Journal of Intelligent and Robotic Systems 3: 93-101, 1990, 93
0 1990 Kluwer Academic Publishers.  Printed in the Netherlands.

A Two-Layer Fuzzy Pattern Matching Procedure
for the Evaluation of Conditions Involving
Vague Quantifiers

HENRI PRADE
Institut de Recherche en Informatique de Toulouse, Laboratoire Langages et Svstémes Informatigues,
Université Paul Sabatier, 118 route de Narbonne, 31062 Toulouse Cedex, France

(Received: 20 September 1989)

Abstract. In this note, we are interested in the evaluation of conditions of the form ‘The value of attribute
afor Qitems of Xisin F” or more shortly *Q items of X are ", where X is a set of items, 0 denotes a possibly
vague proportion (which may be linguisticaily expressed, e.g. ‘most’), F is a (possibly fuzzy) subset of the
attribute domain of a. and where the available knowledge about the value a(x) of the attribute a for any
item x may be imprecise or even vaguc. The evaluation is based on a fuzzy pattern matching procedure
repeated two times. Such conditions may be encountered in queries addressed to an incomplete information
data base or in the “if-part” of expert rules.
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1. Introduction

If they are allowed, vague predicates and vague quantifiers are often encountered in
the linguistic expression of (i) requests addressed by a user to an information system,
or of (ii) pieces of knowledge given by human experts. In the first case, it means that
the user may be more or less flexible about the required properties of the items he/she
is Jooking for, while some vagueness in the expression of the condition part of an
expert rule may mean that the rule still more or less apply to borderline situations
(in other words, the conditions of application of the rule are robust); if the vagueness
appears in the conclusion part of the rule, it often indicates some uncertainty. It is
then interesting when evaluating a request or a condition to estimate to what extent
the request can be considered as satisfied by a given item (it enables the ordering of
the items according to their agreement with what is required), or to what extent the
condition is fulfilled in order to combine, in a suitable way, this estimate with the
uncertainty bearing on the conclusion of the rule if any.

A so-called fuzzy pattern matching procedure has been developed and designed (see
Cayrol et al., 1980, 1982) in the framework of fuzzy set and possibility theory in order
to deal with evaluation of patterns made of the logical combination of fuzzy predi-
cates. Besides, this procedure still applies if the available information about the items
or the facts is pervaded with uncertainty and imprecision and is represented in terms
of possibility distributions. In the case of partial imperfect information, we can thus
distinguish between the extent to which it is possible and the extent to which it is
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certain that a condition is satisfied. This procedure has been applied to the manage-
ment of incomplete information databases as well as to the treatment of fuzzy
conditions of “If . . . then rules’ in expert systems. See Dubois and Prade (1988).
In this short paper, we consider the case where requests or conditions do not only
involve vague predicates but also vague quantifiers. An example of such a request is:
“To what extent is it true that most of the products made by a company are sold on
markets which are in fast expansion?’. The following section offers a background on
the two measures of possibility and certainty used in fuzzy pattern matching and
discusses a modification of one of these measures in the case of a pattern with a fuzzy
predicate. Then it is explained how the number of items satisfying a condition
(possibly fuzzy) can be counted in the case of partial information. Finally, the
proposed treatment of conditions involving vague quantifiers is presented.

2. Background
2.1. MEASURES USED IN FUZZY PATTERN MATCHING

Let X = {x,,...,x,} bea finite set of items. Let A(x;) denote the (possibly fuzzy)
subset restricting the (more or less) possible values of the single-valued attribute a for
x;; thus A(x,) is a subset of mutually exclusive values; A(x,) represents the available
knowledge; the information is not precise as soon as A(x;) is not a singleton. The
membership function of a fuzzy subset A will be denoted by u, and will range in the
interval [0, 1]. The function j, , is also called a possibility distribution since pi.,(d)
estimates the extent to which it is possible that a takes the value d for x,. Since D, is
supposed to include all the possible values of a, for any x there should exist at least
a value d which is completely possible for a(x), i.e. 3d, pt 4, (d) = [; then the fuzzy set
A(x) is said to be normalized. Let F be a (possibly fuzzy) subset of the attribute
domain D, of a. F will be also supposed to be normalized when F is fuzzy. The extent
to which it is possible (resp. necessary or certain) that the value a(x) of the attribute
a for the item x, known to be restricted by A (x), is compatible with F is given by the
possibility measure II(F; 4(x)) and the necessity measure N(F; A(x)) (Zadeh, 1978;
Dubois and Prade, 1988) which are defined, respectively, by

T(F; A(x)) = sup min (u:(d), pan(d)) (H
de D,
and by
N(F; A(x)) = 1 — II(F‘; A(x)) (2)

which gives
N(F; () = inf max (uld), | = pay(d)); 3)
where the membership function of the complement F* of F is defined by

wo(d) = 1 = p(d). @



TWO-LAYER FUZZY PATTERN MATCHING PROCEDURE 95

The two quantities [1(F; A(x)) and N(F; A(x)) play a central role in the fuzzy pattern
matching technique developed in Cayrol, ef al. (1980, 1982), and are easy to compute
in practice where it is sufficient to use membership functions with trapezoidal shape.
The possibility measure I1(F; 4(x)) estimates to what extent the intersection of F and
A(x) 1s not empty (i.e. there exists a value restricted by 4(x) which is (somewhat)
compatible with F), while the necessity measure N(F; 4(x)) estimates to what extent
the (fuzzy) set of values restricted by 4(x) is included in F, which represents the
requirement.

2.2. A NEW DEFINITION OF THE NECESSITY OF A FUZZY EVENT BASED ON A
PARA-CONSISTENT COMPLEMENTATION

N is defined from IT by (2) using the fuzzy set complementation (4). The relationship
between N and IT is in agreement with the idea that something is all the more certain
as the opposite is impossible. When F is an ordinary subset, we always have

II(F; A(x)) < | = N(F; A(x)) = 0. %)

[t expresses that something should be fully possible before being somewhat certain.
This no longer holds in the case of a fuzzy requirement F, as it can be checked. This
is due to the complementation (4), taking for granted relation (2). Indeed with
definition (4), the union of Fand F* (pointwisely defined on the membership functions
by the max operation) does no perfectly cover the domain D (there exists some values
at the border of Fand F*, which do not fully belong to F nor to F') and then it is not
surprising that the possibility that the value a(x) of attribute a for x belongs to F U F*
is less than I (although IT(D,; A(x)) = Isince 3d, u,,,(d) = 1.i.e. thereexists at least
a value in D, completely possible for a(x)). Indeed we have

I(F o F5 A(x)) = max (II(F; A(x)), TI(F; A(x) < |

if Fis a fuzzy set, which leads to the violation of (5), taking (2) into account.

If we want to keep both (2) and (5) when F is fuzzy, since they are intuitively
appealing (we shall see also that (5) plays an important role in our procedure for
guaranteeing a normalization condition), we have thus to modify the definition of the
complementation.

There are two other (extreme) ways of defining the complement A of a subset A
of D by extending the following identities for classical sets

A = N{S. 408 =D) (6)
or
A = UiS.AnsS =0 (7

This yields (see Dubois and Prade, (1983) for instance), using min and max, respect-
ively, for defining the intersection and the union, to the following definitions in case
of fuzzy sets
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® para-consistent complementation ( from (6))
upc(d) = lnf {S € [0, 1]a max (:uF(d)’ S) = 1}
1, ifu(d) < 1
= , (8
0, ifud) =1

Note that F¢ = [core(F)]° with core(F) = {de D, p.(d) = 1}; F“ < F and
F o F° = D (but we have not F n F = ().

® [ntuitionistic complementation ( from (7))

Hec(d)

sup {s € [0, 1], min (u.(d), s) = 0}

I, if ue(d) =0
©)

0, if us(d) > O.

Note that F© = [Support (F)] with support (F) = {d € D, pg(d) > 0}; F* 2 Fand
F~ F° = O (but we have not Fu F* = D).

Using the para-consistent complementation for defining N(F; A(x;)) = | — II(F;
A(x,)) guarantees that TI(F; A(x;)) < 1 = II(F‘; A(x;)) = 1 (provided that A(x;)
is normalized), since F u F* = D and, consequently, N(F, A(x,)) = 0 if II(F;
A(x,)) < 1; then (5) is preserved. Thus, we keep the definition (1) of TI(F; A(x)),
acknowledged by all authors in the fuzzy set literature, while N(F; 4(x)) is now
changed into
Inf max (ke |~ Ra(@)) = N(core(F); (). (10)
Clearly, N(F, A(x)) = N(core(F); A(x)) when F is not fuzzy, since then
F = core(F) = support (F), and N(core(F); A(x)) < N(F; A(x)) in the general
case, which means that we are now more pessimistic in the expression of certainty; this
is a cautious, and thus satisfying, behavior.

N.B.: Keeping the definition (3) of N and defining I from N by II(F]
A(x;))) = | — N(F¢; A(x,)) using the intuitionistic complementation would preserve
(5) also.

3. Fuzzy Evaluation of the Number of Items whose Attribute Value Belongs
to F

3.1. CASE WHERE F IS AN ORDINARY SUBSET

In this section, F is assumed to be an ordinary subset of D,.

For each x; € X we have the pair (II(F; 4(x,)), N(F; 4(x,))) computed from (1)
and (3). The TI(F; A(x,))’s, for i = 1, n, define the fuzzy set of items whose attribute
value possibly belongs to F. A fuzzy-valued cardinality of this fuzzy set is easily
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obtained using the following procedure (Prade, 1984; Dubois and Prade, 1985;
Zadeh, 1983)

(1) rank the II(F; 4(x;))’s in decreasing order. Let u; be the value of rank i in this
ordering, fori = I, nand let u, = 1.
(2) the fuzzy-valued cardinality we use is then the fuzzy subset of N defined by

uO/O + M|/1 + T + ll,,/n,

where the membership grade is before the */ and the corresponding element of
N after; here + denotes the union of singletons.

EXAMPLE. X = {x,, x,, . . ., x,} and we have the following values for the II(F;
A(x;))’s:
-
Xl x| x| x| X
II(F; A(x)) (02 1 [08] I |05]05

Then the fuzzy cardinality is given by
10 + 1/1 + 1/2 + 0.8/3 + 0.5/4 + 0.5/5 + 0.2/6

Note that this fuzzy integer is always normalized since we always have u, = 1. This
fuzzy set represents the number of elements which may be found in the fuzzy set
defined by the IT(F; 4(x;))’s. However, note that in case of an ordinary set with p(< n)
elements, it reduces to the subset of N {0, 1, . . ., p} and not to { p}. See Dubois and
Prade (1985) for a discussion.

Similarly, by ordering the N(F; A(x;))’s in a decreasing order, we can compute a
fuzzy subset of N which represents the number of items whose attribute value more
or less certainly belongs to F. Let v, be the value of rank i in the ordering of the N(F:
A(x;))’s. The fuzzy set restricting the possible values of the cardinality of the set of
items x which are such that a(x) € F, is then given by

Z min (u;, 1 — v,,,)/i, (1D

i=0n
where X stands for the repeated use of *+” and v,,, = 0. (11) must be understood in
the following way. We are certain at the degree v, that there are at least i items which
satisfy the condition, and then it is possible at the degree 1 — o, that there are at
most i items (due to (2) and since the negation of ‘at least i is ‘at most i — ).
Moreover, it is possible at the degree u; that there are at least i items which satisfy the
condition. Finally, min (4, | — v,.,) is the possibility that there are at least i and at
most i items, in other words it is the possibility that there are exactly i items which
satisfy the condition (Prade, 1984).
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When F is an ordinary subset, as already said, we always have
Vi, TI(F; A(x;))) < | = N(F, A(x;)) = 0.

Then the fuzzy subset of N defined by (11), is always normalized (i.e. there is at least
one value with a membership grade equal to 1). In case of complete information (i.e.
all the 4(x,)’s are singletons), this fuzzy set reduces to a singleton corresponding to
a precise integer, which is the number (precisely known in that case) of items which
satisfy the condition. Let K be the fuzzy proportion of items of X which satisfy the
condition; we have

Vi,0 <i<n, uk<i) = min (4, 1 — v,,)). (12)
n

We are now in position for evaluating (in terms of possibility, and necessity) the
condition ‘The value of attribute a for Q items of X is in F~ by computing (using (1)
and (3) again) the quantities [1(Q*; K) and N(Q*; K) where y,. denotes the restriction
of the membership function p, (defined from [0, 1] to [0, 1}, since it represents a
vaguely specified proportion in the most general case) to the subset of rational number

12
{0,—,—,...,]}
n n

We have
M(Q* K) = max min <pQ <i> w, 1 — 'zz,~+,>, 13)
i=0n n
N(Q* K) = min max <ug <i) I - u, v) (14)
i=0n n

[1(Q*; K) (resp. N(Q*; K)) estimates to what extent it is possible (resp. necessary or
certain) that the condition ‘The value of attribute a for Q items of X is in F is satisfied
when the available information is represented by the A (x;)’s. Thus, by repeating the
fuzzy pattern matching procedure two times, first in order to estimate the com-
patibility of each item with the requirement, second in order to compare the (fuzzily-
known) relative number of items which satisfy this requirement with the requested
proportion.

It can be checked that when Q corresponds to the existential quantifier ‘3 (i.e.
po(0) = Oand Vi > 1, to(i/n) = 1), or to the universal quantifier YV’ (i.e. uo(1) = 1
and Vi < n, y(i/n) = 0), then II(Q*; K) reduces, respectively, to max;_,, [I(F]
A(x,)) and to min, _ , [I(F; A(x;)), and similarly for N(Q*; K) changing ITinto N in
the preceding expressions.

N.B.: In case Q would restrict the possible value of an absolute number (rather than
a relative number, i.e. a proportion), the above procedure applies as well changing
i (ifn) into ug (i) in (12) and py(ifn) into py(i) in (13)-(14).
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3.2. CASE WHERE FIS A FUZZY SET

When F is a fuzzy set, (5) no longer holds and we only have II(F; A(x;)) = N(F;
A(x;)) (provided that 4 (x;) is normalized). Then, the fuzzy set of N defined by (11)
and the fuzzy set K may be subnormalized if we use definition (3). This is due to the
fact that with a fuzzy set we cannot definitely say if a precise attribute value satisty
or not the corresponding requirement. This uncertainty is echoed by the sub-
normalization of K. However, this situation is undesirable here, since this sub-
normalization would blur the computation of II(Q*; K) and N(Q*; K).

One way of escaping this problem would be to renormalize K by dividing each
membership grade by the height of K. A more satisfying way to cope with this
difficulty is to modify the definition of N in order to preserve (5). This may be done
in the following way.

When F is a fuzzy set, we compute the I[1(F; 4(x;))’s by (1) and the N(F; A(x,))’s
are replaced by the N(core(F); A(x;))’s given by (10), which is based on (2) and the
para-consistent complementation (8). Then (5) is preserved, K remains normalized
and (13)—(14) still apply without any particular problem.

Let us examine the particular case where F is a fuzzy set and the pieces of
information A4(x;) are precise; i.c. ¥j, 4(x;) = {d;}, d, e D. Then

I(F; A(x;)) = ue(d)
and
N(core(F); A(x;)) = 1 — I([core(F)]; A(x))) = Heoreir)(d))

(which contrasts with the situation where the complementation (4) is used, leading to
TI(F; A(x;)) = N(F; A(x;)) = ux(d,) in case of precise information). Then the v,’s
introduced in Section 3.1 are such that 3k, v, = 1 for i = 0, k and o, = 0 for
i = k + 1, n. Moreover, u, = 1 (due to (5)). Then the subset of N defined by (11)
can now be written

Y i, (15)
i=kn
sinceVi, k <i<n—1,v,,,=0andVi,0 <i <k — 1,v,,, = . Besides, since

Peorery(d;) = 0 = pp(d)) < 1, then v; = 0 = u; < | and in particular u,,, < 1.
Thus, in case F would be an ordinary set, k would be the precise value of the number
of times satisfying the requirement.

Yager (1984) has proposed the following estimation of the extent to which the
condition ‘Q items of X are F’ is satisfied, where Q and/or F are fuzzy, Q being a
relative quantifier, in case of precise information

. IC| .
max min <uQ (—n—>, r::eerlj uF(dj)> (16)
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where |C| denotes cardinality of C. Introducing the rank k defined above, (16) is still
equal to

. 1C| . ) IC| .
max | max min — |, min, up(d)) ], ma — I, Cupe(d
[I(Kk (:“Q ( " d,eCj He(d;) iglr;k)il min | Uy n r‘]::r(l; wi(d;)
max | max p, !- , max min | p, i LU
j<k n) isin n)
= max min j— u (17)
0<jsn ‘uQ n >

Expression (16) estimates to what extent it is possible to find a relative number,
compatible with Q, of items which are F. In other words, it corresponds to the
possibility that there is a proportion ‘at least Q” of items which are F. Indeed, (17) is
equal to the expression of I(Q*; K) taking into account (15), i.e. to

I(Q*; K) = :nax min <uQ <£>, u,-)

provided that *Q’ and ‘at least Q’ are identical, i.e. u, is non-decreasing (which implies
that max; <, min (go(j/n), u;) = pe(k/n)). Thus, the approach presented here and
Yager’s proposal are in agreement in the particular situations where both apply. See
also Dubois et al. (1988) for the relation with the evaluation of conditions of the kind
‘at least Q criteria (among n) are satisfied; (here, the # criteria are ‘the value of
attribute a for x, is in F’ for i = 1, n) viewed as a special case of weighted pattern
matching; an expression similar to (17) is then obtained.

4. Concluding Remarks

The proposed approach which repeatedly make use of the pattern matching pro-
cedure first described in Cayrol ef al. (1980) can be easily implemented and is com-
putationally simple using trapezoidal possibility distributions. Moreover, the con-
dition ‘the value of attribute a for the item x is in F’ can be replaced more generally
in the approach by a compound condition involving several attributes.

Possibility theory thus offers a powerful and natural framework for the represen-
tation of vague quantifiers and vague predicates and their evaluation in presence of
incomplete information.

The procedure which has been presented here is implemented in the inference
engine TAIGER (Wyss, 1988; Farreny et al., 1986), which has been applied to expert
knowledge in financial analysis.
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