes omit reference
toyif y=0 orto Vif n=1. A subscript C indicates compact support. C%*"
becomes a Banach space under the norm

[ fllca» = sup {Holder constant of |D*f(M)||: || =g, y€ 4#}.

Put C* = N\ C% Then C*is dense in C% but not in C** for y > 0, although
g€zt

the closure of C* in C?%" contains C* for r+pf>qg+y. C*¥ Oy <1)

is not locally compact, but closed balls in C%" are compact under the C™* norm

if g+y>r+0.

2.2. Tempered distributions. Let &(R¥) denote the set of fc C*(RK, C)
such that for all multiindices «, m¢€ Z+, the function |x|™ |D%{(x)| is bounded.
The neighborhoods of zero in & are generated by the sets

{fe &: |x|" | D*f(x)| < &}
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The Fourier transform f+> f given by

f© = @)™ [ fx) e dx

maps & onto &. We denote by &’ the space of bounded linear functionals:
& — C, called tempered distributions. If g is a measurable function and

S+ |xD™ [gx)| dx < oo

for some m¢ Z, then we have a corresponding linear functional g in &’ given
by
&N =[re

we identify g and g. The notions of differentiation, Fourier transform, etc., along
with their usual properties, extend to the space &’. For example, if g€ &, one
defines

i =glf) for fe.

The Fourier transform maps &’ onto <.

2.3. Spaces of Bessel potentials. We follow CALDERON’S early treatment of
the spaces L2 of Bessel potentials [2], corresponding to the development of Sobo-
lev spaces in ApAMS [1] or STEIN [11, Chapter V].

For uc R, given f€ &', one defines its Bessel potential of order u J’fc &’
by

() = (1 4 4a? [ED 1.
For 1< p<<oo we define the space of Bessel potentials
LI(RY)
as the image of L?(R*) under J*, with associated norm
Iflze = 17~ Nzz-

(1) The spaces L are complete and isometric with L?. If v << v then LE D L?,
and for fe L} we have |f|»=|fl,,. If u€Z* then feLj if and only if

f has distribution derivatives of orders = u in L?, and there is a constant C,,
such that

@ Cout Wllp= 2 107 ler = Cou Iflp-

¥l <u

For u€ R, the usual duality between L? and L? (where 1/q + 1/p = 1) generali-
zes to LP and L7 ,, with

(&) el = 0z lglpe -

2.4. A Sobolev Embedding Theorem. The following results hold [cf. 2, Theo-
rems 6, 5 (e)l.
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(1) Suppose u=rv and

Then
L C LS
and the inclusion map is continuous.

(2) Suppose q is a nonnegative integer and

g+1>u—kip>q.
Then
Lf C Ccav—a—kip

and the inclusion map is continuous.

3. Pseudo-differential operators

We introduce a space of pseudo-differential operators, and in particular treat
negative and fractional powers of a modified Laplacian on a compact manifold,
including various estimates on its eigenfunctions and eigenvalues.

The differential operator on R*

P . a % . a ak Coo Rk)
_-p(x) (—la—x—i') e (—la;fc) 3 JAS (
satisfies, for any f€ C¥(R¥) with Fourier transform f;
Pf(x) = (2m)~* { e p(x) E51 ... Ek f(8) dE.
R

Conversely, given any symbol a(x, &) € C*(R*XR¥) (e.g. p(x) &' ... £%), we
can define an operator Op(a) such that, for any f& C-(R),

Op(a) f(x) = (2n)-’<R{ ¢ a(x, &) fi&) dt.

We define pseudo-differential operators as convergent sums of operators arising
from symbols which are nearly homogeneous in £ and often of fractional and
negative degree. Thus the class of differential operators is enlarged to include
fractional integration. Some authors study larger classes of operators arising
from more general symbols. We have chosen the simplest definition consistent
with our needs.

3.1. Definition. A pseudo-differential operator (or Calderon-Zygmund operator)
in R* of order m€ R is an operator
"A: CE(RY) — C¥(R)
for which there exists a sequence

Qs Qpy_1s .. € CO(R*X R
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satisfying .
aj(x7 tf) = t]aj(x9 5)’ 12 1, IEI 2 13
and such that, for each /€ R, J€ Z, we have

J
M l4f — ;}Op(am-j)f”LI = Clflzz,

m+J+1 T

for some constant C and for all f¢ CZ(R¥). We require that these a; have
supports in x within a single compact set. The following lemma gives an example
of an L? type estimate sometimes included in the definition of a pseudo-diffe-
rential operator.

3.2. Lemma. Let A be a pseudo-differential operator of order mcR. Then
given q = 2 and a compact set K, there is a constant C such that for all fc C™(R)
with support in K,

| 4flee < Clla.

Proof. Let & ¢ C™(R") be such that
O =0 if [£|=1,
0@ =1 if |g[=2.

Choose an integer J such that

J 1>k( 2)
+ :2 —q .
We will view 4 as a sum

J J
M A= 3,00(0a,-) + (4 — 3 05(a, ) + 0p6)

J
where b = 2(1 —60)a,_;¢ C(R*XR") has compact support in both

variables. By a result of SEELEY [8, Theorem 1], there are constants C; such that
for all fe CF(RY),

) 10P(@a,-)fla , = C Iflea ;= G IS,

Also, for all f€ C®(R*) with support in K, we obtain with the help of Theo-
rem 2.4

J
® HAf— 3 0p (@,

J
celo—Somrrlsos
=Mz g2y (0 310)

2 q

=Z C"|Ifll2 (by choice of J)
=C"|flea.
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Finally, for all f& C*(R*) with support in K,
10p®)fle, = 3> Di2m) 7% [ é*b(x, £)f(&) &l (by 2.3(2)

lol<—m+1
a=0

< K, sup |[ D3 b(x, &) f(6) |,
where the supremum is over |x|< —m+1 or a =0, x¢ R*. Hence by
Holder’s inequality
Q) 10p (&) e, = Ky [sup | D2(e™* b(x, &)|l22] Iz
=K | fliea-

Combining the above results proves the lemma.

3.3. Pseundo-differential operators on manifolds. Let .# be a compact C*
manifold of dimension k. By a local coordinate neighborhood we mean an open
subset of .# identified with an open subset of R* by means of a C* bijection with
a C* inverse. We say that A: C®(#)— C™(#) ia pseudo-differential operator
of order m on .4 if for every local coordinate neighborhood U and for every
pair of C* functions ¢, ® supported in U

f>oA@f), f€CI(RY,

is a pseudo-differential operator of order m on R*.

3.4. The Laplacian. Let .# be a compact, connected C* Riemannian manifold
of dimension k. We denote by A the Laplace-Beltrami operator on .#, which in
2

0
normal coordinates at a point is simply D, . P is the operator of projection
. 0x;
onto the space of constants; that is :

o= i)

P — A is a normal, second order, elliptic differential operator with positive eigen-
values 4, =1, 0 << A, <13 < ... corresponding to C* eigenfunctions ¢, (con-
stant), ¢,, $3, ..., which form an orthonormal basis for L?>(.#). By a result of
HORMANDER [4, Theorem 1.1], the function
e(x’ s }‘) = Z ¢i(x) ¢x(y)
A=
satisfies (for some constant C,)

M e(x, x, &) = C A2 - o¥—172),
uniformly in x. Integrating over .# yields

T 1= G2 4+ 0(%=DP),
=1

from which one obtains positive constants ¢3, C; such that

) ey < 2, < Cym¥F,
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Now by (1) and (2), there is a constant C, such that

M
Zl “d)m “%‘0 é C4M:

so that for 6 > ),

©) ; [ bmlEe m™' 7% < oco.

Using a technique of SEELEY [7] we can define (P — A) for negative s as a
pseudo-differential operator of order 2s, via the formula

i
s __ s _ -1
) A —2npfl(A A-tda,

where 1 is a complex variable and I'is the curve beginning at — oo, passing along
the real axis to a small circle about the origin, then clockwise about the circle, and
back to — oo along the real axis. Note that

&) (P — 4Y b = 4rp.

4. Approximation

We prove that equicontinuous families of functions on the manifold .# can
be uniformly approximated by linear combinations of a finite set of eigenfunctions
of the Laplacian (Theorem 4.4). In applications this result reduces measure
theoretic problems to the manageable finite dimensional case (cf. [17, 1.3]). The
proof requires some estimates on norms of the eigenfunctions (Lemma 4.1),
which later play a vital role in the construction of measures on function spaces
(Chapter 6).

In what follows .# is a compact, connected C* Riemannian manifold of
dimension k. As in (3.4), P — A has eigenvalues 4, =1, 0<4, <4, =< ...
and corresponding eigenfunctions ¢y, ¢, ... . Let {U,, 1 < i < L} be a covering
of .4 by local coordinate neighborhoods identified with disjoint open subsets
of R*. Let {y;: # —[0,1]} be a C* partition of unity subordinate to {U;}.
We identify a function f on .# with the function Xy; f on R*. Notice that, given
g, &, there is a constant C such that for all f
M C I ity = Wl gy = C A1

CHHRKY"

4.1. Lemma. Given u¢c R, p€ (1,00), g a non-negative integer, 0 < o« < 1,
and &> 0, there are constants C, C, such that for all 6> 0,

¢)) (| b ”L{"(Rk) = Clmulk | $mlico,

and hence X | ¢,|2,m™17°"2* < oo, Moreover
u

@ Iomllcaccn = Cm U+ ¢, | co.
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Proof. By taking a smaller ¢ if necessary we can assume that 0 <<« << 1.
Now for some constant C;, we have by (3.4(4)), (3.3), and (3.2),

12 bl e = (P — A) 7 bl (by 3.4(5))

L
= Z Zj(P -‘A)_u/2 2i®m

i,j=1

L
=yo 2 | 2:%mllzo
174 =1

u

L
< Cf X xmllcomey (for some constant C7)
i=1

= CL [ $ullcoen-
Therefore by (3.4(2))

I€nllze < LCYA? || $plicom < Cum™ || blico,

for some constant C,. The second inequality follows from (3.4(3)), proving (1).
Furthermore, if p > k/e, the Sobolev Embedding Theorem 2.4 shows that there
is a constant C, such that

I dmllcasmty = Com@ || ¢y co.

Hence by 4(1), (2) holds for some constant C,.

4.2, Lemma. For any B¢ L*(M), put
an = [ B(t) $n(t) dt,
M

so that in the L* norm
6)) Za,,bn — B.
Given ¢ > 0 and nonnegative integers u,r < u — k, there is a positive integer N

such that

= & Bllcx.
C

N
HB - Z ¢m r
m=1
for all Be C*.

Proof. Choose 6 > 0 such that r <u — k — ok.
|@m| < [ | B(t) $u(t)| dt
H

= C; [|B(t) $u(t)|dt  (for some constant Cs)
rEk

= G Bl 2l éml2 (by 2.3(3))

= CyllBllcucay | dmllco m™*
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for some constant C,, where we have used (2.3(2)), (4.1(1)), and (4(1)). Conse-
quently, by (4.1(2)), there is a constant Cs such that

| bl creary = Cs || Blicuesy || $mllzo m—m™*
< Cs || Bllcu l|mlleco m™' 2.
Hence by (3.4(3)), (1) holds in the C”" norm. If we choose N so large that

Cs X I$mlzem™17% < ¢, then
Nt1

(e8]

N+1

<<
cr

= ¢ Bllcu-
CT

N
1

4.3. Lemma. Let H be a set of equicontinuous functions: .# — R" and suppose
uc Z+*. Given v >0, we can find a constant C with the property that, for any

h€ H, there exists an element h¢ C™(#, R") such that
- 1 -
1t —hlico<—=n and |h]cs = Clhllco.
We omit the proof, a standard regularization argument.

4.4. Approximation Theorem. Let H be a set of equicontinuous functions:
M — R". Then given 1> 0 we can find a positive integer N with the property

that, for any he€ H, there exist constants ay, ay, ..., ay€ R* such that
N
“h - Z amd’m = 7 max {”h”C"a 1}'
m=1 Co

This result follows easily from (4.2) and (4.3).

5. Geometric preliminaries

After presenting the most basic concepts of geometric measure theory, namely
measures and rectifiable sets, we introduce the concept of mass minimizing
surfaces. In general we follow the notation of FEDERER’s treatise [14] and our
previous paper [17].

5.1. Measures [24; Sections 7, 10, 11], [14; 2.1.2, 2.2.1, 2.2.3]. A Borel measure
on a topological space X is a countably additive function

¢: {Borel subsets} — [0, oo].

Associated to ¢ there is a countably subadditive outer measure defined on all
subsets of X, called Borel regular measure. Examples of Borel regular measures
on R" are Lebesgue measure ¥ and, for any nonnegative real number m, m dimen-
sional Hausdorff measure #™ [14; 2.10.2]. The Hausdor[f dimension of a nonempty



346 F. MORGAN

subset E of R” is given by
inf {m = 0: #™(E) = 0}.
A measure ¢ is called a probability measure if $(X) = 1.
5.2. Rectifiable sets [14; 3.2.14]. Let EC R" and m€ Z+. Then E is #™

rectifiable if #™(E) < oo and if 2#™ almost all of E can be covered by countably
many images of bounded subsets of R™ under C%!' maps.

5.3. Lemma. Let W be an #™ rectifiable measurable subset of R" ~ R" "X R’,
with m=v. If #"(W)=0, then for £" almost all z€ R* we have
Hm{te R (t,2)€ W}=0.

Proof. This is a special case of [14; 3.2.22(3)] with u=v», Z=R’, f a
projection, and g = 1.

5.4. Jacobians [14; 3.2.1]. Suppose # is a k dimensional C* Riemannian
manifold and f€ C'(#, R"). For a€ .# we introduce the mappings
Df(a): T,.# — R",
A DRa): A T, M — A R",
‘where T, and A; have the meanings of [14]. Put
T f(@ = | 4Df@)].
Then the area formula [14; 3.2.22] holds:

4y J[ Jief(x) do#(x) = [ card (f 7'(»)) do#*(9).

5.5. Mass minimizing surfaces [14; 4.1.24, 4.2.26]. In R" we introduce the
space I, (R") of oriented k£ 4 1 dimensional surfaces, called integral currents,
and the corresponding space IZ,,(R") of unoriented surfaces, called flat chains
modulo two. There is a continuous boundary operator

0: Ly~ I,
o0: R, > I2
and a lower semicontinuous mass function
M: I~ [0,00),
M: I} {— [0,00)

which gives the area or volume of the surfaces counting multiplicities [14; 4.1.7].
Associated with any surface S¢€ I, (or I, ) there is the set spt S C R". The
surface  S¢ I ((B2,,) is mass minimizing if, whenever S’¢ I, (J2,,) and
68’ = oS, we have

M(S) = M(S).
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If B€ I(I) and (0B = 0, then there is a mass minimizing surface S€ I, (I )
with 8 = B. If a portion of spt S is a C? manifold viewed as the graph of a
C? function

u: U— R"%,

where U is a domain in R, then u satisfies the minimal surface system [19, Theo-
rem 2.2]
k s
¢)) 2 Gluy =0,
ij=1
where subscripts on u denote partial differentiation, g; = 6; + u; -, and GY
is the corresponding matrix of cofactors.

5.6. Interior regularity [15], [13], [6, Theorem 6.7.6]. If S is a mass mini-
mizing surface in R", then spt S — spt &S is an analytic manifold except for a
set E where

(1) if Se¢ IZ,,, then Hausdorff dimension E<k — 1,
(2) if S€ Iy, then #*(E) =0, and
(3) if Se1,_,, then Hausdorff dimension E < n — 8.

5.7. Boundary Regularity Theorem. Suppose that

(1) Se I, (or I2,)) is mass minimizing,
(2) 0S corresponds to a C** manifold # with g =2, 0<x <1, and
(3) spt S is a C* manifold with boundary at a point b€ 4.

Then spt S is a C** manifold with boundary at b.

Proof. Locally we may view the mass minimizing surface as the graph of a
function u satisfying the minimal surface system (5.5(1)) at interior points. In
particular each component of u solves an associated linear Dirichlet problem
which arises by viewing the G” as given C%*functions. We infer from the estimates
of Schauder [5, Chapter 3, Theorems 1.1, 1.2] that u is of class C*>*. In turn GY
is of class C»*, and hence u is C>*, etc.

Remark. By a result of ALLARD [12; 5.2, 4], conditions (1) and (2) imply (3)
for certain b€ .#, including all » in a neighborhood of the point of ./ farthest
from the origin (cf. [17, 6.2}).

6. Measures on spaces of surfaces

We give a very simple construction of a class of probability measures on the
space € of k dimensional surfaces in R", which generalize n dimensional Brownian
motion to an arbitrary smoothness class and its domain to a compact manifold
of arbitrary dimension. The useful properties of these measures include the posi-
tivity of every open set and a product decomposition. More delicate estimates
(Theorem 6.3) select a canonical measure (6.4). which fits varticularlv well into
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the theory of abstract Gaussian measures as generalized by L. SCHWARTZ (6.7).
Finally we present in (6.8) another useful notion of “‘sets of measure zero” due to
J. P. R. CHRISTENSEN.

6.1. Construction of the measure. Let n, k be positive integers. Let .# be a
compact, connected, k dimensional C* Riemannian manifold, let A denote the
Laplacian on ., and let P denote projection onto the space of constants. Let ¢,
(constant), ¢,, ¢3, ... be the eigenfunctions of P — A, normalized with [|$,,][;.= 1,
with corresponding eigenvalues 4, =1, 0 << 4, <A; = ... . Finally, let 0 <
« =1, and let g be a nonnegative integer (which in geometric applications will
be at least 2). We consider as the space of surfaces € the closure of C*in C**(#, R").
% is a separable Banach space since by (4.2) finite rational linear combinations
of the ¢,, are dense. If &« = 0 then ¥ = C?%;, but if &« >0,

C* 24> \J C7.

r+y>qto

Let #" denote Lebesgue measure on R”. Define the Gaussian probability
measure 4" on Borel sets E by

GYE) = (2m)™"* [e 2 dgny,
E
Note that
1)) E(xh) = f x*d¥9"x = n.

We may introduce the product Borel measure 114" on H R” (cf. [24, Chapter 7]).
Choose a weight function

f:Z+— R*
such that, for 179" almost all (B, B,,...)€ IIR",
2) 2B, bm/B(m)

converges in € (or more generally such that the image of the map Y below has
measure one). This can be accomplished easily by taking B(m) = | ¢, llcax m?;
cf. (6.3) and (6.6). Define the continuous linear injection

T:%9— IIR",
Y:B—> (B, By, ...),
where B, = f(m) [ B(t)4,(t)dr. By (1),
V2
II%"(image 1) = 1.

Since Y gives an isomorphism between the Borel g-algebras of € and Y(%¥) [14;
2.2.10], the measure /%" induces a Borel probability measure i« on ¥. The measure
has the following nice properties:

6.2. Theorem. The following results hold:

(1) u is invariant under rotations of R".
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(2) Let fec € and suppose Yf is square summable (such functions are dense
by 4.4). Then the translation of u by f is absolutely continuous with respect to u.
(3) Open sets have positive u measure.

Proof. (1) holds for x4 because it holds for #”. One verifies (2) by applying
KAKUTANI’S criterion for the absolute continuity of infinite product measures
[27]. To prove (3), consider the countable set F of finite rational linear combinations
of the eigenfunctions ¢, of the Laplacian A. If (3) fails, there isan ¢> 0 and a
function ¢ € F such that

@ HfEE:|f — bllcan < g} =0.

By (2) it follows that (4) holds for all ¢ € F, and we have a countable cover of
% by sets of measure zero. This contradiction of the condition u(%) = 1 proves

3.

The product decomposition. As in [17,4.4], we can view % as a product of meas-
ure spaces

(%s :u) = ((gNi :uN) X ((gN, F'N) s
where

N
%N={Z Qb A € R"},

m=1
N ={Bc¥:B, =...= By=0}.
We make the key observation that, by Fubini’s Theorem,
(5) a Borel subset E (€ has measure zero if, for some finite set of natural
numbers {my, m, ..., my} and for all B€ ¥, we have

N
.Sf"N{(al, v GV)ER™M: B+ ] Gibm, € E{ = 0.
i=1

This result will prove to be a powerful tool in the applications of Chapters 7
and 8.

6.3. Theorem. Let q be a nonnegative integer, let 0 =u=<1, ¢>0, r>
(g + ®)/k + 1/2, and suppose B(m) = cm’. Then for II%" almost all (B, B,, ...)
€IIR",

M 2Bl B(m)
converges in 6.
Proof. Choose 1 < p < oo, u€ R such that
q+ o+ kip<<u<<k(r—1)2).

Then by the Sobolev Embedding Theorem (2.4) and (4(1)), it suffices to establish
convergence in LZ(R¥). Bv a theorem of DeLporTE [21. Cor. 6.4B1. which anolies
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to L? spaces and hence by (2.3(1)) to L spaces, this is the case if we can show that

oo

2 E|Budulf(m)|7, < oo,

m=1

or equivalently by (6.1(1)), that
2|l pfBGm)Y* < oo
But this follows from (4.1(1)) because f(m) = cm” and u < k(r — 1/2).

Remark. If .# is real analytic, so are the eigenfunctions ¢,,, and f(m) =e™™
produces a measure on the space of analytic maps: .# — R"

6.4. The canonical measure. A canonical choice for the measure x is given by
B(m) = 4,

where s> (29 4 2o + k)/4. It is clear from (6.3) and (3.4(2)) that B satisfies
the condition (6.1(2)). In this case the map Y is given by

Bm:ff(P_A)sd)ms

which is well defined for any smooth orthonormal basis {¢,,} for L*(.#). The in-
duced measure is independent of the choice of basis, as may be verified by a direct
probability argument or by more abstract methods (cf. e.g. (6.7) below).

6.5. Brownian motion. We note that the canonical measure (6.4) generalizes
circular Brownian motion to an arbitrary smoothness class and its domain to
a compact manifold of arbitrary dimension. Indeed, one obtains the trigonometric
expansion for Brownian motion on the circle (cf. {17, 4.7])

o]

(1) 7'?B(t) = Xo + Y, X,;m~ "' cos mt +"Y,,m~" sin mt

m=1
by taking # = S', with eigenfunctions of P — A {1, cos mt, sin mt}, eigen-
values {1, m?, m?}, and ¢ =0, s = 1/2, « < 1/2. (The usual Brownian motion
on the real line involves an inconsequential modification.) Theorem 6.3 gives the
sharp result that the series (1) converges almost surely in the C®'2~¢ norm
(0 =< ¢ < 1/2), stronger than the usual statement that the series converges uni-
formly to a C%'2~¢ function, almost surely [25].

We remark that, taking as the domain of our process a compact manifold
rather than a Euclidean space, imposes an additional demand that the process
fit together globally: e.g., circular Brownian motion must return to its origin
after 2z. For such a construction local methods do not suffice.

6.6. The weight function 8. As indicated by Theorem 6.3, the choice of the
weight function £ is intimately related to the smoothness class on which the result-
ing measure is concentrated, often quite finely. We have already mentioned
that Brownian motion is concentrated on functions which are (3 — ¢)-Holder
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continuous for all ¢ > 0. In fact, it is known that (putting log log = log,, etc.)

— 1 1
|B()—BO)|< V21t V10g2_+ loga +loga—+... - (1+9) log, —

for small ¢, almost surely if 6 > 0 and almost never if é = 0! (cf. [26, 1.8]).
Of course, for geometric problems, the wide dispersal of the measure in a geometric
sense (6.2(3)) is of first importance. Nevertheless, it is satisfying to know that, as
we would expect, the geometric measure theoretic results of Chapters 7 and 8
are independent of the precise smoothness class, in that they hold for arbitrary
admissible choice of the weight function g.

6.7. Abstract Gaussian measures. The canonical measure (6.4) fits particularly
well into the theory of abstract Gaussian measures (cf. [28]) as generalized by
L. Scuwarz. Given ¥ as before, choose s > (29 -+ 2« + k)/4 as in (6.4). Now
choose 0 << d << 1/2, 1< p<Coo such that

v=2 —kil2—06>¢q+ -+ k/p.

Consider the composite continuous linear map

u:LZ('//[, Rn) (P—a)y~k4—8 L® —w]?

—u2
P-4)"" LP ‘—-(g

By (3. 4(4)) and (3.2), (P — A)""?maps L? into L?, and (P — A) %*~% maps L*
into L 405 C C¥® C L™. The inclusion LZ<—e % follows from the Sobolev
Embedding Theorem 2.4, Now according to the terminology and theory of
ScHwARTZ [30], the map u is p-summming because the inclusion L* ¢ L7 is
p-summing and the composition of continuous linear maps is p-summing if one
of them is. Therefore [30, Theorem 2.3, Proposition 2.7, Proposition 2.8] Gaussian
cylindrical probability " on L? induces a Radon measure u’ of order p on %.

We claim that 4’ equals the canonical measure p of (6.4). To prove this we
consider the composite map

You:L?-> IIR"
—~(0,0,...,1,,....

One notes that, via T o u, I induces the measure /74" on IIR" (it suffices to

verlfy equality on Borel sets of the form EXx H R", where E H R") Thus
M+1
u = p.

The abstract approach of SCHWARTZ shows immediately that the canonical
measure u of (6.4) is independent of the choice of a smooth basis for L2. It also
implies that u has order p for all p << oo, namely

J e < oo
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6.8. Christensen zero sets. J. P. R. CHRISTENSEN [20] has proposed for any abe-
lian “Polish™ group G a good general notion of a “set of measure zero”, although
there is no associated measure unless G is locally compact.

Definitions. A topological group G is called Polish if G is a complete, separable
metric space. A Borel subset 4 of an abelian Polish group G is a Christensen
zero set if there is a Borel probability measure » on G such that every translate
of A has v measure zero. A property which holds outside a Christensen zero set
is said to hold almost everywhere.

Theorem [20]. The following results hold:

(1) The class of Christensen zero sets is translation invariant.

(2) If G is locally compact, then the Christensen zero sets are precisely the sets of
Haar measure zero.

(3) A countable union of Christensen zero sets is a Christensen zero set.

(4) (A partial Fubini Theorem). Suppose G = HXT is the product of two abelian
Polish groups, T is compact, and A is a Borel subset of G. Then A is a Christensen
zero set if and only if the Haar measure of

{(h, )€ A: h = h}

is zero for almost all hy€ H.

Remark. Although we know of no general relationship between Christensen
zero sets and our sets of measure zero (6.1), properties (2)—(4) suffice for the proofs
of this paper. All the results of this paper hold as well when “almost all‘* is under-
stood in the sense of Christensen zero sets.

7. Mass minimizing surfaces

As the first application of our measure on the space of surfaces we prove that
almost every k£ dimensional, compact, connected manifold in R” bounds a unigue
unoriented mass minimizing surface (“Theorem’ 7.1), notwithstanding the examp-
les of families of manifolds which bound two or more mass minimizing surfaces
(cf. [17, Intro. ]). This theorem generalizes our earlier result for two dimen-
sional surfaces in R*® [17, “Theorem” 7.1]. The largest change in the proof invol-
ves a lemma (7.2) on uniqueness for the Cauchy problem for a second order
elliptic system of partial differential inequalities with merely C' coefficients, to
be applied to the minimal surface system.

Let n, k be positive integers with £k < n — 2. Let .# be a compact, connected,
k dimensional C* Riemannian manifold, g€ Z, 0=« <1, g+ a>2. As
our space of boundaries we consider the set & of embeddings

& ={Be C*(#,R"): J;B>0 and B(s)= B(t)= s =t}.

Since & is open, (6.1) gives a nonzero measure u on &. Associated to every B¢ &
is a flat chain modulo two and, if .# is oriented, an integral current, both of which
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we shall also denote by B. The following theorem extends our previous results
for mass minimizing hypersurfaces in R® [17, “Theorem” 7.1] to arbitrary di-
mension and codimension.

7.1. Theorem. Almost every BC & bounds a unique mass minimizing flat chain
modulo two of dimension k + 1. If M is oriented and k = n — 2, then almost
every BC & bounds a unique mass minimizing integral current.

Remark. The restriction to hypersurfaces for integral currents stems from the
current lack of regularity results in higher codimensions (cf. (5.6)). To remove
the restriction, it would be enough to know that the set of interior singular points
of a k 4+ 1 dimensional mass minimizing integral current (where its support fails
to be a C* manifold) has #* measure zero.

Proof sketch. In general, the proof proceeds as in [17, 1.2, Chapt. 7]. Some more
judicious approximations center on the new Approximation Theorem 4.4 (cf.
[17, 4.6]), but the major change occurs in the use of partial differential equation
theory to show that (cf. [17, “Theorem™ 5.1])

(1) two mass minimizing surfaces with the same manifold as boundary, which are
tangent C* manifolds with boundary in some open subset of the boundary, coincide
locally.

The old technique, employing the Legendre transformation, does not generalize
to higher dimensions or codimensions, while the more general alternate method,
following ARONSZAIN, requires stronger smoothness assumptions.

The lemma below, a modification of work of HORMANDER, when applied to
the minimal surface system (5.51), implies (1). Then, for flat chains modulo two,
global equality follows by regularity (cf. the remark above).

7.2. Lemma (cf. [3, Thm. 8.9.1]). Let P be a second order elliptic differential
operator with real C* coefficients in a neighborhood 2 of a point x°. Let y € C*(Q)
have a nonvanishing gradient. Then there is a neighborhood 2, of x° with the
Sollowing property: if u®,u®, ..., u®c CYQ) vanish on {x€ Q: p(x) > p(x}
and satisfy

) PPk Y IDWO| (=i
2%
for some fixed constant K,, then u® |2, =0(1=j<D.
Proof. First we note that (1) implies

2 [PPP<IKE S DO (1=j=D).

Moreover, any C? hypersurface is strongly pseudoconvex for a real elliptic differ-
ential operator of order two. Hence HORMANDER’S theorem [3, 8.9.1] and proof
apply. As in that proof, we obtain a neighborhood £’ of x°, a function ¢ € C*(Q"),
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and an open set @, with the property
3 fxe 2 — {x°%: ¢(x) = $(x°)} C oo C{x€ Q': p(x) > p(x°)},
and also such that for any v€ C4(2") and any 7 large the Carleman estimate
@ Ty [IDWP <K, [|Pofe’
&

la| <1 2
holds.

Choose y € CZ(£2") such that y equals 1 in a neighborhood 2 of x°, and put
0 = D Q' (j=1,2,...,0). Then ¢ C¥(Q) and vV =u? in 0V Q"
this set containing {x¢€ 2': ¢(y) = #(x°)}. Hence there is an &> 0 such that
if 2, ={x€Q:¢(x) > x°) — ¢} then 2, CoV Q" and P |2, = |Q,.
Summing (4) over all the v/’s yields

D) f|D“v(j)|2e2"°

25,
o . s
=K 3 f|Pv(’)}2e2"’+K2 > f | Py 2 ¢4
1571 0, 155=10- 0,
SPKIK, 3 DWW+ K, Y [ |[POPS,
2
=

by (2), since o9 Q, =uP|Q,. Thus if v>2PKiK,,
@ —PKIKy) Y [| D@ 00—

IWI=1 2,
1<js!
<K Y [ [P0,
. 1575100,
and hence
S [IDWP=2k7 Y [ |POP
1At 2 1575190,

Letting v-—>oco, we conclude that u |2, =v |2, =0.

8. Transversality and immersions almost everywhere

As a second application of our measure on the function space € = C¥.#, R")
we prove some generic results about embeddings, immersions, and transversality.
For example we shall obtain the following conclusions.

(8.2) If n=2k (where k =dim .#) and q =2, then almost every Bc ¥
is an immersion.

8.9 If n> 2k and q> 2k, then almost every B € is an embedding.

As usual, corresponding transversality results are based on Sard’s Theorem.

8.1. Definitions. Let n, &, g be positive integers, with ¢ = 2. Let .4 be a com-
pact, connected C* Riemannian manifold of dimension k. Put

¢ = CY(H, R",
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with measure u as defined in (6.1). Let £ be the subspace of immersions
S ={Bc¥: J,B> 0}
and let & be the subspace of embeddings
& ={BcS:B(s)=B(t)=s=1t}.

Now suppose A" is a manifold and F¢ C'(A4, R”). An element g€ R™
is a regular value of F if DF(t) is surjective whenever F(¢) = a. Two submanifolds
N1, A, of R” intersect transversally (N y A A y) if T N+ TN =
whenever x €A ; N A,. A submanifold A of R” intersects BE€ € transversally
(W & B) if im DB(t) - Tpyt = R* whenever B(f)€A". An immersion
B¢ £ intersects itself transversally (B4 B) if im DB(s)+ im DB(t) = R"
whenever B(s) = B(t) for s =t

8.2. Theorem. If n = 2k, then almost every B€E€ € is an immersion.
The proof requires the following lemma.

8.3. Lemma. Let t€ #. There is a sequence of integers 1 < I, < I, <
. < I, £ N such that {¢,} gives local coordinates for M at t. The integer N is
lndependent of t.

Proof. Assume for contradiction that the lemma is false. Then for all N there
is a point ty€ .# and a vector éy€ T, .# such that

(Dety), én» =0, 1=i=N.
Then by compactness there is a point ¢, € .# and a vector &, € T such:that
(Déte), by =0, i=1,2,3,....
It follows by Lemma 4.2 that <Df(t..), o> = O for every sufficiently smooth

function f, which is impossible.

Proof of Theorem 8.2. It suffices to show that every point of .# has a neigh-
borhood A" on which almost every B€ % is an immersion. By Lemma 8.3, for
every r€ . there is a neighborhood 4" of r (parametrized by a C*! diffeomor-
phism s from an open set U R* onto#)and asequence 1 <71, <1, <
... < Iy such that {¢,} gives coordinates on A"

By (6.2(5)) it suffices to show that, given fc % the expression
K
g=r+ Zl B¢y,
is an immersion on " for £ almost all (By,, ..., By) € (R™". Put

W = {(x, B, ..., By) € UX(R")* | Ji(g o 5) = 0}.

By Lemma 5.3, it now is enough to show that W is #" rectifiable, with
H"(W) =0
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In turn, therefore, the proof will follow if we show that the set

mk 3g
sz:(x, By, ..., B, )€ UX(R" :E(S(X))

0,
is a linear combination of the —g—, == j:
a¢Il

is #"* rectifiable with s#"*(W}) = 0, because W = U W,. To this end, assuming
for convenience that j = k, we consider the map

F: UX(R"Y'x RF~! - Ux(R"*

Fi(x;a1, ooy Qg5 045 ooy 0 _1) > (x5 By, ..o, By),
where

By,

of
lza,—%(s(x)), 1=k —1,
1

0
BIk = ; x,q; — % (s(x)).
k

Now Fis a C*! map from a subset of R¥, where u ==k 4+ nlk — 1)+ k — 1.
Obviously u = nk — 1 since n = 2k. Furthermore we observe that the image
of Fcontains W;. Therefore W, is #"™ rectifiable and s#"*(W,) =0 [14,2.10.11].

8.4. Sard’s Theorem [14, 3.4.3]. Let & be a C™ manifold of dimension p. Let
feC AN, RY). If m>p—q=0, then almost every point in R? is a regular
value of f.

8.5. Transversality Theorem (cf. [16, p. 68]). Let X, Y, Z be C™ manifolds with
dmX =1 and Z( Y. Let FEC(XXRLY) and suppose FAZ. If m >
1 =0, then for &7 almost every s€ R? we have F(-,s]) i Z.

Proof. Because F.& Z it is evident that W = F-1(Z) is a C™ submanifold
of X. Let =: XX R?— R? denote the projection map. Since =& C™(W, R9),
Sard’s Theorem shows that almost every s€ R? is a regular value for &, and one
checks that F(-, s)h Z for every such s.

8.6. Theorem. Let A~ be any submanifold of R™. If q > k, then almost every
Bc € intersects &/ transversally.

Proof. For fixed C¢ %, consider the C**! map
F: #4xR"— R"
F: (t, a) > C(t) + ad(1).

Since ¢, is constant, DF is always surjective, and hence F Ah.A4". By (8.5) we have
C + a¢, AN for £* almost all a€ R". The result now follows by (6.2(5)).
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8.7. Theorem. If q > 2k, then almost every B¢C # intersects itself transver-
sally.

8.8. Lemma. Given 0 > 0, there is a positive integer N such that

(¢1(S), ey ¢N(s))q R(¢1(t)’ vy ¢N(t))

whenever |s — t| = 8.

Proof. Assume for contradiction that the result does not hold. Then there are
sequences S;, ¢; such that |s; —#| =6 and

($1(5)s ---» B(s)) € R®:(), ..., B(1))-
By compactness we can then find points s, # with |s —¢| = J, r€ R, such that
¢i(s) = ro;(r) for all je Z+.

Consequently by the Approximation Theorem 4.4 we have f(s) = rf(r) if fe C(4),
which is impossible.

Proof of Theorem 8.7. Let C¢&.#. It suffices to show that there is an r >0
such that

IB—C|<r=BAiB

for almost all B€ #. Choose a finite open covering U; of .# and an r > 0 so
that whenever |B — C| < r the following two properties hold:

(1) B embeds U; =\ {U;: U;\ U; = ¢} in R?,
@ If U;NU,=¢, then dist(U, U) > 0.

By (8.8) we may choose a positive integer NV with the property that, if U, N U; = ¢,
s€ U, and tc U;, then

3) (61(5), .- Dn(8)) § R(1(2), ..., dn(1))-
Let 4 be in 4. For N-tuples (ay, ..., ay) in (R")" we put

B=A4+ Y a¢:.
i=1
By (6.2(5)) the proof will be completed if we can show that, for almost every

N-tuple (a,, ..., ay) the condition

IB—C|<r
implies B(U)) 4 B(Uj).
We define a C? map

F: U xU;x (RN — R"X R"
F: (s, t, a) > (B(s), B(1)).



358 F. MORGAN

We note that the relation B(U;) & B(U;) is equivalent to the condition that
F(-,-, B) i A (the diagonal of R"xR"). Hence by (8.5) we must prove that
FaA. We show in fact that DF is always surjective. Indeed

(DF(s, t, B), (0,0, by, ..., by)> = (Zb;¢:(s), Zb;d:(1)),

for (by, ..., by) € (RMY, and by (3) such combinations span R”X R”".
As an immediate consequence of Theorems 8.2 and 8.7 we obtain the following
result.

8.9. Corollary. If n> 2k and q > 2k, then almost every Bc € is an em-
bedding.

Note added in proof. The results on generic uniqueness for minimizing integral
currents of codimension one have been generalized from the area integrand to any C*#
positive elliptic integrand ¥ with constant coefficients (F. MorGaN, “Generic uni-
queness for hypersurfaces minimizing the integral of an elliptic integrand with con-
stant coefficients*, Indiana U. Math. J. 30 (1981), 29-45). Furthermore, recent regula-
rity results of ALMGREN seem to establish generic uniqueness for area minimizing
integral currents of arbitrary codimension (cf. the remark following Theorem 7.1),
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