
Micro-structure in Linear Elasticity 

R. D. MINDLIN 

Communicated by R. A. TouPIN 

Contents Page 

Int roduct ion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5t 
t. Kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  52 
2. Kinetic and potent ial  energies . . . . . . . . . . . . . . . . . . . . .  54 
3. Variat ional  equation of motion . . . . . . . . . . . . . . . . . . . . .  55 
4. Stress-equations of motion and boundary  conditions . . . . . . . . . . .  57 
5. Consti tut ive equations . . . . . . . . . . . . . . . . . . . . . . . .  57 
6. Displacement-equations of motion . . . . . . . . . . . . . . . . . . .  59 
7. Micro-vibrations . . . . . . . . . . . . . . . . . . . . . . . . . . .  59 
8. Plane waves, long wave-length . . . . . . . . . . . . . . . . . . . . .  60 
9. Low frequency, very long wave-length approximat ion:  Form I . . . . . . .  65 

10. Relat ion to ToUPIN'S generalization of couple-stress theory . . . . . . . .  69 
1t. Low frequency, very long wave-length approximat ion:  Form I I  . . . . . .  71 
t 2. Low frequency, very long wave-length approximat ion:  Form I I I  . . . . . .  72 
13. Solution of the approximate  equations of equilibrium . . . . . . . . . . .  75 
14. Concentrated force according to the approximate  equations . . . . . . . .  77 
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  77 

Introduction 

In  th is  paper ,  the re  is fo rmula t ed  a l inear  t heo ry  of a th ree-d imens iona l ,  
e las t ic  c o n t i n u u m  which  has  some of the  proper t ies  of a c rys t a l  l a t t i ce  as a 
resul t  of the  inclusion,  in the  theory ,  of the  idea of the  uni t  cell. The  equat ions  
y ie ld  wave-dispers ion  re la t ions  wi th  acoust ic  and  opt ica l  b ranches  of the  same 
cha rac t e r  as those  found a t  long wave- lengths  in c rys t a l  l a t t i ce  theor ies  and  
obse rved  in neu t ron  sca t te r ing  exper iments .  A l though  specific solut ions are  no t  
exh ib i t ed  in deta i l ,  i t  is a p p a r e n t  f rom the  form of the  equat ions  t h a t  there  
will  be in te res t ing  surface effects under  condi t ions  of bo th  mot ion  and  equi-  
l ibr ium.  

The  uni t  cell m a y  also be i n t e rp re t ed  as a molecule  of a polymer ,  a c rys ta l l i t e  
of a po lyc rys t a l  or a g ra in  of a g ranu la r  mater ia l .  The m a t h e m a t i c a l  model  
of the  cell is a l inear  version of ERICKSEN & TRUESDELL'S deformable  di rectors  [1]. 
I f  the  cell is made  rigid,  the  equat ions  reduce to those  of a l inear  COSSERAT 
c o n t i n u u m  [2]. 

The  m e t h o d  of de r iva t ion  of the  equat ions  is analogous  to  one used  in de-  
ducing  two-d imens iona l  equa t ions  of high f requency  v ib ra t ions  of p la tes  from 
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the three-dimensional equations of classical linear elasticity. By the same tech- 
nique as that  employed in passing from high order theories of plates to classical 
theories of plates, the equations are shown to reduce, at low frequencies and 
very long wave-lengths in isotropic materials, to those of an elastic continuum 
with potential energy-density dependent on strain and strain gradient and kinetic 
energy-density dependent on velocity and velocity gradient. 

A linear form of TouPIN'S generalization [8, Section 7] of couple-stress theory 
[5--10] is obtained by eliminating the difference between the deformations of 
the unit cell and the surrounding medium; and linear couple-stress theory itself 
is obtained by eliminating, further, the symmetric part of the strain gradient. 
Both of these special cases are also limited to low frequencies and very long 
wave-lengths. 

1. Kinematics  

Consider a material volume V, bounded by a surface S, with Xi, i = 1, 2, 3, 
the rectangular components of the material position vector, measured from a 
fixed origin, and x i the components, in the same rectangular frame, of the spatial 
position vector. The components of displacement of a material particle are 
defined as 

u i  ----- x i  - -  X~ .  (1.1) 

Embedded in each material particle there is assumed to be a micro-volume V' 
in which X~ and x~ are the components of the material and spatial position 
vectors, respectively, referred to axes parallel to those of the xi, with origin 
fixed in the particle: so that  the origin of the coordinates x~ moves with the 
displacement u. A micro-displacement u' is defined; with components 

t ! ! 
u i  ~-  xi - -  X i .  (1.2) 

The absolute values of the displacement-gradients are assumed to be small 
in comparison with unity: 

ox~ <<1, ~ <<1, (1.)) 

so that  we may write 

where t is the time. 

~u i ~u i ~Xi ~ ~ ~ a~ui' u i = u i ( x i ' t ) '  (t.4) 

~u; au; . . . . .  
~x~ ~" ~ =- ~ui '  ~j : u j (x~ ,  x~,t), ( t . 5 )  

Assume that  the micro-displacement can be expressed as a sum of products 
of specified functions of the x~ and arbitrary functions of the x~ and t. As an 
approximation, retain only a single, linear term of the series: 

u~ = x~ ~'k ;, (t .6) 
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where V~. is a function of the x~ and t only. Then the displacement-gradient 
in the micro-medium is 

o;u;=,p., (t.7) 
i.e., the micro-de/ormation ~ i is taken to be homogeneous in the micro-medium V' 
and non-homogeneous in the macro-medium V. In view of 0.3)=, I~q[<<i.  
The symmetric part  of V~i is the micro-strain: 

- - 1  V.i) = ~- ( ~ j  + ~ i3  (t .8) 

and the antisymmetric part is the micro-rotation: 

~[~ j] --= { (~i7 -- ~~ (t .9) 

An alternative interpretation of the micro-defor- 
mation is that  the quantities Vq are proportional to 
the components of the displacements of the tips of 
deformable directors, as described by  ERICKSEN &: 
TRUESDELL [/1" Tile V[o'I then are the components 
of rotation of the COSSERAT triedre [2 ,  p. 1221. 

We define the usual strain (now the macro- 
strain) 

~ j  =- �89 (o~ui + ap3 ; (1Jo) 

and also a relative de/ormation (the difference 
between the macro-displacement-gradient and the 
micro-deformation) 

7 i j ~ - ~ 3 i U j - - V i  j ,  (1.11)  

and a micro-de/ormation gradient (the macro-gradient 
of the micro-deformation): 

xq~ = Oi~. k . (1.12) 

All three of the tensors eii, Yii and ~ii~ are inde- 
pendent of the micro-coordinates x~. Typical com- 
ponents of Yii and x q ,  are illustrated in Figs. t 
and 2. 

The u~ and V~i are assumed to be single-valued 
functions of the x~, leading to the compatibility 
equations 

era i~ en li ~i Oj e~ l = O, (~ .t3) 

e,~r219 = 0 ,  (1.14) 

Ok(ej~ + o ~  - 7j~) = ~i j~,  (1.15) 

where r is the macro-rotation: 

/ / I  
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and eqk is the alternating tensor. 
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(~.~ 6)  Fig. t. Typical components of relative 
stress a~;, displacement-gradient 0~ u~, 

micro-deformation ~0~ and relative 
deformation ~,~ 
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Fig. 2. Typical components of double s t ress/~i ik and gradient of micro-deformation ~ H k  

2. Kinetic and potential  energies 

Let the micro-medium be a parallelepiped with volume V' and edges of 
lengths 2d i and direction cosines lis with respect to the axes x~. Let x~' be 
oblique Cartesian coordinates parallel to the edges d i, respectively. Then [3, 
p. t53]  

! 
xi =Z.x;', (2.1)1 
v'  = s IlZ, j l, kll ~ dl a~ d~, (2.t)5 

v# ## #v 

Let ~ be the mass of macro-material per unit macro-volume and let ~' 
be the mass of micro-material per unit macro-volume. We define a kinetic 
energy-density (kinetic energy per unit macro-volume): 

�9 - I f l  , �9 �9 . ,  T ~  ~ OMuiui+-V" a 2 e ( u s + ~ ) ( u i + u i ) d V ' '  (2.2) 
V" 

where the dot designates differentiation with respect to time. Upon substituting 
(1.6) and (2.t) in (2.2) and performing the integration, we find 

�9 " ~ e  dkz~Vks~u, (2.3h 
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where 
0 - QM + e', (2.3)~ 

a ,-a aqGl ql  l ,l (2.3)3 

and 6ii  is the Kronecker symbol. In tile case of a cube with edges of length 2d 
parallel to the axes of x'i, 

l~i=6ii  , dl=d~=d3=--d. (2.4) 

Then the second term in (2.3)1 reduces to ~'d2~vii~vii. If the material is com- 
posed wholly of unit cells, Q~----O. Then e '=~ -  

For the potential energy-density (potential energy per unit macro-volume), 
we assume a function, W, of the forty-two variables eii, Tii, ~ii~: 

W= W(eis, ~j ,  ~ik). (2.5) 

A small, rigid rotation of the deformed body is described by  a rotation, 
e~i i =  constant, of the macro-material and an equal rotation Y~[iil of the micro- 
material. The associated displacements are 

uj = x, ~oii, u; = x; ~[, il" (2.6) 

The addition of such a displacement leaves W unchanged since the added eii, Yii 
and xii ~ are zero. 

The assumptions (i.6), (2.2) and (2.5) are the minimum that  will lead to 
equations which yield the desired dispersion relations for plane waves: including 
longitudinal and transverse acoustic and optical branches. More or less than 
(t.6), (2.2) and (2.5) would be more or less than what is required. 

The unit cell is taken to be a parallelepiped in order to represent the unit 
cell of a crystal lattice. However, another shape would only change the tensor 
d~l. Also, the cell can be interpreted as a molecule of a polymer, a crystallite 
of a polycrystal or a grain of a granular material. 

3. Variational equation of motion 
We write Hamilton's principle for independent variations c3u i and 6~vij be- 

tween fixed limits of u i and ~vij at times t o and tl: 

tt tt 
,~ f ( y -  ~ ) d t  + f ,~#']dt = o, (3.t) 

to to 

where Y and ~ are the total kinetic and potential energies: 

3- =-- f TdV,  ~ f W d V  (3.2) 
V V 

and bY/f1 is the variation of the work done by  external forces. 

In the usual way E~, p. t66], we find, from (2.3)1 and (3.2)1, 

t I tt 
f J -dr  = -- f d t f  (eai ~u i + ~ e'd~, ~v,~ rS~ik) dV.  (3.3) 

to to V 
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As for the variation of potential energy, we first define 

8W 
- -  = ~:ji, (3.4)1 T i J ~ -  ~e i j  

3W 
a~i = , (3.4h 

8W 
/~r  - -  0 ~ r  " ( 3 . 4 ) 3  

Then 

~W : vq  r e~] +ai]  37ii + #qk  ~niik, 

: T i j ~ i ( ~ U j ' q - a i j ( ~ i ( ~ U j  - $~) i i )  - } - [ ~ i i k ~ i ~ d j k  , 

Applying the divergence theorem, we find 

~ =  f ~ W d V  
V 

= - f 8~ (vii + ai i) ~ % d V  --  f (ar ~ + aik ) 6wi~dV + (3.5) 
V V 

+ fni(v i i  +aii) ~%dS + fnr 6~ikdS. 
S S 

The form of (3.5) is the motivation for the adoption of the following form 
for the variation of work done by  external forces: 

The definitions of u i and v/i k, and the fact that  the integrands of the volume 
and surface integrals represent variations of work per unit volume and area, 
yield the physical signifieances of the coefficients of 3u i and 6~vik. Thus, ]i is 
the body force per unit volume and t i is the surface force per unit area (stress- 
vector or traction); qSj~ is to be interpreted as a double force per unit volume 
I4, p. 1871 and T]k as a double force per unit area. The diagonal terms of qSi~ 
and Ti~ are double forces without moment and the off-diagonal terms are double 
forces with moment. The antisylnlnetric part  r~[j/~] Of the body double ]orce qbi~ 
is the body couple. The antisymmetric part  T[i~] of the double traction T~.~ is 
the Cosserat couple-stress vector. In both #i~ and Ti~, the first subscript gives 
the orientation of the lever arm between the forces and the second subscript 
gives the orientation of the forces. Across a surface with its outward normal 
in the positive direction, the force at the positive end of the lever arm acts in 
the positive direction. ("Positive" refers to the positive sense of the coordinate 
axis parallel to the lever arm or force). Across a surface with its outward normal 
in the negative direction, the directions of the forces are reversed. 

Substituting (3.3), (3.5) and (3.6) in (3.1), and dropping the integration with 
respect to time, we obtain the variational equation of motion: 

v 
~9 d ) , ~ )  3y~i,dV + (3.7) 

V 

+ f I t ; -  n , ( . .  + ~.)] ~u~ a s  + f (T,, -- n~n.,)  ~W~, dS = O. 
S S 
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4. Stress-equations of motion and boundary conditions 
From the variational equation of motion, there follow immediately the twelve 

stress-equations of motion: 

~i(~:ij + a i i )  + / j  = Oiij, (4.1)1 

and the twelve traction boundary conditions: 

t i=  ni (vii +a i i ) ,  (4.2)1 

Ti~=n~ #iik" (4.2)2 

In view of (3.4), (4.2) and the significance of eq, 7ii, ~iik, appropriate ter- 
Ininology appears to be Cauchy stress for zi i ,  relative stress for aq  and double 
stress for #ii~. The twenty-seven components of/~ii~ are interpreted as double 
forces per unit area. The first subscript of a #i~'k designates the normal to the 
surface across which the component acts; the second and third subscripts have 
the same significance as the two subscripts of Tik. Typical components of #iik 
are illustrated in Fig. 2. 

The linear equations of a Cosserat continuum [21 are obtained by setting 
~(q)=O. Then (7(ij):Zij and #i(ik)----O; and there remain #iri~l (the Cosserat 
couple-stress) and a[q]: which has been regarded as the antisylnmetric part of 
an asymmetric stress Tii. However, in the present theory, the Cauchy stress, 
zi i ,  is symmetric and a[~i] is the antisymmetric part of an asymmetric relative 
stress (Yii" 

Besides containing the linear equations of a Cosserat continuum as a special 
case, Eqs. (2.5), (3.4) and (4.t) also include, as low frequency, very long wave 
length approximations, linear versions of the equations of couple-stress theory 
I6--101 and TOUI'IN'S generalization of couple-stress theory [8, Section 7]. These 
are considered in Sections 9-- t2.  

If additional terms were retained in the series expansion (t.6) of the micro- 
e displacement ui, higher order stresses would appear. In addition to stresses 

corresponding to double forces per unit area, there would be stresses correspond- 
ing to n-tuple forces per unit area. All of the latter would be self equilibrating; 
whereas, of the/zi i  k, only the ~i(ik) are self equilibrating. 

5. Constitutive equations 
For the potential energy-density we take a homogeneous, quadratic function 

of the forty-two variables eii, Yli,  ~ii~: 

W m l  __ ~ciik l eq  ek l +_  ~ x biik zYq7 ,  z + ~aii~ z,~ ~ii~ z~,~n + 

"+ dii~ zr,, 7i i  nk zm -~- [iik zm ~iik elm + giik zYii e~ l" 
(5.a) 

Only } • 42 • 43 = 903 of the 42 • 42 = 1764 coefficients in (5.t) are independent. 
The number of coefficients, the relations among them and the number of inde- 
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pendent ones are given in the following table: 

Cijkl~--'Cklij:Cj.ikl ' .  9 •  2~ 

bq~ t :b~ t i i :  9 •  

aij~ tmn : at,nnij~ : 27 X27-- 35~ : 378 

dq~m : 9 •  

/r 9 •  

gijat=gii t~: 9 X 9 - - 2 7 =  54 
903 

From (SA) and (3.4): 

(5.2) 

Zpq = Cpqi j 8i j q- gi j pq ~i j -'~ ]i ik pq Xi jk, (5.3)1 

rYpq : gpqij eij  q- bi jpq~ij  q- dpqij~ gii~, (5.3)2 

F~pq, = ]pqrii ~ij + dijpq, 7i j  + apqrijk r (5.3)3 

In the case of a centrosymmetric, isotropic material (referred to as isotropic 
in the sequel) the number of independent coefficients is greatly reduced. As 
there are no isotropic tensors of odd rank, diikz,, and ]iik zm must vanish. The 
remaining coefficients must be homogeneous, linear functions of products of 
Kronecker deltas. There are three independent products of two Kronecker 
deltas and fifteen independent products of three Kronecker deltas. Hence 

biik z = bl Oii O,~ z + b2 Oik Oj-i + ba Oi z Ojk, (5.4)z 

gi ik z = gt Oii 6k t + gz 6r 6 i z -ff g3 6i t 6j,~, (5.4)a 

a~i~,nn : a l  OijO~zOmn + a2 OiiO~,,Onz + a~3iiOknbz,~ + 

"q- a 4 Ofl~ (~i l Omn q- a5 O]k 6im On l -~ gt~ Ojk Oin Olin -~ 

-~- a 7 Ok i~j lOmn -3 V a s (~k iOjm On l -~- (l 9 fii~ i(~jn ~lm ~- (5.4)4 

q- alOOil~jmOkn q- all 8izOk,~Oi,~ + alz OkzOi~Oj,, + 

+ als 6i l 6j n 6,~ m + a14 Oil 6~ n O~m + al~ ~ l ~i n ~)jm" 

The conditions (5.2) require the six relations 

/ q  : / * ~  = # ,  g~ : g 3 ,  

a 1 : a 6 , a 2  = a 9 , a 5  : a 7 , a l l  = a 1 2 ,  

leaving eighteen independent coefficients. Thus, the potential energy density 
reduces to 

+ }b~ W : � 8 9  ~ e i i e j j  ~- Jz e i j e i j  ~ - ~ b l y i i T j j  Y i j Y i j  ~- 

+ �89 GYr + g~7r e~i + g~(~q + 1'ir er 

+ al~i ik  Xkjj 27 a2 ~4ii k ~4jk ~ + 1 ~-az~iikXjik + l aa~ci j j~,~ --  (5.5) 
1 

+ a~ ~r + �89 8 ~r + ~ a l O X i j ~ i j  ~ + al l~i j~gj~ i 
_~ 1 1 ~ 1 

~a18~ijk ~4ikj ~- ~al4~ijk  ~jik 2f_ _~a1574ij k ~kji ,  
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and the constitutive equations become 

"l~pq ~- ~ ~pq ~ i i ~- 2[,~ Gpq ~f- el ~pq ~ i i ~- g~ (Ypq .31- ~qp) , (5.6)~ 

am : g~ 3m e~ ~ + 2 g2 em + b~ ~r  y~ ~ + b 2 y~r + ba yq~, (5.6)2 

/ ~ ,  = a~ (u.~ ~ ,  + x , -  Gr + a2 (~.r ~ ,  + u-~Gr + a ~ ,  Gr + 

+ a~u~,~r + a~(ur + ~ , )  + a,~q~6~, + a,o~r , + (~.6)~ 

+ an (~,~ + n~,~) + a ~ , r  + a~,xr + a~5~,q~. 

6. Displacement-equations of motion 

We may obtain twelve equations of motion on the twelve variables u i and 
~vii by first inserting (IA0), (1.11) and (1.t2) into the constitutive equations 
and then the latter into the stress-equations of motion (4.t). There is no necessity 
to assume spatially homogeneous material properties. In fact, the coefficients 
of elasticity and the densities may be taken as periodic functions, of oblique 
coordinates parallel to- the edges of the unit cell, of periods 2d i. This would 
represent the periodic structure of a crystal lattice. However, the equations 
would then be highly intractable; whereas some of their main features are ex- 
hibited with macro-homogeneous material properties, at least for wave-lengths 
greater than the dimensions of the unit cell. The isotropic case is especially 
simple; but nevertheless it still contains many of the novel properties of the 
macro-homogeneous material. 

In the case of isotropy, the constitutive Eqs. (5.6) apply and also (2.4). Then, 
for the macro-homogeneous, isotropic material the equations on u i and ~vii are 

(l~ + 292 + b2) ~iaiui + (2 + #  + 2gl + 2g2 + bl + b3) 3iOiui -- 
(6.1) 

-- (gt + bl) ~i~v~-~- -- (g2 + b2) ~' ~vj'i -- (g~ + b2) Dj ~,~j + / i  = 9//i, 

(a, + as) (G ~,~'~ l~o + ~ Oj~'kk) + (a2 + an) ('~j G V'k~ + 3~G~j~) + 

-I- (a 3 q- a14 ) ai~k ~ki  -t- a 40kOk~Vllbii q- (a s q- a15 ) OiOk ~Pik q- 
(6.2) 

+ alo 3 k a~ ~v i i q- ala ~ ~ ~vi i + gl ~ u~ 6~ i + g~ (~ ui + Oi u~) + 

+ b~(Gu~--~) ~ + b~(~ui--~v~i) + b~(~u~--~i~) + q~i : � 8 9  

7. Micro-vibrations 

Consider solutions of (6A) and (6.2) of the form 

ui=/i=qbij=O, ~ i i=Ai j e  ~t, (7.1) 

where the Aii are constants. Then (6.1) are satisfied identically and (6.2) become 

bl~SiiAk~ + b2Aii + b3Aii=�89 i, (7.2) 

which admit the following solutions: 

dilatational mode: 
An=A22=A22; Ao.=0 ,  i&/ ' ;  (7-3)1 

r176 (3 bl q- b2 J- ba)/e' d2; (7.3)2 
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shear modes: 
A~i=Ai~, i4:f; Ar 

o?, = 3 (b~ + b~)/~" d~; 

equivoluminal extensional modes: 

A/i----0; A~i=O, i~=]; 

d = 3 (b~ + b~)/O'd~; 
rotational modes: 

i=i;  (7.4)1 

(7.4)2 

(7.5)1 

(7.5h 

Aii= --Ai~, (7.6)1 

J ,=3 (b2- bz)/o'd2. (7.6)~ 

The restriction of the potential energy-density to be positive definite requires 

3 bl + b~ + bs>  0,  b~ + b3> 0, b2-- b3> 0. 

Hence od, co, and co, are real frequencies. The corresponding modes are anal- 
ogous to the simple thickness-modes of vibration of a plate. Just as the latter 
are independent of the coordinates in the plane of the plate, so are the micro- 
modes independent of the coordinates x i of the three-dimensional continuum 
with micro-structure. Extensional and flexural waves in a plate couple with 
thickness-modes, at high frequencies, to form the higher branches of the disper- 
sion relations for a plate. Analogously, we may expect longitudinal and trans- 
verse acoustic waves, in the three-dimensional continuum with micro-structure, 
to couple with the micro-modes to form optical branches. 

8. Plane waves, long wave-length 

Consider solutions of (6.t) and (6.2) with ]i and Oii zero and 

ui=ui(x 1, t), y~ii=~ii(xl, t). (8.1) 

By means of linear combinations, the twelve equations may be composed into 
three independent equations and three independent systems of three equations 
each: 

shear optical I: 
1 ~,d~;,; . (8.2) (al0 -}- a13) 01 01 ~/1(28) - -  (b2 -[- l)3) ~o(23) = # ~ v(23), 

shear optical II: the same as (8.2) except that  ~o(~s) is replaced with ~o22--~o33; 

rotational optical: 

(alo --  a13) 01 01 ~0123] --  (bz --  b~) ~P[~31 = �89 e' d2 ~b[23]; (8.3) 

lon#tudinal system: 
kl l  01 ~1 •1 - -  k12 01 ~/)fl - -  k13 01 ~o : ~Ul ,  

k~lalul +k2~Ola1~oD--k;~FD1+k23OlOl~=-~Q'd~D1, (8.4) 

k31 01ul + k32 01 ~1~v~1 + k ~  01 01~ - -  k~3~ = q' # ~  , 
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where _ x ~ - - ~ v i ~ ,  ~1----~v11-- ~ and 

kll = ~L + 2/* + 2gl + 492 + bl + bs + bs, 

k22 : 2 a 2 -~ a 3 -~- a s 2v { alo -~- 2 a l l  + { a13 2v a14 ~- a l s ,  

k83 = 6 a 1 + 2 as + a3 + 9 a4 + 6 a 5 + a s + 3 alo + 2 alx + 3 a13 + a14 + a15, 

k28 = k32 ---- 3 al + 2 a2 + a3 + 3 as + as + 2 all + a14 + a15, 

k~l ---- k13 = 3 gx + 2g~ + 3 bl + bs + b3, 

k12 = ks1 = 2 g2 + b2 + b3, 

kh  = ~ (b~ + b3), 

k~a : 3 (3 bl + b~ + b3) ; 

transverse system I: 

--~21 ~1 ~2 + kss ~1 ~]L ~(lS) - -  k;2 ~)(12) + ks3 ~1 ~1 ~/)[12] : 2 ~, d 2 ~(12), (8.5) 

where 

ks2 = 2 a~ -~- a 3 A V a s + 2 al0 + 2 a l l  -~- 9. a13 --t- a14 2[_ a15, 

k33 = - -  2as + a3 + as + 2a~0 - 2 a ~  - 2alz + al~ + a15, 

ks3 = L s  = a3 - -  a, + a ~  - -  al~, 

k31 = k ~ 3  ---- bs - -  b3, 

k12 ---- k21 = 2g2 + b2 + b3, 

~ h :  2 (bs + b~), 

kh = 2 (b~ - b~), 

transverse system I I :  the  same as t ransverse system I except  t ha t  u z, ~C~2) and 
~tl~] are replaced with u3, ~v(~3) and ~tlZl, respectively. 

If, now, (8A) are specialized to the plane waves 

u ~ = A i i e x p [ i ( ~ x l - - o t ) ~ ,  ~ j : B ~ i e x p l i ( ~ x l - - ~ o t ) l ,  (8.6) 

four  dispersion relations (co vs. ~) result:  

shear optical waves (SO) (twice): 

�89 z :  bs + b~ + (alo + a13) ~;  (8.7) 

rotational optical waves (RO): 

{ O' d~a~2 = bs --  ba + (al0 - -  ala ) ~z, (8.8) 
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longitudinal waves (LA,  LO, LDO) : 

k n  ~2 _ ~ ~02 kl 2 

kz~ ~ kz 2 ~2 + k~2 --  �89 ~' d ~ o) 2 

ka~ ~ ka2 ~ 

transverse waves (TA ,  TO, TRO) (twice): 

7~i, 7~ ' .  + ~ -  ~e'd'~, ~ 

k,3 
k2 a ~2 [ 

kaa ~2 + k ~  - -  q' d2~o 2 

=o ;  (8.9) 

Th3~ 

-~- ka3 - -  w O' d2o~ 2 

=0 .  (8.10) 

These dispersion relations are similar to those encountered in a second order 
theory of extensional waves in plates [111 . The relations (8.7) and (8.8) are 
like that  for the second face-shear mode in the plate. The relations (8.9) and 
(8.10) are like that  for the coupled extensional, thickness-stretch and symmetric 
thickness-shear modes in the plate; i.e., one acoustic and two optical branches 
in each of (8.9) and (8.10). 

In the dispersion relations (8.7) and (8.8) for the non-coupled modes, there 
are cut-off frequencies w s and o),, respectively, at which the group velocity 
(da~/d~) is zero. Positive definiteness of W requires 

a10+a13>0,  alo-- a13>0. (8.1t) 

Hence, the frequencies increase, from cut-off, with increasing real wave numbers. 
Below the cut-off frequencies, the wave numbers are pure imaginary with cut- 
off values 

~ = + i {  b~+b~ ? ~ = + i (  b~-v~ /~, (8.t2) 
k alo + a~]  ' ~ axo-  a13 / 

respectively, at  zero frequency. 

The behavior of the acoustic branches in (8.9) and (8.10), at low frequencies, 
i i t  l i t  is described by o)i, coi, coi (i =1  for longitudinal and i = 2  for transverse): the 

values, at ~ = 0  and ~=0 ,  of the first, second and third derivatives of ~ with 
respect to ~:. We find 

o) i=~i ,  ~oi = 0 ,  o~ i = )v i t~  i --h~), (8.t3) 
where 

~ = (2 + 2fi)/Q, ~ =fi/Q, (8.14) 

+ 2~ = 2 + 2~ sd (391+2g~)~ (8.15h 
3 (bz+b3) 3 (3ba+b2+ba) ' 

2g~ (8.15)~ 
f i  = ft b2 W b 3 , 

l ~ = 2 ( g h 4 - a 2 + s  , l~ = 2 (g,a -t- a4)/fi, (8.16) 

h ~ , = p ' d 2 [ e = z + ( = + f l ) 2 J / 3 e ,  h~=q'dZ(1  + f12)/6q, (8.17) 

1 [ b,(3g~+2g2) t 2g, 
or - -  b2+ba kgl ~ 3  ]' fl = 1 -]- b2+b 3 , (8A8) 
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~ 1 - - � 8 9  (3~ + 8 ) ~ ,  + (1+ 2~8  + ~ ) ~ 2 - - 1 ( ~ + 8 )  0 -  2 ~ - 8 ) ~ 3 -  

- (t - 8) (3 ~ + 8) ~5 - -1(1 - 8) (1 + 2~ + 8) a8 + 2~8  all - ~ 0 - 8) ~1~ + 

+ ~ (t + 8) a15]. 

~ = - 1 { -  ( 1 -  2 ~ - ~ ) 0 ~  +8)a~- - -1  [1-- (2~ +8)~1 ~, + } 0 - -  2 ~ - -  8 )~3  + 

+ (3~ + 8)~a~ + (3~ + 8 )  (t + 2~ + 8 )  a~ + ~(t + 2~ + ~)2a8 + 
(8.19) 

+ ~ (3 ~ + 28) alo + 2~ (~ + 8) a~ + ~ (3 ~ + 2~) a~ + ~ (1 + ~ + 8) ~ . -  

- ~ (t - ~ - 8) ~5}. 

~ , = � 8 8  8~) ~ +-1(1 + 8)"~,+-1(t-  8)~,].  

a, = k  [(1 + 8  ~) a~0 - ( 1 - 8  ~) (~1 + ~1,) + -1(t + 8)' ~ .  +-I(I  - 8 ) " ~ ] ,  

~5 = i [ -  (t - 8  ~) ~ 0 +  (1 + 3 ~  ~) ~ +  (t + 8  ~ ) ~1~- -1 (t + 2 8  - 38 ~) ~ - 

- � 8 9  - 28 - 3t~ 2) al~]. 

Positive definiteness of W requires fi, 2 + 2fi, ~ >  0, while h~> 0 by  inspection. 

I t  may be seen that  the limiting group velocities ~i are less than those that  
would be calculated from the strain-stiffnesses 2 + 2/* and ,u. This phenomenon 
is due to the compliance of the unit cell and has been found in a theory of 
crystal lattices by  GAZIS & WALLIS [12]. Inasmuch as co'{ = 0 ,  the group velocities 
at zero frequency are maxima or minima. Which one occurs depends on whether 

~'/ '  is greater or less than zero ; and this, in turn, depends on whether [2 is greater 

or less than h 2. Now ~ and h~ are positive quantities that  are length-properties 
of the material -- depending on stiffness ratios, density ratio and the size of 

the unit cell. Although d is probably smaller than the [~, the density ratio 9'/Q 

and the stiffness ratios c~ and fl can make either [ or h the greater. Hence, as 
the frequency increases from zero, both group velocities can increase or both 
can decrease or one can increase and the other decrease -- depending on the 
properties of the material. There is no analogue in the theory of homogeneous 
plates because they do not have multiple stiffnesses and densities. The phenom- 
enon does occur, however, in sandwich plates [13] and it has also been found 
in a theory of crystal lattices, with complex interatomic interactions, by  GAZlS 
& WALLIS [143. 

At the short wave-length limit ($--> oo), the asymptotic values of the group 
velocities of the acoustic branches are 

1 {.k,2q-k38-- [(k]2_ka3)2+4k~33~ (8.20) 
2d 1~7 j 

from (8.9) and the same expression, with k replaced by  k, from (8.10). These 
can be much smaller than (8.13)1 if 

4 (k~2k33 -- k~3) << (k22+ ka3) z, (8.2t) 

4 (k2~ k33 - -  k~3) << (7~22 + ks3)*, (8.22) 

which appear to be possible. 



6 4  R . D .  MINDLIN : 

% 

COd 

Regarding the optical branches in the longitudinal and transverse systems, 
the former have long wave-length cut-off frequencies a~ s and cod while the cor- 
responding quantities for the latter are r and r Thus, the ~wo systems have 
one cut-off frequency in common. One of the two modes is shear and the other 
is equivoluminal extension. As in the case of plates, the group velocities of all 
four optical branches are zero at the long wave-length cut-off frequencies ex- 

cept in the unlikely circumstance of coincidence of cut- 
off frequencies within a system (bl----O for longitudinal 
modes or b 3~ 0 for transverse modes). Another parallel 
to the situation in plates is that,  as ~ increases from 
zero, the behavior of the optical branches is very sensitive 
to small changes in the ratios of material properties. One 
possibility is that  both lower optical branches have phase 
and group velocities of opposite sign; i.e., diminishing ~o 
with increasing ~. With further increase of 2, the ab- 
solute values of the group velocities would pass through 
maxima, then drop to zero and then increase; i.e., the 
dispersion curves first would have a point of inflexion 
and then a minimum. 

A sketch of a possible configuration of the real seg- 
ments of the dispersion curves is shown in Fig. 3. The 
four lowest branches (TA, LA,  LO, TO) are remarkably 
similar to those obtained by  BROCKHOUSE 6: IYENOAR 
[15, Fig. 51 from measurements of neutron scattering in 
germanium. 

At the corresponding stage in the development of 
equations of high frequency vibrations of plates, it is ex- 
pedient to introduce correction factors to compensate, as 
well as possible within the framework of the theory, for Wave number ff 
errors introduced by  the restrictive assumption regarding 

Fig. 3. Sketch of possible con- 
figuration of real branches of the variation of displacement through the thickness of 
dispersion curves. T transverse; 
u longitudinal; _/1 acoustic; the plate. The analogous restriction, here, is the assumed 
O optical; S shear; R rotation- 
,L; D aitat~tionat; ~,s low homogeneous deformation of the unit cell. The values 
~eqnencyappro~matio~;To~, of the correction factors are obtained, in the theory of 

classical elasticity 
plates, by matching appropriate points, slopes and 

curvatures of the dispersion curves with the corresponding quantities obtained 
from an exact solution of the three-dimensional equations. Since the analogue 
of the latter does not exist, in the present case, suck an adjustment cannot be 
made. An alternative is to use experimental data. 

There is another aspect of the theory of plates that  should be mentioned. 
I t  is possible for a thickness-mode with n q-m nodal planes to have a frequency 
lower than one with n nodal planes. For example, in an isotropic plate, the 
thickness-shear mode with two nodal planes has a frequency lower than that  
of tile thickness-stretch mode with one nodal plane if Poisson's ratio is greater 
than one-third. Thus, a better approximation is obtained if a sufficient number 
of terms is retained, in the series expansion of the displacement, to accomodate 
this contingency [11]. The analogue, in the present case, is the possibility of 

.RO 
~ ..... -""" TRO 

/ TA 
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the appearance of a micro-mode with frequency lower than that  of the dilata- 
tional micro-mode (7.3) if additional terms are retained in the series expansion 
(t.6). However, because of the complications that  would ensue, such a step 
does not appear to be warranted at this time. 

9. Low frequency, very long wave-length approximation: Form I 
This section and the following three are devoted to discussions and deriva- 

tions of equations of motion simpler than (6.1) and (6.2) but limited, in applica- 
tion, to much lower frequencies and much longer wave-lengths. 

As noted previously, when thickness-shear and thickness-stretch deformations 
and the associated inertias are taken into account in the theory of plates [16, 
17, 18], thickness-modes of vibration, analogous to the micro-modes, are ob- 
tained as well as flexural and extensional modes analogous to the transverse 
and longitudinal acoustic modes. At low frequencies, in comparison with the 
frequencies of the thickness-modes, and at long wave-lengths, in comparison 
with the thickness of the plate, the coupling of the flexural and extensional 
modes with the thickness-modes is negligible. As the frequencies of the flexural 
and extensional modes approach zero, the thickness-shear deformation approaches 
zero but the thickness-stretch deformation does not; rather, it is the stress 
associated with thickness-stretch that  approaches zero. Thus, the antisymmetric 
and symmetric parts of deformation and stress have to be treated differently 
in passing from high frequency equations to the classical, low frequency equations. 
To obtain equations valid at low frequencies in the case of flexure, the thickness- 
shear deformation is made to approach zero by passing to a limit as the associated 
modulus of elasticity approaches infinity. The product of the two is indeterminate 
and this leaves the thickness-shear stress indeterminate in the constitutive equa- 
tions. In the case of extension, the thickness-stress is set equal to zero and the 
resulting constitutive equation is used to eliminate the thickness-strain from 
the remaining equations. 

In both flexure and extension of homogeneous plates, the thickness velocities 
are set equal to zero in the kinetic energy, for the low frequency approximation, 
because their contributions are negligibly small at the low frequencies to which 
the resulting equations are restricted owing to the suppression of the thickness- 
shear deformation and the omission of the thickness-stretch stress [18, 19]. The 
same is not true of non-homogeneous plates. For example, in a sandwich plate 
the rotatory inertia of the facings, about the middle plane of the plate, can be 
of paramount importance, even at low frequencies, for certain combinations of 
stiffness ratios, density ratio and distance between facings [13]. 

Now, the thickness velocities are analogous to the micro-velocities ~ii;  the 
thickness of the plate is analogous to dimensions 2 d i of the unit cell; the thickness- 
shear deformation is analogous to the antisylnmetric part of the relative de- 
formation (7[ij]); the thickness-shear moduli are analogous to the bi~.[~l; and the 
stress associated with thickness-stretch is analogous to the symmetric part of 
the relative stress (a(ij)). The known process of descending from high frequency 
equations of plates to low frequency, long wave-length approximations can serve 
as a guide to the treatment of analogous terms in the equations of the elastic 
continuum with micro-structure. However, regardless of the process or of the 

Arch. Rational Mech. Anal., Vol. 16 5 
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theory of plates, the test  of the validity of the resulting equations of motion 
is that  they yield the same dispersion relations that  are found in the limit as 
r ~-+0 for the acoustic branches of the general equations. Thus, in the 

t ~t t t r  
isotropic case, the values of r i, toi and o~ i , in (8.13), must be reproduced exactly. 
Attention will be confined, here, to this case because it is much simpler than 
the anisotropic form and because (8.13) are available for the final test. 

Inspection of (8A3)~ shows that,  as in the case of sandwich plates, it is not 
permissible to discard the micro-velocities ~ii .  Their effect is contained in the 
h~ and, as remarked in the discussion following (8A9), h 2 can be less than or 

greater than i 2 depending on stiffness ratios, the density ratio and the dimensions 
of the unit cell. Hence, omission of the tbo. would preclude the reproduction 
of the low frequency behavior. The remainder of the process, however, can 
follow the analogy with homogeneous plates. 

Thus, we let 
a(ij}=O, (9.1) 

b 2 - -  b3-+ oo, y[ql-+0,  (9.2) 

and proceed to find the effect of these assumptions on the remaining terms. 

The isotropic, constitutive equations for Zpq and a m, separated into sym- 
metric and antisymmetric parts,  are 

~pq ~- ~ ~pq Eii ~- 2~ 8pq ~- gl ~pq ~ii ~- 2gz y(pq), (9.3) 

a(pq) ~-  gl 6pq e i i + 2g2 epq ~- bl 6pq ~i i ~- (b~ + b3) T(pq), (9.4) 

atpql = (b2 - -  b3) 7tpql" (9.5) 

Then, with (9.2), ~7[pq] is indeterminate in (9.5) and, with (9A), (9.4) may  be 
solved for ~(pq) in terms of epq: 

T(pq) = --~pq,~ii-~- (1 --fl) Epq, (9.6) 

where e and fl are given in (8.t8). 

With regard to gok,  we note first that ,  since 

7pq= OpUq --~)pq 

and y[pq] is now zero, we are left with 

~l~[pq]=Opq, ~)(pq)~--- Epq--~(pq), (9.7) 

or, using the expression (9.6) for Y(m), we have 

~)(pq)=O~bpqeii-~ flEpq. (9.8) 

Accordingly, xii ~ ~ Oi 7Ji~---- Oi ~0'k) + ~i ~oDkl reduces to 
~ 1 ~ 1 ~ ---~n 6 + 1 +  n t n , i~k az ~'k ~( fl) i j k - - ~ ( - - f l )  iki (9.9) 

where 
~ii~ ~ 3 iDiuk= ~ji~,. (9A0) 

Thus, the part  of the potential  energy-density that  is a function of gij t~ becomes 
a function of ~qk: the second gradient of the displacement. The eighteen com- 
ponents of ~r may  be resolved, in more than one way, into tensors whose 
components are independent linear combinations of the 3r so that  other 
forms of the energy-density, for the low frequency approximation, are possible. 
These are t reated in Sections 11 and t2. 
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Upon inserting (9.9), (9.6) and (9.2) in (5.5), we find Form I of the low 
frequency approximation for the potential energy-density: 

(9.tt) 

where ~ and/2 are given in (8.15) and ~ . . .  ~ in (8.t9). The appearance of these 
coefficients is preliminary evidence of the validity of the process. 

We define new stresses: 

"~i ~ 8e 0 : '~ i i '  

Then 

(9A2)~ 

(9A2)~ 

(9A3)~ 

(9A3)~ 

~pq = ~ Gq e .  + 2~ %q, 

~pqr= l ~l (~iip~qr ~- 2~rii~pq-~- ~iiq~pr) ~- a2(~pii6qr-~ ~qii~pr) ~- 

-~ 2a3~i i r 6pq ~- 2~a~pq r -'~ ~5(~rqp AV ~rpq)" 

The variational equation of motion is now obtained from Hamilton's prin- 
ciple with independent variations 3u i alone since, by (9.7)1 and (9.8), the ~ii 
are no longer independent of the u i. 

The variation of the potential energy-density is 

6W : ~ i j 6 e i i +  fiiik6s162 k, 

= "~ii Oi 6ui +fi~ik Oi Oi auk, (9.14) 

= ai I - ( ~ j k -  a~/2~jk) 6uk l  - -  aj(-~jk - ad2~jk)  6uk + a~(/2~jk aj 6uk). 
Hence 

f a ~ : a v  = f n : ( ~ : ~  - a,/2.k) a ~ a s  - 
v s (9A5) 

- f aj(~j~ - ~,/2,jk) auk a v  + f n~/2ijk aj auk a s .  
V S 

Now, in the last integral of (9.t5), the variation 3i6u k is not independent of 
6u i on S: only its normal component niOi~u k is independent. We separate the 
latter: 

ni/2ijk Oj 6u k = ni/2ij~D j 6u k + ni f i i i~niD ~uk, (9.t6) 
where 

Di~-- (6jz-- ninl) ~z, D ~nz~z. (9.17) 

The terms in (9.t6) may be resolved, further, in more than one way. In this 
section we follow TouPIN ~8] and reserve an alternative resolution [9] for Sec- 
tion 12. Thus, for the first term on the right hand side of (9A6), which contains 
the non-independent variation DiSua, we write 

ni/2ii~Di~u~ =Di (n i f i i i~u~)  -- n~Di/2~i~6u~-- (Din~)/2~i~6u~. (9.t8) 

The last two terms in (9.18) now contain the independent variation 8u~. For 
the preceding term, we note that, on the surface S, 

Di(n~/2~i~6u~) = (D~n~) nini/2~i~bu ~ + n~eq~,~Op(e,~in~n~/2~i~u~). (9.t9) 
Arch. Rational Mech. Anal., Vol. ~6 5a  
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By Stokes's theorem, the integral, over a smooth surface, of the last term in 
(9A9) vanishes. If the surface has an edge C, formed by the intersection of two 
portions, S 1 and S~, of S, Stokes's theorem gives 

f nqeqpmOp(e,~tintnifiiik~uk)dS =~ [nimifiiik] ~ukds, (9.20) 
S C 

where mi=e,~,i s,~ n; and the s,~ are the components of the unit vector tangent 
to C. The bold face brackets [ ] in (9.20) indicate that  the enclosed quantity 
is the difference between the values on $1 and S 2. 

Finally, we note that,  in the first surface integral in (9.15), we may write 

ni Oi fiiik = ni Di fiii~ + ni ni D fii i~" (9.21) 

Then, assembling the results in (9.t 5)-- (9.21), we find 

f # d r  = - f 0;(~/~- 0 ,~ .~)a~av  + 
V V 

+ f  [ni~ik--niniDfiii~--2niDd2iik+(niniDinl--Dini) fiiik ~ ~ukdS+ (9.22) 
S 

+ fninif i i ikD 8ukdS + ~ [nimifiiik] 8ukds. 
S r 

This form suggests, for the variation of work done by external forces, 

8W'~=fFk~ukdV+ f ~ 6 u k d S +  f R k D S u k d S + # E ,  Sukds. (9.23) 
V S S C 

As for the kinetic energy, the micro-velocity ~ii ,  in (2.3)1, must be replaced 
by a linear function of macro-velocity gradients: 

~ii---~ hiik~ Ok~ l, (9.24) 
where 

ho.k, ~ � 8 9  (8i~ 8i, -- 8i~ $i,) + ~ 80 8~, + {fl (~ik 8~ + 8a ~i~), (9.25) 

so as to satisfy (9.7h and (9.8). Then the kinetic energy-density (2.3)~ becomes 

I , 7~  

, 7~ �9 , 72 (9.26) �9 �9 ~ (q d~,,,, .  ~ . )  ~,  
where 

d';~ ~ m n 2 7~ d~t hlqp k h iqmn : dmnp k (9.27) 

= �89 d' [~f. ~k.-- ~f. ~ .  + 2 ~ (3 ~+2 f l )  ~ ~ ~..+fl' (~f. ~ . +  ~f. a~. ) ] .  

The total kinetic energy is 

v v (9.28) 
1 t ~3 �9 �9 . + f-r n#dpk,nn (O,nUn)ukdS, 

S 

from which 
t 1 t l  

~ ( 3 - d t = - - ( d t (  "" 1 , 2 .. [ q u ~  - -~Op (q d p ~ .  O=u.) l dukdV -- 
t o t o V 

tx 

dt f -~  npdpk,~,(D,,u,, + n=Dii,) du~dS. 
d 

to S 

(9.29) 
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The variational equation of motion is formed from (9.22), (9.23) and (9.29), 
from which follow the stress-equations of motion and boundary conditions: 

0i(~jk -- 0ifiijk) + Fk---- e / / , - -  �89 0ptQ' 'd~pk~, 0~U,), (9.30)1 

nj'~jk -- niniDfi~ik -- 2niD~fiiik --[- (niniDlnt -- Dini)fiii~ + 
l t ~ 2  ~176 + ~ q  npdp,,.,(D,,,u,~ +n,,,Dii,) =.~,  (9.30), 

ninifi~jk =/~ , ,  (9.30)3 

[n, mjfiiik] ----/~k. (9.30)4 

The displacement-equations of motion are obtained by first replacing 2e~i 
with 0~ui+ 0ju i and ~ i*  with ~i0juk, in (9A3), and then substituting the latter 
in (9.30)1. The result is 

+ (t - w)VV.u-  (1 - i,' w ) v  •  •  + F 
= q( f i - - /~VV-/~  § h~ V •  •  (9.3t) 

where the ~ and h 2 are defined in (8.t6) and (8.t7). 

Omitting the body force and taking the divergence and curl of (9.31), we 
find the equations governing the propagation of dilatation and rotation: 

~ (1 - -  l [ V*) V2V �9 u ---- (1 -- h~ V 2) V./~, (9.32)~ 

~ (t - -  l~ [7 ~) V ~ V  X U  : (1 - -  h~ V ~) V X / t ,  (9.~2)2 

~2 where the vi are defined in (8.14). For the plane waves 

(V" u, V • u) : (A, A) exp [i (~ n .  r - -  o~ t)], (9.33) 

the dispersion relations are 

co~ = ~2 ~,. (t + ~ ~2)/(t + h, 2. ~2), (9.34) 

from which follow exactly the properties (8.13). Thus the validity of the ap- 
proximate equations for low frequencies and very long wave lengths is established. 
The dispersion relations (9.34) are illustrated in Fig. 3 by the dashed curves 

labelled /~ and 2~. 

10. R e l a t i o n  t o  Toupin's generalization of couple-stress theory 

The theory of elasticity with couple-stresses, which is considered in [5--10], 
is based on the same kinematics as is classical elasticity; but the potential energy- 
density is assumed to be a function of the strain and the curl of the strain instead 
of the strain alone. In the linear theory, the components of the curl of the 
strain are the same as the components of the gradient of the rotation: eight 
independent linear combinations of the eighteen components of the second 
gradient of the displacement. For the equilibrium case, Toul'IS [8, Section 7] 
has generalized the theory to include all eighteen components. If the inertia 
terms are omitted, (9.30) are identical, in form, with TouPIN'S Eqs. (7.8) -- (7.t 1) *. 

* Note that, by definition, TOUPIN'S flpqr is symmetric in the second and third 
indices, whereas fiiik is symmetric in the first two indices. Note, also, that b should 
be replaced by --b in TouPiN'S Eqs. A, B, (7.9) and (7.19). 
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However, although the form is the same, there are some significant differences. 
Equations (9.3~) pertain to a low frequency, very long wave-length approxima- 
tion to the equations of a material with micro-structure and the effect of the 
micro-structure suvives ,  in both the potential and kinetic energy-densities, 
through the contribution of tile symmetric part of the relative deformation. 
This part, 7~q), can, in fact be traced to ~*i and fiiik, in (9.30), through the 

coefficients ~ and fl in l~. Similarly the contribution of Y~ij) to the acceleration 
terms in (9.30) can be traced through the coefficients c~ and fl in hq~ z and then 

72 
in dqkt. On the other hand, TouPIN'S equations do not stem from considera- 
tions of microstructure. 

The equations of the material with micro-structure can be reduced to those 
of a material without micro-structure (i.e., to a micro-homogeneous material) 
by causing the micro-medium to merge with the macro-medium. This may be 
accomplished (just as readily, in this case, for the anisotropic as for the isotropic 
medium) by  passing to the limit as 

bqkl-+ oo, 7q -+0 ,  (10.t) 

instead of (9.t) and (9.2); and, at the same time, 9-+r so as to remove the 
distinction between micro- and macro-densities (i.e., ~M-+O in (2.3)3). Then 

~ij--+~iuj , 74ijk"+~i~iUk ~ ~iik, (t0.2) 

instead of (9.7)1, (9.8) and (9.9). Accordingly, from (5A), 

W _ +  i/V0 1 o o o ~ a q k z , ~ n i i k n l , ~  +/ , j k lm~i j~  elm ({0.3) 
and we define new stresses 

,oj_- - G ,  (1o.4h 

-o ~#o =/2o k (10.4)2 

Also, in the kinetic energy-density (9.26), 
72 72 

dpl~mn --+ dpm (~t~n, ( t 0 . 5 )  

where the d~,~ are again given by (2.3h. 
In the isotropic ease d~,~ d2~p,~ and 1~ ~ -o -o --~ zij,#o- k have the same form as 

1~, ~o',#iik but  the coefficients are 2, #, ~ ... a5 instead of 2,/~, ~ ... ~5. 
The formulation of the variational equation of motion proceeds as before 

and we arrive at the stress-equations of motion and boundary conditions: 
-o 

- ~ i ~ ~ )  + F ~  " "  ~ ' ~ "" = q u~ -- ~O~(q d~,~ ~mu~), (t0.6h 

+ gq npd~,~ (D , j~  + nmDii~) = t9~ ~ ~0.6)z 

-o = R  0, ~0.6)a n~ njlz~i ~ 

in i ~0 m~ #i~ ~] = E~. ~ 0.6) 

Without the acceleration terms, (~0.6) are now precisely the linear form of 
TouPIN'S equations; and (9.30), without the acceleration terms, differ only in 

that  the coefficients in l~ and l~ ~ (and hence in the stresses) have different 
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meanings. However, with the acceleration terms included, the forms are actually 

different: the fourth rank tensor d~nm~ in (9.30) is replaced by the second rank 
tensor d~** in (10.6) so that  there are fewer coefficients in the latter. 

In the isotropic case, it is only necessary to let 

[ - - ~ ,  /~--~#, e--~0, fl--~t (or gl-'--~0, g2"&O) (t0.7) 

in the equations of Section 9, to reach the equations of the micro-homogeneous 
medium. Thus, (9.3t) reduces to 

(4 + 2/*) (1 -z'~ v2) v v . u - / , ( l  - ; ~  v2) v x v x u  + F = ~ ' ( I  -~a2v2) a, (t0.8) 

where ~12 and l~ are obtained from l'~ and l~, in (8A6), by employing (10.7). I t  
will be observed that  the left hand sides of (9.31) and (10.8) have the same 
form, but the right hand sides have different forms because, with (t0.7), 
h~ =h~-2--~ d~. The dispersion relations for plane waves, from (10.8) are 

o 

o)~= v~ 2 (1 + l~$*)/(t + �89 (t0.9) 
where v~= (~ + 2/*)/~', 2 ,. v2=/*/O, and the properties at ~o=0, ~ = 0  are 

o 
! t t  l l p  172 o~i=vi, ~i = 0 ,  oi =3vit~i --�89 2) (10.10) 

instead of (8.13). 
The difference between the equations of the micro-homogeneous medium and 

the equations of the low frequency, very long wave-length approximation is 
similar to the difference between plane strain and plane stress; or, more ap- 
propriately in the present context, to the difference between equations of low 
frequency extensional vibrations of plates with the thickness of the plate con- 
strained and not constrained to remain constant. In the case of equilibrium, 
the difference is solely in the physical interpretation of the elastic stiffnesses. 
With stiffnesses determined by experiments falling within the restrictions of 
the equations, the two equilibrium theories would be indistinguishable. For 
example, the numerical quanti ty that  would be assigned to the stiffness/~, in 
one theory, would be assigned to/* in the other. In the case of motion, how- 
ever, there is an essential difference as the number of coefficients is not the 
same in the two theories unless g l=g2=0 ,  which is analogous to zero Poisson's 
ratio. 

11. Low frequency, very long wave-length approximation: Form II 
As noted before, the eighteen components Oiaiuk may be arranged in inde- 

pendent linear combinations which form tensors. One such, indicated by ToUPIN 
[8, p. 404], is the gradient of the strain: 

" - - ~ (t1.1) 

The potential energy-density, for the low frequency, very long wave-length 
approximation, may be expressed as a function of e~. and ~i~'~ by setting 

in (9.t t), with the result : 
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where 
al = 2 ~ 1 - -  4a~, a ~ :  - -  ~1 -~- a2 -~ a3, 

~ : 4 ~ ,  ~ : 3~, -- ~, ~s : -- 2~, + 2 ~ .  

New stresses are defined by 
a ~  

# ~ i ~ -  a ~ i ~  

whence 

(1t.4) 

- -  - - ~ ,  (tt.~)~ 

- - -  =A~j ,  (t1.~), 

~ q  = ~8~q e .  + 2/~ %q, (1 t .6h 

~Pqr=lal(~Pq~rii@ 2~qr~iiP+ ~rP~qii) + 2a~(~qr~Pii+ (1t.6)~ 

Av ~8(~pq~iir + 6pr~iiq) + 2a4f~pqr 2vas(~rpq + f~q~p). 
The variation of the potential energy-density is 

~PV = ~ij ~ e~i +fi i ik ~ i j k  ---- To' 8i ~ui +/~ii~ at 8i ~uk (t t .7) 

= ~j E(~;k - a ~ o  k) ~ k ]  - aj(Lk - a ~ .  k) ~u~ + ~ (#.~ a~ ~uk). 
Now, (tt.7)a has the same form as (9A4)a and the kinetic energy density (9.26) 
is unchanged. Hence, the variational equation of motion has the same form 
as in Section 9 and leads to boundary conditions like those in (9.30), but  with 
2niD i replaced by (hiD i+niDi), and stress-equations of motion: 

I : ~2 "" aj('~ ik - -  a~fzq~) + ~ = ~2~ - -  - ~  (~ d~, , ,  a,~u~) . (11.8) 

Recalling that  fiii~=#ii~ whereas ~ i ~ : - ~ i ,  the quanti ty in parentheses on 
the left hand side of (9.30)1 is not symmetric but  the corresponding quanti ty 
in (1 t .8) is symmetric. The latter is a more convenient form for the introduction 
of a stress function of the Airy type. 

To get the displacement-equation of motion, substitute (tI.t)~ and (t.t0) 
in (tt.6) and the latter in (tt.8). The result is 

(tl.9) 
= q ( a -  ~ V V . i i  + ~ V  x V  x~ ) ,  

where 
[~ = 2 (~ + a~ + ~ + ~, + ~)/(~ + 2R), l~ = (~ + 2~, + ~)/2/~. ( t t . t0)  

In view of 01.4), ~ = ~ ,  so that  the displacement-equations of motion (tt.9) 
and (9.31) are identical. 

12. Low frequency,  very long wave-length approximation:  Form III 
For some purposes it is advantageous to separate the curl of the strain (or 

the gradient of the rotation): 

~q ~-- eiz,~ al e,ni ---- ~ejl,~ 8~ a~ur~, (t2.1) 

from a~aiu k as ~ii is the part of 8iaiuk that gives rise to couple-stresses. The 
double stress is separated, thereby, into a non-self-equilibrating part and a 
self-equilibrating part. Now, ~i~=0. Hence ~ii has only eight independent 
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components. (They are the components of the dyadic x in Reference [9].) The 
remaining ten linear combinations of the ~i~iu, were considered separately by 
JARAMILLO [~0]. They can be expressed as 

~ ~ + � 8 9  i ~ , + ~ e , ~  ~ - =�89 (12.2) 

Thus, ~ii~=~ii=~i~i=~i~; i.e., ~-~ is fully symmetric. 
The potential energy-density, for the low frequency, very long wave-length 

approximation, may be expressed as a function of e~i, ~ii and ~i~ by setting 

~i~ = ~ i i ~  - -  -*e~ti~t -- ~ei t~/z  (12.3) 

in (tl.3). The result is 

(12.4) 
_ [ _ 3 - -  -- 

where 
t8d  1 = - -  2a  1 + 4~  + a3 + 6~,--  3~,  

t8dz = 2al--  4~2--a3, 3~1=2 (a~ +a2 +a3), (t2.5) 

a 2 : ~ + a s ,  3 / : ~ 1 +  4~2-- 2a3. 
Tile definitions 

OW 
~*~-- o*ii =~i i ,  (12.6)1 

oW 
# ~  ~ i i '  # , = 0 ,  (12.6)2 

f i ,  jk=-- ~ = f i ~ , , j = f i j k , = f i i , k ,  (12.6)3 ~ijk 
where fili is the couple-stress deviator, lead to 

~pq = 2 C)pq eii+ 2fiel, q, (12.7) 1 

~pq : 4dl~pq ~- 4d2~qp --~ / epqi~iii, (12.7)3 

fipq, ---- ~1(~,,_ ~pq + ~ ,p  ~g, + ~,q 6,p) + 2 ~ p q ,  + (12.7)3 
+ �89 e~j, + 6q, e~i p + %pe~jq). 

The variation of the potential energy-density now takes the form 

~W = ~. ~,~. + ~ i i  ~ i  +fi~~ ~ ~ ,  (t2.8) 
= %E(%~ - ~, P.*.,) ,~-~] - % ( ~ , ; -  o, p.**),~,,, + o,(~**~,~),  

where 
f i * k  - -  x - = ( 1 2 . 9 )  

Again, (t2.8) has the same form as (9.14) and so we can find stress-equations 
of motion and boundary conditions of the same form as (9.30), but with/~ii~ 
replaced byfi*-k. Such a form of the boundary conditions cannot be compared 
directly with the results of Reference [9] because, there, one of the independent 
variations was taken to be the tangential component of rotation -- which here 
is embedded in the normal derivative D6u k. To get the alternative form of 
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the boundary conditions, we can return to (9.t6) and further resolve: 

D bu k = 2 bw~ n i e i jk + Dk (ni bui) -- (Dk hi) bui + nk b e~,, (12.10) 

where Wi(~leilmOlUm) is the rotation and e,~ (not summed) is the normal 
component of strain ninieii. Then integration by parts and application of the 
divergence theorem and Stokes's theorem leads, in the notation of Reference 
L9J, to 

bw = - f  (v .~ + ~ v  x V . ~  - v . ~ . v ) ,  budV + 
V 

+ .f {n-~ + } n  x (V .~  - V ~ . . )  - ( V . ~ ) - n  - 
S 

-- n . V  X In x (n. ~ q- n .~ .nn) ] } .  ~udS + (t2.1t) 

+ f ln'-# x n  + 2n x (n .~ .n )  • x n ) d S  + f n n  : ~.nbe,~,dS + 
S S 

+ ~ [�89 s + (s xn). (n. ~ + n.~.nn)] .buds, 
C 

where s is a unit vector tangent to the edge C. 

The variation of work done by external forces is now taken to be 

&If'~ = f l~ 'budV + f (P 'bu + Q ' b w  • + R ben,3 dS + ~ l~.buds.  (t2.12) 
V S G 

Here Q is the tangential component of the couple-stress vector and R is a double 
force per unit area, without moment, normal to S. 

The variational equation of motion then yields the stress-equation of motion 

V ' x  + �89 •  V ' ~ ' V  + F = ~ / i - -  1 v - ( ( d 5 :  v / i )  (12.13) 

and the boundary conditions 

n . ~  + i n •  Vfi,,,3 -- 
(t2.14)1 

- - ( V . ~ ) . n - - n . V • 2 1 5  + �89 n.d~" Vii=P, 

n . ~ • 2 1 5 2 1 5  (12.t4)2 

n n : ~ . n = R ,  (t2A4)a 

[ � 8 9 2 1 5  = E .  (12.14)4 

The displacement equation of motion is obtained by substituting (tA0), 
(12.1)5 and (t2.2)5 in (12.7) and the latter in (t2.13). The result is 

(~+ 2~)(t -z~  vs) V V . u - ~  (1 - ~  es )v  x v  •  + F  
(t2.15) 

~-- e (/i -- h~VV. ~ + h~V •  •  
where 

z2 = (3z~ + 2~2)/(~ + 2~) ,  z~ = (3 ~ + ~ + 2 ~ - / 5 / 3 g .  (t2.16) 

In view of (t2.5) and (11.4), 
"~2 2 l~ = z~, 5 = zi = z,, say; (t2.17/ 
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so that  all three forms of the low frequency, very long wave-length approxima- 
tion yield the same displacement-equation of motion. Necessary and sufficient 

conditions for positive definiteness of IY(= IY= IY) are 

/ 2 > 0 ,  3 2 + 2 / / > 0 ,  

d l > O ,  -- t~l < ~ < d~, ({2.'18) 

~ 2 > 0 ,  3 ~ 1 + 2 ~ 2 > 0 ,  / - < 0 .  

Hence l~>0 and we have already seen that  h~>0. 

The equations that  were considered in Reference [91 are obtained from those 
of this section by setting ~ i ik=0  in the potential energy-density and ~ ' = 0  in 
the kinetic energy density. Accordingly, the limitation to low frequencies, long 
wave-lengths and large dimensions is more severe than was apparent previously. 

13. Solution of the approximate equations of equilibrium 

In this section it is proved that  any solution, u, of the equation 

(~+ 2//)(I -l~ V~)Vv. u-//(1 -z~ V2)V xVx u + F  =o, (13.t) 

in a region V bounded by a surface S, can be expressed as 

u = B - - l ~ T V ' B - - � 8 9  7 [ r ' ( t - - l ~ V 2 ) B +  Bo], (13.2)1 
where 

fi (1 - -  l~ V 2) V = B  = - -  F ,  (t3.2)2 

fi (t - -  l~ V 2) V 2 B o = r .  (t - -  l~ V 2) F - -  4l~ V . F ,  (t3.2)3 

k 1 = (2 + fi)/(~ -}- 2//) 
and r is the position vector. 

Consider a field point P(x, y, z) and a source point Q (~, r/, r and define 

4~ Ve=- -- f r~ 1 uodV O, (13.3) 
v 

where 
r2,=(x--~)~+(y--~l)2+(z--r dVo=d~d~ld~. 

Then V2U=u E3, p. 210], or 

V V .  U - - V  •  • U = u .  ( t3 .4)  
Define 

~p=- -V .U,  H = - - V •  ( V . H = O ) .  (t3.5)  
Then, from (t3.4), 

u = V ~ o + V •  V . H = 0 ,  (13.6) 

which is Helmholtz's resolution. Substituting (13.6) in (13.2h, we have 

fi V 2 [k (t - -  l~ V ~) V~p + (1 - -  l~ V ~) I7 •  -}- F = 0 ,  (13.7) 

where k = (] + 2//)[//. 
Define 

4z~l~B'p=--f r~le-',!Z,[k(t --l~ V2) V~o + (1 --l~ P ) V •  o. (t3.8) 
V 
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Then [3, p. 2t01 
(t --l~ V2)B ' = k ( l  --12 Vz) V~ + (t --l~ V2) V •  (13.9) 

and, from (t3.9) and (13.7), 

(t  - l~ v~)  V ~ B  ' = - e .  (13 . to )  

Also, the divergence of (13.9) yields 

(t - -  12 ~ V 2) V . B '  ---- k (1 - -  12 r 2) V2~p. (t3.1t) 
Define 

2 k ~* - r .  (t - l~ V*) B ' .  (t 3 . t  2) 

Then, using (13.t0), we have 

2 k ~  (t - l~ ~ )  v 2 ~ ,  = 41~ v . ~  - r -  (t - l~ v2) F + 2 ~  (t - z~ v2) v .  B ' .  (13.13)  

Define 
B o = 2 k  (~0-- F*) (13.t4) 

and find 
fi (t -- l~ V 2) V 2 B o = r .  (1 -- l 2 V g) F -- 4 l 2 V. F (13. t 5 ) 

by  using (t3. t l)  and (t3.13). Also, from (t3.t4) and (t3.12) , 

2k~ = r ' 0  --Z~ P)  B ' +  Bo. (13.16) 
Now, define 

D ~ B ' -  Z~VV.B ' - -  k(t --l~ V~) VW. (13.17) 

By (t3.1t), V . D = 0 ;  which is a necessary and sufficient condition for the 
existence of a function H* such that V • i.e., 

v •  - -  B '  - -  l~ V V .  B '  - -  k (1 - -  l~ V 2) V ~ .  0 3 . ~ 8 )  

Making use of (t3.9) and (t3. t t)  we find 

(I - -  l~ V 2) V •  = (t - -  122 V 2) V •  (t3.19) 
Next, define 

B " ~ V  x H - - V  x / / *  (t3.20) 

and note that, by  (t3.t9) and (13.20), 

( t - - / 2  V2) B " : 0 ,  V . B " = 0 .  (t3.2t) 

From (13.20), using (t3.t8) and then (t3.16), 

V • 1 7 7  ' ~  -- 12VV'B'--{(12 - -12V~)V[r ' (1--122V2B')+Bol .  (t3.22) 

Then substitute (13.22) and (13.16) in (13.6)~ to get 

u = B "  + B ' - - l ~ V V . ( B " +  B')--�89 V2)V[r . ( l - - l~  V2)B" + Bol. (13.23) 

Finally, define 
B=--B' + B". (t3.24) 

In view of (t3.2t), we may write (13.23) and (t3.10) in the form of (t3.2h and 
(t3.2)2; and (t3.15) is already in the form (13.2)a. Thus Eqs. (t3.2) are a complete 
solution of (13.t). I f /~= 0 ,  (13.1) reduces to the equilibrium equation of couple- 
stress theory and (t3.2) is the solution found in [9]. If both l~ and l~ are zero, 
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( t3. t)  is the  classical equat ion of equi l ibr ium with  b o d y  force and  (13.2) is the  
solution found in [21]. If, in addit ion,  the  body  force is zero, (13.2) is PAPKO- 
VlTCH'S solution [921. The proof  follows, generally,  t ha t  in [28~ but  with an 
improvemen t  as a result  of an i l luminating crit icism b y  E. STERNBERG. 

14. Concentrated force according to the approximate equations 
In  an infinite region V, let the body  force be zero outside a finite region 

V o which contains the origin and  a non-vanishing field of parallel  forces F. A 
concent ra ted  force is defined b y  

P = l i m  f FodV O. (t4.1) 
Vo--+ 0 V 

In  [9] it was shown tha t ,  in an infinite region, solutions of equat ions of the 
type  (t3.2)2 and  (t3.2)3 are 

4 z f i  B ---- f r[ 1 (1 -- e-',/',) F e d Y  e , (t 4.2) 
V 

4 ~ f i B  o f r~X(l e -',/~,) I t ' . (1 2 , . . . .  l l V ~ ) F o - - 4 I ~ V o ' F o ] d V  o, (t4.3) 
V 

where r '  = V82 + ~2 + r Now 

lim r 1 = r ,  l im r '  = 0. ( t 4.4) 
Vo-*0 Vo--* 0 

Hence,  for the concent ra ted  force, (t4.2) reduces to 

4 ~ f i  B = r -1 (1 - -  e - '/I ') P .  (t4.5) 

In  (14.3) the  t e r m  in the  in tegrand of the form ~0(r l )V0.F 0 is t r ans formed ac- 
cording to 

f~vVo'FoclVo= f [V o" (~v Fo)--F0"V0~o ] dVQ:fwn.~odS--f F o . v o w a v  Q. (14.6) 
V V S 

The surface integral  in (t4.6) vanishes because F = 0  outside V o. Also 

l im f Fe..Vo~(r~)aVe. = - -  P-V~o(r) .  (14.7) 
Vo --+ O V 

Hence,  for the concent ra ted  force, 

fi B o = l~ P" V [r -1 (I - -  e - f r O ] .  (14.8) 

Equat ions  (t4.5) and  (14.8) const i tu te  the solution of (13.t) for the concent ra ted  
force. If  / ~ = 0  then  B o = 0  and the  solution reduces to t ha t  found in [9]. If, 
in addit ion,  2 / 2=0 ,  the solution reduces to KELVIN'S [4, p. t83].  

Acknowledgement. I wish to thank Dr. R. A. TOUPIN for many  valuable discussions. 
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