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THE TRUE MODAL LOGIC 

For Arthur Prior, the construction of a logic was a supremely 
philosophical task. As a logician, he could of course appreciate a 
finely crafted formal system for its own sake, independent of its 
“meaning” or philosophical significance. But a genuine logic - a 
good one, at least - lays bare the nature of those concepts that it 
purports to be a logic of: and this comes only by way of deep rellec- 
tion and insightful philosophical analysis. 

This sort of reflection and analysis is no more evident than in 
Prior’s own search for the “true” modal logic.’ In this paper, I want 
to trace the course of Prior’s own struggles with the concepts and 
phenomena of modality, and the reasoning that led him to his own 
rather peculiar modal logic Q. I find myself in almost complete agree- 
ment with Prior’s intuitions and the arguments that rest upon them. 
However. I will argue that those intuitions do not of themselves lead 
to Q. but that one must also accept a certain picture of what it is for 
a proposition to bc possible. That picture. though, is not inevitable. 
Rather, implicit in Prior’s own account is an alternative picture that 
has already appcarcd in various guises. most prominently in the work 
of Adams [I], Fine [5], and more recently, Dcutsch [4]’ and Almog [2]. 
I, too, will opt for this alternative, though I will spell it out rather 
differently than these philosophers. I will then show that. starting 
with the alternative picture, Prior’s intuitions can lead instead to a 
much happier and more standard quantified modal logic than Q. The 
last section of the paper is devoted to the formal development of the 
logic and its metathcory. 

By way of preliminaries, then, let T be the basic propositional 
modal logic obtained by adding to the propositional calculus the 
axiom schcmas 09 1 q~ and q (q 3 $) ZJ (0~ 3 q $), and the 
inference rule of necessitation t-(p =S k 0~. S5 is the modal logic T 
plus the axiom schemas 0~ 2 009 and 0~ = ~Olcp. Let QT 
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and QS5 be the result of adding classical quantification theory to T 
and S5, respectively. By classical modal logic we shall mean any logic 
that includes T, and by classical quantified modal logic any logic that 
includes QT. Finally, ‘QML’ will abbreviate the expression ‘quantified 
modal logic’. I will be using formalized English throughout the paper, 
and so will bc both using and mentioning formulas of predicate logic, 
as well as metalinguistic variables over formulas, terms, etc., in a 
rather free and undisciplined way. Occasionally, where necessary, I 
will use quotes of the appropriate sort, though most often, where no 
confusion will result, I will use expressions metalinguistically as names 
for themselves. 

1. MODAL LOGIC AND THE NECESSlTARlAN MYTH 

1.1. The Rejection of Possihilism .L 

Classical QML, Prior points out, is “haunted by the myth that what- 
ever exists exists necessarily” ([22], p. 48). That is, at first sight any- 
way, it appears to be incompatible with even the mere possibility of 
contingency. Since it is fundamental to our conception of modality 
that there are contingent beings, classical QML, its formal elegance 
and simplicity notwithstanding, cannot be the true modal logic. 

Prior’s earliest hint that something was amiss was his realization 
that QS5 entails the Barcan formula’ 

BF 03xq, 2 3xoqx 

This formula, though, as Prior notes,4 seems false. For intuitively, the 
consequent asserts that some actually existing thing could cp, whereas 
apparently “the antecedent doesn’t commit us to that much.” For 
example, most all of us believe that John Paul II could have had a 
grandchild, or a bit more formally, that 

JP It could have been the case that something is John Paul 
II’s grandchild, 

even though, intuitively (assuming the Pope’s lifelong chastity), no 
existing thing could have had this property.5 More generally, BF is 
incompatible with the thesis that there could have been objects other 
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than those that there are in fact. For Prior, the only sensible justi- 
fication for this claim is the assumption that all the objects there 
could bc already exist necessarily.” And thus the specter of 
ncccssitarianism makes its first appearance. 

Prior, however, in typically judicious fashion, was not so quick to 
dismiss the view. For there is a somewhat weaker and more plausible 
version of necessitarianism to explore, viz., possibilism. Consider, for 
instance, that in discussing the countcrexample to BF above we might 
say that whoever could have been JP II’s grandchild would have had 
to have been someone who does not actualIy exist, but might have. This 
in turn might be taken to imply that, in some sense, there is some- 
thing that does not exist in fact, but only might have, something 
which, though nonexistent, “nevertheless can . . . be talked about, or 
at all events can be a value for the variables bound by our quanti- 
ficrs” ([23], p. 30). 

The proposa1, then, is that, in addition to all the things that exist, 
there are also mere possihiliu. objects which, though not actual, 
nonetheless possess a certain sort of being. In addition, it is assumed 
that the pool of objects generally, existing and otherwise, necessarily 
remains the same (though of course those fortunate enough to exist 
could vary in countless ways). If we then Ict our quantifiers range 
over this pool of necessary beings,’ BF comes out true, as we can 
easily see: for if it is possible that some one of our necessary beings a 
cp, then of course some such being. indeed the very same one a: could 
(p.’ Jn terms of our example above. since it is possible that there be a 
grandchild of JP II, there is some nonexistent possibife that is possibly 
JP TI’s grandchild. 

Now, at first sight, possibilism fails Prior’s desideratum as well, 
since for the possibilist all things arc in a sense necessary. But not so, 
for armed with the distinction between being and existence he can still 
reconstruct a robust notion of contingency: just introduce a primitive 
predicate E!, true of all and only esisling things; a contingent 
being is thus a possible object that doesn‘t exist necessarily, i.e.. 
CON7’I:VGfWT(x) z 1 q E!x. The possibilist can thus have his 
modal cake and cat it too. He can accept the truth of the Barcan 
formula in a way that is compatible with the existence of contingent 
beings. 
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Prior thus cannot reject possibilism on grounds that it fails to get 
the facts right about contingency. But he rejects it nonetheless. The 
problem is that, on the possibilist’s account, there are, as Prior puts 
it, facts about nonexistent possibles: the possibilist truth conditions 
for JP, for instance, entail that there facts of the form a is distinct 
from every existing thing and a is possibly JP II ‘s grandchild for 
possibilia a. But what then does it mean that these entities don’t 
exist? For 

[w]here ‘x’ stands for a proper name, it seems to me that the form ‘x exists’ must be 
logically equivalent to, and delinable as, ‘There arc facts about x’, 3FFx. If there are 
facts about x, I cannot see what jiirlhrr fact about x would consist in its existing (1231, 
p. 31). 

Prior’s objection here, and the presuppositions behind it, are 
especially revealing, so we will consider them in some detail. The 
first thing we want to get clear about is the idea of a fact being about 
an object. This notion, and the notion of a proposifion being about 
an object, are pervasive in Prior’s work.Y Since facts just arc true 
propositions for Prior (see, e.g., [29], p. 5) we can concentrate on the 
latter notion. 

For Prior, any sentence involving a “logical proper name” of an 
individual X, i.e., a name that can “in principle be replaced by a 
demonstrative” ([23], p. 33) expresses a proposition about x, or in 
Russcllian terms, a singular proposition about x (call x the subject of 
the proposition). This is the case irrespective of the sentence’s logical 
form, i.e., irrespective of whether its logical form is atomic or 
complex - negated, quantified, modalizcd, etc. Thus, for instance, of 
himself Prior says that, not only is it a fact about him that he is a 
logician, it is also a fact about him that he is not a logician without 
being a logician, and indeed it is a fact about him that there are facts 
about him. (See [23], pp. 34-5.) More formally, then, let $ be a for- 
mula (in an interpreted language) in which the variable y occurs free, 
and t any term that is free for y in $, and suppose that a, is the 
denotation of 1. Then for Prior, so long as t is being used as a logical 
proper name for a,, the formula $: expresses a singular proposition 
about a, .I0 

The first premise of Prior’s objection, then, which we will formulate 
as a reductio, is that, according to the possibilist, there are such 
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facts as the one expressed by 

(1) VJ(E!J~ 3 x # y). 

Since (1) involves a name for some (merely possible) object x,” it 
expresses a singular fact about X. It follow-s in general that there are 
facts about X. Prior cashes this claim - that there are facts about x 
- by means of the second-order formula %FY, i.e., in effect, the 
claim that x exemplifies some property. In doing so, Prior exploits the 
intimate connection between singular facts and exemplification 
encoded in the second-order principle 

A-Con [2x, . . X,cp]J, . . yn = (p.;;::;y 

where ‘[i.x, . . . x,91 is a second-order term for the n-place relation 
expressed by the formula 9. So if in particular $.L expresses a fact 
about X, it follows that x exemplifies the property [j.): $1 of being an J 
such that $. By second-order existential generalization, it follows 
from A-Con that if ll/{ expresses a fact about X, then x exemplifies 
some property or other, 

Facts 9 2 3FFt, where t occurs free in 9, 

and hence 3FFx seems to be a reasonable rendering of ‘There are 
facts about x’. 

As an instance of Facts we have 

(2) bQ’?;(E!y 3 x # 4:) 3 WFx, 

and so from (1) and (2) it follows that 

(3) 3FF.X. 

Now, Prior argues that existence ought to be defined in terms of 
singular facts; or more precisely, in light of the connection between 
singular facts and exemplification, in terms of predication: 

(4) E!t =‘jc iIf-Ft. 

Given this, it follows from (3) that 

(5) E!.r. 
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But (1) entails 

(6) lE!X, 

contradiction, and so (1) must be false. An analogous argument can 
of course be constructed for any alleged singular fact that could only 
be about possibilia, and hence possibilism must be rejected. 

The key premise here is the proposed definition (4) of existence in 
terms of singular facts. The premise as it stands weakens Prior’s 
objection in two ways. First, one needn’t be a possibilist to balk at 
the idea that existence is nothing more than the exemplification of 
properties; one might well want to consider it a full-fledged property 
in its own right, with all the attendant benefits and privileges. Second, 
and more important, the definition obscures the real issue. Given the 
context, it is clear that what is uppermost in Prior’s mind is not the 
definability of existence, but rather, as Prior hrst indicates in the quote, 
the logical connection between existence and singular facts, or equiv- 
alently in light of Facts, between existence and exemplification. The 
possibilist has torn the two logically asunder, and that is what Prior 
finds so puzzling. Thus, whether WC heal this metaphysical wound by 
definition - to exist just is to be the subject of some singular fact - 
or by a weaker logical connection is immaterial. And in fact the argu- 
ment above goes through just as well with definitional identify =dr 
replaced by equivalence 3; indeed, all we need instead of (4) is 

(4’) 3FFl 3 E!t. 
Since the converse of (4’) is an instance of Facts, the equivalence of 
the two notions becomes a theorem. 

However, now note that, with the weakening of (4) to (4’), the 
second-order apparatus in the argument is extraneous. Prior’s strategy 
in his objection is to highlight the connection between singular facts 
and the existence of the subjects of those facts. But this can be 
expressed straightaway by the first-order schema 

PSA cp 3 E!r, where t occurs free in cp, 

which follows from Facts and (4’). (2), (3), and (4’) above can then 
simply be replaced by the following instance of PSA: 

(2’) Vy(E!y 3 x # y) =) E!x. 
and the contradiction follows just as before. 
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PSA then is a key Priorean component of the true modal logic. It 
is easy to show that PSA is equivalent simply to E!t. And that is just 
as WC should expect since if there are no singular propositions about 
nonexistents it should follow in particular that anything nameable 
exists. We want to highlight PSA, though: rather than the principle 
E!l, since what is of particular interest is how we got here via ,I-Con, 
Facts, and Prior’s definition of existence. Moreover a cousin of PSA 
will be of considerable significance below. 

The name ‘PSA’ indicates that, on Prior-s view of things, the 
principle can be thought of as expressing a form of seriom 
actwdisn7,‘3 i.e., a form of the view that exemplification entails exist- 
ence. For given Prior’s thesis that sentences involving names express 
singular propositions, and given the connection between singular facts 
and exemplification expressed in Facts, a sentence involving a name as 
much expresses a predication as a singular proposition. Hence? one 
reading of PSA is that if the denotation u, of t exemplifies the 
property [iy rp( y)] expressed by the open formula -c& yjl (where .V 
replaces one or more free occurrences of r in q), then a, exists. It is 
easy to show that possibi1ism.s denial, or uctualisrn - the thesis that 
everything exists, VJJE!~ - follows directly from PSA,” and hence 
in general that possibilism is not an option for Prior. So while 
possibilism both preserves classical QML and avoids the neccssitarian 
myth, it does so at the cost of serious actualism. And for Prior that 
cost is just too high, A solution to the problem of finding the true 
modal logic must be found elsewhere. 

1.2. isoiuting the Culprits 

Prior’s approach to a solution to the problem proceeds by way of 
isolating the logical culprits behind the failures of classical QML, in 
particular, the neccssitarian myth and> in the cast of QSS: the Barcan 
formula. 

1.2.1. The ZnterdeJinubility of 0 und 0. The first of these culprits is 
the interdcfmability of 0 and 0. He argues as follows ([23]. p. 48): 

If we so interpret ‘It could IX that p’ that it i.v true if and only if p wukl be true. then 
my non-existence is something that could not be, since ‘1 do not exist’ . is not a 
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thing that could IX true. But in the ordinary systems [of model logic] ‘It could not be 
that I do not exist’ cntaik ‘It is bound to hc that I do exist’, which makes gods of us 
all. 

The premise that catches one’s eye here - to say the least - is 
Prior’s claim that his nonexistence is not possible. At first blush, it 
might appedr that Prior is giving a very bad argument for this 
premise, viz., that his nonexistence is not possible because (trivially) it 
is not possible that the SCYUUKY ‘I do not exist’ could be used truly by 
him. It is only Prior’s somewhat injudicious formulation of his actual 
argument that suggests this imposter.” To the contrary, Prior’s focus 
is on what the sentence .SUJV in his mouth, on the proposition 
expressed. And his claim is that that proposition, i.e., the proposition 
Prior does not ex&, could not possibly be true. 

What then is Prior’s argument here? To make matters clearer, for a 
given sentence CP, let [v] be the proposition that CP exprcsscs. Given 
this, the claim in the first clause seems to be that a sentence of the 
form rO$l is true just in case the proposition [$I could be true. This 
claims runs together two distinct Priorean theses that it is useful to 
separate. The first is a genera1 statement of the intuitive truth con- 
ditions for sentences: 

(7) A sentence C+J is true if and only if the proposition [CP] 
that it expresses is true, 

while the second, the central premise of the quote, is a statement of 
the intuitive truth conditions for propositions of the form [O$]: 

The proposition [O$] is true if and only it could be the 
case that [$] is true. 

Now, as an instance of (8), where ‘u’ is a logical proper name for 
Prior, we have, 

[oi.E!~] is true if and only if it could be the case that 
[7E!u] is true. 

However, Prior claims, 

Cl01 It could not be the cast that [-~E!u] is true, 
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and hence, 

(121 ‘O-IE!Q’ is not true, 

that is, by the usual rule for 1. 

(13) ‘i Oi E!Lz. is true. 

So by Tarski 

(14) 1 OiE!u, it could not be the case that Prior fail to 
exist. 

Given (7) and (8), which seem reasonable enough, the crux of the 
reasoning behind (14) is (10). Why does Prior think that it is true? 

The answer once again of course is the logical connection between 
singular facts and existence. Since the connection between the two is a 
logid one, Prior had no intention that it should be limited to what 
happens in fact to be the cast, as in PS.4. though that was all that 
was needed for the argument against possibilism. Rather, not only 
does it just !ZU~JXVZ to be the case that no subject of a singular Fact 
fails to exist. no proposition co&i have been a fact without its sub- 
jects existing, i.c., for any singular proposition [q] about u,, 

It is not possible both that [q] bc true and a, fail to 
exist. 

Since? then, [T E!a] is a singular proposition about Prior (since 
‘iE!ll’ is a formula involving a logical proper name for Prior), it 
couldn’t bc true without Prior existing. But, of course, by its very 
nature, it couldn’t be true without Prior failing to exist either. So it 
couldn’t possibly be true at all, just as (IO) says. 

More formally: then, for Prior, the schema 

PSA* 1 O(y A iE!r): where 2 occurs free in q? 

being the first-order representation of (*): should be a theorem of the 
true modal logic. If so. then where y is ‘~E!Lz’, then - assuming 
1 O(i E!u A lE!u) E 101 ,!?!a will also be a theorem - PSA* 
entails (14) straightaway. 
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Now of course we have the problem Prior raises in the quote: in 
classical modal logic, (14) is equivalent to the thesis that Prior’s exist- 
ence is nece.r,rury, IIE!O. And that, if we know anything about 
necessity at all, is just not so. The world simply might have lacked his 
presence; there might have been no information, no singular propo- 
sitions, about him at all. So in the true modal logic, to avoid neces- 
sitarianism and get the modal facts right, •I and 0 must not be 
interdefinable in the usual way. 

1.2.2. Necessitation. The second culprit Prior places behind the fail- 
ures of classical modal logic is the rule of necessitation: FCJI * 10~. 
In any reasonable modal logic, it should turn out to be a theorem 
that if Prior is a logician, then he is a logician, L.u ZI LA, for its truth 
is guaranteed by its logical form. By necessitation, it follows that this 
conditional is necessary, q (I,u EI ,!A). But, Prior objects, “if it is 
necessary that if I am a logician then I am a logician, it is necessary 
that I am” ([23], pp. 48-9). 

(*) is again at the heart of Prior’s reasoning. More specifically, 
suppose that ‘Necessarily, if Prior is a logician, then he is a logician’, 
‘iIl(,G 1 I,u)‘, is true. By (7) and (8’) this is so only if it is necess- 
arily the cast that the proposition [IA 2 La] expressed by ‘If Prior is 
a logician, then he is a logican’ is true. But once again, since 
[&z 2 ,%z] is a singular proposition about Prior, by (*) [,Ca ZI IAX] 
can be necessarily true only if it is necessarily the case that Prior exist. 
So if it is ncccssary that Prior is a logician only if he is a logician, it is 
necessary that he exist, as he had claimed. But of course the antece- 
dent is necessary in classical modal logic; so therefore, is the conse- 
quent. 

More formally once again, q IE!CI follows straightforwardly from 
propositional logic (I La II LQ), P!SA (where CP is Lu I Lu), necessi- 
tation, and O-distribution (which Prior finds obviously true but of 
“limited applicability” ([21], pp. 151-2)). So yet again, necessitarian- 
ism rears its head. 

2. PRIOR’S Q 

Prior’s philosophical analysis thus reveals two standard received 
modal principles to be at the heart of the failures of classical QML. 
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Both lead to the necessitarian myth, and in the context of full quanti- 
fied S5, they jointly entail the Barcan formula, the theoremhood of 
which, recall, was Prior’s initial clue that not all was well with classi- 
cal modal logic.‘(’ With the culprits behind the failings of classicdl 
QML unmasked, and with a distinctive conception of modality as his 
guide, Prior turned to the task of reconstructing the true modal logic. 
which he called Q. 

2. I. Statability 

The logical connection between singular facts and existence is the 
central intuition underlying Prior’s conception of modality. But Prior 
often puts the thesis more strongly than this, for this statement of the 
matter does not in and of itself rule out the possibility of there being 
singular,~&&&.r about an object x that doesn’t exist, e.g., the 
proposition [,5!x] that it does exist. Of course, if there were such a 
proposition, then it is most reasonable to assume that there would be 
its negation as well, and hence facts about x after all, but this is 
nonetheless an additional assumption. Thus, Prior often puts his 
thesis more broadly that there would be no propositions about x if it 
were not to exist; there would be no information about x at all> good 
or bad. 

To accomodate this thesis more effcctisely, Prior introduces the 
notion of necessary statubility and a corresponding sentential operator 
S. Intuitively, stability is propositional existence;” a proposition is 
statable just in case all the individuals it is about - all of its subjects 
- exist. Thus, a proposition [qz~] is necessarily statable, Sq, just in 
case [q] is either wholly general, so that it is not about any particular 
object, or it is a singular proposition whose only subjects arc 
necessary beings. 

2.2. The System 

With the picture in mind, then, we turn to the actual axiomatics for 
Q. Most of these axioms and rules are drawn directly out of Prior’s 
paper “Tense Logic for Non-Permanent Existents” in [22].‘* The 
system takes the operators 0 and S as primitive. A proposition can 
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then be dcfincd to be necessary in the usual sense just in case it is 
hot/r necessarily statable and not possibly false; formally, 

PDefn: clq =(jfsql A 101q. 

In addition to some standard complete set of nonmodal schemas, 
the only propositional axiom schema for the system is the 0 version 
of the characteristic axiom of the basic modal system T: 

TO: v II o(P 

For quantifier axioms Prior uses two rules of inference that arc 
equivalent to the following, more familiar three axiom schcmas and 
the rule of generalization: 

Qul: vxc(P = $1 = wq = Vx$l 

Quk q7 3 Vxq7, x no1 free in q 

Ul: Vxcp 3 cpf, t free for x in q 

Gen: t-q * FVxcp. 

Though he makes use the identity predicate ‘=‘, he doesn’t explicitly 
introduce any axioms for it in [22], but it is clear that he assumes the 
standard schemas:19 

I& 

lnd: 

t = t, for any term i 

t = t’ 1 (9 1 q’), where q is atomic, and q’ is just 
like q except that t’ replzes 0 or more (free) occurren- 
ces of t in p. 

The purpose of the following two rules is to establish the con- 
ncction between the statability of a complex proposition and the 
cxistcncc of its subjects. If all one needed to worry about were terms, 
the necessary existence of a propositional subject u, could be expressed 
simply as lXl~(.x = t). But the language hcrc contains n-place predi- 
cates for possibly every rr, and these might express properties or 
relations like being un udmirer of Prior that do not exist, arc not 
“there”, necessarily. Hence, a way is needed of applying a notion of 
necessary statability to them as well. Prior achieves the desired effect 
uniformly for both prcdicatcs and terms by afhxing the operator to 
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simple formulas that explicitly contain the predicates and fret terms 
occurring in a complex formula. Thus. for a given formula 4, the 
proposition [4] is necessarily statable only if the propositions 
[V.q . . . A,” PUT1 . . . x~] (= [PI, if 1’ is a O-place predicate) and [f = l] 
are necessarily statable, for all n-place predicates P and free terms t 
occurring in 4. P3l = f7 thus in effect expresses that u, exists 
necessarily? and rSV.x, . . . x,,Px, . . . x,, l that the property or relation 
(or proposition) r expressed by P exists necessarily. 

To make things a little neater, for any +place predicate P (n > O), 
let rSP7 abbreviate the formula rSV~, . . . x,,Px, . . . .x,,l, for 
any term t, let ,7St1 abbreviate the formula rSt = fl, and let 
zi[P, . . . P,,, ty . . . t,!,jl abbreviate the formula rSP, A . . . A 
SPn A St, A . . A S?,!,l. Then we have: 

RSla: k&p 1 SP. where P occurs in $9 

RSlb: l-S4 1 St? where I occurs free in 4. 

A related rule gives us a sort of converse to RSla and RSlb. 
Intuitively, on the picture that is guiding us, not only is it the case 
that a proposition exists only if all its subjects do, it is also true that 
the existence of the subjects is suficient for the existence of the 
proposition. Thus: if it can be shown that the subjects of a given 
proposition p all exist necessarily - by showing that certain other 
propositions of which they arc subjects are necessarily statable - 
then it follows that p is necessarily statable. Formally, 

RS2: 1 S{P, . . . Pn, t, . . . t,n) I Sq, where P, . . . . , 4, are 
all the predicates in 4. and z,, . . . , to, arc all the terms 
occurring free in 4. 

The following powerful principle serves as the ccntrdl modal 
schema of the logic: 

=O b 4 1 l/l * bS{P, . . . Pnz t, . . . t,,,; 3 (q.J 3 
7 Oi$). where all predicates and terms (bound or 
free) occurring in 4 are within the scope of a 0 or an 
S. and where P, , . . . , P,, are all the predicates thal 
occur in 4 but not in $. and 2,. . . . ~ z,,, are all the 
terms occurring free in cp but not in $. 
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RSO is equivalent in Q to a schema relating S and 0 directly 

so: osq = sq 

and the following Priorean version of O-distribution (where 
SIP, . . . p,, t, . . . tm} is as in RSO), the characteristic S5 axiom 
schema, and necessitation: 

PK: -lOl(cp 3 l+b) 3 (SIP,... P”, t, . . . fm) 
= 1Olcp = 1019) 

PS5: OlOl(p = 1Olcp. 

DRO: tcp=t101q. 

As anticipated, the standard rule of necessitation fails in Q; rather we 
get only the expected weakening 

DRo: bp * kSrp 3 q tp, 

i.e., if a theorem is necessarily statable then its necessitation is a 
theorem. So in particular such propositions as that Prior is a logician 
only if he is a logician, while still logical theorems, are not necessary 
truths, as Prior had argued. As he puts it in [23] (p. 50), where 
“formulable” = “statable”, 

To bc logically necessary a statement must not only bc incapable of being false, but 
necessarily formulable. But a statement exemplifies a logical law so long as its truth is 
secured by its logical form alone, even if its formulubili~y depends on what is usually a 
contingent matter, the existence of such objects as are directly referred to in it. This 
distinction is unavoidable, it seems to me, in a modal logic for contingent beings. . 

Just as Prior finds it necessary to restrict his O-introduction rule 
RSO to take into account the contingency (i.e., non-necessary 
stability) of some propositions, similar considerations about con- 
tingent individuals drive him to introduce a restricted version of 
modus ponens: 

PMP: kcp, I-cp I rl/ =E- lS{P, . . . P,, z, . . . tm} 3 I), where 
PI, - . 3 e,, t,, . . - 1 t,,, are all the predicates and terms 
that occur free in cp but not in $. 

Prior’s chief reason for the restriction is that, since Q is to be com- 
patible with the existcncc of contingent beings, he wants it to be 
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compatible with the possibility that nil individuals arc contingent and 
hence also with the more gcncral possibility that no individuals exist. 
But with unrestricted modus po~ens, 1 Oi3s(s = x) follows straight 
away from Id (t s = x), UI (k.u = s =) 3s(.u = x)), DRO, and some 
propositional logic. For all WC know, of course, 7 O-I~S(.Y = x) 
might well be true. In particular, it might well be that there arc 
necessary beings - theists routinely assert as much: and Prior himself 
frequently makes USC of the “Crnistian hypothesis” in his examples. 
But his point, I take it, is that the question of necessary beings, and 
more generally the question of whether there might have been nothing 
at all, is not something that should bc decided by logic, and hence 
that 1 O~~S(.Y = .Y) is not an appropriate theorem for Q. 

The system thus far seems to be what Prior pretty much explicitly 
had in mind by quantified Q. But thcrc is a further thesis implicit in 
nearly all of Prior’s informal discussions that doesn’t receive full 
expression in the logic as it stands, viz., the assumption that logical 
proper names arc “rigid”. that they retain their actual denotation in 
modal contexts. This thesis is typically expressed in modal logic by 
means of axioms that also express the related thesis of the necessity of 
identity and difference.‘” In Wish logics like Prior’s, one needs only 
the necessity of identity - or in clumsier, but in our context more 
accurate. Priorean terms, the impossibility of the nonidentity of 
identicals: 

PM: 1 = t’ 3 1 0 t # I’. 

Though he explored other approaches to names - description 
theories for names of objects that no longer exist, for example (see 
[23], pp. 32ti.) - and though he did register some mild reservations 
about the necessity of identity and difl’erence,” this view of names 
seems to exhibit the best fit with Prior’s overall views, and in 
particular the view of names as they function in Q. So we will make 
them explicit in the system. 

2.3. Q Triumphant? 

Thus Q. The one crucial difference that separates Q from its classical 
counterpart is that Q is able to distinguish between propositions that 
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might not exist and those that exist, or are statable necessarily; indeed, 
all it takes to collapse Q into QSS (plus PNI ) is the schema 

Q-collapse: t SIJI 

which of course encodes the thesis that all propositions are necessarily 
statable ([21], p. 155). But with this one difference, Q, unlike classical 
QMLs, is cleansed of the necessitarian myth, as Prior had intended; 
that is where E! is 3x(x = t) (x a variable distinct from t), the 
formula V~CIE!JJ is not a thesis of Q. This can bc shown rigorously by 
providing an appropriate model theory for Q and then an inter- 
pretation in which the necessitarian formula is false. This would take 
us beyond the scope of this paper, though, and so for purposes here 
we will content ourselves with noting how neither the necessitarian 
thesis nor the Barcan formula is provable in Q in the usual way. 

Thus, following the usual argument, we do have E!x, by Id, UI, 
PMP and the definition of E!. But by RSO and Gen, all we are 
permitted to infer from E!x is the impossibility of every object’s 
nonexistence, Vx 1 OiE!x, a claim we’ve already seen Prior defend. 
In order to prove VxtX’!x we should have first to prove SE!x in 
order to exploit PDefCl; but of course Prior has made no provision 
for that since in the metaphysics behind Q it is just another 
expression of the necessitarian myth. 

Similarly, the Barcan formula is not provable in the usual way 
either, since as we’ve seen its proof depends on both the usual inter- 
definability of II and 0 and the unrestricted rule of necessitation, 
neither of which holds in Q. 

PSA is provable in Q given E!t and some propositional logic, so its 
modalized counterpart PSA* follows immediately from by DRO, as 
required. So Prior has indeed met his desiderata and appears to have 
fashioned a genuine actualist quantified modal logic for contingent 
beings. 

2.4. Problems for Q 

Alas, Q is not without its difficulties. Least among these is the loss 
of the simplicity and elegance of a logic in which 0 and 0 arc 
interdefinable. But of course, if this interdefinability cannot be 
incorporated in a logic that, on analysis, gets the modal facts right, 
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we have no choice but to do without it. All the same, we should 
prefer to have it back if the problems Q addresses could be avoided 
some other way. 

There are deeper problems, though. First, though he slides rather 
quickly over the issue, the loss of 3s(x = X) as a theorem is no small 
matter. For since t = t is a theorem for any r, then if 3 is to have its 
intended meaning, 3x(.u = X) is going to turn out to be a logical 
truth; it will have to come out true in any model of Q, for any reason- 
able Q’ish model theory, since the base world can never be empty. 
But then Q is incomplete. 

The only way out here. it seems: aside from abandoning classical 
quantification theory (see below), is to accept full modus ponens, thus 
the thesis 3x(x = x), and hence the thesis 1 Oi3x(x = x). But this 
seriously undetcrmines Prior’s views about logic - though logic is 
hardly independent of metaphysics, it shouldn’t decide issues on 
which one has taken no stand: and it most certaily shouldn’t force 
one to accept theses that one doesn’t believe. Yet this would seem to 
be precisely the position Prior finds himself in.‘2 

There is a further problem, deeper sti11.23 Prior is not insensitive to 
the apparent untoward consequences of his view. In particular, he 
agrees, that, intuitively, the proposition 

P Prior might not have existed 

is true. As noted, the most natural logical form of P - OiE!u - is 
incompatible with Q; its negation is a theorem. Nonetheless, Prior 
claims ([21], p. 150) 

there 0 a sense of ‘[xl might not have existed’ in which what is says could be the 
case (and gcncraffy is). ~.e., the sense: ‘It is not the case that (it is necessary that 
(.Y exists))’ ‘7 q E!x-‘. 

The sort of possibility expressed by 0, that is to say, is not the sense 
relevant to P. Rather, the reading on which P is true involves a 
weaker notion of possibiiity O,, such that O,, =dl’ 1177, so that 
a proposition is weakly possible just in case its negation is not 
necessary. The sense of P corresponding to our intuition, then, is the 
reading O,iE!a, which is true because [E!a] is not necessary. So by 
making the distinction between the two notions of possibility, Prior 
is able to have his cake and eat it too: he can both argue that 
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metaphysical and semantical considerations force us to admit that P 
is false, that his nonexistcncc is not possible, and nonetheless claim 
that he has satisfied the intuition that it is true. 

But this will not do. Consider, for example, 

P Prior might have been both a logician and not a 
logician (simultaneously). 

As with P, the most natural reading of P’, O(Lu A lb), is false; it 
is inconsistent with Q, as we should hope. But also like P, if we 
replace the ordinary notion of possibility here with its weaker 
counterpart, O,,(I,a A 7La), i.e., 7 q i(h A iLa), P’ turns out 
to be true as well. For it is not ncccssarily the case that the propo- 
sition [l(La A FLU)] is a fact, since it wouldn’t have been statable 
if Prior hadn’t cxistcd. Thus, in this weaker sense, both [lE!u] and 
[Lu A i La] are equally possible. 

More generally, it is provable in Q that 1 Scp 2 O,.cp, i.e., that 
any proposition that is not ncccssarily statable is weakly possible,24 
and hence that any logically contradictory proposition is weakly 
possible so long as some contingent being is among its subjects. 
Surely, however, [1 E!u] is possible in some sense in which obvious 
impossibilities like [La A i Lu] are not; surely the former in some 
way characterizes the world as it might have been, and the latter does 
not. Weak possibility cannot distinguish between the two, however, 
and so cannot bc the sense of possibility in which P is true. 

The irony of this point cannot easily be overstated. Q’s sole 
purpose, its ruisun d’etre, was to scrvc as the true modal logic for 
contingent beings, to be compatible with the existence of things that 
might have failed to be. But the most natural way of expressing con- 
tingency is inconsistent with Q, and the only remaining alternative 
cannot distinguish the expression of contingency from the possibility 
of manifiest repugnancies. Contingency still seeks its champion. 

3. A KINDER. GENTLER SOLUTION 

3.1. Haecceitkm 

What is to be done? As we saw, the central premise of Prior’s argu- 
ment for the impossibility of his nonexistence is (lo), and the crux of 
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the argument for (10) is (*): the thesis that it is not possible both that 
a singular proposition bc true and its subject fail to exist. Is there any 
reason for thinking this latter thesis to be false that is compatible 
with actualism? Plantinga’s work suggests a solution that involves the 
idea that every object has a haecceit~ or thisness - the property of 
being that very oh&t. It is currently fashionable to think of propo- 
sitions as in some sense “built up” logically from other entities. This 
has caused some controversy in regard to the nature of singular 
propositions on such a view. Some philosophers, most notably 
Russell [25] (p. 47), have it that the subject of a singular proposition p 
is itself a logical component of p. Others, most notably Plantinga 
himself ([15], pp. S-9), have found this puzzling. something on the 
order of a category mistake; in particular. how can an abstract entity 
have concrete parts? Suppose then we replace the role of concrete 
objects in Russcllian propositions with their haecceities, and say that 
a name expresses the haecceity of its referent. The singular propo- 
sition [cp] expressed by a given sentence q thus contains just the 
properties expressed by the predicates in cp and the haecceities 
expressed by the names in q among its logical constituents, and a 
singular proposition is about an object x just in case it involves x’s 
haecceity. Singular propostions thus remain abstract through and 
through. 

Now like all properties, this view has it, haccceities exist nccess- 
arily, and hence Prior’s haecceity would have existed even if he 
hadn’t. Thus, singular propositions about Prior would have existed 
even if he hadn’t as well, and in particular the proposition [lE!u] 
that Prior doesn’t exist. In such a circumstance, that proposition 
would of course have been true, and hence, contrary to (*), there 
could have been singular facts about Prior - i.e., facts involving his 
haecceity - even if he hadn’t existed. Nonetheless, since the view is 
committed only to the existence of actually existing objects, proper- 
ties, and propositions, it comports fully with actualist strictures 
against possibilia. 

There are a number of problems with the haecceitist approach that 
have been discussed elsewhere (e.g., [l], [13], and [14]). But the chief 
difficulty from our current standpoint is that haecceitism is wholly 
un-Priorean. Prior has no difficulty with the notion of a haecceity; 
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there’s no doubt he thinks there are such things, in whatever sense he 
thought there were properties at all.2s Where he would balk, of 
course, is at the idea that there could be any such property in the 
absence of the object x that exemplifies it any mote than there could 
be a proposition about x. Granted, there would have been all the 
general properties that x cxcmplifics in fact, and it would have been 
possible that there be such an object as x, i.e., an object with all those 
same general properties ([22], pp. 70- 1). But on Prior’s view, if it 
hadn’t cxistcd, them would have been nothing that singled out that 
object, nothing such that, necessarily, it is associated unqiuely with x 
if and only if x exists. There would have been, so to say, no telltale 
trace of the object whatever, whether concrete possibile, or abstract 
haecceity. As Peirce put it, whom Prior quotes approvingly, 

[t]he possible is necessarily general and no amount of general specification can reduce a 
general class of possibilities to an individual case. It is only actuality, the force of exist- 
ence, which burst the fluidity of the general and produces a discrete unit.‘* 

So haecceitism is not an option, at least not if we want to remain 
faithful to Prior’s intuitions. The question is whether there is a way to 
remain faithful without affirming Q. I think that there is. 

3.2. Two Conceptions of Propositional Possibility 

My charge is that Prior’s argument is ambiguous between two con- 
ceptions of what it is for a proposition to be possible, or possibly 
true. On the one conception, Prior’s argument is sound and Q is 
inevitable. On the other, both (10) and the underlying principle (*) 
arc false and the door is open for an appropriate alternative logic. 

The ambiguity in question might be seen as arising out of two 
intuitive conceptions of “the world” (both of which can be found in 
Prior’s writings), viz., the world as the tot&y officts, and the world 
as a maximal conjiguration of ob@cts. It is the former that yields (10). 
If the world is best thought of as the totality of all true propositions, 
then to say that a proposition p is possible is to say it could have been 
one among the totality of facts, in which case there would have to 
have been such a fact asp. On this reading, (*) amounts to the claim 
that a singular proposition cannot be one of the existing facts without 
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its subjects existing. which seems most reasonable. Rut then it follows 
that the proposition [lE!u] that Prior dots not exist is not possible, 
it could not have been among the totality of facts. 

Things work out rather differently on the second conception. To 
get at the idea. we need first the notion of a possible stute c~f’~jkirs. 
We must be careful though. Lest WC be accused of begging any 
questions. the sense of possibility here must be one acceptable to 
Prior; it will not do, for example. to explicate our alternative con- 
ception of possibility in terms of -‘merely possible“ states of affairs, or 
by assuming that there could be true propositions that don’t exist. We 
do this as follows. A state of Q&s, we shall say. is a structured con- 
figuration of objects. i.e.. a collection of objects existing together 
exemplifying certain properties and standing in certain relations. We 
can thus think of a state of affairs as a triple (0. R. ext), where 0 is 
a set of individual objects, R a set of n-place relations (II 2 l), and 
ext a function that specifies how the properties and relations in R are 
actually exemplified within 0. The world, then, is a muximd con- 
liguration .d’ = (0’, R’, ext’) in the sense that it is not subsumed by 
any “larger” state of affairs, i.e., there is no state of affairs .Q/” = 
(0”, R”? ext”) such that .I@“’ # sl’ and 0’ z 0”. R’ E R”, and 
ext’ G ext”. I’ll assume henceforth that the world in this sense exists.” 

States of affairs arc all actual as I’m defining them. So. to get at 
our intended notion, Ict .d = (01 RI ext), where 0 is any set of 
individual objects, R a set of n-place relations, and ext any function 
from the members of R to sets of It-tuples of members of 0. Then WC 
say that d is a possilde state ofqfaics just in case it is possible that it 
be a state of affairs, i.e.. just in case the members of R could ha\;e 
precisely the cxtcnsions in 0 assigned by ext. Note that a possible 
state of affairs is possible in Prior’s sense of the term. For if .d were 
an (actual) state of afhairs, then it would exist - since. by serious 
actualism, only existing things are in the extensions of properties and 
relations - and hence the proposition that .d is a state of affairs 
would bc both statable and true. Furthermore, all possible states of 
affairs exist; their components are sets of existing objects, properties, 
and relations, and functions from the latter to sets of (n-tuples of) the 
former. We are thus not begging any important metaphysical 
questions by introducing possible states of affairs. 
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Say now that .al = (0, R, ext) is possibly maximal, or a possible 
world, just in case it is possible that .zI be a maximal state of affairs, 
i.e., that it be an actual state of affairs that is not subsumed by any 
larger state of aKGrs.28 (That there are such possible states of affairs 
in addition to the world is unproblematic - or at least no more 
problematic than the world itself - since it seems clear that only the 
members of some proper subset of the individuals there are could 
have existed, or that the same objects could have existed with rather 
different properties and relations.) Henceforth, I will use ‘state of 
affairs’ to mean both actual and possible states of affairs. A propo- 
sition p can be said to exist in, or be statable in, a state of affairs 
J$’ = (0, R, ext) just in case all its subjects are members of 0 and 
all its component relations arc members of R. 

On this conception of things, unlike the totality of facts conception, 
propositions are not first-class ontological citizens; they are not con- 
sidered on the same footing with objects, properties and relations. 
Indeed, as on Prior’s own view when all is said and done, perhaps 
they needn’t be considered ultimate elements of our ontology at all. 
However that works out, the important point here is that there is a 
clear sense in which certain propositions can be said to characterize 
possible states of affairs in which they don’t exist. Prior himself 
suggests the idea. In the course of his argument against U/O inter- 
definability in [21] (pp. 1.50- l), he writes that 

[t]here are, then, no possible states of alTairs in which it is the case that lE!x, and yet 
not all possible states of affairs arc ones in which E!x. For there arc possible states of 
affairs in which there are no facts about x at all; and 1 don’t mean ones in which if is 
tile case fhur there ure not facts about x, but vncs such that if k’t Ihe case in rhem that 
fhere are facts about x. 

The idea, then, is that while such propositions as that there are no 
facts about X, [7 3FFx], and that x does not exist, [-J E!x], could not 
be among the facts that exist in any state of affairs 9’ in which x does 
not exist, they nonetheless still say something true about Y, i.e., 
characterize it in a certain way. Adams, Deutsch, and Fine have 
expressed similar ideas vividly in terms of perspective: though 
“within” .cP such propositions are not true, since they don’t exist in 
9, nonetheless, from our “vantage point” in the actual world ([l], 
p. 22), from our “point of view” ([4], p. 176), they still truly describe 
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it. As Adams puts it, while they are not true irz 9, they are nontheless 
true at .Y (pp. 2Off.); or in Fine’s jargon ([6], p. 163). while not true in 
the inner sense at Y’, they are nonetheless true in the outer sense.‘” 

This same basic idea is captured in our current framework as 
follows. For the moment: we’ll restrict our attention to nonmodal 
propositions. Let Y = (0, R, ext) be a state of affairs: 

Cl An atomic proposition [Ru, . . . a,,] characterizes 9’ iff 
(a,. . . . , 4,) E -t(R); 

C2 [1$] characterizes Y iff it is not the case the [11/J does; 

c3 [rc/ A 01 characterizes Y iff both [rc/] and [8] do; 

c4 [3.u$] characterizes 9’ iff [II/] does for some u E 0 when 
‘x’ means a. 

Say that a proposition [q] is true in 9’just in case it both charac- 
terizes ,Y and exists in ,Y. It is clear that for an atomic proposition - 
[Rab], say - to characterize a state of affairs .M = (0, R, ext) it 
must be true in 9’; all of its “components” a, h and R must exist in 
9’ in order for (a, b) to bc in the extension of R in 9. Not so how- 
ever when we turn to negated propositions like [l Rub]. For all that 
is required for [1 Rub] to characterize 9 is that it [Rub] fail to do so: 
i.e., that (u, h) $ ext(R). And that can happen irrespective of whether 
or not [1 Rab] exists in 9’. That is, it can fail to be the case that 
(a, 6) E ext(R) tither because (i) LZ, h and R all exist in 9’ but a just 
doesn’t happen to bear R to h in 9; or (ii) because a, b, or R simply 
fails to exist in 9’; if CI, say, is not among the objects in .Y, then ipso 
fucto it doesn’t bear R to b in 9’. In case (i), then, as we might put it: 
following the lead of Adams and Fine, [1 Rob] characterizes 9’ 
internally, since it exists in 9, whereas in (ii), since it does not exist 
in 9, it characterizes it externally. In either case, though, there is a 
clear intuitive sense in which [l Rub] is true of Y, a clear sense in 
which the state of affairs is as the proposition says. 

The relevance of all this to the issue at hand, of course, is that the 
notion of characterization yields a precise sense in which the propo- 
sition [lE!a] that Prior does not exist is possible. Specifically, say 
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that a proposition is possible, or possibly true, if there is some 
possibly maximal state of affairs, some possible world, that it charac- 
terizes.” Suppose in particular that 9’ = (0, R, ext) is maximal and 
that Prior is not among the individuals in 0. Then where a is Prior, 
since Prior 4 ext(cxistence), [E!a] fails to characterize 9, and so 
[-rE!a13’ characterizes 9’. Thus, there is a possibly maximal state of 
affairs that [-1E!u1 characterizes, i.e., in the above sense, [lE!a] is 
possible, contrary to (IO). 

On this way of carving things up, Prior’s totality of facts con- 
ception of possibility amounts to the more stringent combination of 
characterization plus statability: for him, a proposition is possible if it 
is true in some possible world 9, i.e., just in case it both characterizes 
and exists in 9. Since it does not appear that our notion of possi- 
bility can be explicated in terms of Prior’s notion, this indicates that 
our notion of possibility based on characterization is in fact a more 
basic notion than Prior’s. 

Not only does it turn out to be false that Prior’s nonexistence is 
not possible on our new conception, more generally (*) turns out to 
be false as well. In terms of its formal counterpart PSA*, if we read 
0 in accord with the totality of facts conception, then as we’ve seen 
PSA* says that the conjunction of any singular proposition with the 
proposition that one of its subjects does not exist could not have been 
one among the totality of facts. This thesis is no longer expressed by 
PSA* if we interpret 0 to express our alternative conception of 
possibility. Rather, on that reading, it says that no singular propo- 
sition can characterize a (possibly maximal) state of affairs in which 
any of its subjects fail to exist. And that, as we’ve just taken such 
pains to argue, is false. Prior’s argument for (14) - that his non- 
existence is impossible - thus appears to fail. Unlike the haecceitist 
move, however, we have not obviously violated any of Prior’s central 
intuitions. So there remains hope that we can find a reasonable 
Priorean alternative to Q. 

3.3. A Nuturul Alternative 

The question then is where Priorean intuitions lead once we adopt 
our alternative notion of possibility. The natural course is to see how 
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our altcrnativc conception of possibility aKects Q and make the 
appropriate changes. This is what WC mill do. However, note first that 
to proceed in a fully rigorous and general way we should have to 
extend our notion of possibility so that it applies both to propositions 
like JP II lzas u grand&M that do not characterize any existing state 
of affairs, and to modal propositions generally. Those of the former 
sort requires us to consider “merely” possible states of affairs, i.e., 
ones that we can’t construct only out of existing objects (since, in this 
case: no existing thing could bc JP II’s grandchild), and those of the 
latter sort in general require us to consider the entire class of all 
possible states of affairs, mcreIy possible and otherwise. For the 
actualist, of course, there arc no such things as merely possible states 
of affairs, and this might appear to be a fatal limitation of our altcr- 
native conception of possibility. However. as I have argued at length 
elsewhere, we can achieve the effect of such possibilia by using 
necessarily existing surrogates - sets, say - that. as far as our modal 
semantical needs go: play the same role.” 

Thus, henceforth when I speak of (possible) states of affairs, where 
necessary I should be taken to be referring to surrogate states of 
affairs constructed out of appropriate surrogate possibilia. 

The obvious place to begin is with Prior’s definition PDefo of q in 
terms of S and 0. As we’ve seen, Prior’s argument for ( 14) fails: and 
(14) is the linchpin of his argument against the standard definition: 

DefU: w =drlol(P 

There is thus no apparent reason to abandon the standard definition. 
Marc than this, though, from our new perspective. DcfO is intuitively 
correct. To see this, we extend the notion of characterization in the 
obvious way:” 

c5 [Oq] characterizes 9’ iff [q] characterizes some possible 
world; 

C6 [Oq] characterizes 9 iff [q] characterizes all possible 
worlds. 

If we then say that a proposition is t,zte just in case it characterizes 
the actual world, we have that 11 Olcp] is true iff [O-I~D] is not true 

iff it is not the cast that [Oi y] characterizes the actual world iff it is 
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not the case that [TV] characterizes any possible world iff [cp] 
characterizes every possible world iff [0q] is true. Our first move, 
then, is to replace PDefU with DefO. 

The upshot of this is of course dramatic, since the logical separ- 
ation of 0 from -I 01 drives Prior’s entire system. First and fore- 
most, full necessitation is now provable. Indeed, more generally, we 
can replace the Priorean versions of D-distribution (PK), the charac- 
teristic S5 axiom schema (PS5), and necessitation (DRO) with their 
full-blooded counterparts: 

K: q (cp = $1 = OP = WI7 
S5: 09 = q oq 
Nee: tcp * tnq?. 

Atfirst blush this might seem to be what we’d expect, since Prior’s 
argument against necessitation now fails. That argument, recall, 
depended on the claim that the proposition [La I> La] that Prior is a 
logician only if he is a logician is necessary only if it is nccssarily the 
case that Prior exists. But this of course depends on the notion of 
necessity appropriate to the world as the totality of facts. On our 
chosen picture, we should say rather that a proposition is necessary 
just in case it characterizes every possible state of affairs. And for that 
to be the case, it needn’t exist in those states of affairs. [La 3 La] is 
such a proposition. For in any possible state of affairs Y either Prior 
is in the extension of the property being u logician or he is not, 
whether in virtue of being in the extension of being a nonlogiciun in Y 
or simply in virtue of being absent from 9’. Either way, [Lu =) La] 
characterizes 9, and hence on this way of looking at things is 
necessary. 

Despite the apparent soundness of this reasoning, however, with 
full necessitation back in the picture we are in nccessitarian hot water 
all over again. For by Id, UI and PMP, we get I-E!I (i.e., 3x(x = t)) 
for any term t, and hence I-•E!t. Or again, from a different direction, 
by UJ and some simple propositional modal logic we have 
b OiE!t 3 03x1E!x, and hence since kVx(x = x), we have kLlE!t 
once again. Our reasoning thus far has led us essentially right back to 
QS5 where Prior started. 
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A common solution to this problem (see c.g.. [3] and [7]) is to 
abandon classical quantification theory in favor office logic: and in 
particular to replace UI with the schema 

FUI: V.up XJ (E!t 3 cp;‘), t free for x in cp. 

Thus. from Id, FUI, and Necessitation we can prove only the 
innocuous (E!t 3 E!t), and from FIJI and modal propositional logic 
we have no more than the equally unobjectionable 
OlE!t 3 O(E!t ‘> 3x--1E!s). 

Free logic in and of itself is nearly as un-Priorean in spirit as 
haccceitism. Prior is loathe to tamper with classical quantification 
theory generally in dealing with problems involving name? (his 
abandonment of 3x(.v = X) as a theorem notwithstanding): and free 
logic collides with this inclination notably in two ways. First, Prior’s 
intention is that the terms of Q be logical proper names. That is, 
though he is well aware of other functions for names than as purely 
denotative tags, it is that role to which he confines his attention in the 
context of Q. The problem with free logic is that. while it provides 
resources for dcalini effectively with the logic of names in modal con- 
texts, it also throws in unwanted resources for dealing with non- 
denoting names with the bargain as well. Second, as we stressed 
throughout. Prior’s search is for a modal logic of contingent beings, 
i.e., things that actually. but not necessarily, e.uist, and that is most 
naturally suited by a logic in which all names denote. The loss of E!t 
as a theorem in free logic militates against both these central Priorean 
intentions. 

However, in the context of our broader search for a revised 
Priorean modal logic, it runs out that we can exploit the modal 
benefits of free logic without violating these Priorean intentions. A 
central, arguably the central, Priorean intuition is still evident in our 
notion of characterization, viz., serious actualism, the view that 
exemplification entails existence. However, its manifestation in the 
logic takes a rather weaker form. Recall that for Prior a sentence 
involving a name as much expresses a predication as it dots a 
singular proposition - and that, importantly, no less for sentences 
embedded in modal contexts than for those that are not. Thus, for 
Prior, the proposition [vi] is possible if and only if it is posible that LJ 
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have the property [ix cp]. This is appropriate in the context of the 
totality of facts conception, since the proposition [cpz] could not have 
been among the facts without a exemplifying [i,x 91, and conversely. 
Given serious actualism, it follows that [cpz] could not have been 
among the facts without a existing - just the principle PSA* was 
intended to express. 

However, the symmetry between facts and exemplification breaks 
down in modal contexts when possibility is thought of in terms of 
characterization. Most notably, once again, [lE!a] can characterize a 
state of affairs, and hence be possible, without it being the case that a 
has the property [AX 1 E!x] of nonexistence in that state of affairs3’ 
Thus, contrary to Prior, sentences involving names don’t in general 
express predications in modal contexts. But a vestige of Prior’s 
account remains in the case of atomic sentences: in general, 
[Ra, . . . u,] characterizes a state of affairs 9 if and only if 
a,, . . . , a,, stand in the relation R in that state of affairs, and hence 
(by serious actualism) only if they exist in 9’. Thus, though PSA* is 
false in general, we still have the weaker principle 

SA*: 10(Pt, . . . I . . . t, , A 1 E!t), for any any lr-place 
predicate P. 

Now, given SA*, or indeed given only the nonmodal 

SA: PC I... t...1,, 3 E!i, for any n-place predicate P,36 

when we take FUI as our universal instantiation axiom, E!t is still 
provable directly from Id and PMP (Prior’s version of modus 
poncns). Furthermore, UI itself is provable from SA, Id, PMP, and 
FUI. Thus, every term denotes and the quantification theory remains 
classical, as Prior desires. 

Of course, with E!t back once again as a theorem we’ve gained 
nothing so long as we also have full necessitation. But the serious 
actualist considerations just noted suggest needed Priorean restric- 
tions. As we saw above, Prior’s serious actualism compels him to dis- 
tinguish between logical truths and necessary truths - a distinction 
that he claims is “unavoidable in a modal logic for contingent 
beings.” The distinction, though less pervasive due to our milder 
implementation of serious actualism, is no less valid here. In 
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particular, the logic of identity requires that we count all instances of 
Id as logical truths: in any model, the denotation cl, of a term f will be 
identical with itself. However, they do not in general express necess- 
ary truths: by serious actualism, since no contingent being a stands in 
the identity (or any other) relation with itself in possible states of 
affairs in which it doesn’t exist. [a = u] does not characterize any 
such state of affairs. We thus restrict necessitation accordingly: 

Net’: tcp + I-C@. so long as cp is provable without any 
instance of Id.” 

Note now that the use of Id is essential to proving both E!t and UI, 
and hcncc neither of the necessitarian proofs above go through with 
Net’ as our rule of necessitation. So FUJI. SA, and Net’ together let 
us satisfy Prior’s desire for a classical quantitication theory without 
running afoul of the necessitarian myth. 

A couple of last tweaks and our system will be complete. First, the 
restriction on Net’ also makes Prior’s restriction on modus ponens in 
his rule PMP otiose, since the only way to prove 1013x(.u = X) is 
to apply necessitation to 3s(s = x), which can only be proved by 
using Id. So we can safely assume full modus ponens. 

Second with no axiom or rule any longer relating S and the modal 
operators, S becomes a fifth wheel. Necessary statability is relevant 
only if it is required that a proposition exist in a state of affairs in 
order for it to be evaluated with respect to it. As we’ve seen, however, 
this is not in general a requirement when evaluation is based on 
characterization. Where statability is relevant, viz., the atomic case, 
SA alone sufhces. Hence. S is otiose; it plays no essential role in the 
logic of modality on this way of thinking about things. Accordingly, 
we drop the operator S from our language and so also the axioms 
RSla, RSlb: RS2, and SO from our system. 

Third, though q t = z is not in general true, q V.u(x = s) is. How- 
ever, as things stand t/x(x = X) is provable only from Id and Gcn. 

and hence its necessitation is not provable from IVec’. We thus add 
Vx(.u = x) explicitly to the system as an axiom. 

Finally, WC no longer want Prior’s version of the necessity of 
identity 

PM: f = lx 3 1 ot # t’. 
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for otherwise we should fall prey to nccessitarianism once again (by 
SA and K). Rather, what we want in light of our reflections on 
identity above is the weaker 

NI: t = t’ 3 q (E!t 3 t = t’). 
This in particular avoids the countercxample to the stronger principle 
that would arise with respect to worlds in which the denotation of 1 
doesn’t exist. 

I will call the full system ‘A’. But for only a few minor changes, the 
very Priorean A is almost exactly the very un-Priorean QSS that 
spawned Prior’s original search. But with these simple changes, driven 
by the notion of characterization, A retains Prior’s key intuitions - 
serious actualism and classical quantification theory, in particular - 
without the high logical cost of Q. All in all, I think, a much seemlier 
candidate for Prior’s true modal logic. 

4. TIIE TRIJE MODAL LOGIC FORMALLY CONSIDERED 

Like any first-order logic worth its salt, A deserves a sound and com- 
plete metatheory. In this section we provide it. 

4. I. syntfz.~ 

1 will use a standard first-order modal language that includes an 
infinite set of variables v,, and a possibly infinite set of constants ci 
and n-place predicates &“(O < n < (a)38 that contains at least the 
predicate I’:. 3, A , 1, and 0 are the basic logical operators, and the 
usual definitions of the other standard operatcrs hold; in particular, 
U = dC~ 01. Formulas arc constructed in the usual way. WC will 
usually USC = for Pi along with the usual infix notation. For a 
language 2, TRM (2) is the set of terms (i.e., constants and 
variables) of 9, PRED (2) is the set of predicates, and FLA(.Y) the 
set of formulas. 

4.2. Model Theory 

As we’ll see shortly, it is most convenient for defining A’s model 
theory and for proving completeness to define A as one of two logics, 
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the other being roughly a fret sublogic of A. We therefore have two 
corresponding notions of an interpretation. 

Thus, a general interpretation (G-interpretation) I for a language Y 
is a 5-tuple ( W, ,@., D, n V), where W and D are disjoint sets, 
~6: E W, ~1: W + 9(D), D = u range(d), and V is a valuation 
function on TRM(2’) LJ (PRED(Y) x W) satisfying the following 
conditions: 

(Ml) 

W) 

For all I E TRM(Y), V(t) E D. 

For all P” E PRED(V), 1.v E W, V(P”, IV) c d(w),l; in 
particular, V(P,‘, w) = ((a. a): a E d(w)). 

If instead of (Ml) we have 

(Ml’) For all t E TRM(di”), V(f) E cl(@), 

then we say that I is an actualist interpretation, or simply, an inter- 
pretation, for Y.3u 

Note that constants and variables are not distinguished seman- 
tically; both receive rigid denotations in a given model by the 
valuation function, so there is no need for separate variable assign- 
ments. This stems to me to be more consonant with Prior’s own USC 
of variables in his work. 

Truth for a formula at an index, or “world,” IV is defined recur- 
sively relative to an interpretation in more or less the familiar way in 
terms of a total extension P of V from the formulas of 9 into the set 
of “truth values” {T, J-1. The clauses are all standard. Specifically2 
for the atomic, quantificational, and modal cases: 

(A) 

(Q) 

B(Pt, . ..tn,w) = Tiff 

(V(4), . . . > V(t,>> E V(P, w). 
- 

P(~x$, w) = T iff for some a E d(w), c($, CO) = T, - 
where v,” is V - {(.Y, V(x))) LJ ((x.. a)}. 

(Ml v(O$, IV) = T iff for some )-f’ E W, P(t+b, w’) = T. 

We note for future reference that the dehnition satisfies the usual 
principle of substitution: 
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LEMMA I. For any formula cp of 2, if t is free for x in q, then for 
any w E W, p(Cp:, w) = T $7 V;(,,(cp, w) = T. 

A formula 9 of 2 is said to be true in 1 iff v(9, @) = T, and 9 is 
said to be valid (b9) iff it is true in all interpretations, and G-valid 
(&9) iff it is true in all G-interpretations. An interpretation 
(G-intcrprctation) in which all the formulas of a set I- of formulas of 
Y is true is said to be a model (G-model) of r. 

4.3. Logic 

Let E!t abbreviate 3x(x = I) where x is the first variable distinct from 
t. Consider the following system S of axioms. 

PC: 

K: 

T: 

s5: 

Qul: 

Qu2: 

FUl: 

Sk 

NI: 

Ind: 

Propositional Tautologies 

a9 = G) = (09 = W) 

09 = 9 

09 = 009 

Vx(9 = ICI> = w9 = V-4) 

9 3 Vx9, x not free in cp 

vx9 3 (E!t 3 ($7:) 

Px I... t...x,, 2 E!t, P any n-place predicate 

t = 1’ 3 q (E!t 3 t = t’) 
t = t’ 2 (9 =3 9’), where 9 is atomic, and 9’ is just 
like 9 except that t’ replaces one or more (free) 
occurrences of t in 9. 

The usual restrictions on substitution apply in FUI and Ind. 
By G we will mean the system that results from adding to S the 

following axiom schemas and rules of inference: 

OE!: oE!t 

GId: Vx(x = x) 
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GMP: tccp>lG~~3*tG~ 

GGen: k v, =+- kr v-v 

GoI: kfP = tGQJ 

where as usual to Ed iff there is a finite sequence cp,, . . . , (pn = q such 
that for 1 < i < n, either ‘pi is an axiom of G or (pi follows from 
previous formulas in the sequence by one of the rules of inference of 
G. If I- is a set of formulas of 9, the r h cp iff there is a finite 
I’ z I such that $ A I-’ 1 cp: where A r’ is any conjunction of the 
formulas in r’. 1 will often write r, fp k II/ for r u (cp} b I). 

A will be the system that results when to S the following axiom 
schema and rules of inference are added: 

Id: t = 1: for any term t 

MP: ticK(P,h(P=~*k~ 

Gen: h (P = txv'xcp 

AnI: iccp~!xW 

Several remarks are in order here. Note first AOI: the necessitation 
of any formula provable in G (not A) can be inferred in A. Since the 
only difference between A and G is the presence of Id, AD1 is essen- 
tially the same rule as the rule Nee’ above in our original develop- 
ment of A, and hence these are just equivalent formulations of the 
same system. 

It is easy to see that G is a subtheory of A, since OE! follows 
straightaway from Id, SA, and T, and GId is just the generalization of 
Id. The reverse is not true, however: To see this, note first that since 
there are G-interpretations in which the domain of @ is empty, and 
since predicates are interpreted locally. it follows that no atomic 
formula is G-valid. By the Soundness Theorem below for G. it 
follows that no atomic formula is provable in G. But t = t provable 
in A for every t. Thus. it is not a subtheory of G. Note also that all 
the theorems of classical S5 modal propositional logic arc theorems of 
G, and hence of A. 

Henceforth we will drop the subscripted ‘A’ on the turnstile, so that 
1cp just means h cp. As usual, we will say that a set r of formulas of 
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53 is consistent (G-consistent) iff there is no formula q such that 
T t cp and I t lcp (I& cp and I k 1 rp). 

4.4. Soundness and Completeness 

THEOREM 1 (Soundness). Ij’l-cp, then l=cp; similarly for b and $. 
Proof. The soundness of all the axioms and rules follow directly 

from the definition of an interpretation. The only one whose proof is 
slightly less than routine is AOI. Thus, suppose k cp but that pC q V, 
i.,c., that there is an (actualist) interpretation I = (W, @, D, d, V) 
such that ~(I+, @,) = 1. Then for some index w E W we have 
V((cp, w) = 1. It is easy to see, however, that the structure I’ = 
(W, w, D, d, V) just like I except that it has w as its “actual world” 
is a G-interpretation (though not necessarily an actualist interpret- 
ation). But since the falsity of cp at w in 1 doesn’t depend on which 
world is actual,‘@ we still have r(y, w) = I in I’, contrary to our 
assumption that cp is G-valid. 

We turn now the Completeness Theorem. For our construction we 
will draw upon methods developed by Gallin [7]. Similar techniques 
(apparently discovered independently) are also found in Fine [5]. We 
begin with some preliminary definitions; let T be any set of formulas 
of a language 9: 

DEFINITION 1. r is maximal iff for any formula cp of ‘Y, either 
cpEr0rlqEr. 

DEFINITION 2. IY is G-Scomplete iff for any formula (p of 2, if 
3x(p E I-, then for some (substitutable) t E TRM(Y), E!t, 9: E I-. 

DEFINITION 3. An w-scquencc W = ( W,, W,, . . . ) of sets of 
formulas of a language 9 is G-consistent just in case, whenever T, is a 
finite subset of 4 for all i < o, the set (0 A 6: i < o} is 
G-consistent. 

Let W[i,{q,, . _ . ,cp,}] be the result of replacing w in W with 

WJCY,,..., ~~1. Where n = 1, I will write W[i, cp] instead of 
W[i, {cp>l. 
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DEFINITION 4. Let j < \t* and 9 E FLA(g). Then we say that 9 is 
G-consistent, with W just in case W[j, 91 is G-consistent. 

Now, ICC r be a consistent (i.e., A-consistent) set of sentences in a 
language 2 (We will assume for simplicity that Y is countable, but 
our proof is easily generalized to uncountable languages.) Let Var bc 
a countable set of new variables, and let Y’ be Y + Var. Let 
cf = ((j. (P)i);<;: b e an enumeration of all pairs (j, 9) wherej < o 
and cp E FLA(2”). Let ord, be the ordinal number (i.e., the first ele- 
ment) in the i th pair in R, and let 9i be the i th formula. 

We define the following sequence of sequences w’ of sets yi, i, 
i < u Let W$ = I- u {E!r: t E TRM(P)}. and B$” = 0, forj > 0. 
(Note that W,” is consistent (hence G-consistent) if r is since tE!l for 
every / E TRM(Y).) For w’+ ‘, if 9i is not G-consistent,,, with W’: 
then W’^’ = W’. Otherwise, 

(i) If 4ni is of the form !lx+, then W” ’ = W’[orci,, {(pi, I+!$, E!y}], 
where J is a new variable out of V Var. 

(ii) if 9, is of the form O$, then W’.’ ’ = W’[ord,. c~~][tz, $1, where 
n is the least ordinal > 0 such that Wni = 0. 

(iii) if (pi is of neither of the above forms, then let lvi-’ ’ = W’[ord,, 

9il. 

First we need three lemmas. 

LEMMA 2. b VlxE!x. 
Proof. By SA (x = x I> E!x), GGen, Qul, GId, and GMP. 

LEMMA 3. r h 9 * r tc Qyp, ify is not free in r. 
Proof. By GGen, Qul, and Qu2. 

LEMMA 4. I/C = {o/Irk: k < )I:), where each r, is a.fittite set of 
formulus of‘ Y, then if C u (0) is G-inconsistent, so is I: u -(Oo}. 

Proof. Supposc C u (0} is G-inconsistent. The for some finite 
C’ c C, Z’ u {O} is G-inconsistent. Hence, where X’ = 
foq,. . . , 0 A I-,” ), k A C’ 3 18. Thus, by GoI, 
k q ( AI’ I lo), and by K, b 0 AC’ 3 018. By the propositional 
thesis (0~ A q q) 2 q (p A q) it follows that 
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ITT@oArk, A . . . A q OArkm) I q 10,andso by%, 
IdoAr,, A . *. A 0 A r,,) =) 01 I), i.e., b A C’ =) 100. So 
C’ u {Oe} is G-inconsistent. Hence, so is C u {Of?>. 

Now for the more important lemma that uses these. 

LEMMA 5. Each w’ is G-consistent,for i < CO. 
Proof. By induction on i. If W” = (I+$‘, 8, 8, . . . ) were not G- 

consistent, then there would be some finite I-’ c Wl such that 
{ 0 A T’} is not G-consistent. But this could not be. For Wz = 
r u (E!t: r E TRM(Y)} . IS consistent, by assumption. And for any 
finiter’z I#$‘, W:k Ar’,byPC,andk AI-‘=) OAr’,byT, 
and so &f to 0 A I”. Hence, (0 AT”) is G-consistent. 

Suppose then W’ is G-consistent, and let (.j, q) be the ith pair in 
8. We show that W’+’ is G-consistent as well. 

(i) If y is not G-consistentj with W’, then W’+’ = W’, and so is 
G-consistent, by our induction hypothesis. 

(ii) If cp is G-consistent, with W’, then: 
Case I: y is 3x*. Then W’+’ = Wi[j, {cp, I/,“, E!y}], where y is a 
new variable. Suppose w”’ is not G-consistent. Then there are finite 
sets r, L Wi-+’ such that { 0 A I’, : k < o} is not G-consistent. Let 
A = {OAT;.:k < IY, k # j}, and let v = r, - {q, tj,“, E!y}. Then 
A u (O( A c A q~ A $,” A E!y)} is G-consistent. Thus, 

A& lO(ATj A q A ll/; A E!y) 

Ab q l(Av A cp A I+$’ A E!y) 

A k: q (l A\r; v -~rp v 11& v -IE!~) 

A b (1 Aqf v -IV v ~t+b; v lE!y), by T 

A to (AT;’ A cp) =I (lt,+; v lE!y) 

A, Ar; A q h -I$; v -IE!~ 

A, AIJ’ A cp b E!y 3 TI& 

A, A r; A 9 to Vy(E!y =) l$;), by Lemma 3 

A, A q A cp h VyE!y 3 V~--I$;, by Ql 

A, A v A 9 to Vflc, by Lemma 2. 
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But b VJI $; E 1 cp, in which case A u { A rI’ A ‘p) is G-incon- 
sistent. By Lemma 4, A u [O( A l-j A (p)> is G-inconsistent, con- 
tradicting the G-consistency, of q.~ with W’. 

Cclse 2: cp is O$. Then W’+’ = w[j, q][n, $1, where n is the least 
ordinal > 0 such that y; = 0. Suppose W’+’ is not G-consistent. 
Then again there are finite sets r, E Wi ’ ’ such that f 0 A I?, : k < oj 
is not G-consistent. Or again slicing things up a bit differently. where 
A = {oAT,:k < w, k #j, k # n>: A u {OAF,) u {Orl/) is not 
G-consistent. (By the G-consistency, of cp with W’: I-,, must be ($}, so 
that 0 A r, = O$.j Thus, A, 0 A rj in 1 Or,!!, and hence by the 
theorem O(p A yj 3 Op. WC have that A: O(A r, A cp) & loll/. 
(Note that, for all we known, 9 needn’t be a member of r,.) How- 
ever, !7; O( A fj A cp) 3 Oq, by the above theorem once again. and 
I-G 0~ = rp: i.e., !G OO$ 3 O$. by T and S5. Thus, 
O(A rj A 9) b Orl/, so A, O(Ar, A cp> b 04. hence 
A u f0 A(? u (43))) is not G-consistent, contradicting the G- 
consistencyj of cp with W’. 

C&W 3: If cp is of neither of the above two forms, then since cp is 
G-consistent, with w’, W’-’ = Wi[j, q.~] is G-consistent. So our 
lemma is proved. 

Now, for all j < w: let y = IJ/r<ol IJ$‘: and let W = ( W,, W,, . . . ). 

LEMMA 6. W is G-consistent. 
Proof. Suppose not. Then, because of the finiteness of proofs. there 

would be some finite number n of finite rj,, where r,, c y,,, such that 
{ 0 A r;,: 1 6 i < n> is G-inconsistent. Since each rj, is finite and 
there are only finitely many of them, there is a least k < w such that 
q, c_ y:, for 1 < i < n. But then Wk is G-inconsistent, contrary to 
Lemma 5. 

LEMMA 7. If cp is G-consistenti with W, then q E H$. 
Proof. If y is G-consistent, with W, then cp is G-consistent, with 

W’, for all i < W. (If not, the same things that would make 
cp G-inconsistent, with any w’ would also make it G-inconsistent, with 
W, by construction of W.) In particular: then, where (j, cp> is the nth 
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element of the enumeration b, cp is G-consistcntj with W”. By our 
construction, then, rp E B$“““, and so q~ E ukCw qk = y. 

LEMMA 8. Each y. is maximal. for aitj < o. 
Proof. Let cp be any formula. We want to show that either +!I E y 

or lcp E I$, Either cp is G-consistent, with W or it isn’t. If it is, then, 
cp E 4, by Lemma 7. If it isn’t, then there are finite rk c W[j, (plk 
such that (0 A r,: k < o} is not G-consistent. Since W is 
G-consistent by Lemma 6, cp must be an element of 5, and so where 
A = { 0 A E,: k -C w, k # j} and 5 is 5 - {cp}, it follows that 
AtocO(AL-- A cp),andsoAb q (Arj IT(P). 

We now claim that, where (j, lrp) is the nth element of b, 
l(p E By+‘. For suppose not. Then lcp is not G-consistentj with 
W”, and hence, there are finite E; G W: such that { 0 A l-l; : k < CD) 
is not G-consistent. Parallel to the above, let A’ be (0 A r; : k < CD, 
k#j)andietTj’--bcr;‘-(lV7f;thend’u(OA(rl ~~p))is 
not G-consistent. As above, it follows that A’ to q ( A q- 3 q). 
Thus, we have both that A u A’ & q ( A q- 2 19) and that 
A u A’ to q ( A ry- I cp). By basic modal logic it follows that 
AuA’blOA(T;-ur;‘-))andhencethatAuAu 
{ 0 A (Ej- u r;-- )> is not G-consistent. Using the theorem 
O(p A y) 3 (Op A Oq), it is easy to show that every element of 
A u A’ is derivable in G from (0 A(T, u r,‘): k < o, k # j}, and 
hence @A(& u r’):k < 0, k #,j> u {OA(l-- u c-)} is not 
G-consistent. But r; u v- is a finite subset of B$ and each Ek u EL 
is a finite subset of W,, contradicting the G-consistency of W. 

So where <j, lcp> is the nth eIement of d, lcp E B$‘.+‘. Thus, 
since q = UkCwyk, iq E B$. 

LEMMA 9. Each 4 is G-3-complete. 
Proof. Straightforward from our construction. 

LEMMA 10. For alij < o, Oe E H$ zJ”$ E W,, for some n -C o. 
ProoJ Left to right follows directly from construction. For the 

other direction, suppose not, i.e., that Ic/ E I+$, for some n, but 
09 .$ V$. Then O-II) E H$, by Lemma 8. Let I-, = {J/j, 
IYj = (O-I+). and let r, = 8, for all other k < o. Then 
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I- = { 0 A r,: k < L?)) = {Or//, OOi$> is G-consistentl by the G 
consistency of W. But this can’t be, since OOl$ = q l$ = 1 Olc/. 
by S5. 

Now, for each term t of our language 2’ Ict [I] = (s : for some 
j < CL): t = s E y}: and let V(f) = [f]. For /z-place predicates P of 
Y, let V(P,j) = {([t],, . . . , [t],,): Pt, . _ . t,; E y). Let 
D = ([t]: t E TRM(g’)}, and let d(j) = {[t] : E!t E Wjj. Finally, let 
M = (w, 0, D. d, V). 

LEMMA 11 .M is a G-interpretution for 9’. 
ProoJ This is easily verified by comparing the definition of M with 

the definition of a G-interpretation. That M satisfies (M2) in 
particular follows from SA. 

LEMMA 12. For UN cp E FLA(T’), for all j < o, q~ E W$ Q’f’ 
F(cp, j) = T. 

Proox By induction on cp. The atomic case and the connective cases 
are straightforward. The quantifier case follows in the usual way from 
Lemma I, Lemma 9, and FUJI. The modal case follows directly from 
Lemma 10. 

Let M’ = (q 0, D, d, V’) where V’ is the restriction of V to 
TRM(g) u (PRED(P’) x 0). 

LEMMA 13. M’ is an actuulist interpretationfor 2’. 
ProoJ Again, straightforward, given that by construction E!t E W,, 

for all t E TRM(P). 

LEMMA 14. For all q~ E FLACY), cp E H$ @ v’fq, 0) = T. 
Proof. Immediate from Lemma 12. 

COROLLARY. For all cp E r, p’!q, 0) = T 
Proqf. I- E k&. 

Thus, M’ is a model of r. Since 2 and I- were chosen arbitrarily, we 
have: 
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LEMMA 15. Every consistent set of formulas qf a (countable) language 
has a model. 

Hence, 

THEOREM 2 (Complereness). Fur any formula cp of a language Y, 
I= cp only if I- cp. 

Proof. As usual, given Lemma 15. 

Note that it is the use of the weaker notion of G-consistency in the 
construction that allows us to get away without verifying the Barcan 
formula BF.4’ For since the quantification theory of G is free, W, can 
contain formulas of 9%’ of the form lE!y whose negations E!y will 
occur in other R$ (by construction, since & OE!y for all y). Thus, the 
model can contain “individuals” that exist at other worlds and that 
falsify BF. However, since we added E!t to E for every term in the 
original language 3’ at the initial stage W of the construction we get 
an actualist interpretation when we restrict V down to 9, and hence 
an interpretation that preserves classical quantification theory.4’ 

NOTES 

’ The expression comes from [24], p. 104. 
2 While I was writing this paper Deutsch and I discovered that we were independently 

working out quite similar approaches to the problems of contingency in modal logic. 
Dcutsch invokes a double index semantics inspired by Kaplan’s work on indexicals that 
is in certain respects more general than mine, though this added generality brings about 
some importanl divergence in regard to validity (see his 131). 

3 See [23], p. 26. Prior’s proof of the implication is found in 1191, pp. 60-62. 
’ See [23], p. 29. Prior makes the point with regard to tense, but as with most of his 

remarks about time and ontology, it held for him no less in the modal case. 
’ I assume here, in current fashion, that no one could have had dilTcrcnt parents, and 

hence in particular that no one could have had JP II as a parent (hence grandparent). 
6 [23]. p. 29. The context again is temporality. 
’ Ordinary quantification can then bc capture by introducing a special predicate E! for 

existence and restricting the quantiticrs only IO possible objects that happen to exist. 
Thus, Vscp becomes Yx(~:‘!x 3 q) and 3xrp becomes 3x(E!x A cp). Compare 1121, 
pp. w. 
’ For such a view, see, e.g., [29], ch. 3, exp. 6XC also [26]. 
9 Though he did not wish to commit himself ulrimafc& to the actual existence of such 

things. llis view was that propositions were “logical constructions,” i.e., that talk which 
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apparently commits one to propositions can always be paraphrased away into talk 
about ordinary objects (see, e.g., [20], Chs. I and 2, tsp. p. 12) and hence that such talk 
is innocuous. It’s not at all clear to me that Prior’s own propositional talk can be 
reintcrprcted in this way. However, I don’t think this has any direct bearing on the 
issues here. and 1 will simply be taking Prior’s remarks at face value. 
” Where e; is the result of replacing every free occurrcncc of J in + with an occurencc of 1. 
” It needn’t be the case for the possibilist, of course. that we could actually establish a 
refcrcntial connection between such a name and a mcrc possibile. The point is rather 
just that thcrc arc facts of that form, in the same way that if Fcrmat’s last theorem is 
false, we know thcrc are facts of the form .?’ + J’ = z”. even though we don’t know 
what the subjects of any such facts might bc. 
” Prior discusses i-abstraction, and endorses i-conversion. in [20]. pp. 43 -- 4. 
” See, e.g.. 1151, pp. 1 l- 15, 117. pp. 126-9. and [16], pp. 316-324. 
” Let q be -E!J. 
” Prior himself gives stern warning against identifying propositions with scntcnces in 
[20]. pp. 5K. 
” As Prior later discovered, BF is also provable from the two principles and QT plus 
the weaker Brouwerschc axiom schema cp 2 00~. See [21], p. 146. 
” See, c.g,. [22], p. 149. The use of the term ‘statability’ arises apparently from Prior’s 
dcsirc to avoid any ultimate ontological commitment to propositions, as of course 
‘propositional cxistcna’ strongly sugests (to say the least). As he himself points out, 
the locution ‘statable’ “has the disadvantage of suggesting that the difficulty here is 
simply with our mechanisms of reference,” ([22]. p. 147) i.e.. that the issue is just 
linguistic or cpistcmologica1. 
‘* Set CSP. pp. 157-S. 
” See, for instance, the footnote on p. 205 of Prior’s [18], where hc approves both of 
these axioms in the context of S5. That they still hold in Q reasonably follows from the 
fact that none of his arguments against S5 tell in any way against either schema. 
x See, e.g., [S], p. 255. 
*’ [21] p. 148; see also his discussion of the doctrine in [IS]. pp. 205 --207. 
*’ Pridr indicates some discomfort with his solution in [22] (p. 159): where he suggests 
as an alternative revising the system so that his version of necessitation DRO as it 
stands is not a derivable rule. The system A below can be seen as an implementation of 
this strategy. 
” The substance of the following objection is derived from Plantinga [ 151. Fine notes 
further difficulties for Q in [24], pp. 148K. 
” From the definition of 0 and the rules RSla. RSlb, and RS2 it is provable that 
O,,,ci, = Oci, v 7 Sq, and hence by propositional logic 7S.p 3 O,Vcp. 
z5 See for example. 1221, p. 68. 
” [Y],‘p. 147 (4.172); quoted in [23], p. 114; see also [22], pp. 71-2. 
27 Certain restrictions on membership in 0’ and R’ are of course required if wc are to 
make this assumption feasible - we can’t for instance include all the sets among the 
individuals. Perhaps one way to work this out is to detinc states of affairs that are 
maximal relative to a given property r that carves out a domain of individuals and a 
corresponding set R* of n-place relations “appropriate” for things that have r. So. for 
example. c might be the property of being of a concrete object, and R* a set of appro- 
priate relations. A state of affairs (0, R, ext) is maximal relative to r and R* then just 
in case everything in 0 has c, R = R* and thcrc is no state of affairs (0’, R, ext”) 
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such that 0 # 0”, everything in 0” has r, and 0 c 0”. We could then make all the 
same moves without worrying about imminent paradox. 
” In accord with the previous note. we could define possible maximality for .rB relative 
to some property r and a corresponding set R*. 
“Fine’s distinction, though, rests on an unanalyzed conception of possible worlds that I 
find difficult to understand in an actualist framework. 
1o Note this is not a definition but only a sufficient condition; for a full equivalence we 
need to extend charcterization to propositions of any form. This is discussed in more 
detail below. 
.‘I Or if you please, [13.$x = a)]. Using the clause for the quantifier things work out 
essentially the same way. 
” See 1141. I don’t think this is terribly controversial, and it strikes mc thar most 
philosophers who claim to be actualists but still USC possible world semantics think 
along these lines. Although it is not obvious how to carry out this idea in detail, at 
bottom it is quite straightforward. especially for the simpler cases. For example, there is 
no possible state of affairs that the proposition [3xGxj] that JP II has a grandchild 
characterize% since any such state of affairs would have to involve an object that 
doesn’t exist. Nonetheless, we can let some abstract necessary being - some purely 
qualitative relation r*, say - go proxy as it were for JP II’s “possible grandchild”. 
That is. suppose the set of individuals were just like the actual set except that it 
included a grandchild of JP II (orphaned, then, I suppose); then the resulting possibly 
maximal state of atbirs Y = (0, R, ext) thal would exist under those circumstances 
would be isomorphic to a structure Y’ = <O‘, R’, ext’) just like .Y except that 0 
would contain r* instead of JP II’s grandchild, and ext’ would be altered accordingly. 
llnlike 9, though, 9” actually exists in the here and now, and hence can itself go 
proxy for that “merely possible” state of atTairs. The idea, then, is to extend the 
definition of possibly maximal states of affairs, i.e., possible worlds, so that they 
include such surrogates as 9”. This cannot be done casually, for one must make 
certain that one’s surrogate possibilia play consistent roles from one surrogate possible 
world to another in one’s collection of all possible worlds. Much of [14] is devoted 
to carrying this out in detail. But it can done, and so this move provides us with 
a way of talking about all possible worlds without committing us to genuine 
possibilia. 
” Here is where Adams and I emphatically part company. Adams takes modal state- 
mcnts of the form ‘CI&~)~ and ‘OVA in ef%ct to express atomic propositions in which 
the modal prop&es [1.,x q q:] and [l-r O+V:] are predicated of a, ([I], pp. 28fT). But, 
first, this is at odds with the treatment of negation above (why not take ‘1E!a’ to express 
the predication of the property [i-x iE!x] of a. hence take it to be false at worlds in 
which LI doesn’t exist), and, second, leads to a rather awkward (and Q’ish) modal logic. 
4 See, e.g., his discussion of ‘Bucephalus’ in 1231, pp. 32K. 
” One way of putting the matter then is that the derived rule bcp 3 $ => to9 3 O$ 
will break down in general in a logic containing A-conversion that is based on charac- 
terization. (It breaks down for Prior as well, but in different cases; the instance with 
cp = lE!r and (/I = [AX lE!x]t in particular would valid in Q with R-conversion.) For 
related difficulties with i-conversion in modal contexts, see [27]. 
.j6 Compare [24], p. 132. 
” This rule achieves roughly the elfect of Adams’ suggested weakening of Necssitation 
in [I] (p. 27) to the theorems of the free fragment of his system. 
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r5 I omit O-place prcdicatcs only for convcnicnce, as they often rcquirc wparatc. though 
straightforward. treatment. 
w In terms of Hodes’ convenient categorization scheme in [lo] (pp. 375 -6). G-intcr- 
pretations here are exrertuiotzwise ac/rcnlisfic, and actualist interpretations are both 
extensiorwise actualistic and denofarionwise actualistic. 
JD Unlike, e.g.. log& that contain an actuality operator: see e.g., [I I]. 
” Carson suegcsts in his exwllent survey article [8] (p. 277) that completeness proofs 
for quantified% systems using Gallin’s methods required the Barcan formula RF. 
Theorem 2 shows that this is not true in gcncral. 
4’ An S4 version of A and its metatheory were developed when I was a fellow at the 
Center for Philosophy of Religion at Notre Dame in the spring of 1988. My thanks go 
out to the Center and to the following facuhy~fellows/visitors who were there at the 
time: Toomas Karmo, George Mavrodes, Barry Miller, Tom Morris. Al Plantinga. Ken 
Sayre, Howard Wettstein, and especially Michael Krcmer. A long phone call with Jim 
Garson during this time was a big help, as wcrc comments from Tom Jager and Ken 
Konyndyk on a rather inchoate, disorganized and skeptically received talk at Calvin 
College. Subsets of the paper were presented at the ASL meetings at Berkclcy in January 
1990, and at the Prior Memorial Conference at the University of Canterbury in Christ- 

church, New Zealand in August 1989. where I received valuable comments from Harry 
Deutsch. Philip Hugly, and Mark Richard. 1 have benefited especially from discussion 
with Dcutsch since first encountering his work. I also want to thank the referee for 
useful comments. and Fd Zalta and my colleagues at Texas A & X4 for discussion, 
criticism, and encouragement. 
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