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Abstract Through an experimental study of the stability 
properties of the human neuromuscular system while it 
performs simple point-to-point arm movements, this pa- 
per evaluates the concepts of equilibrium and virtual tra- 
jectories as a means of executing movement of the arm. 
Human subjects grasped the instrumented handle of a 
two-link robot manipulandum and performed specified 
point-to-point planar arm trajectories. Computer-con- 
trolled brakes were used to subtly change the movements 
by constraining the trajectory along an arc of radius 
equal to the length of one link of the manipulandum. 
Target points were arranged to lie along the arc so that 
the subject could complete the movement even when 
constrained. Three situations were tested: (1) uncon- 
strained throughout the movement, (2) constrained 
through the entire movement, and (3) initially con- 
strained and then released during movement. Experimen- 
tal results showed that the constraint evoked significant 
forces strongly oriented so as to restore the hand to the 
unconstrained hand path. In addition, when released 
from the constraint, these forces caused a strong tenden- 
cy to return the hand to the unconstrained path before the 
end of the movement was reached. Such strong position- 
al stability properties of the arm reinforce the notion that 
a moving attractor point dominates the dynamics of the 
arm during movement. Additionally, bounds on the 
shape of the virtual trajectory were found which indicate 
that the equilibrium point remains close to the actual 
movement produced. These results, showing that a con- 
trolled equilibrium point may be used for planning and 
coordinating multijoint movements, are consistent with 
an equilibrium point hypothesis. 
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Introduction 

The central goal of this paper is to determine whether 
muscle-generated equilibrium points have sufficient in- 
fluence to generate two-joint arm movements. Interest- 
ingly, reasonable doubts have been raised about whether 
this fundamental assumption of the so-called equilibri- 
um-point hypotheses could ever be disproved. These 
doubts result mainly from the fact that a force-length re- 
lation is intrinsic to the structure of muscles and their re- 
flex loops, and therefore "equilibrium" or "attractor 
points"l will always exist as a natural description of the 
muscle activation. However, the key idea of the virtual 
trajectory hypothesis is that the attractor point is a vari- 
able that the central nervous system can use to simplify 
the computational burden of generating movement and 
controlling contact. Consequently, this hypothesis can be 
disproved if the attractor point is too weak. In fact, sever- 
al recent studies have shown that, although an attractor 
point may exist during movement, its overall influence 
over movement may be relatively small compared with 
the dynamics of movement (Bennett et al. 1992; Gomi et 
al. 1992; Kawato et al. 1992; Lackner and DiZio 1992). 
Given these recent results, it is the goal of this paper to 
clarify the role of attractor points in the dynamics of 
human arm movements. 

Attractor or virtual trajectories allow movements to 
be encoded in terms of kinematic variables. In 1987, 
Flash took experimental kinematic data from various pla- 
nar, point-to-point two-joint arm movements and showed 
that a single virtual trajectory might be the foundation 
for the planning and generation of these movements. Us- 

1 During motion, the limb does not have to achieve its equilibrium 
position, and in fact the equilibrium point during movement is not 
constrained to remain within the accessible workspace of the limb. 
Furthermore, the term equilibrium does not necessarily indicate 
system behavior, i.e. an equilibrium point can be stable, unstable, 
or both stable and unstable simultaneously. The property discussed 
in this paper is a stronger statement than simply equilibrium. It is 
a statement that all state trajectories show a tendency to approach 
this point. As the term "equilibrium" is ambiguous, the terms "at- 
tractor" or "attractor point" will be used 
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ing a single, measured movement and various assump- 
tions of the size and shape of the stiffness and damping 
ellipses, Flash calculated that the virtual trajectory gen- 
erating this movement was straighter than the actual 
hand path. Furthermore, using this derived virtual trajec- 
tory as the driving input to a computer simulation, Flash 
showed that a motor program consisting of an estimated 
straight-line trajectory of attractor points was competent 
in reproducing the kinematics of the actual experimental 
data. 

Conversely, several recent studies have cast doubt up- 
on the ability of a controlled attractor to simplify the 
planning and execution of coordinated multijoint move- 
ments. In particular, the magnitude of the joint stiffness 
used by Flash during the simulated movements was 
called into question. The stiffness data used by Flash 
were taken from postural measurements and multiplied 
by constant scaling factors, ranging from 1 to 3 times 
postural stiffness. Yet Bennett et al. (1992) and Gomi et 
al. (1992) found that the mechanical stiffness of the el- 
bow during single- and two-joint movements, respective- 
ly, drops to well below the levels used by Flash. 

Sufficiently low stiffness during movements would 
compromise the ability of virtual trajectories to simplify 
movement planning by requiring large displacements in 
order to generate the forces needed to induce motion. 
Using these low-stiffness estimates, Kawato et al. (1992) 
computed virtual trajectories under the assumption that 
the human desired perfectly straight point-to-point hand 
trajectories. Since large displacements were required to 
generate the necessary joint torques, the virtual trajecto- 
ries of Kawato et al. were substantially more complex 
than the ones derived by Flash in her work, thereby re- 
moving the postulated advantage of simplicity. 

The question of the relative magnitude of stiffness 
during movement seems at first glance to be important 
when considering the validity of any equilibrium point 
hypothesis. Therefore it seems obvious that a direct mea- 
surement of stiffness would be required to make such an 
evaluation. This was the technique used by Bennett et al. 
(1992) and Gomi et al. (1992) in their evaluations of the 
virtual trajectory hypothesis. Yet such a method is vul- 
nerable not only to systematic experimental uncertainties 
(due to the fact that a full impedance measurement of a 
complex system is difficult by its very nature) but also to 
assumptions in formulating a model of the arm's imped- 
ance (order, linearity, time-invariance, structure), making 
it difficult to assess the accuracy of the findings. Further- 
more, estimating stiffness parameters may be a needless 
detail. What is truly important when considering the po- 
sitional stability of the arm during movement is whether 
the stiffness dominates the inertial dynamics of the hu- 
man arm. 

Compounding the impedance identification problem 
is that the dynamic behavior of a general two-link articu- 
lated manipulator is strongly nonlinear and nonintuitive. 
The dynamics of the complete human arm moving in the 
horizontal space can be written in the following general 
form: 

H (q)# + C(q, tl)q = Fro(') (1) 

where q is the vector of generalized coordinates, H(q) is 
the manipulator inertia matrix, C(q, O) q is a vector of 
velocity-dependent acceleration, and Fm(') is the force 
produced by the neuromuscular system. As stated earlier, 
finding a specific form for Fro(') is a difficult proposi- 
tion. This study focused on showing that the position-de- 
pendent component of the neuromuscular force is signif- 
icant during movement production. Therefore, although 
it is reasonable to assume that the neuromuscular force is 
created by some combination of intrinsic muscle proper- 
ties as well as reflex action, no assumptions need to be 
made about the neuromuscular force except that it is an 
unknown function of the kinematics as well as central 
command and reflex action. It is sufficient to show that 
position dependence is important relative to movement, 
regardless of linearity or assumptions of the underlying 
force-producing mechanisms. (The term "stiffness" is of- 
ten used in this context. Strictly speaking, it refers to a 
tangent linear approximation to a nonlinear force-length 
function. Because we need make no assumption about 
linearity, we avoid use of this term.) 

The experimental paradigm used for this study was 
designed to assess the influence of attractor points with- 
out requiring any specific model of the neuromuscular 
system, i.e., Fro(" ) in Eq. 1. This method has the advan- 
tage that all conclusions may be based on observable da- 
ta and not on an attempt to parameterize and model the 
human neuromuscular system of the arm. In addition, 
this method also removes another major objection of the 
virtual trajectory hypothesis. Smith and Humphrey 
(1991) argued that the large number of uncertain param- 
eters in the human neuromuscular system makes any 
claims made through simulation suspect. In contrast to 
the work of Flash or Kawato et al., the conclusions in 
this paper will be made directly from the data and not 
through model-based simulations. 

This paper will demonstrate that the attractor proper- 
ties of muscles cannot be ignored when studying move- 
ment control. Specifically, it will be shown that a stable 
attractor point generated by the neuromuscular system 
does exist and that this attractor point is significant in 
terms of its ability to influence the dynamic behavior of 
the arm segments moving in space. In addition, we will 
also show that the location of this attractor at any point 
during the movement is bounded to lie close to the actual 
trajectory performed by the arm. These results are signif- 
icant because they support the hypothesis that move- 
ments are generated through the motion of a neurally de- 
fined attractor point. 

Materials and methods 

Five right-handed male subjects made point-to-point reaching 
movements between two targets located along a horizontal plane. 
All subjects were between 21 and 30 years of age and had no his- 
tory of neuromuscular disease. They completed all of the trajecto- 
ries, except subject E, who did not complete the third trajectory 



set. Each subject gave their informed consent before participating 
in these experiments. This study was approved by the Committee 
on the Use of Humans as Experimental Subjects, which is the gov- 
erning ethics body over such experiments at MIT. 

The experimental apparatus 

Subjects were seated in front of a computer-controlled, parallel 
four-bar two-joint robot. At the end-effector, the robot had a han- 
dle containing a force transducer (Lord LTS-210F), which the sub- 
ject grasped at shoulder level. The arm of the subject was suspend- 
ed with a sling so that the upper arm and forearm remained in 
plane with the arms of the robot. In addition, the subject wore a 
wrist cuff, which effectively immobilized the wrist. A pair of 
light-emitting diodes (LEDs) were suspended over the workspace 
of the robot to serve as targets for the point-to-point movements to 
be performed. These target lights were approximately 18 cm apart 
from each other. 

The robot itself was equipped with two electromagnetic brakes 
(Dodge FB30-10-713), placed on each motor shaft. These brakes 
were capable of independently locking the shoulder or elbow 
joints of the robot with an impedance sufficiently large that the hu- 
man would be incapable of causing a displacement along that de- 
gree of freedom. Robot joint angles were measured by two con- 
ductive film potentiometers (NEI F78SC502 5 k). 

Procedures 

Three different trajectories were tested, as shown in Fig. 1A. 
These three trajectories were performed using the same two target 
lights. To generate the different configurations, the chair of the 
subject was translated and rotated relative to the targets. As a re- 
sult, the start and end points remained the same in the reference 
frame of the robot while the human perceived a different trajectory 
to be performed, thereby ensuring that the inertia tensor of the ro- 
bot at each position along the path would be the same for all three 
trajectories. Therefore any observed differences in the trajectories 
will be due to a change on the human side rather than on the robot 
side. 

For each of the trajectories, the subject started with the handle 
under the illuminated target light. The subject was prompted to 
make a movement when the LED at the current position was extin- 
guished and the other LED at the target position was illuminated. 
The subject was instructed to "move to the target as if reaching for 
some object at that point, ignoring any abnormalities during the 
movement." Once at the target, the subject was instructed to stop 
and wait until the other LED had been illuminated. As a result, 
through the course of a single trial, the subject made several 
movements back and forth between the two points. The speed of 
the movement was not specified in the instructions. 

Fig. 1 A The three trajectories shown relative to the shoulder of 
the subject. B The kinematics of the robot when the elbow joint is 
locked. The outer link is locked relative to the ground reference 
frame, not to the upper arm. Therefore, the handle of the robot is 
constrained to lie along a circle whose center does not coincide 
with the shoulder joint of the robot 
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At intervals, perturbations were applied to the subject through 
one of the magnetic brakes. These perturbations took two forms. 
The first type locked the brake associated with the elbow joint of 
the robot from the start of the movement to the end. This removed 
a degree of freedom from the robot constraining the path of the 
handle to a 23.2-cm-radius circle, as shown in Fig. lB. The con- 
straint was applied in such a way that both the start and target po- 
sitions lay upon the circular path. As a result, the movement task 
could still be completed even in the presence of the constraint. 

The second type of constraint locked the elbow joint at the be- 
ginning of the movement. However, during movement, the con- 
straint was released without warning, and the arm was free to 
move in both degrees of freedom. The release was triggered by po- 
sition and was consistently released when the hand had moved 
5 cm away from the start, measured along the straight line be- 
tween the start and target. 

During an experimental trial, these two types of constraints 
were applied only after at least three unperturbed movements had 
been performed by the subject. The number of unperturbed move- 
ments before the next applied constraint was randomly varied 
from a minimum of three to a maximum of ten movements. These 
variations were intended to suppress any anticipation by the sub- 
ject of a perturbed trial. 

For a single configuration, 20 constrained cases and 20 con- 
strained and released cases were tested. Ten of each case were ap- 
plied when the subject moved from target A to target B and the 
other ten, when the subject moved in the opposite direction from 
target B to target A. In addition to the constraint cases, 24 (12 in 
each direction) of the unconstrained point-to-point movements 
were sampled and recorded by the computer. This same pattern of 
applied constraints and unperturbed movements was presented to 
the subject for the three different trajectories (chair positions). 
Due to the number of movements, it is unlikely that the subject 
could use past knowledge of a previous trial to anticipate con- 
straints in the new trajectory. Subjects could rest between trajecto- 
ries to minimize fatigue. 

Analysis 

The data from the movement experiments consist of the time his- 
tory of the robot joint angles and the applied force at the handle 
during each movement. Since the robot was equipped solely with 
potentiometers, numerical differentiation of the position data was 
necessary to estimate joint velocities. Previous work has shown 
that optimal smoothing algorithms are superior in performance to 
Butterworth filtering and numerically differentiating data (Murphy 
1990). The algorithm used for this work is based on the work by 
Dohrmann et al., using a state space formulation of the smoothing 
and differentiating problem with cubic splines (Dohrmann et al. 
1988). Murphy (1990) demonstrated the ability of this technique 
to accurately smooth and estimate the first and second derivatives 
of noisy kinematic data. 

Incomplete data for the trajectories was filtered out of the main 
group before processing. Such data resulted from premature termi- 
nation of sampling by the computers. Therefore, any movement 
which was sampled for less than 250 ms was removed from the fi- 
nal group of data to be processed. Only 13 of more than 700 
movements recorded were deleted in this way. The remaining data 
were then assumed to contain complete trajectory information and 
were thereupon sent through the processing procedure. 

As stated previously, the processing of the experimental data 
was designed to condense these large data sets into meaningful 
numbers without using a priori models of the underlying motor 
strategy or estimates of physical parameters of the system. There- 
fore, the accuracy of these purely quantitative results will not de- 
pend on any assumptions within the analysis stage. The results 
hinge only on the major assumptions of the experimental para- 
digm: that the subject makes a "normal" repeatable reaching 
movement and that the motor strategy for the unconstrained, con- 
strained, and constrained/released cases are identical. The former 
assumption will be shown to be reasonable based on the data of 
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the unconstrained movements to be presented later. The latter as- 
sumption will be discussed in the following subsection. 

Natural movement data 

Most problematic of psychophysical experiments is their reliance 
on the assumption that the subject completes the specified task in 
the perturbed trial in the same manner as the unperturbed trial. 
Perturbations are applied to make the measurements; however, the 
subjects may respond to the disturbance by changing their behav- 
ior, causing the measurement of a system with a different neural 
state. To ensure proper measurements, the applied perturbations 
either have to be sufficiently subtle that they go unnoticed by the 
subject or measurements must be taken before the human can im- 
plement a response. 

For these movement experiments, the constraint causes a rela- 
tively small maximum deflection of approximately 3 cm from the 
unconstrained trajectory. In addition, care was taken to make the 
application of the constraint appear to be unpredictable to the sub- 
ject. However, one cannot be sure that the subject completes the 
movement in total ignorance of a change in the system, Therefore, 
a series of experiments were performed to quantify the ability of 
the human subject to detect and react to the constraint. 

The subject was placed in the configuration for trajectory 1 of 
Fig. IA. After making a series of unconstrained movements, the 
constraint was applied for the entire duration of a movement. In- 
stead of being asked to ignore changes to the system, the subject 
was instructed to stop the movement and reverse the direction of 
the force he was applying to the handle when the constraint was 
detected. Force was chosen as the state to be changed because it 
has the most relevance for this type of constrained motion (Mans- 
field 1992). A sample of the results from this test is shown in 
Fig. 2. 

Consistently subjects were unable to make measurable volun- 
tary changes within the first 500 ms of the movements. For these 
reasons, only data up to 500 ms into a movement were used to es- 
timate the original intent of the motor program. This time is much 
longer than the 100 ms found by other researchers (Jeannerod 
1991). However, instead of clear tactile cues, we are measuring the 
time required to react to a subtle perturbation. In fact, it is possible 
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Fig. 2 Velocity profiles and force components in the x-direction 
(parallel to subject's torso) for the "do not intervene" tests for sub- 
ject A. Voluntary response to perturbation occurs when the veloci- 
ty decreases and the force direction changes 

that the subject cannot discern the perturbation until the displace- 
ments grow to significant magnitudes. Moreover, an entire class of 
prior psychophysical experiments have been based on the notion 
that the human subject can suppress their voluntary reactions by 
times much greater (i.e., 800 ms, Asatryan and Feldman 1965; 
500 ms, Mussa-Ivaldi et al. 1985; >750 ms, Bennett et al. 1992; 
700 ms, Gomi et al. 1992; 8 s, Shadmehr et al. 1993). Latash 
(1993) found that voluntary response times during movements un- 
der large force perturbations to be within the 300- to 500-ms 
range. He also found that subjects under the "do not intervene" in- 
struction were able to suppress a voluntary response for periods 
larger than 1 s. 

Results 

For each of  the three trajectories, there are three con- 
straint conditions applied to both forward and reverse 
movements  for a total of  six cases per trajectory. The 
movemen t  can be unconstrained throughout  the motion,  
constrained throughout  the movement ,  and constrained 
then released during the movement .  Since the important  
qualitative features were consistent in both movement  di- 
rections, movemen t  data for only a single direction will 
be shown for each of  the three movements .  However,  da- 
ta f rom all o f  the movemen t  directions will be included 
in the data analysis. 

Unconstra ined reaching movements  

The point- to-point  planar arm movements  can be consid- 
ered to be the most  "conventional"  motor  control experi- 
ment  o f  the three - conventional  because there is a large 
body  of  research with which to compare  these results. 
This provides a means o f  calibrating the experiment. 
Since this set o f  experiments is based on the assumption 
that the subject is using a standard and repeatable motor  
program, the unconstrained movements  allow a compari-  
son with experiments by other researchers in order to 
check that the subject is making a "normal"  movement .  

Figure 3 displays typical movement  data for three o f  
the subjects. Data for the other two subjects as well as 
for trajectories in the opposite direction are similar. To 
accentuate the consistency between movements ,  the ve- 
locity profiles o f  the different trials shown in these plots 
were shifted so that their peaks were aligned. This data 
not only agrees with previous research (Morasso 1981) 
but, in addition, the excellent internal consistency of  
these trials indicates that the subjects were capable o f  
performing repeatable point-to-point  movements ,  there- 
by verifying a major  experimental assumption. 

Constrained reaching movements  

The constraint applied by the magnet ic  brake forced the 
nominal ly  straight hand path along a circular constraint. 
Figure 4 shows typical data for this type of  trajectory. 
The hand path is now circular in all cases, as expected, 
with smooth velocity profiles that have only been slight- 



Fig. 3 Typical unconstrained 
movement data for the three 
sets of start and end points. The 
path of the hand is given on the 
plots to the left, while corre- 
sponding tangential hand ve- 
locity profiles are given to the 
right. Velocity profiles were 
shifted so that their velocity 
peaks would be aligned 
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ly distorted from the typical shape of  the unperturbed 
movements. The vectors plotted along the trajectory 
paths are the measured forces applied by the hand onto 
the handle. The forces are plotted at 50-ms intervals. 

Figure 5 demonstrates the internal consistency of the 
result by providing time history plots in which the mag- 
nitude and direction of the force vectors have been plot- 
ted as a function of time for a single subject performing 
a single trial. The force vectors have been plotted in a 
reference frame defined relative to the constraint circle. 
The horizontal direction represents not only the time axis 
but also the component of the force tangent to the circu- 
lar path with a positive (rightward) component indicating 
a vector oriented with the velocity vector. The vertical 
direction represents the radial direction where upward 
strokes represent force directed radially inward onto the 
constraint. 

In all of  the data shown in Fig. 5, the circular con- 
straint evokes forces from the arm to the handle that are 
strongly oriented inward toward the center of the circular 
constraint. In fact, the vast majority of the data follows 
this trend. An exact quantitative summary of this result 
as well as of  the consistency of the data will be presented 
in the following sections. 

Force magnitude 

The applied constraint evoked forces from the human 
arm which increased as the difference between the con- 
strained path and the unconstrained path increased. Fig- 
ure 6 presents the mean maximum force magnitude mea- 
sured during the first 500 ms of movement. As argued 
previously, the data of the first 500 ms of movement 
were assumed to be free of any intervention by the sub- 
ject. The maximum force magnitude for each constrained 
trajectory was found and then averaged with the maxi- 
mum magnitudes found in the other trials of the same 
trajectory and the same subject. The maximum force 
magnitude is similar across all three trajectories and all 
five subjects. The overall maximum force ranges from 
3-5 N. These magnitudes indicate that a small displace- 
ment (<3 cm.) can cause large increases in force 
(>300-500%). 

Force direction 

The evoked forces have strong directional characteristics. 
To show this, the dot product between the measured force 
vector and the radial vector (the displacement vector be- 
tween the present position and the center of the circular 
constraint) was calculated at each time step, normalized 
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Fig. 4 Fully constrained najec- 
tories for the three sets of start 
and end points. The path of the 
hand is given on the plots to the 
left, while corresponding tan- 
gential hand velocities profiles 
are on the right. Vectors drawn 
along the hand path represent 
the force that the subject ap- 
plies to the handle of the robot. 
Plot titles contain letter desig- 
nation of subjects 
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Fig. 5 Force vector histories 
for the trajectories of one sub- 
ject performing the same tra- 
jectory. The upward component 
of the forces is the component 
along the radial direction of the 
constraint. Upward implies ra- 
dially inward. The horizontal 
component is the component 
along the tangent of the con- 
straint circle. Right implies 
pointing along the velocity vec- 
tor. The 500-ms bar indicates 
the time span where the subject 
is unlikely to intervene. The 
vector legend at the bottom 
translates vector lengths to 
force magnitude 
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by  the lengths o f  the two vectors,  and then averaged over  
the first 500 ms of  the movement .  As this p roduc t  is sim- 
p ly  the cos ine  of  the angle  be tween  the two vectors,  a val- 
ue near  1 impl ies  that the forces  poin t  rad ia l ly  inward;  ze-  
ro impl ies  forces poin t  tangent ia l ly  a long the const ra ined 
path; values less than zero imp ly  forces which  point  out- 
ward, away f rom the center  o f  the constraint.  

F igure  7 d i sp lays  this quant i ta t ive measure  of  the di- 
rect ion of  the forces  averaged  over  the first 500 ms of  

movement .  This f igure  shows a p ronounced  inward  ori- 
enta t ion for  the d i rec t ion  of  the force  vectors.  The total  
poo led  pro jec t ion  mean  is 0.822, which  t ranslates  into an 
angle  of  28 ~ re la t ive  to the radia l  direct ion.  Indeed,  s ince 
all the measures  are s t rongly  posi t ive,  we  see that  the 
evoked  forces  measu red  dur ing the t ra jector ies  consis-  
tent ly  poin t  inward.  
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points. Standard deviations are also shown. Note that this measure 
is not only positive but significantly different from zero. This sup- 
ports the finding that the forces have a consistent inward orienta- 
tion during movement  with the constraint 

Constrained and released reaching movements 

It remains to be shown that the forces evoked by the con- 
straint deflection can significantly affect the motion of 
the system. Figure 8 presents representative data for the 
constrained and released trials. Almost all of  the data 
show a marked inward return of the hand after release 
from the constraint. This overall trend can be seen in 
these plots, where all the trajectories recorded for each 
subject show some degree of inward return. 

In order to quantify this tendency to inward return, we 
defined two measures, the positive and negative areas. 
The positive area represents the area residing between 
the hand path and the circle defined by the constraint 
passing through the start and end paths. The area be- 
tween the two curves is counted as a positive area only if 
the hand path is inside the circle. Otherwise the area is a 

negative area. The units of these areas are unimportant, 
since these measures of positive and negative areas will 
be compared with one another and not used as an abso- 
lute measure. 

Figure 9 summarizes the shape of the responses after 
release for all the data in terms of positive and negative 
area. The data presented in Fig. 9 show a very strong ten- 
dency for the hand path to move inward after release. 
The positive area for a given trajectory is at least 80 
times larger than the corresponding negative area. The 
negative areas are in general so small that it is difficult to 
separate them from inaccuracies of the area-calculating 
algorithm. The data show that the forces evoked by the 
constraint are strong enough to cause the hand to make a 
significant return toward the unconstrained path. 

Discussion 

The data collected from the experiment showed that 
forces were evoked as a result of perturbing the natural 
trajectory along a circular constraint. Furthermore, these 
evoked forces had sufficient magnitude and the appropri- 
ate orientation to generate a definite inward return of the 
arm after release from the constraint. The question re- 
mains whether these forces truly result from the spring- 
like nature of the neuromuscular system. 

Significance of the evoked forces 

One might argue that the inward-pointing forces are sim- 
ply the result of accelerating the hand away from the un- 
perturbed trajectory. Yet this argument cannot account 
for the consistency of the inward direction of the forces 
throughout the entire 500-ms analysis period. Figure 10 
displays a force-displacement plot which will help to 
make this clear. In this figure, the vector difference of 
measured forces between a typical constrained and un- 
constrained trajectory is plotted with its corresponding 
displacement. Note that when the hand reaches the point 
of furthest lateral displacement, the force vector is not 
only large but inward-pointing as well. (The lateral di- 
rection is defined as the direction perpendicular to the 
straight-line path between the start and end points. 
Therefore, the hand is at its largest lateral displacement 
in the middle of the movement at the top of the circular 
arc defined by the constraint. Since the slope of the 
circle is zero relative to the straight path at this point, the 
lateral velocity is therefore zero.) At this point, lateral 
velocity is zero and tangential velocity (indicated by the 
vector u in Fig. 10) has reached a maximum. In addi- 
tion, since the hand moves through this maximum veloc- 
ity, its tangential acceleration is small. Because the hand 
path is circular, a centripetal (inward-directed) accelera- 
tion occurs. The corresponding measured force would be 
an outward-pointing (centrifugal) force (shown as the 
vector F in Fig. 10). Yet the evoked forces are at their 
largest and consistently point inward throughout the re- 
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Fig. 8 Constrained and release 
trajectories for the three sets of 
start and end points. The path 
of the hand is given on the 
plots to the left, while corre- 
sponding tangential hand ve- 
locity profiles are on the right 
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gion. Therefore, under these assumptions, the inward-di- 
rected evoked forces can only be due to neuromuscular 
effects. 

Because the human arm is a kinematically coupled 
mechanism, there are more than simple point mass forc- 
es involved; one might argue that the dynamic coupling 
effects could have sufficient influence to account for the 
measured inward-pointing forces. Again, this argument 
can be discounted. Instead of the isotropic mass tensor of 
the point mass, the full multijoint arm has a nonisotropic 
apparent endpoint mass. However, since this mass tensor 
is required by physical principles to be symmetric posi- 
tive definite, the rotation it induces relative to the point 
mass force is bounded by 90 ~ in either direction. In fact, 
since mass tensors of the human arm tend to be very 
nonsingular in the center of the workspace, the possible 
angles of rotation will actually be much less than 90 ~ . 
Therefore forces due to acceleration can never cause in- 
ward-pointing forces along a circular path. 

Discounting the acceleration-dependent forces, only 
the coupling effects due to velocity-dependent accelera- 
tions remain. Given that the arm was constrained to 
move along a plane, the forces due to these centripetal 
accelerations (velocity-squared terms) can be approxi- 
mated by the following equation: 

fcent = j - T  (0) C(0) 0 (2) 

where J(0) is the manipulator Jacobian and C(0) is the 
centripetal acceleration matrix given by the following: 

C(O)=mflacfsin(Os_OE)[O_l 1] (3) 

where mf, la, and cf are the mass of the forearm, the 
length of the upper arm, and the distance from the elbow 
to the centroid of the forearm, respectively. 

Using the submultiplicative property of operator 
norms 2, the magnitude of the centrifugal force can be 
bounded by the following equation: 

Iff~cent]12 _< IIJ -r(O)[I,21ic(O)[I,~[[O~[l~ (4) 

Given Eq. 2, it is easy to see that this bound becomes: 

II/~cent I] 2 _< ImflaCfll[J -r (0)lli21sin(0 s - 0 E )11t02112 (5) 

Taking the radially inward and outward trajectories (tra- 
jectory 3) as a simple example, we can now calculate an 
upper bound on the magnitude of the centrifugal force. 
Again, taking the point of largest lateral deflection, the 
velocity of the hand is solely in the y-direction and its 
magnitude is bounded by 0.5 m/s, which was the largest 
tangential velocity measured in the experiments. Trans- 

2 The induced 2-norm of a matrix A is simply the largest singular 
value of the matrix: 

IIA Hi2= (~max(A) = [~max(ATA)] 1/2 
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Fig. 9 The positive and negative areas for the three trajectories. 
Standard deviations are also shown. Note that the positive area 
measure is significantly larger than the negative area. This demon- 
strates the consistent tendency of the arm to move against the con- 
straint after release 

Fig. 10 A sample force-displacement profile comparing the un- 
constrained and fully constrained trajectories. The gray trajectory 
is the unconstrained trajectory, with the gray vectors representing 
the displacement of a similar point in time on the constrained tra- 
jectory. The black vectors represent the vector difference of the 
forces between the two trajectories 

forming this endpoint velocity through the Jacobian, 
squaring, and taking the norm, we have the value of the 
largest possible joint velocity squared at that point. As- 
suming link lengths as well as mass parameters in order 
to maximize each induced norm, we find the following 
bound on the centrifugal force at this point along the tra- 
jectory: 

]]/~cent [12 ~ 0.47 U (6) 

This bound shows that the 5-N inward force measured 
experimentally is approximately an order of magnitude 
too large to be explained by forces generated from veloc- 
ity-dependent acceleration. Therefore the action of the 
arm inertias cannot account for the large inward forces 
we observed. Note that this bound is conservative in two 
respects. It bounds the total magnitude of the centrifugal 
force vector, but the radially directed component of the 
force may be much smaller than this bound because of 
the triangle inequality. Secondly, each of the norms of 
J-r(0), C(0), and 02 were maximized even though these 
maxima cannot be attained simultaneously. As a result, 
the number given in Eq. 6 represents a worst-case esti- 
mate of the force due to centripetal force and is insensi- 
tive to the assumptions made about the underlying me- 
chanics such as the planar mechanism. 

The last possible cause of nondisplacement-dependent 
forces is the velocity dependence of the muscles. Yet, 
when the hand is at its furthest lateral displacement, both 
the magnitude and the direction of the velocity are essen- 
tially identical for the perturbed and unperturbed cases. 
Therefore, velocity-related forces (i.e., viscous effects) 
are insufficient to account for the observed differences in 
the measured forces. Given that velocity- or acceleration- 
dependent effects are insufficient to account for the data, 
we are left with the conclusion that the evoked endpoint 
forces are primarily due to the apparent spring-like prop- 
erties of the neuromuscular system. 
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Shape of the virtual trajectory Contact stability 

By nature of this experimental paradigm, an exact mea- 
surement of the location of the attractor point during 
movement could not be performed. However, enough in- 
formation exists from the experimental results to place 
accurate bounds on the possible locations. As shown in 
Fig. 7, the arm when constrained consistently generated 
an inward force against the constraint. We have just rig- 
orously shown that inertia and viscosity are incapable of 
generating these forces. Therefore, given that these in- 
ward forces must be a result of an attractor point acting 
on the system, then the only possible location for an at- 
tractor or virtual trajectory must be within the circle de- 
fined by the constraint. 

Additionally, the available experimental evidence in- 
dicates that the general behavior of the forces evoked by 
displacing the arm is fairly regular in all directions 
(Mussa-Ivaldi et al. 1985; Shadmehr et al. 1993). Dis- 
placing the arm from posture in any direction evokes 
forces directed against the displacement. (Note that the 
presence of forces opposing displacement from posture 
does not necessarily imply a conservative force field; see 
Hogan 1985.) Therefore, if an experiment were per- 
formed where the subject was perturbed along an arc on 
the other side of the free trajectory, then a similar result, 
i.e., evoked forces pointing inward against the new con- 
straint, would be expected. Given this regularity argu- 
ment, we infer another circular bound where the attractor 
point may lie. The intersection of these two circles 
bounds the possible locations of the attractor point. 

Although a specific measurement of a virtual trajecto- 
ry was not performed, the inferred bounds on its possible 
locations define a very small area surrounding the unper- 
turbed trajectory. Since the circular arc has a maximum 
lateral displacement of less than 3 cm. from the unper- 
turbed trajectory, the maximum width of the bounded ar- 
ea defined by the two arcs is then less than 6 cm. By this 
argument, the attractor point never deviates more than 
3 cm laterally away from the unperturbed trajectory. 

This result is also supported by the unconstrained and 
constrained-and-released experiments. The uncon- 
strained movements show very small forces which, when 
constrained, grow to be very large. The constrained-and- 
released experiments show a system which generate 
large forces upon forced deviation from a path. After re- 
lease in response to these forces, the system moves to re- 
turn to its unperturbed path and on occasion settles to 
that path before completion of the movement. 

The results presented here bound the shape of the vir- 
tual trajectory. First of all, the virtual trajectory does not 
deviate very far from the actual trajectory performed, 
which supports the simulations of Flash rather that Ka- 
wato et al. In addition, the tight bounds given as well as 
the behavior of the system after release from the con- 
straint add additional support to the idea that the virtual 
trajectory resembles the actual unperturbed trajectory 
performed. 

Another interesting finding of this experiment was the 
ability of the human subjects to handle the unexpected 
imposition of a hard constraint onto the trajectory. As 
shown in the data, the constraint caused no trouble in 
terms of stability for the subjects; in fact, as a result of 
the interaction, relatively large forces were applied to the 
interface without any noticeable degradation in the per- 
formance of the movement. This is not a trivial observa- 
tion. The task was designed to force the subject into an 
interaction task, while executing the motor plan for a 
free movement that a robot with similar kinematics and 
inertial parameters would more than likely exhibit when 
performing a similar task. In fact, Whitney (1977) con- 
sidered the stabilization of contact as one of the central 
problems of robotic control. 

If control of contact force can be controlled through 
the use of an attractor point, simply moving the attractor 
point within a object will cause the limb to exert a force 
on that object. This in itself does not guarantee contact 
stability for the human arm. However, it has been shown 
that an actively controlled manipulator (mechanical or 
biological) can maintain stable contact with an arbitrary 
passive object if and only if the mechanical impedance 
of the manipulator is equivalent to a passive object (i.e., 
if the amount of energy that can be drawn from it is not 
greater than the amount stored within it. See Colgate and 
Hogan 1988). In other words, the dynamic behavior 
about an attractor can in itself guarantee contact stability 
with any passive environment. 

Mussa-Ivaldi et al. (1985) were able to quantify one 
component of this behavior in humans by measuring the 
static behavior of the arm around its set attractor point. A 
major feature of these static measurements was that the 
human arm near equilibrium exhibited conservative or 
spring-like behavior which satisfies the passivity criteri- 
on. Therefore in at least the static case, this result im- 
plies that contact force can be stably controlled through 
the attractor point. Yet this result is by no means trivial. 
Recent experiments by Lacquaniti et al. (1993) have 
shown significant curl in the static force field about equi- 
librium for the elbow-wrist system; this is not consistent 
with the passivity criterion and therefore cannot guaran- 
tee contact stability with all passive systems. 

However, the experiments in this paper demonstrate 
that interaction may simply be an extension of move- 
ment. A free trajectory was performed, but due to an im- 
posed constraint the actual trajectory and the desired tra- 
jectory did not coincide, which resulted in the generation 
of significant forces at the point of contact. Turning the 
problem around, to interact stably with a circular wall 
such that a radially directed inward force is always ap- 
plied to the wall, all that is required is to execute a 
straight free movement from one end of the wall to the 
other. The forces will automatically result from the 
spring-like behavior. It has been stated that control of 
force applied to an environment cannot be derived from 
position information alone, due to the incompatibility 



between the torques needed to direct a force and the mo- 
tion of the joints to generate the movement (Van Ingen 
Schenau et al. 1992). However, this experiment clearly 
shows that force can be controlled by position informa- 
tion alone, even though the motion of the joints are not 
compatible with the torques required. By executing a vir- 
tual trajectory which does not coincide with the actual 
trajectory, this incompatibility can and does occur. In- 
deed, this is the central mechanism for applying the 
force. 

The virtual trajectory hypothesis 

A common complaint about the virtual trajectory hy- 
pothesis is that "it is difficult to test adequately or, more 
specifically, to disprove" (Smith and Humphrey 1991). 
This difficulty results from the possibility of creating 
several different hypotheses which could be classified as 
"equilibrium point hypotheses". However, all versions of 
this hypothesis are challenged by the apparent observa- 
tion of low stiffness (insufficient to influence movement 
during its production). 

Several researchers besides Bennett et al. (1992) and 
Gomi et al. (1992) have suggested that stiffness is indeed 
low during movement. In particular, the work by Lackner 
and DiZio (1992) shows results which are difficult to ex- 
plain within an equilibrium-point framework. They re- 
ported errors in movement trajectories and endpoints in 
response to Coriolis force perturbations applied by rotat- 
ing the subject. Significant endpoint errors should not 
occur if an attractor point exists strong enough to control 
movement. Therefore it would seem that a virtual trajec- 
tory is not controlling these reaching movements; how- 
ever, it is unclear how the rotating reference frame influ- 
ences the perception of the subject and their ability to 
generate an accurate virtual trajectory. 

Another criticism of the virtual trajectory hypothesis 
is that, since the theory is not tied to any biological sub- 
strate, it is easy to recreate any movement by tuning the 
parameters of the system. "Given an observed movement 
and certain assumptions about the elastic, stiffness, and 
viscous parameters of muscles and joints, one can seem- 
ingly always construct a sequence of equilibrium-point 
positions such that observed movement is 'predicted' by 
the hypothesis (Smith and Humphrey. 1991)". This is in- 
deed true if any set of parameters can be used. However, 
most simulation studies have constrained themselves to 
use stiffness, damping, and inertial tensors as well as vir- 
tual trajectories of a particular shape, thereby shrinking 
the space of achievable solutions into a proper subset of 
all possible movements. Furthermore, all reaching-move- 
ment simulations to date have attempted to recreate free 
movements only. This paper has shown that there is also 
an entire realm of stable behavior when the movement 
has been constrained in some way to involve contact. Re- 
cent studies have shown that different control methods 
can display the same kinematic behavior, but examina- 
tion of the dynamics at the point of contact reveals clear 
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differences (Mansfield 1992; Won 1995). Since the pat- 
tern of the contact forces measured in this paper have 
such a clear signature, simulations of contact tasks 
would provide a more stringent test of the motor pro- 
gram used to generate free movements. 

Conclusions 

Significant position dependence is a fundamental stabili- 
ty property underlying all versions of the equilibrium 
idea. Therefore, in order to pursue the hypothesis, the 
foundational properties must be shown to hold. In our 
experiments, it was rigorously shown that the large forc- 
es evoked from the small displacements could only result 
from spring-like actuators. By then observing that these 
forces were sufficient to modify the dynamic behavior of 
the arm, the work presented in this paper provided clear 
evidence that stiffness is significant. This evidence was 
attained in the simplest and most direct manner without 
introducing linear mechanical models such as those used 
by Bennett et al. (1992) and Gomi et al. (1992) or con- 
founding perturbations such as the noninertial reference 
frame used by Lackner and DiZio (1992). 
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