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Abstract. In the paper, an algorithm is presented for solving two-level programming problems. This algorithm
combines a direction finding problem with a regularization of the lower level problem. The upper level objective
function is included in the regularzation to yield uniqueness of the follower’s solution set. This is possible if
the problem functions are convex and the upper level objective function has a positive definite Hessian. The
computation of a direction of descent and of the step size is discussed in more detail. Afterwards the convergence
proof is given.

Last but not least some remarks and examples describing the difficulty of the inclusion of upper-level constraints
also depending on the variables of the lower level are added.
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1. Introduction

Two-level programming problems occur in a large variety of different situations in eco-
nomics (cf., e.g., certain problems in the principal—agency theory [20]), in technical
branches (as for instance various design problems [13, 17]) as well as in chemistry and
physics [18]. The last problem is related to the computation of the equilibrium state of
chemical reactions at higher temperatures [23]. Although the chemists technically are not
able to observe in situ the single reactions, they described the final point of the system by
a convex programming problem. Its optimal solution gives the amounts of each substance
of the equilibrium state. Now, if we are forced to construct a chemical equilibrium hav-
ing additional properties such as, e.g., a large amount of one single substance or a lack
of another, we have to consider this system as being a parametric one, the parameters of
which are determined by the input into the chemical reactor. Now, for realizing the goal
just mentioned, we have to select values for these parameters such that the optimal solution
of the resulting problem has the desired property. This leads to a two-level optimization
problem described as follows:

Let, in a slightly more general setting, the parametric optimization problem for comput-
ing, e.g., the equilibrium state in chemical reactions be given as

W(y) = Arfzfgiin{f(x, »lgkx,y) <0, h(x,y) =0} (LD
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Then, the problem of evaluating a parameter vector y such that an element x € W(y) has a
certain desired property reads as

F(x — “min”
C3)) min

(1.2)
G <0, x e ¥(y),

where F, f,g,hj:R*"xR™" >R, i=1,...,p, j=1,...,q, G:R" >R, g(x,y)=
@16, g )T, R, Y=, y), .. kg, )T, GO = (Gi(y), .-,
G,()7, and F(-, -) gives a mathematical description of the global goal to be achieved. If
W (y) does not reduce to a singleton for each y, problem (1.2) is not well-posed. Namely, the
nonuniqueness of the lower-level solution x (y) € W(y) for at least one parameter vector y
causes that x (y) cannot be substituted in the upper-level problem (1.2). Thus, for evaluating
the objective function value F(x(y), y) at some point y we have to give a finer rule for
selecting x € W(y). One such rule (i.e., one auxiliary problem for treating problem (1.1),
(1.2)) consists in solving the hierarchical problem (P):

F(x(y),y) — myin
G(y) <0,

(1.3)

where

x(y) € Argl;:in{F(x, y)x € ()} 1.4)

Although there are other interesting attempts for attacking two-level programming problems
(cf.,e.g.,[14, 15, 18, 19]), we prefer solving problem (P) which will be explained in Section 2
(cf. also [11]). The bibliography of Vicente/Calamai [24] summarizes a large part of the
theory of bilevel programming problems especially concerning algorithms.

The content of this paper is as follows: In Section 2 we describe some auxiliary results
as well as a certain regularization approach for solving problem (P) which will be outlined
and discussed in Sections 3 and 4. Some remarks concerning the constraints of the type
G(x,y) < 0instead of G(y) < 0 will be given in Section 5.

2. The regularization approach
2.1. Preliminaries

The mathematical programming problem described by (P) is in fact a three-level problem.
For computational reasons, one tries to reduce the problem to a two-level one by means
of approximation techniques. Therefore we prefer an approximation achieving one impor-
tant aim, namely that by regularizing problem (1.1) the solution of problem (1.4) will be
approximated. Having this aim in mind, consider the following problem:

W(y) := Argr;in{f(x, V+aF(x, y)lgk,y) <0, h(x,y) =0} Q.1
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This problem is a regularization for (1.1) if, e.g., the following conditions are satisfied:

(A1) All problem functions are sufficiently smooth: F, f, g;, hj € C*(R"x R™ R),i =
L...,poj=1,...,9, Gie CX((R",R), i=1,...,1L

(A2) Certain convexity assumptions are satisfied: f(-,y), g(,y), i = 1,..., p, are
convex on R", h;(-,y), j =1,...,q, are affine, V2_F(., y) is positive definite on R"
for each fixed y.

Denote by
M(y) :={x|glx,y) <0, hix,y) =0} 2.2)

the feasible set of problem (1.1) for each y. Then, for a > 0, the objective function of
problem (2.1) is strongly convex. Thus, for each y such that M (y) # @, problem (2.1) has
a unique optimal solution. The following theorem shows that problem (2.1) realizes the aim
stated above. Thereinafter, the following notion is used:

A point-to-set mapping T : R® — 2X is said to be upper semicontinuousatw € R ifand
only if for each open set V C R’ satisfying £ (w) C V there exists an open neighbourhood
U C R* of w such that Z(w’) C V for each w’ € U.

Theorem 2.1.! Consider the point-to-set mapping T : R™ x Ry — 28" defined by T'(y, &)

1= W(y). Let the assumptions (A1), (A2),

(A3) M = {(x,y)|G(y) =0, x € M(y)} is nonempty and bounded, and the following
generalized Slater’s condition at y° be satisfied:

(A4) There exists X satisfying g(%, y°) <0, h(%, y°) =0 and the gradients (V. h;(%, y°)
Jj=1,...,q} are linearly independent.

Then,

1. T'(-, ) is upper semicontinuous at (y°, a°), y® € R™, o® > 0.

2. For each (y, @) € R™ x R with a > 0 and each optimal solution x(y, &) of problem
(2.1) we have the following two inequalities

F(x(y, @), y) <min{F(x, y) | x € ¥(3)}, 2.3)
f&(, @), ) z ¢(y) := min{f(x, y) | x € M(y)}. (2.4)

3. Under the conditions of part 2,

lim '(y, @) & Argmin{F(x, y) | x € ¥(y)}.
aN\o x€R"

2.2. Solvability

In the next theorem, we show the existence of optimal solutions for problem (P).
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Theorem 2.2. Consider problem (P) under the conditions (A1}~(A4) (for each y). Then,
problem (P) has an optimal solution.

Remark 2.3. In general, the solvability of a problem min,{x(2) | n(z) < 0}, where «(z) is
defined as an optimal value function of a certain parametric optimization problem «(z) :=
min, {&(r, 2) | r € M(2)} does not imply the solvability of the problem

ﬂ}'izﬂ{E(r, z)|r € M(2), n(z) < 0)
(cf., e.g., [16]). In the case of problem (P), we obtain the following:
1. The feasible set of the problem
r?_iyn{F(x, MIGH) <0,x € ¥(M} 2.5

is bounded by (A3) and closed by [1, Theorems 3.1.1, 3.1.5, 4.3.3].
2. By (Al), F(., -) is continuous.

Thus, problem (2.5) has a (global) optimal solution which coincides with a global optimal
solution of problem (P).

Remark 2.4. Due to (A3), the regularization

r]r({iyn{F (x,»)1G() <0, x e ¥ ()} (2.6)

has an optimal solution (x(a), y(«)) for each @ > 0 which is contained in the set M. Thus,
for o \\ 0, the sequence {(x(c), y(«))}a>0 has only bounded accumulation points and the
function values F(x(a), y(«)) are also bounded.

3. The algorithm
3.1. Motivation

Motivated by Theorem 2.1, we will try to compute an optimal solution for problem (P) by
searching for an accumulation point of the sequence of optimal solutions of the problems
(2.6) for & \ 0. By strong convexity of f(-, y)+aF (-, y) on R" for each fixed y, problem
(2.6) itself is equivalent to the following nondifferentiable optimization problem with an
implicitly defined objective function:

myin{@a()') |G(y) <0}, (3.1

where @,(y) 1= F(xs(3), ¥). x4(¥) € ¥*(y) V y. If we assume that the function &, (-)
possesses a directional derivative

L (y;r) = ;i{r&r‘m(y +tr) — Oa(y)]
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for each direction r and each point y, then the problem (3.1) can be solved using the
following prototype of an algorithm:

Descent algorithm:
Step 1. Select y° solving G(¥%) < 0, setk := 0, choosea® and &, & € (0, 1).
Step 2. Compute a direction r¥, |Ir¥|| < 1, satisfying

@, (% r*) < 5%,

VGt < -GN +s5 i=1,..,1,

and s* < 0.
Step 3. Choose a step-size t* such that

Do (¥ + t'r¥%) < By (5F) + erksk,
GO +1r*y <o.

Step 4. Set y*+! .= yk +t*rk k= k+ 1.
Step 5. If a stopping criterion is satisfied:

if o is sufficiently small, then stop

else set & := 8o and compute x, (y*).
Goto Step 2.

To inspire life into the algorithm a more detailed description of Steps 2 and 3 is necessary.
‘We do not intend to give a more concrete rule for determining the values of &£ and 8, since, on
the one hand, the choice is dependent on the concrete nature of the functions f, F, G, g, h
and, on the other hand, this presupposes a comprehensive computational experience which
we do not have yet.

3.2.  Adirection of descent

3.2.1. The directional derivative of the optimal solution of the lower level. If the optimal
solution of problem (2.1) is directionally differentiable then the directional derivative of the
function ®,(-) is guaranteed to exist because of the smoothness of the function F(-, -). The
following theorem gives sufficient conditions therefore.

Let

Lo(x,y, A, 1) := fOx, y) +aF(x,y) + AT g(x, y) + uTh(x, y)

be the Lagrangian of problem (2.1). If assumptions (A1)—(A4) are satisfied at y = y° then,
a feasible point x of (2.1) is optimal if and only if the set of Lagrange multiplier vectors

Aa(x,¥%) == {(A, ) | ViLa(x, Y% A, u) =0, A 2 0, ATg(x, y°) = 0}
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is not empty. Moreover, in this case, A, (x, ¥°) is a bounded polyhedron [7], i.e., it is equal
to the convex hull of its finite set E A4 (x, y°) of vertices.

Lemma 3.1 [4, 22]. Consider problem (2.1) and let the assumptions (A1)—(A4) be sat-
isfied at y = ¥°, x,(y%) € W*(y0). Then, the vector function x,(-), defined by the unique
optimal solutions of problems (2.1) for fixed a > 0, is directionally differentiable at y°.

Actually, Lemma 3.1 is a corollary of the results in [22] and is independently due to [4].
As an immediate result of this lemma the directional derivative of the function ®,(-) exists.
But, for computing a direction of descent which could successfully be used in Steps 2
and 3 of the algorithm, we need a rule for the calculation of the directional derivative of
the function x,(-). One such rule is given in the following theorem using the additional
assumption

(A5) For each nonempty set K € I(x,(y%),y*) :={j: g i(xe 9, y%) = 0}, all matrices

ngi(xa(y)a y), iek
Vihj(xa(¥),¥), i=1,....q)"

composed by the gradients with respect to x are locally of constant rank around y°.

Lemma 3.2 [4). If the assumptions (A1)~(AS) are satisfied for problem (2.1) at y = y°,
xo(y®) € W (y°) then, for each direction r° there existsavertex (A0, u®) € EA,(x,(y°), y°)
such that: x.,(y%; r°) is the unique optimal solution of the following convex quadratic pro-
gramming problem Qg (y°, r%, A%, u%:

1 .
58" Vi La (a0, Y, 2%, 40d + ATV, La(ra(y"), ¥, 2% 47)r® — min

= 0, 1 )s.o > 0
Vi gi(xa ("), ) + Vygi(xa(y"), y)r° [ <0 Z:,. 100,10

Veh (e (%), YO + Vb j(x, 0%, Y9 =0, j=1,....q.

Remark 3.3. This lemma was given earlier by [21] and [12] but they imposed the linear
independence constraint qualification w.r.t. x. Vice versa (AS) and (A6) below are weaker
than this assumption, since they are satisfied for instance for linear inequality constraints
of an arbitrary number with right hand side perturbations [5].

3.2.2. The direction finding problem. Now, for computing the direction of descent r¥
used in the descent algorithm, we can use the following problem, in which the value of
s* is minimized. The additional constraints of this problem are given by the necessary
and sufficient optimality conditions of first order for the quadratic convex programming
problem Q. (»°, r, A, 1) used for the computation of x,, (»%; r), which are modified by the
application of an active-set strategy for dropping the complementarity constraints.
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Problem D, (y°, A, u, K):

s — dmin 3.2)
@, (3% 1) i= Vi F(xa (0%, Y0)d + V, F(x, (5, yO)r < s (3.3)
V,G:(y%r < -Gy +s,i=1,...,1 (3.4)

V2 Lo(xa(y%), ¥, A, )d + V2 La(xa (%), ¥°, A, p)r
+V] (a3, YW + V] h(x (%), Yo =0  (3.5)
=0, iekK

) 0y 0 ) 0y .0

Vi 8i(xe(37), y )d+Vygt(xa(y ),y )’{5 0, i€ I(XU(yO),yO) (3.6)
Vihj(xa %), Y0 + Vyh j(xa 0%, Y)r =0, =1,...,9 (3.7
v, >0, ieK\{j:x >0}, v=0i¢K, |r|l<l. (3.8)

Unfortunately, the optimality of (d°, r°, v0, @?, 5°) for D,(y°, A, i, K) is not sufficient for
the fact that d° is equal to x/, (y%; r%). This is due to the possibly discontinuous behaviour
of x/(y°; r) with respect to r if p> 0. To overcome this difficulty, we use the following
theorem:

Theorem 3.4 [4]. Let for problem (2.1), in addition to (A1)}~(A5), also
(A6) The gradients {V gi (xa(y%), Y°). i € I(xa(y%), YO U {Vh; (x99, ¥9), j = 1,.... )}
with respect to both x and y are linearly independent

be satisﬁed, then,

{d |3 {r"},‘:‘;1 converging to r’such that lergo X, 0% =d }
= U {d | d is an optimal solution of problem Q,(y°, r°, A, w)}.

A B)EEAL (x (), ¥")

Note that assumptions (A4)—(A6) are weaker than the linear independence constraint qual-
ification with respect to x which can easily be seen in the very simple

Example.
min{(x—1)2:x+y <0, x—y<O0}aty=0.
X

Consequently, for computing a direction of descent needed in the above algorithm, in the
worst case, we have to solve problems D, (y°, A, ., K) for all vertices of Aq (x4 (¥°), %)
and all sets K satisfying {j : A; > 0} € K C I(xo(y%), y°). Let 6,(¥°, A, , K) denote
the optimal value of problem D, (y°, A, i, K). Then, we also have the following necessary
optimality condition for problem (2.1):
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Theorem3.5[5]. If (xo(y°), ¥°) is an optimal solution of problem (2.1) and if assumptions
(A1)~(A6) are satisfied at y = y°, then

min{8, (¥°, &, , K) | (A, 1) € EAg(x2(y%), ¥%),
{(j:2j >0} S K S I(x, (%, Y} > 0.

3.2.3. A modifieddirection finding problem. Define the optimal value function of problem
(2.1) as

0 (y) := rrgn{f(x, V+aFx,y)|xe My}

Then, by [6, Theorem 2.3.2.], or [10], the directional derivative of this function exists
provided that assumptions (A1)—(A4) are valid. This directional derivative can be computed
by solving the following linear programming problem:

#,0°% 1) = max{VyLa(ea ("), Y%, 2 wr | 0 ) € EAa(a 09,50} (39)
By linear programming

max{V,L(x(y%), y°, &, w)r: (A, ) € AxG), ¥
= max{V,L(x(y°), y°, , p)r: (A, ) € EA(x(¥°), y))}.

Denote the set of optimal solutions of problem (3.9) by

Sa(¥%5 1) = Argmax {(VyLa(xa (%), Y%, &, w7 | (A, 1) € A (xa(3%), YD), (3.10)
-

For our convergence proof in Section 4 we need modified direction finding problems
which will be developed in the sequel.

The necessary (and sufficient) optimality conditions for (3.10) are given as: There exists
a vector d € R" satisfying

0, lf)\., >0
0, ifielI(x, (%, y%
Vohj(xa (7, Y0 + Vyh (e %), Y)r =0, j=1,....4.

V8 (% (0%, ¥0)d + V, 8 (xa (0D, Y)r { -

These are exactly the conditions guaranteeing nonemptiness of the feasible set of problem
Q0 (y°, 1, A, p). Thus,

{d13 {r*}32, converging to r such that klim x,(y% r*) = d}
—>00

= U {d | d is an optimal solution of problem Q, OO r A, W},
A weES,(yr)

where E S, (y°; r) is the vertex set of Sy (y°; r). It should be mentioned that for proving
Theorem 3.4 for each optimal solution d of problem Qq(y°, r, A%, u®) the existence of a
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sequence {r*}$2, converging to r has been shown such that S, (y°; r*) = (A%, u°)} for each
k. Then, x, (% r*) is equal to the unique optimal solution of problem Qq(y°, r¥, A%, u0).
Consider the inverse mapping to S, (y°; r) with respect to r:

T (A0, 10 := {r:{(A%, 1) = S, 0% ).

Let cl A denote the closure of a set A. Then, if problem Q,(y°, r, A%, 1°) has an optimal
solution, then we have r € cl T, (A%, u®) and for r’ € T, (A%, u®), the directional derivative
x'(¥% r') is computed by Qq (¥°, ', A%, u®).

Lemma 3.6. The set T, (A%, %) is open, its closure is a convex cone with apex at zero.

Let, for r € cl T,(A% %), the index set of active constraints in the problem Q,(y°,r,
2%, 1) be denoted by K (r) and set

TFOO 10 = {r e LA, % : K(r) = K}

for some set K €N = (K : {i : A? > 0) € K C I(x,(»%), y*)). If the index set of
active constraints is fixed, then the necessary (and sufficient) conditions for optimality of
the problem Qq (3%, 7, A%, u°) are linearin d, r, v, w.Hence, TX (A%, u®) is also a convex
set with ¢l T.X (A%, 4°) being a convex cone with apex at zero and we have

A LG% ) =d (J 7500 u)).
KeN

Lemma 3.7. Let (A6) be satisfied and let TX (A%, u°) have a nonempty interior. Then,
the gradients {V; g;(x.(y°), y°) 1 i € K}U{Vh;j(x,(%),¥%) : j = 1,..., q} are linearly
independent.

Let M = {K € N : TX(19, %) has a nonempty interior}.
Lemma 3.8. Let assumptions (A1)~(A6) be satisfied. Then,

AT u) =l | T 1.
KeM

In the sequel we will use the following assumption

(A7) Lety® € Y, (A% u°) € EAy(x2(y), y) andlet K € M. Then, strict complementarity
slackness is satisfied for the optimal solution x/,(y°; r) of problem Qg (y°, r, A%, u°) for
each r € int TX (A%, u%).

Now, if the assumptions (A1)-(A7) are satisfied, and if (d°, r%, 1%, ®?, s°) is an optimal
solution of the problem D, (y°, A%, u®, K) with s° < O then, r® € ¢l T, (A%, u®) and, for
each sufficiently small £ > O there exists 7’ such that ||r® — 7] < £ and ' is an interior
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point of some set X (A%, %), K € M by Lemma 3.8. Then, problem Q,(y°, r’, A%, u%)
has a unique multiplier by Lemma 3.7 and by (A7) we have

V. 8i(xa (%), YOX' 3O 1) + V,8: (e %), yOr' <0, v; =0
for each i € I(x,(»°), y%) \ K and
V.ogi(a %), YOX' 0% 1) + Vygi (a0, yOr' =0, v; > 0

foreachi € K\ {j: A? > 0}. Thus, using the positive homogeneity of d with respect to r
as well as a similar property for v and w, we obtain

Corollary 3.9. Let the assumptions (A1)~(A7) be satisfied for problem (2.1) at y = y°,

Xo (y°) € g~ (y°), a > 0. Then, for computing a direction of descent we have to choose

(A%, 1% € EAL(xs(¥%), y°) and a set K satisfying

L {j:29>0) S K C1(x(y), %) and

2. the gradients {V, g (xs(3°),y%) : i € KYU {Vihj(xa39, % : j =1,...,q} are
linearly independent

such that the optimal value of the problem D3(y°, A%, u° K) is less than zero, where
problem DS(y°, A%, u®, K) is given as follows:

s — min
d.rv,e.s

®L0% 1) 1= Ve Fxa (3, YO + Vy F (e (5°), YO)r < s
V,Gi(0%r < =Gi() +s, i=1,...,1
V2 La(xa(5%), Y% A%, 50 + VI, Lo (50 (5%, ¥°, 2%, 1Oy
+ V] g(a (¥, YOV + Y h(xa 0%, Y0 = 0

) 0y 0 ) 0y .0 =0, iek
Vi8i(xa ("), ¥y)d + Vy8i(xa (y), ¥y { < __gi(xa(yO)’yO) +s, i¢K
Vehj(xa(5%), YO + Vb (0%, YOr =0, j=1,....9

AM+vi+s=>0, i€k, vi=0,i¢K, |rl <1

Consequently, the direction finding problem to be solved in Step 2 has some similarities
with the minimization problem in Theorem 3.5: In Step 2 we are searching for a set K
satisfying 1. and 2. of the above corollary and a vector (A%, u®) such that the optimal value of
problem D?2(y°, A%, u®, K) is sufficiently small. It is indeed possible to detect such a set if
and only if the optimality condition in Theorem 3.5 is not satisfied. In fact, it would also be
acceptable to search for the minimal optimal function value of problem DYy, A0, 1% K)
subject to (A%, u0) € EAq(xx(y%), ¥°) and all sets K with the above properties. But this is
a combinatorial problem whose solution is time-consuming. The above strategy could be
used to minimize this effort.
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It should also be noticed that assumption (A7) does in general not imply that a strict
complementarity slackness assumption is satisfied for the lower level problem. If this
condition should be violated then there exist an index k € I (x,(y%), y°) and a set K with
the above properties such that

V8 (xa (¥, yYOX' % 1) + Vygk (e (%), yOr = 0

and v, = O for each r € TX (A%, %), where the set TX (A%, 1) has a nonempty interior.

4. Convergence of the algorithm and computation of the step-size
4.1. Convergence for fixed o

In the prototype of the descent algorithm we used a kind of Armijo step-size rule, i.e., we
proposed the selection of the largest number ¢ in {p, p?, p°, p*, ...}, where p € (0, 1),
such that

Do (Y + 1*r%) < @ (%) + ettst, £ € (0,1), and G(Y* +1*r¥) < 0. @.1)

We first show convergence of the algorithm for fixed @ > 0 thereby clarifying one possible
choice of the stopping criterion in Step 5 of the algorithm. Clearly, the algorithm com-
putes a sequence {(x,(y*), y*)}22, having an accumulation point (x,(y°), y°) by (A3) and
Theorem 2.1.

Lemmad.l. Leta > Oandlet{y*, A¥, u¥}2° | be a convergent sequence such that besides

(A1)—~(A7) the following assumptions are satisfied:

1. there exists a set K satisfying the conditions 1. and 2. of Corollary 3.9

2. the optimal values s* of the problems D3(y*, A, u*, K) are less than zero and bounded
away from zero, i.e., there exists s < Qsuch thats* <s, k=1,2,....

Then the following properties are valid:

1. Let x4(y) be the optimal solution and i(y), L(y) be the corresponding multipliers of
the enlarged problem

n}tin{f(x,y)+ozF(x,y):g,-(x,y) =0,iek, hj(x,y)=0, j=1,...,9}. 42)

Then, for each k there exists T > 0 such that

oY +1r¥%) = xo (YF + 115, (4.3)
MO+ =00 4%, ie K “4.4)
MO +r5)=0,iéK 4.5)

ROX + 1) = pk +1rb) (4.6)
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foreach0 <t <t*, k=1,2,..., and some multipliers
GF +175), p(F + 1) € Ag (e OF + tr%), y* 4 1r%).

2. Zero cannot be an accumulation point of the sequence { t"},‘:‘;l, ie., there exists T > 0
suchthatt®* > 1,k=1,2,....

Proof: The first part of the proof consists of the following: if r* is determined by
DO(y*, A%, uk, K) then the conditions g;(X4(y), y) <0, i € K and X;(y) > 0, i e K are
satisfied for sufﬁcwntly small > 0. Afterwards in the second part we show that t* can be
calculated as stated in the theorem.

By the propertles of the set K, Lemma 3.7 and (A2), the optimal solution %, () and the
optimal multipliers A( ), it(-) of problem (4.2) are contmuously differentiable at y = y* [6].

If for the solution X, (y) and the multipliers (k( y), i(y)) of problem (4.2) additionally
the mequahtles gi(x,(¥),y) <0, i¢K and A (y) = 0,i € K are satisfied then the
triple (X4(y), A(y) 2(y)) with A (y) =0, i ¢ K, gives the optimal solution of problem
(2.1) together with optimal multipliers since the necessary conditions for optimality for
the convex programming problem (2.1) are satisfied in this case, too. This will be shown
for y = y* 4+ ¢k, t € [0,7%] (z* > 0) in what follows. It is obvious, that Z,(y*) =
xa(y%) and (A(Y*), L(YY)) € Aq(xx(¥*), y¥). By the choice of r* as part of an optimal
solution (d*, r*, v¥, w*, s*) of problem DO (y*, A%, u¥, K), wehaver® € TX (A%, u*). Thus,
d* = x!(y*; r¥). Moreover, we can drop the constraints with index i ¢ K in problem
Q. (Y%, r¥, Ak, u*) since they are inactive by

V.8 e (X, yOX' OF; r5) 4 Vy 8 (e (F), y9)r* < 5% < 0. @.7)

But then, problem Q, (¥, r¥, A%, u¥) turns out to be equivalent to the convex quadratic op-
timization problem used for computing the directional derivative of X,(-). This shows that

d* = x) (% ) = VR0t vE = VP, i e K, of = VyAGPrt. (4.8)
Thus, by &;(y%) > 0, i € I(xa(¥¥), y*) and v} > 0,i e K\ {j : %;(y) > 0} we have
LOM ) = LN + VL0 o) >0, i € K
and

8i Ga(YF +1r%), y* +1r%) = g (R (05), ¥5)
+ 1 (V8 Ga(YF), YOIV, 2OM)IPE + V8, Ga OF), YOIr¥) +0(1) <0, i ¢ K

for sufﬁcwntly small t > 0 by (4.7). Hence, for each k there exists T8 > 0 such that
xa(y + ¢trky and A(y + tr¥) indeed satisfy g; (X, (¥* + trky, y* +tr%¥) <0, i ¢ K and
k O +trfy >0, i e K, vVt €0, 7¥). As aresult the optimal solutions of (2.1) and (4.2)
coincide for r € [0, T¥].
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By (A2), (AS) and the results in [8, Chapter 3] the bound 7* is determined by

¥ = min{min{t > 0:3i ¢ K with g; (X, (y* +1r%), y* 4+ 1tr¥) = 0},
min{t > 0:3i € K with A;(y* + tr*) = 0}}. (4.9)

This implies Part 1.

Let (y°, A% %) be the limit point of the sequence {(y*, A, u*)},. Let r° be an ac-
cumulation point of the bounded sequence {r*}. By (A2), (A5) and well-known results
in parametric optimization [6], the optimal solution x,(-) as well as the optimal multi-
pliers A(:) and () are continuously differentiable at y = y°. Hence, by (4.8) we have
lim V,%,(y") = V,£,(y%), lim V,A(*) = V,A(%), lim V,i(y*) = V,(3%). Thus, by
(4.8) and by our assumptions, (V,%,(y*)r°, r%, V,A(y*)r°, V,i(y%)r?, s is an optimal
solution of problem DZ(y°, A%, u%, K) with 50 <'s.

Now, arguing by contradiction, let limg_,, ¥ =0. Let i(k) be defined such that the
minimum in (4.9) is attained for i = i (k). Take an infinite subsequence {k € K} such that
i* =i(k)and 0 < ¥ < 1 for all k € K. Then, i* € K or i* ¢ K for all k € K. Hence,
either one of the following two conditions is satisfied for all k € K:

giGRa* + TPty Y+ i) =0 ifi=i*"¢ K (4.10)
or
LOF+trh =0 ifieKk. 4.11)
In dependence of the occurring case we have
0 = gi(ZO* + 747, Y + %) = g R 0%). YH)
+7t (vxgi(fa(y"). YOV R (YIr* + V, 8 Ga ), YOI + %’:))

= gi(ja(yk), yk) + ngi(ia(yk)y yk)vy-fa(yk)rk + Vygi (fa()’k), yk)rk
o)y . o(th)

+ T <s"+ T (4.12)
by 8i(Z« (%), y¥) <0, 1215 > 0, ie., Vegi(Ra (%), YOI Vy R0 (¥)r* + V, 8: (Ro (95), yIr*

+%0 > 0ifi =i* ¢ K or

k
0=%0o*+ ") =XoM + <v{‘ -2 ))

7k
k k
> MM +vf + er) > —sk + er) 4.13)
T T
by A;(y*) > 0,and 1 > % > 0, ie., v}‘j{-ﬂﬁk—) < 0ifi = i* € K. Both conditions contradict
ﬂ:,cﬂ — 0 and s* — s° < 0. This proves the Lemma. O
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It should be noticed that the functions £(-), 5»(-), fi(") are continuously differentiable on
[0, T*] provided that the assumptions of the above lemma are satisfied.

Lemma 4.2, Let the assumptions (A1)—(A7) be satisfied on the set M. Then, for the
sequence {(xo(Y*), y*, r¥, d%, Ak, uk, vk, o*, sk, K62 | computed by the algorithm for
fixed a > 0, the sequence {s*}$° | has zero as the only accumulation point.

Proof: Arguing by contradiction, let s < 0 be a number such that
@ (y*; r*) < s* < sand Jim st=5 (4.14)

for all sufficiently large k and at least one subsequence of the sequence of points computed
by the algorithm (which, without loss of generality, can be identified with the sequence
itself). Now we can consider two cases:
First let us assume that lim,_, t* > 0. Then
k k
O, (Yt +t*r%) < d,(y°) + Zetjsj <D, (y) +&s Z .

j=1 j=1
can be calculated and limy_, o, @, (¥* + t¥r¥) = —o0, which is an obvious contradiction.
Secondly, letlim,_, . t* = 0. Assume without loss of generality, that {t}itself converges
to zero. But then we have t* = p#, k = 1,2, ..., and limg, ji = 00 and at least one

of the inequalities in Step 3 of the algorithm must be violated by p/*~1, i.e., at least one of
the following inequalities must be true:

k4 i1y _ @ (v

Do(y"+p .r) a(Y") > g5t @15
p!k—l

GO+ oy >0,i=1,...,1L (4.16)

Since k tends to infinity and ! < oo, at least one of the inequalities holds infinitely often.
Let this be (4.15). Consider the sequence {(A*, u*, K¥)}$2, used in the direction finding
problems DO(y*, Ak, u*, K¥) in the steps of the algorithm. Choose an arbitrary infinite
subsequence {k € K} such that K* = K foreachk € K.
As a result of the last lemma, T% cannot converge to zero. Thus, there exists £* such that
for each k > k*, k € K we have p/~1 < t*, But then,

k < (Da(yk + pjk_lrk) - (Da(yk)

ES n
th‘l
_ F@a (¥ + p7Irh), yE + pR ) — FGa (), ¥5)
- pjlz—l
= V, F (& (%), Y)Vy 2 )Pk + V, F (B (%), y)r*
Jr—1 k=1
0(p.* ) <st+ 0(p." )
p]k—l p”"
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by (4.14), where x,(y) is the optimal solution of the problem (4.2). Passing to the limit on
both sides of this inequality leads to £s < s which contradicts £ € (0, 1) and s < 0.
Thus for some i € {1,...,1},

0 < G+ p*7'r") = GiO") + 71V, Gi ) + 0(pH 7
< GO + PN (=Gi(y*) +55) + 0o
< PP H=GiOM) + 55 +o(p*Th)
which means

_o(p*h

—GiON +s' > —=1

or limy 0o G (y¥) < limy 00 5% = 5 < 0. Thus, G;(y* + p?t=1r¥) < 0 for each sufficiently
large k since p/~! tends to zero.

This contradiction to (4.16) completes the proof. a

1t should be noticed that, if the linear independence constraint qualification with respect
to x as well as strict complementarity hold for problem (2.1) at y = y°, then the optimal
multiplier and the set K* in problem D2 (y*, A, u*, K*) are uniquely determined for each
sufficiently large k. Hence, in this case, Lemma 4.2 gives the idea of a convergence proof
for the descent algorithm.

It is a direct consequence of Lemma 4.2 that, as a stopping criterion in Step 5 of the
descent algorithm, we can take a rule based on the distance of the optimal values of problems
Dy (y*, A, i, K) from zero for all possible selections of A, u, K.

4.2. Convergence for variable o

Now, we can turn over to state the convergence result for the above algorithm. But, here
again the possibly discontinuous behaviour of the directional derivative x/ (- ; -) causes an
additional difficulty. Namely, if the optimal values of problems D%, (y*, A, u*, K*) tend
to zero for {(a*, y¥, A%, uk, K¥)}2, converging to (0, y°, A%, u°, KP) there is no guarantee
that the necessary optimality condition of Theorem 3.5 is satisfied even if x}(y; r) exists
for each r. Then we only have that 6,(y°, A%, u% K > 0. This difficulty is due-to the
vacancy of lower semicontinuity of the point-to-set mapping A.(-,:). To overcome it
we introduce the notion of y-active constraints and approximate the optimal solutions of
problems D3(y, A, 1, K) by solving problems D2($, A, fi, K) at perturbed points (, &, /).
Let I,(x,y) :={j : 0 > gj(x,y) = —y} for y > O sufficiently small. Now, the whole
descent algorithm can be stated more concretely as:

Step 1. Select y° solving G(y°) < 0, choose a starting value for o, a small ¢/, a sufficiently
small y, e € (0,1), afactord € (0,1), aw < 0, and setk := 0.
Step 2. Choose (K*, A¥, u*) with

(*, 1*) € EAa(xa(5%), y*y and {j : 25 > 0} € K* € 1(x, (). ¥%)
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satisfying condition 2 of Corollary 3.9, such that (d*, r*, v*, @*, s*) is an optimal solution
for problem D2(y*, A%, uk, K¥).

If s* < w then goto Step 3'. If s* > w and not all possible (A*, u¥, K*) are tried then
continue with Step 2. If all (A%, 1*) and all K* tried to be used then set w := w/2. If
fw] < &’ then goto Step 2’ else to Step 2.

Step 2. Choose (K*, A%, u*) satisfying

K* S 1 (xa (7). ¥)
and condition 2 of Corollary 3.9 as well as

Ak pb e Argmin {1V La(xa 55, Y5, A, P 1 1; =0, j & K¥},
N2

such that (d*, r¥, v, o*, s*) is an optimal solution for the problem DS(y*, A%, u*, K*).
If s* < w then goto Step 3'. If s* > w and not all possible (A¥, u*, K*) are tried then

continue with Step 2. If all K* tried to be used then set w := w/2. If jw| < &' then stop.

Step 3'. Select the largest number * in {p, p?, p*, p*, ...}, where p € (0, 1), such that
G (YF +15r%) < Dy (y*) +etks*, and G(y* +t*r¥) < 0.1ft* < £’ then drop the actual
set K* and continue searching for a new set K* in Step 2.

Step 4. Set y*+! := yk 4 thrk ki=k + 1.

Step 5. Ifa > & then @ := 8, x,(y*) € W*(y*), goto Step 2, else verify |s¥| < &'. If
true then goto Step 2/, else to Step 2.

A new variable w for the control of access to Step 2 or 2’ is additionally included. Its
value is compared with s at the end of Steps 2 and 2'.

The value &’ must be so small that according to Lemma 4.1 the exit in Step 3’ can only
be used if a set K is selected in the Step 2’ such that the problem D(y*, A, u*, K) has a
negative optimal value, but the corresponding direction r is a direction of ascent. This is
obviously possible, if K is nowhere a set of active constraints locally around y*.

The choice of y seems to be a difficult task. But, on the first hand, there is a pos-
itive y° such that I, (x(¥°), y°) =1 (x(y%), y°) for each 0 <y <y°. Moreover, the set
1(x (%), YO\ T (x(y%), y*) should contain only a few elements (one or two) for sufficiently
large k for most of the instances. On the one hand, searching for a direction of descent by
use of the Step 2’ of the algorithm can result in a drastic increase of the numerical effort at
least if y is too large. Thus, we suggest to use the Step 2 only in the case when the values of
®! (y*; r¥) and « are sufficiently small and then only for small . On the other hand, if the
Step 2’ successfully terminates with a useful direction r and with a set K & I (x,(¥*), ¥%),
then the calculated descent in the objective function value can be expected to be much larger
than during the last iterations.

For proving the convergence of the descent algorithm to a stationary point y° of problem
(P) we need the additional assumption

(A8) For each (A, u, d, x) satisfying
x € WOy, (A, ) € Ao(x,¥"), d #0,
V.gi(x,y)d =0, fori satisfying A; > 0,
Vehi(x, yY)d =0, fori=1,...,q,
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we have
d"V2 Lo(x,y°, A, w)d > 0.

This assumption guarantees that problems (1.1) and (2.1) have unique optimal solutions
locally around y°. Hence, convergence of y to y° and « to zero from above imply the
convergence of x,(y) to x(y°) and that the optimal solutions of the problems (1.1) and (1.4)
coincide.

Theorem 4.3. Let the assumptions (A1)~(AT) be satisfied for problem (P) on M. Take
y > O sufficiently small and fixed. Let the sequence {(y*, Ak, u*, d*, r¥, s, %, vk ok,
K*)}2 | be computed by the descent algorithm where o* \ 0. Thus if y° is an accumulation
point of {y*}2 satisfying the additional assumption (A8), then (xo(y®), ¥°) is a stationary

point of problem (P).

Proof: The proof will be divided into three parts: In the first one we show that, if (xo(y°), y°)
is not stationary then a problem D%, (y*, A%, u*, K') with negative optimal value s* is possible
to construct for k sufficiently large. In the second part it will be derived that a sufficient de-
crease in the objective function value can be obtained by use of these selections (A%, u*, K).
The third part proves that the fixed set K can infinitely often be taken.

Assume that (xo(y?), y°) is not a stationary point of problem (P). By the assumptions
and according to Lemma 3.1, W0(y%) reduces to a singleton and the solution function
xo(-) is directionally differentiable at y = y°. Thus, by Corollary 3.9, there exist (A%, .0) €
E Ao(x0(y°), y°) and aset K having the appropriate properties such that the optimal function
value of problem DJ(y°, A%, u°, K) is less than zero. Let, without loss of generality, the
set K with this property be unique (else, choose a suitable subsequence, which is a choice
of an infinite number of elements out of finitely many possibilities, in what follows). Due
toy > 0wehave K C I(x0(3%), y°) € I, (x, (%), y¥) for sufficiently large k. Moreover,
by [1, Theorem 5.3.2.], {(A¥, u*)}, computed by the algorlthm in the Step 2, converges to
(A%, u®). Thus, the optimal function value of problem D°, (y*, A, uk, K) also converges
to the optimal function value of problem Do(y A0, ul, K ), i.e, it w111 be less than zero
for sufﬁcwntly large k.

Let (d*, r*, v*, w*, s%) be an optimal solution of D2, (y*, A%, u¥, K). Let r° be an accu-
mulation point of the bounded sequence {r"}k_1 Analogously to the proof of Lemma 4.1,
(V35000 V,ho(3%)r0, V, fio(y%)r?, s°) is an accumulation point of {(d¥, v¥, o, s
w1th (v, xo(y(’)r0 %, V, Ao (y9)r°, V, o (y0)r®, s%) bemg an optimal solution of D3(y°, Ao
10, K), since assumption (A8) is satisfied at y = y°. But then, due to the proof of Lemma
4.1, there exists t° > 0 such that

iR’ +1°79), Y +1%% <0, i ¢ K, L,0°+°% >0, i € K. 4.17)

Hence, the optimal solution X, (y) of the enlarged problem (4.2) is also optimal for (2.1)
for each y in a sufficiently small neighbourhood of y = y® + ¢%0 and sufficiently small
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« > 0. Moreover, by Lemma 4.2, t® > 0 can be chosen such that
Do(y° + 197%) = Do (y°) + 0@ 6% +£7% %) < ®p(y%) + %50 (4.18)

by @ (}’ +&r% 10 = V,F(R (0 + £r9), y +$r0)Vyxo()’ +Er0r0 + V, F(%o(y° +
£r%), yO + £r%r9 with £ € (0, t°) tending to s° for 1 — 0, and

Gi(y°* +1°% = G, %) +1°V, G, (5° + £r%% <0 (4.19)

for all i. Hence, by continuity of x.(-), there exists an open neighbourhood U of (y°, r°, 0)
such that, for each (y,r,a) € U o > 0, the inequalities (4.17)—(4.19) are satisfied as well.

Now, by lim y* = y°, lima* =0 and r° being an accumulation pomt of {r } >, we have
(y*, r*, a*) € U for sufficiently large k. Thus, the point ¥+ := y* 4 1%7* will be a suitable
choice for the next iteration point for sufficiently large £, i.e., the selection of a step-size in
Step 3’ of the modified algorithm is indeed possible. Hence we come up to the following
conclusion: If the set X is taken in the direction finding problem, then the algorithm selects
a step-size t* > 19 > 0 and a new point y¥*! = y¥ 4 t*r¥ is computed for which

D (% + 157%) < D (Y + rresk

holds. Moreover, by {a*}2, tending to zero and limg~ o Xo (¥ + t°r%) = xo(y* + t¥r¥) we
have

|Dor (Y + £5r5) — Bpen (y* + hrk)|
= | F(xq (yk + tkr"), yk + tkrk) ~ Fxen (yk + t"r"), yk + t"rk){ <— t"ssk/Z

by s* < 0 for sufficiently large k. Hence
Dot (Y* + t5r%) < D (y¥) + thesk /2 (4.20)

for sufficiently large k.

Now, since the optimal value of the direction finding problems D9, (y*, A*, u*, K*) with
KX C I (y%), yH and {j 1 &; > 0} € K*, (A, p) € EAak(xak(y") y") converge to
zero for k — oo, the modified dlrecnon finding problem ng (3%, A%, uk, K) will be used
for computing the direction of descent infinitely often in the algorithm. It can be shown
in full analogy to the proof of Lemma 4.1 that the sequence {t*} of step-sizes taken in
these iterations cannot converge to zero since the optimal values s* are bounded away from
zero. But then, @, (y*11) converges to minus infinity by (4.20) which cannot be true by
Remark 2.4. a

S. Remarks about the inclusion of G(x, y) instead of G(y) in the upper level
The more general probiem (PG) consists in the following:

o(y) — min
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where

¢(y) = min{F(x, )| G(x,y) < 0,x € ¥(y)}

1. The next examples will be used to show the more complicated nature of this kind of
problems:

Example 1.

x>+ y = min
y

—x—y=<0
where x solves

X — min
X

x>0

Its optimal solution x = y = 0 differs from the optimal solution of the problem where
the upper level constraints are shifted into the lower level. A shift of x > 0 leads to
unsolvability. For this reason G(x, y) < O are really additional constraints which can
not be shifted.

2. The problem (PG) can be embedded in a class of multilevel programming problems
(similar to [2]). In this case a distinction to which minima the upper-level constraints
belong is necessary. Primary this is a decision depending on the model, but the place of
the constraints may also change the solvability and the number of applicable mathemat-
ical methods. If the constraints belong to min, then the feasibility of the choice of y is
checked after computing the “answer” x(y) on y by solving the first minimization prob-
lem. Otherwise, the feasible set of the lower level may become smaller. — Although
the practice is the most important influence to this decision the existing programming
techniques are easier to apply to the constrained minimization over x.

3. Considering such more complicated problems the difficulty of the choice of a starting
point arises. Therefore we propose to solve

G(x, +z)> > min
I1G(x, y)+zll L

which can be done by the suggested algorithm because every pair (y, z) with W(y) # @
and z = 0 is a starting point of this new two-level problem.

Another possibility is a penalty approach [11] which seems to be less adapted to the
most applications because of the peculiar optimality definition which was necessary in
[11] to prove the convergence of their algorithm. In comparison with the most other
authors [15, 18, 19] their optimal solution is only a feasible one.



246 DEMPE AND SCHMIDT

Now, problem (PG) is shown as a sequence of problems (PG),:

Pa(y) > myin
where

0a(y) = F(x2(3), y)
and

xa(y) € Argmin{f(x,y) + a«F(x,y)|G(x,y) <0,x € M(y)}.

4. But an additional difficulty arises: Changing « to a smaller one it may happen that the
new feasible set of the two-level problem becomes empty.

The influence of this phenomenon can be partly avoided by a supplementary decrease
of « or a small change of y. The full extent of this difficulty shows the following
example:

Example 2.
(x — D%+ y* = min
y
where x solves
(x —1)?+ y* > min
p 4

x—y<0
0<y=<075

where x also solves
y — min
X
0<x=<2

In the case @ = O the feasible set of the second minimization is equal to [0, y] in
contrast to its emptiness whenever o # 0.

Appendix
Proof of Theorem 2.1:

1. Upper semicontinuity of I'(-, -) follows by straightforward application of Theorems
3.1.1,3.1.5.,and 4.3.3. of [1].

2. Inequality (2.4) is implied by x(y, &) € M(y). Inequality (2.3) follows since otherwise
at least one point in ¥(y) would give a better solution for problem (2.1) than x(y, o).

3. Part 3 is a simple consequence of Part 2 and upper semicontinuity of I'(y, -). 0
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Proof of Theorem 2.2:

1. Ifthe optimal value function ®(-) defined by ®(y) = F(x(y), y) with x(y) given by (1.4)
is lower semicontinuous on Y :={y |3 x such that (x, y) € M}inthesensethatVy € Y

lim &) > @(y),

vy
then (P) has an optimal solution, since Y is bounded by (A3) and ®(y) > —ocoon Y
with ®(3) < oo for at least one y € Y by (Al) and (A3).

2. Now, we show that ®(-) is lower semicontinuous on Y. Let y* € ¥ be arbitrarily
fixed. Then, by (A1)(A4), and Theorems 3.1.1., 3.1.5., and 4.3.3. of [1] W(-) is upper
semicontinuous at y°. Thus, by (A1) and Theorem 4.2.2. in [1], ®(-) is indeed lower
semicontinuous at y°. O

Proof of Lemma 3.6: Letr € T,(A%, u%. We have to show the existence of an open
neighbourhood U(r) of r with U(r) € T,(A% u®). Arguing by contradiction, let there
exist a sequence {r*}%, converging to r with r* ¢ T,(A% u®) for each k. But then,
since the linear programming problem (3.9) has an optimal solution for each k, there
exist vertices (A%, u*) € S,(¥%; r¥) with (A%, u% £ (A%, u*) for each k. Fix an infinite
subsequence {k € K} to guarantee that (A%, u*) = (A!, u!) for each k € K. But then,
(A, u") € Sy(¥% r) by upper semicontinuity of the solution set mapping of parametric
linear programming problems with fixed feasible sets [1, Theorem 5.2.2.]. This contradiction
proves the openness of T, (A%, ).

Clearly, if r € T,(A%, u%), then tr € T, (A%, u°) fort > 0.

Let 7/, r" € To(A%, 1%). Then

VyLa(xa(y), y, A% uOr > VyLy(xa(y), y, A, p)r (A1)

for each (A, ) € EA,(xg(3), y) \ {(A%, u0)} for r = r’, r = r” implies the validity of
(A.l)alsoforr =6r' + (1 —8)r" and § € [0, 1]. O

Proof of Lemma 3.7: Letr’' bean mterlor pointin TX (A%, 1) and let there exist ;, i €
K, 3, j=1....q9, Y ¥’ +Zl —19] 2 > 0 such that

Y HViegi (k%) Y + Za Ve (% (), Y% = 0. (A2)

iek

Then, for each feasible point (d, 7, v, w, 5) of Dy (y°, A%, u®, K) with r € TX(A°, u®) we
have by using (3.6) and (3.7),

q9
Y o niVegixa (Y, Y+ D 8;Vehj(xa(3%), YO)d

iek j=1

q
+ D %Vy8i (a0, YO + D 8, Vyhj(xa(¥0), YOI

ieKk ]—l

= Y %V (3%), yOr +Z$ i Vyhj(xa(y%), YO =

iek
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Since this equation is valid for each r in some neighbourhood of r’, we have

9

Y Vg0, Y + )8 Vyh(xa (3%, y°) = 0. (A3)
iekK j=1
Equations (A.2) and (A.3) together contradict (A6), which proves the lemma. O

Proof of Lemma 3.8: By definition,

L% u% 2 (J 700 1.
KeM

Due to Lemma 3.6 it is sufficient to show

T, u® < | a TXQO, 1.
KeM

Letr € T,(A% u®). We show the existence of a set K € M such thatr € cl TX(A%, u%).
Using this inclusion, we obtain r € cl TX (A%, u%) € ¢l Ugcpq TX (A0, 10) foreach r €
To (AO, pf’), i.e., the lemma is valid. Arguing by contradiction, let there be no set K € M
with the desired property. Then,

re L% )\ U d7f00% 10
KeM

and this set is open due to Lemma 3.6 and finiteness of AM. Hence, there exists an open
neighbourhood U (r) of r with

U € L%\ | 7@
KeM

c U arfeduhe |J ofTF0%u0,
KeN\WM KeM\M

where affA denotes the affine hull of a set A, since (A U B) \ B C A for arbitrary sets A
and B. But, the last inclusion cannot be valid since an open set cannot be contained in the
union of a finite number of lower-dimensional subspaces. O
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Note

1. This and some other proofs can be found in the Appendix.
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