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Abstract. Extensive theoretical work has been performed on the equilibrium structure of tangential
discontinuities (TDs) in collisionless plasmas. This paper reviews kinetic models based on steady-
state solutions of the Vlasov equation. It is shown that most of the existing models are special
cases of a generalized multi-species model. In this generalized model all particle populations —
from both outer regions and from inside the layer — are described using a unique formalism for the
velocity distribution functions. Because of their historical importance, the Harris and Sestero models
are reviewed and deduced from the generalized model. The Lee and Kan model is also a special
case of the generalized model. The generalized model, however, is also able to describe TDs with
velocity shear and large angles of magnetic field rotation. Such a multi-species model with a large
number of free parameters and different gradient scales illustrates many observable features of TDs,
including their multiscale fine structure. Particular attention is paid to the magnetopause. Observed
magnetopause crossings are simulated. The effects of the relative flow velocity and asymmetrical
magnetic field profiles on the structure of the magnetopause and on its stability with respect to
tearing perturbations are discussed. We also present calculations that demonstrate the potential of the
generalized model in explaining the origin of discrete auroral arcs. Numerical simulations of solar
wind TDs with heavy ions and a large spectrum of thicknesses are also feasible. This indicates that
such a model is of fundamental importance for understanding the detailed structure of solar wind
TDs, like those observed by the interplanetary spacecraft ULYSSES. The problems associated with
the one-dimensional, time-independent Vlasov approach are discussed and a variational principle is
suggested to reduce the arbitrariness resulting from the large number of free parameters.
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1. Introduction

Space plasmas have a natura] tendency to fill up distinct regions, separated by a
number of boundary surfaces (Félthammar et al., 1978). These boundary layers
separate plasmas possessing different parameters and constitute electric current
sheets. Space exploration has amply demonstrated the existence of such layers,
e.g., the magnetopause (the outer boundary of the Earth’s magnetosphere) and the
plasma sheet in the magnetospheric tail. Similar boundary layers resulting from
the interaction of the solar wind with the magnetic fields of Mercury, Jupiter,
Saturn, Uranus and Neptune have also been observed. The overall structure of
the heliosphere (the realm dominated by the solar wind) is largely determined by
the presence of the heliospheric current sheet. On the interstellar and intergalactic
scales, space in general is expected to have a ‘cellular’ structure (Alfvén, 1981).
Current layers in space may be very thin, sometimes only a few ion Larmor
radii (gyroradii). The kinetic theory is therefore the most appropriate tool to study
the equilibrium structure and stability properties of these plasma regions. A kinetic
investigation of plasma processes within such layers is very important, as these
processes control the mass and energy exchanges between adjacent regions. As a
typical example, the overall dynaﬁlics of the Farth’s magnetosphere is controlled
by kinetic processes in magnetospheric boundary layers; as such, these processes
govern important phenomena like magnetospheric substorms and aurorae.
Different types of boundary layers may form in space plasmas (see, for instance,
the paper by Hudson (1970) where different types of discontinuity are discussed).
A first type may be classified as ‘tangential discontinuity’ (TD). This type of dis-
continuity describes a structure where the magnetic field and the flow are tangential
to the boundary surface. ‘Contact discontinuities’ likewise exhibit no mass trans-
port through the surface, but do have a nonzero normal magnetic field component.
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‘Perpendicular shocks’ and ‘inclined shocks’ are structures where there is mass
transport across the discontinuity. Inclined shocks with small normal magnetic
field (B,,) and normal plasma velocity (V;,) have been described by Lembege and
Pellat (1982) as slightly perturbed TDs, in an attempt to model the magnetotail
plasma sheet where V,, = 0 and B,, # 0. They extend the well-known symmetrical
Harris equilibrium model (Harris, 1962); a generalization of their approach to the
case of asymmetrical TDs, however, is needed to describe more complex inclined
shock structures.

In this review we will only consider tangential discontinuities. This type of
discontinuity is of importance in many different areas of solar-terrestrial physics.

There is some observational evidence for TDs at the magnetopause. The most
pertinent of these observations come from magnetopause crossings in the Inter-
national Sun Earth Explorer (ISEE) and Active Magnetospheric Particle Tracer
Experiment (AMPTE) data that do not show an associated adjacent magnetospher-
ic boundary layer (Cargill and Eastman, 1991, and references therein). Typical
magnetopause current layer widths are 400-1000 km, corresponding to just a few
ion Larmor radii (Berchem and Russell, 1982a).

Some magnetospheric boundary layers can also be identified as TDs. This is
the case for the magnetotail current layer, the plasmasheet boundary layer (PSBL)
in the tail, or the boundaries of some plasmasheet clouds immersed in the central
plasma sheet. The electric structure of some of these boundary layers is related to
the formation of discrete auroral arcs (Roth et al., 1993). The plasmapause too has
been treated as a TD (Roth, 1976).

TDs are also a prevalent feature of the solar wind. Discontinuities in the inter-
planetary magnetic field from Explorer 43 data were identified by Burlaga et al.
(1977) under a variety of interplanetary conditions. Both tangential discontinuities
(TDs) and rotational discontinuities (RDs) were identified, the ratio of TDs to RDs
being 2.8 to 1. Even in regions where Alfvéklic fluctuations are most pronounced,
the ratio of TDs to RDs was found to be approximately one. First results from
ULYSSES magnetic field and plasma data indicate that TDs are a common feature
also at high heliographic latitudes (Tsurutani et al., 1994). Solar wind TDs are often
much wider than the magnetopause current layer: widths corresponding to 1.5-80
Larmor radii (150-8000 km) have been observed (Burlaga et al., 1977). In addition,
the large density and temperature gradients typical for some magnetospheric TDs
are not often found in the solar wind. Observations of the fine-scale characteristics
of interplanetary sector boundaries by HELIOS 1 have shown that a large number
of these boundaries should be considered TDs rather than RDs, with a large angle
of magnetic field rotation (120° to 180°) and usually accompanied by a large dip
in magnetic field strength (Behannon et al., 1981).

Current and future missions, like INTERBALL, CLUSTER, WIND and GEO-
TAIL, have the potential to revolutionize our understanding of TDs. In view of
the high quality and improved time resolution of the data obtained onboard these
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spacecraft, there is a renewed interest in the development of kinetic models for the
interpretation of thin plasma boundaries.

This paper will review the kinetic theory of TDs. It should be noted that Vlasov
theories of plane TDs yield non-unique solutions. In a macroscopic description, any
pressure profile P(z) and magnetic field B(zx) related by P + B?/87 = constant
define an equilibrium solution. In a Vlasov description, this non-uniqueness shows
up in the arbitrariness with which particle velocity distribution functions can be
chosen. Only consideration of particle accessibility (i.e., tracing the origin of the
populations) can remove this non-uniqueness (Whipple et al., 1984). In this review,
we will not address this accessibility question, nor the temporal behavior of TDs;
we will only consider steady-state plane TDs and limit our choice to single-valued
distribution functions of the constants of motion of the particles.

Vlasov equilibrium models of tangential discontinuities in collisionless plasmas
have been described by, e.g., Grad (1961), Harris (1962), Nicholson (1963), Sestero
(1964, 1966), Alpers (1969), Kan (1972), Roth (1976, 1978, 1979, 1980, 1983,
1986), Lemaire and Burlaga (1976), Channell (1976), Lee and Kan (1979), Roth
et al. (1990, 1993), Kuznetsova et al. (1994), Kuznetsova and Roth (1995). Table I
summarizes the characteristics of most of these one-dimensional models.

In the general case, the number of ion and electron populations can be arbitrarily
large. The particle populations can be subdivided into three groups: the two ‘outer’
sides of the transition and its ‘inner’ region. For instance, for magnetopause mod-
eling it is reasonable to introduce magnetosheath, magnetospheric, and trapped
populations. The density of magnetosheath particles tends to zero on the magne-
tospheric side (xz — +00), while the density of magnetospheric particles tends to
zero on the magnetosheath side (z — —oo). The inner populations are confined
inside the magnetopause, their density having a maximum inside the current layer
and tending to zero on both sides (z — £00). The inner populations are especially
important in TDs with large magnetic shear. In most models, inner populations are
described by the well known analytical Harris model (Harris, 1962). Other forms
of inner distributions have also been introduced, e.g., in the paper of Nicholson
(1963). The distribution functions of the outer populations explicitly contain some
arbitrary cutoff factors in phase space to describe the fact that charged particles
from one side cannot penetrate arbitrarily deep into the other side, thereby cir-
cumventing the accessibility problem. These cutoff factors are usually chosen in
the form of step functions (e.g., Sestero, 1964, 1966; Lemaire and Burlaga, 1976;
Roth, 1976, 1978, 1979, 1980) or error functions (e.g., Alpers, 1969; Lee and Kan,
1979; Roth et al., this review) because they lead to analytical expressions for the
moments of the distribution functions. The choice of error functions allows one
to introduce arbitrary gradient scales Iy ,p” > p” (p” is the gyroradius of the v’th
species). Even for step-like cutoffs the characteristic thickness of the TD can not
be less than one electron gyroradius p~ (in electron-dominated layers, where ions
are isotropic, and the electric current is only carried by electrons), or one ion gyro-
radius p* (in ion-dominated layers, where the electric current is carried by ions).
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TABLE I
Characteristics of kinetic TD models

Models Properties
Grad (1961): A unique and monotone B-field profile Electrostatics
exists for the thinnest transition describing the exponen- Charge separation effects in the
tial decrease of a field-free plasma into a unidirectional case of particles of different
magnetic field region, if there are no ‘inner” particles and masses are ignored.
if the asymptotic distributions are isotropic Thickness

c/wp =p

Harris (1962): Plasma slab separating plasma-free regions Electrostatics
of oppositely directed magnetic fields (¥Br along the z Electric field vanishes in the
axis). The inner populations of electrons (—) and protons reference system where
(+) are described by Maxwellian distribution functions Uy = _u;_
shifted along the v, axis by the drift velocity UF = Thickness
+2¢T fe Br L (L g=characteristic thickness). Ly >Lo
Nicholson (1963): Plasma slab separating plasma-free Electrostatics
regions of constant magnetic field, the field being in the Exact charge neutrality. This
same direction on the two sides of the slab. The inner condition fixes the parameter a
populations of electrons and protons have velocity dis- and the thickness.
tribution functions that differ from Maxwellians to the Thickness
extent that a parameter a entering into the characteristic ot
length differs from zero.
Sestero (1964): Magnetized plasma on both sides with- Electrostatics
out inner populations. Unidirectional magnetic field. No Charge neutral approximation.
change in the plasma velocity across the plasma sheet. Non-zero normal electric field.
Two plasma components (electrons and ions). Asymptot- Thickness
ic isothermal plasma (7 = T (£o0) = T~ (£o0)). o~ or pt
Sestero (1966): Magnetized plasma on both sides without Electrostatics
inner populations. Unidirectional magnetic field. Change Charge neutral approximation.
in the plasma bulk velocity in the direction perpendicu- Non-zero normal electric field.
lar to the field. Two plasma components (electrons and Thi
ions). Asymptotic isothermal plasma (7 = TF(£oo0) = p—lgl:l:;fs

T~ (£o0)). The maximum velocity shear is the thermal
velocity of the particles carrying the current (ions in ion-
dominated layers, electrons in electron-dominated layers).
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TABLE I

Characteristics of kinetic TD models (continued)

Models

Properties

Alpers (1969): A whole class of distribution functions are
constructed by prescribing the magnetic field profile and
a bulk velocity profile in the direction of the magnetic
field. Maguetic shear is included (B, # 0). Two plas-
ma components (electrons and ions). Asymptotic isother-
mal plasma (7 = T7(%oo) = T (doo)). No inner
populations.

Electrostatics
Exact charge neutrality.

Thickness
>p*

Roth (1976): Magnetized plasma on both sides without
inner populations. Unidirectional magnetic field. Change
in the plasma bulk velocity in the direction perpendicular
to the field. Multi-species plasma with different densities
and temperatures.

Electrostatics
Charge neutral approximation.
Non-zero normal electric field.
Thickness
p~orpt

Lemaire and Burlaga (1976): Magnetized plasma on both
sides without inner populations. Magnetic shear is includ-
ed (B, # 0). No change in the plasma velocity across the
plasma sheet. Multi-species plasma with different densi-
ties and temperatures.

Electrostatics
Charge neutral approximation.
Non-zero normal electric field.
Thickness
p~orpt

Roth (1978, 1979, 1980): Magnetized plasma on both
sides with or without inner populations. Magnetic shear
(By # 0). Shear in the plasma bulk velocity (V,, # 0,
V. # 0). One single formalism for inner and outer pop-
ulations. Multi-species plasma with different densities
and temperatures. Asymptotic temperature anisotropies

(TL #Ty).

Electrostatics

Charge neutral approximation.
Non-zero or zero normal electric
field.

Thickness
> Lp (inner only), p~ or p*

Lee and Kan (1979): Magnetized plasma on both sides
with or without inner populations. Magnetic shear (By #
0). Shear in the plasma bulk velocity (Vy # 0, V., # 0).
Different formalisms for inner and outer populations. Two
plasma components (protons, electrons) with different
densities and temperatures.

Electrostatics
Charge neutral approximation or
exact charge neutrality.

Thickness
>p*

This review: The step functions describing the cutoff fac-
tors in the previous mode] of Roth (1978, 1979, 1980)
are replaced by error functions. Other characteristics of
this generalized model are unchanged, except that tem-
perature anisotropies are not considered in the velocity
distribution functions.

Electrostatics
Charge neutra] approximation.
Non-zero or zero normal electric
field.
Thickness
> Lp (inner only); > p~
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However, in symmetrical transitions of the Harris type, the minimum thickness can
approach the Debye length L£p. In the general case the characteristic thickness of
the transition is determined by the gradient scales of all populations collectively.
Thin electron layers appear to be extremely unstable (Roth et al., 1993; Drake
et al., 1994), so it is usual to consider only layers with a characteristic thickness of
a few ion gyroradii.

In summary, the existing one-dimensional Vlasov models can be characterized
by the following set of attributes:

— The number of different particle populations (outer, and inner). For instance,
the models by Harris (1962) and Nicholson (1963) include only inner populations
of electrons and protons, while Sestero (1964, 1966) and Alpers (1969) introduced
only outer particles. Both inner and outer populations were incorporated by Roth
(1978, 1979, 1980) and Lee and Kan (1979). Multi-species plasma with different
densities, ion charges and temperatures were considered by Lemaire and Burlaga
(1976) and Roth (1976, 1978, 1979, 1980) (including asymptotic temperature
anisotropies).

— Assumptions about the charge neutrality.

— The form of the cutoff functions and corresponding gradient scales that
control the thickness of the TD.

— The degree of asymmetry in boundary conditions that can be described by
the model (e.g., the velocity shear, the angle of magnetic field rotation 6, density
and temperature asymmetries). For instance, models by Sestero (1966) and Roth
(1976), where velocity shear was taken into account, imply unidirectional magnetic
fields (¢ = 0). The model by Alpers (1969), which has no inner populations, can
describe TDs with velocity shear but small magnetic shear (¢ < 90°). The unified
model by Lee and Kan (1979) can describe asymmetric TDs with zero velocity
shear and arbitrary magnetic shear (including 6 > 90°) as well as TDs with finite
velocity shear and small magnetic shear (¢ < 90°), but due to different formalisms
for inner and outer populations their model is unable to describe TDs with both
velocity shear and large magnetic shear (6 > 90°).

A generalized multi-species Vlasov model of TDs is presented in this review.
In this model all particle populations (from both outer regions and from inside
the layer) are described using a unique formalism for the velocity distribution
functions. Most of the previous models can be retrieved as special cases. The
model allows for arbitrary gradient scales and can describe current layers with
velocity shear and large angles of magnetic field rotation. It is similar to that of
Roth (1978, 1979, 1980, 1983), except that the cutoff factors are chosen in the form
of error functions.

Kinetic models are of fundamental importance in understanding the structure
and dynamics of transition current layers separating two magnetized plasmas with
different characteristics, both in laboratory and space. In Section 2 the velocity
distribution functions describing particle populations are introduced. The plasma
and field boundary conditions are discussed in Section 3. Section 4 contains the
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Fig. 1. Reference frame for a TD. The plane of the TD is the (y,z) plane which contains the
magnetic field B and the velocity vector V. The electric field E is oriented along the x axis, normal
to the transition. Uniform states are attained at sides 1 and 2, for large negative and positive values
of x respectively.

electromagnetic field equations for the plane TD problem and a discussion of the
numerical method. Armed with this kinetic framework, we first review two types of
tangential discontinuities: the Harris plasma slab (Section 5) and the TD according
to Sestero (Section 6). In Section 7 we simulate two observed magnetopause
crossings with complex magnetic field and plasma variations. In Section 8, we
show how the model can explain the microstructure of the magnetopause current
layer (MCL) and its stability with respect to the excitation of large-scale tearing
perturbations (Kuznetsova et al., 1994; Kuznetsova and Roth, 1995). When the
model is applied to the plasma sheet boundary layer in the tail or to the boundary
of some plasma sheet cloud immersed in the central plasma sheet (Section 9),
we obtain electric field and plasma structures which might explain the origin of
discrete auroral arcs (Roth et al., 1993). Because the model is able to mimic complex
magnetopause transitions it also has the potential to simulate multi-species solar
wind TDs observed by the interplanetary spacecraft ULYSSES (Section 10). The
problems associated with the one-dimensional time-independent Vlasov approach
are discussed in Section 11.

2. The Velocity Distribution Functions

The reference frame used to describe a TD is depicted in Figure 1. Electron and
ion plasma species are identified by particle mass m and charge Ze, where e is
the magnitude of the elementary charge (¢ = 4.803 x 10710 statcoulomb) and Z
the degree of ionization. The constants of motion of charged particles in a one-
dimensional planar TD, where a scalar electric potential ¢ and a magnetic vector
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potential (a; = 0, ay,a,) are present, are the canonical momenta p, and p, and
the Hamiltonian H:

Zeay Zea,
Dy = Muy + c P, = mu, + PR

H= %mvi —+ HO(py,pz) )

where Hj is defined by
1 Zeay\* Zea,\?
Hy=— [(py— ea”) +(pz— - ) ] + Zed.
2m c c

For each species, let us consider the following velocity distribution function, which
is a combination of those introduced by Roth (1978, 1979, 1980) and Lee and Kan
(1979):

F= U(Hapwpz)G[Uy(py)a UZ(pZ)] ) (1)

with

m_\¥2 H mU2 | pyly + pls
n(H,py;pz) = N <ﬁ) exp (—?) exp |~z + @)

and the cutoff function (C; > 0;:=1,...,4)
G(U,,U,) = %[Cl erfc(+Uy) etfc(—U,) + Cy erfc(—Uy ) erfc(-U,) +
+Cyerfe(+U,) etfc(+U,, ) + Cyerfe(—Uy) erfe(+U.,)],  (3)

where
Uy = (5y(py - mbly - hpoy), Uz = 6z(pz — muz - hpOz)a (4)
6y = —‘_"“C—, 5z - ——'———C—-__a (5)
ZeBopy /12 — 1 ZeBopy /12— 1
_ cv2mT 6)
P = ZleBy

At large distance from the TD (x = =00) an outer population is characterized by
the Maxwellian distribution (2) with temperature 7, shifted along the v, and v,
axes by mean velocity components U4, and I/,; N is proportional to the asymptotic
number density. In (4), h = Z/|Z|; poy and po, are two parameters controlling
the separation or overlapping between outer populations originating from opposite
edges of the transition. Equation (6) defines the Larmor radius p in a reference
magnetic field Bo.
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In Equations (5), [, and [, are the ‘normalized thicknesses’ of the outer popu-
lations along the y and z directions. The ‘characteristic thicknesses’ of the outer
populations are defined as [, p and [, p; we allow different spatial extents in both
coordinate directions so as to cover the case of asymmetric partial current pro-
files. The minimum characteristic thickness for the outer populations is the Larmor
radius (I, = [, = 1). It is obtained for velocity distribution functions that are
discontinuous in the (py,p.) plane, e.g., distributions of the Sestero type (Sestero,
1964, 1966). These contain step functions in p,, and p,, which are, indeed, the limit-
ing case of cutoff function (3) when [, = I, — 1. The use of ‘erfc’ cutoff functions
allows smoother transitions (cf., Alpers, 1969), corresponding to a characteristic
thickness larger than the Larmor radius.

When C; = C; = C5 = Cy = 1, G(Uy, U,) = 1; the velocity distribution
function (1)—(3) reduces to a Maxwellian shifted by the mean velocity components
U, and U,. As will be shown in Section 5, the latter distribution can describe
inner populations. Furthermore, the distribution functions used in most previous
TD models turn out to be special cases. In Sections 5 and 6 we will explore the
relationship between the present model and those of Harris and Sestero in more
detail.

The mean value (w) of a function w(v,, vy, v, ) can be obtained from the velocity
distribution function as:

oo +o0 +oo
n{w) = / / / w(Vg, Uy, V) f (Va, vy, v2) dug duy du, ,

—0Q —00 —Q

where n is the particle number density and f the velocity distribution function in
the (v, vy, v;) space. In the (H, py, p.) space, f transforms into F(H,py,p.) =
[ lva(H, py, p2), vy(py), v2(p-)] given by Equation (1); similarly, w transforms into
W (H,py,p:) = wlvz(H,py, p2), vy(py), v2(p:)]. Therefore:

+o0 400 400

n{w) = 2_1/2m_5/2/ / /(H—Ho)_l/zx

—o0 —o0 Hy

X{W[H (vz > 0),py, p:] + W[H (vz < 0),py,p:]} x

XF(H, pyapz) dH dpy dp,. (7)
It is obvious that (w) = 0 if w is an odd function of vg. If w(ve, vy, v.) = vivyvl,

where 7, s, t are non-negative integers, then the mean values Qs = (v;vzvi) are
the moments of the velocity distribution function of order v + s +¢. In Appendix A
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we analytically compute the values of the most important moments, in particular:

n = Qooo,

Jy = ZeQoo, J: = ZeQuor,

uy = Qoro/Qooo;  uz = Qoo1/Qooo,

T = mQ200/Qoo0,

Ty = m|Qo2/Qo00 — Qg10/Qdool,  Tx = m[Quo2/Qoo0 — Qfo1/ Qo)
T = (I, +T,+1T.)/3,

where n is the partial number density; j, and j, are the y- and z-components of
the partial current density; u, and u, denote the y- and z-components of the partial
mean velocity; and T' is the partial temperature, i.e., an average of T3, Ty, and T7,
the thermal energies along the x, y, and z axes, respectively.

3. Boundary Conditions

This section discusses the boundary conditions for the plasma and field parameters.
These boundary conditions result from the uniformity of the asymptotic fields at
x = Foco. We assume that the plasma consists of s species: £ species originating
from side 1 (left, x = —o0), r species originating from side 2 (right, z = +00) and
# inner populations. The asymptotic number densities must match the following
boundary conditions:

n1(—o0) =N, n"(4+00)=0, v1=1,...,¢
n2(+o00) =N, n?(-x) =0, w=1,...,r
n"i(+oc0) =0, v;=1,...,0.

The asymptotic plasma (M, T"1; A2, T*2) and field (By; B;) parameters also
satisfy the pressure balance condition:

: 141 141 - vy vy ﬁ Vi v; Bz(x) _
E n ()T + E n”2(x)T" + E n"i ()T + B
=1 =1 v;=1
£ 2 r 2
B B
_ vy v 1 _ Va Vs 2 8
,,1X::1N T 87 VZZ:lN " B ®

We now consider some boundary conditions which are valid on both sides of
the transition. It is useful to introduce the following two coordinate systems: the
first one is (e,, ey, €,), Where e, e, €, are unit vectors along the (z—y—z) axes;
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the second one is a local one, (e;, e, ey =B /B), obtained by a rotation around
e, so as to align e, with B. The asymptotic bulk velocities V; are given by:

Vj = ZmyjNujuVj/zmujNyja J= 1,2. (9)
vj vj

The asymptotic partial velocities "7 are not completely arbitrary. Since the asymp-
totic electric fields are uniform, i.e.,

1
Ej=--V; xB;=FEjzes, j=1,2, (10)

the asymptotic perpendicular velocities (the electric drifts Lllf = Z/{f e = cE; X
B;/ sz) are equal to the perpendicular bulk velocities (V;. = V; ey ):

L. 5 .
U =V, Wi-V;=U’ -Vey,
I/1=1,...,£, I/2=1,...,T. (11)

From the vector product of Ui = U’} —I—Ll]'l/j B;/B; with B;, it can be seen that:

1
Ej = ——U" x B;. (12)

The magnetic field is also uniform at z = Foo; hence, the asymptotic vector
potential is of the form:

0y = Bjzw +djy, @z = —Bjyz + djz, 13)
where d; does not depend on z; note that:

a; = a; - B;/B; =d; - B;/B; = dj) = constant .

3.1. UNIFORM PLASMA AT £ = Fo0

Uniform fields at z = Froo imply plasma neutrality and the absence of currents:

D ZYNY =0, j=1,2, (14)
vy
> ZVjN”fule =0, j=1,2 (15)
Vi

From Equations (14) and (15), it can be seen that

S ZENGUP - V) =0, j=1,2. (16)

Vj
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From Equations (9) and from (11), we also have

> mYiNY (u””f -V;) =0, j=1,2 (17)

3.2. BOUNDARY CONDITIONS AT 2z = —00

At z = —oo, the function G(Ay, A.) defined in Appendix A by Equation (A.3)
should become

GY'=Cp for vy=1,...,L (18)

Here, Cy, is one of the 4 constant C’s in Equation (3): the one associated with the
quadrant containing the asymptotic direction of a at —co. There are two possibilities
to obtain n*?(—~0c0) = 0: either by the choice of the cutoff factor (G}2 = 0) or by
having the exponential factor in (A.4) go to zero. The electric potential is given

by

¢1 = ¢(=00) = (a1yV1y + a1:V1:)/c, (19)
consistent with the asymptotic electric field defined by Equation (10). From the
expression for the number density (A.4), and using the information at z = —co
contained in (19), (13), (11), (18), we obtain (4 = 1,...,):

N1 = N"1Cex —Zyled (Vi —-Uu") (20)

kl p CTVI 1 1 :

Giving the constants CZII, the vector dj, the flow velocity V; and the plasma
parameters "1, 7%, N1, the constants N*1 can be determined from (20):

v 141 %1 e "
N = C;;ll exp |:+CTV1d1 . (Vl -Uu )} . 21)
In summary, at x = —oo, the boundary conditions for the plasma number densities

and velocities (v1 = 1,. .., {) must meet Equations (14), (16), and (17) for 7 = 1.
The electric potential is given by Equation (19), while the vector potential can be
found from (13, j = 1). The parameters /N*' are obtained from (21). A transition
where the partial velocities at —oo are all different is given in Section 10 for a solar
wind TD containing helium ions.

3.3. BOUNDARY CONDITIONS AT x = 400
At x = +00, the function G(A, A;) defined by Equation (A.3) has the value:
Ge=Cf for n=1,..,r (22)

C%, is one of the constants in Equation (3), identifying the quadrant with the
asymptotic direction of a at +oo. Note that n”1(4+00) = 0 can be obtained by
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G5! = 0 or by a vanishing exponent in (A.4). From (A.4) the number densities
(rn=1,...,r)atz = 400 are:

v U U VACT? aZyu;; + QZZUQV;
N2 =N 2Ck§ exp T (¢2 - - . (23)
At z = +o0, the electric potential is:
¢ = P(+00) = (agyVay + a2.V2:)/c + 92, (24)
where 1), is a constant. From Equations (23), (24), (13) and (11), the number
densities (1, = 1,...,7) can be written as:
Y U Z"e 1 y
N = NG exp =~ (Y2 + =da- (V2 = U)) ¢, (25)

where N"2, 1, and d;, are unknown parameters.

In order to obtain finite number densities at = oo, the exponential term in
(23) must remain bounded. In this case, the number densities have the form given
by (25), where d; is a constant vector such that dy = ag (in this case the field
B, at x = 400 is uniform, see (13)). This implies that all partial velocities at
x = +00 have the same perpendicular components in order that the electric field
be uniform (see Equations (11)—(12)). Because the orientation of the magnetic field
at x = o0 is unknown, the simplest way to obtain a satisfactory solution is to
choose

L{”2=V2 fOI'I/2=1,...,7“. (26)

At = 400, the plasma must meet Equation (14, j = 2), i.e., a charge neutrality
condition. From (26), it can be seen that the conditions for the absence of field-
aligned current (16) and mass flow (17) are both satisfied. From (25), we find
that

" vy ZUZe
N = N"CZexp | - T vy ). 27)
From (27), it can be seen that either ¢, or one of the set V w=l NS g
arbitrary. If v, is given,
y NP2 ZV2e
N = o €xp (—i— T wz) forvm=1,...,r. (28)
If, on the other hand, the value N72 is given for species j,, we have:
T Nz
= ——1 - 29
1/)2 Z]Ze n (szci§> ? ( )
o ZMTR2)ZRT
v N’l/z N]Z Ci; ) .
N2=E;C,22— N , =1,...,90—-170+1, ...,
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4. The Electromagnetic Field Structure

In this section we derive the electromagnetic field equations. Reference values
for all physical quantities are introduced in Appendix B. Choosing such a set
of reference values allows a dimensionless formulation of the electromagnetic
field equations. In particular, we select a reference particle with mass my, degree
of ionization Zp, and thermal energy 7y; and a reference magnetic field By. The
reference length py is the gyroradius of the reference particle in a uniform magnetic
field with the reference intensity By. The reference velocity vy = /27 /my is the
perpendicular thermal velocity of the reference particle population.

The characteristic thicknesses [, ,p of a particular species are defined in units
of the reference length (pp). The corresponding dimensionless thicknesses are:

Ly =1lyp/po, L.=1.p/po.

The form of the dimensionless field equations is affected only by the fact that the
dimensionless velocity of light (¢*) and elementary charge (e*) must be used:

ct =cfvg, € =c/|Zo|vp.

In the sequel, the * superscript is dropped, unless to identify dimensionless quan-
tities whenever confusion might arise.
The electromagnetic field is described by the electric potential ¢, for which

E = -
a(2) = -7,
and the magnetic vector potential components a,, and a, whose curl is:

day da,

=B, —Z=-B, 30

dz dz 4 (30)
The vector potential is computed from Ampére’s law:

dzay 47 d%a, 47

—v__1y — = ——,, 31

dz? c Y dx? c ¢ 1)
while Poisson’s equation must be solved in order to find the electric potential. The

latter equation, however, can be replaced by the charge neutrality equation (see
Roth et al., 1990):

S

> Z"n¥(x) =0, (32)

v=1

where s is the total number of plasma species (s = £+ 3 + r).
By calculating the first and second derivatives of (32) with respect to z, with
n”(¢(z), ay(x),a.(z)), we can obtain expressions for the electric field E, and
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charge density ¢, as functions of ¢(z), a,(z) and a,(z). These expressions can be
found in Appendix C.

The numerical solution of the electromagnetic structure of the TD becomes
straightforward by reformulating the field Equations (30) and (31) as a nonlinear
system of ordinary first-order differential equations for a, (), a,(x), By(z), and
B,(z); coupled with the quasi-neutrality Equation (32). This system of ordinary
differential equations is solved numerically by means of Hamming’s predictor-
corrector scheme (Ralston and Wilf, 1965); the nonlinear algebraic quasi-neutrality
equation is solved by the Newton-Raphson method (Press et al.,, 1986). In the
remainder of this paper we will review several types of TD based on computations
with this numerical scheme.

5. Harris’ Plasma Slab

The Harris model (Harris, 1962) is of particular historic importance, as it was one
of the first to explain a reversal of the magnetic field. The physical configuration is
simple: the model describes a neutral plasma slab containing only inner particles;
no particles are present on either side of the slab. The magnetic field vector always
lies in the z-direction; therefore, a,(z) = 0, and p, drops out of the equations of
motion. The boundary conditions are (Br > 0):

By(.’II) = 0, BZ(O) = 0, Blz = —BR, Bzz = +BR, (33)
which correspondsto Cy = C, = C3 = C4y = 1 and
Uy =Ug = —2cT [(ZeBrLy), U,=0; (34)

Ly is the Harris thickness (see below). In this case G(py,p.) = 1, and

m \3/? H mUy  Ugpy
n(H,py) =N (—2?],—> exp (—?> exp <——2—T— + T . (35)

This distribution is, in fact, a Maxwellian shifted by the drift velocity L4y

m 3/2 m
v 09, 02) =0) (5 ) exp{ =l + (v~ U + 021

with number density distribution:

(z) = n(6(0), 0y (@) = Nenp [~ 25 (9 - L2 |

In an isothermal plasma containing electrons (Z = —1) and protons (Z = 1), the
slab is exactly charge neutral (¢ = 0) when Uy; = —Uj; = 2¢T /(eBrLy) (one
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TABLE II
The Harris model (cf., Harris, 1962, Figure 1)

Reference parameters and boundary conditions

To Bq ki k2 zg Bi 6 a5 ap,
eV nT A% aT °
Protons 1000 60 2 4 0 0 60 0 O 0

Inner populations

N T Uy U, C; Lr/po
cm™3 eV kms~! kms?

Electrons 4.47 1000 146 0 1111 3
Protons 4.47 1000 —146 0 1111 3

can always transform to a reference frame that moves along the y axis, in which
this condition is satisfied). Analytically solving

d’a, 8meNUj el rray(T)
dz? c P <_ cT

with boundary conditions

day

iz (0) =0, ay(foo)=+*Bgz, (36)

reveals that:

2T
ay(z) = —u—_(z Incosh(z/Ly),

ey

B.(z) = % — Bptanh(z/Lx), n(z) = N/ cosh®(z/Lx), 37)
c T 1/2

Lpg= ﬁ;ﬁD; Lp= (W) ;

Lp is the Debye length, and Ly is the half-thickness of the slab. The Harris
thickness Ly can approach Lp in the limiting case g — c.

We have computed the structure of the slab for the case summarized in Table II.
The reference particle is a 1 keV proton, the length scale being its Larmor radius
(po =~ 75 km) in the 60 nT magnetic field at —oc. Electrons and protons have the
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Fig. 2. The Harris model: magnetic field reversal and the number density of the inner particles (cf.,
Harris, 1962, Figure 1).

same temperature 7 = 7%=! = T%=2 = 1 keV. The value of N is obtained from
the pressure balance Equation (8):

1912 vi=lgv;=1 vi=2qv;=2

g;r—le TV 4+ N"=T"=" =2NT.

Plasma neutrality implies that
Nvi=l = Nvi=2 = pvi=l(z* = 0) = n%=2(z* = 0) = N.

The drift velocities have been computed from Equation (34), with Ly = 3pq.
The numerical integration starts from = = 0 and proceeds towards —oo up to the
turning point z}, where the total current density becomes negligibly small, and then
back towards 4+-oc. The values of k1, k2, and 6y satisfy the boundary conditions
(36) (0 refers to the angle between B(0) and the z-axis). The Newton—Raphson
scheme finds the true value of ¢(z* = 0) before the integration starts; here, the
correct value ¢(z* = 0) = 0 is provided as initial guess.

Figure 2 illustrates the antisymmetric magnetic field reversal, as well as the
symmetry of the number density profile, as dictated by Equations (37). Note that a
B, reversal can also be obtained with a particle distribution different from that of
Harris.

The ‘modified Harris model’ is an extension that includes a uniform B, com-
ponent By(x) = Byo :

B = B.(x)e, + Byey, a.(z)= —Byz + a,(0) (38)

where e, and e, are unit vectors along the y and z axes, respectively. The intro-
duction of a constant B, does not influence the conservation of H and p,; the
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TABLE IIT
The Sestero model (cf., Sestero, 1966, Figure 1)

Reference parameters and boundary conditions

To Be ki k2 n x5 Bi 6 aj, ag,
eV nT A% nT °
Electrons 100 10 12 0 0 135 0 0 0

Plasma populations

N T Uy U, s Ly L, ng Do
cm eV  kms™! kms™!

Outer left populations
Electrons 248 100 0 0 1
Protons 248 100 O 0 1010 429 - 0 -
Outer right populations

Electrons 2.48 100 -119 0 1111 - - - -
Protons 2.48 100 -119 0 0101 429 - 0 -

particle distribution is still given by Equation (35) and the B,(x) component
and density profiles are described by Equations (37). The modified Harris model is
often encountered in kinetic studies of magnetopause stability (Galeev et al., 1986).
Indeed, this equilibrium describes the main property of the magnetopause: the rota-
tion of the magnetic field vector across the layer. The stability analysis by Galeev
et al. (1986) is, however, not appropriate for the case of nearly opposite directions of
magnetosheath and magnetospheric magnetic fields (for | Byo| < Br) when con-
figuration (38) tends to the one-dimensional ‘neutral sheet” limit. Although many
magnetopause crossings are characterized by a magnetic field rotation close to 180°
(e.g., Berchem and Russell, 1982b), one-dimensional neutral sheets (Byo — 0) as
well as layers with a constant or nearly constant value of B, are seldom observed.
What is actually observed is a systematic variation of both B, and B, as the satellite
passes through the magnetopause, while the quantity Bg + B? remains approxi-
mately constant even when the magnetic field rotation tends to 180°. Sections 7
and 8 describe realistic magnetopause equilibria and present results of a stability
analysis which generalizes the approach by Galeev et al. (1986).
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6. Sestero’s TD Model

The Sestero model (Sestero, 1966) describes the transition between two plasmas
on either side of a TD, each consisting of electron and proton populations only
(s = 4, { = r = 2). However, no inner populations confined in the transition layer
are considered. The magnetic field remains parallel to the 2 axis, like in the Harris
model, but a velocity shear perpendicular to the magnetic field (along the y axis)
may be present. When the plasma state is assumed to be identical on both sides of
the layer, the structure of the TD is only controlled by the flow shear. A previous
paper by Sestero (1964) was limited to a class of TDs involving no shearing (with
the plasma macroscopically at rest on both sides of the discontinuity).

In this section, it is shown that Sestero’s TD can be retrieved from the general-
ized model. To illustrate this assertion, the ion-dominated layer in Sestero (1966,
Figure 1) is simulated here (see Table III). The length scale adopted here is the
electron gyroradius in an arbitrary magnetic field of 10 nT, rather than the electron
skin depth used in Sestero (1966). To single out the effect of the velocity shear,
Sestero had prescribed identical asymptotic number densities and temperatures.
In Table III, the temperatures of both electrons and protons are arbitrarily chosen
equal to 100 eV, but the asymptotic number densities have been computed so that
the reference length (the electron gyroradius) is the same as the electron skin depth.
Therefore, the results obtained by Sestero (1966) can be directly compared with
the simulation of this section.

The velocity shear V3, is —118.619 km s~1, which corresponds to Sestero’s
value: V3 = —0.02. At the center of the transition aj, = ag, = 0and B(0) = By.
The magnetic field By at z = —oo is computed from the pressure balance condition.
Because of the sign of V>, there is no need for a cutoff factor in the electron velocity
distribution functions. The latter are Maxwellians (for the electron population
originating from the right of the layer, it is shifted along the v, axis by the velocity
shear V5,) but yet have the desired asymptotic behavior: if V5, < 0 and B, > 0,
the number density of the electron population originating from the left (right) tends
to zero at z = +o00 (z = —oo) like the exponential term in (A.4). In this model the
sign of the shear flow determines the nature of the transition: it is an ion-dominated
layer when V,, < 0, and an electron-dominated one when V2, > 0.

The ion distribution function in the (py, p.) plane is a step function in p, (for
the ion population originating from z = +co it is centered on p, = m™Vay).
Therefore, the values of L] are equal to p*/po, corresponding to I} = 1. The
relative electric potential difference 1/, was chosen to be zero in this simulation.

Figure 3 illustrates the structure of the Sestero TD; it is identical to the figure
in Sestero (1966, Figure 1), except for the scaling of the electrical potential. The
magnetic field remains parallel to the z-axis; this results from the choice of the
constants C. In the phase space, the ions originating from x = —oo are located to
the left of the line p, = V5, while those originating from x = +co are found to
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the right of this line. This distribution is symmetrical with respect to the Py axis
and therefore cannot generate any j;" current.

Note from Equation (B.1) that V,; is of the order of the jon thermal speed.
Taking larger negative values for V3, leads to extreme variations of the density
and the magnetic field, and eventually produces a set of oscillatory solutions,
with the magnetic field periodically assuming both positive and negative values
(Sestero, 1966). The latter solutions do not satisfy the desired asymptotic conditions
at infinity, and therefore are disregarded. The thickness of the TD illustrated in
Figure 3 is of the order of the jon Larmor radius. It was shown by Sestero (1966)
that the maximum amount of velocity shear that can be supported by the plasma
over the distance of an ion (electron) Larmor radius — in an ion-dominated layer
(electron-dominated layer) — is given by the ion (electron) thermal speed, if the
motion is in the direction indicated by the negative (positive) sign of V3.

Some heuristic remarks were given by Sestero concerning the reasons for the
peculiar asymmetry that was found in the solutions’ behavior with respect to the
sign of V5, for a fixed sign of the asymptotic magnetic field: by fixing the sign of
V2y, one determines the sign of the inductive electric fields in the moving section
of the plasma. It is expected that the orbits of ions and electrons will be affected
differently in the two cases.

The above conclusions concerning the minimum width of the layers and the
maximum change in the macroscopic velocity that the plasma can support over such
minimum distance can be made plausible by simple arguments (Sestero, 1966). If
L, J, and 0B are representative values of the thickness, current density, and total
change in the magnetic field, respectively, then

6B = (4n/c)J L.

Considering changes of the magnetic pressure of the order of the plasma pressure,
ie., §(B%/81) = (4n)~'B6B ~ 2N'T, it can be seen that:

L~ 2cNT/(BJ).

Considering that J < eN (27 /m*)"/2, with the superscripts * and ~ referring in
this order to the ion-dominated and electron-dominated cases, it can be deduced
that

L>p*. (39)

If, in an ion-dominated layer, the average distance traveled by ions that cross into
the transition region from near the border of that side of the plasma which is at rest,
is as small as an ion Larmor radius, the gain of kinetic energy can be at most of
the order of the initial kinetic energy itself. Therefore, e £L < 7. But the electric
field can be estimated in terms of its asymptotic value E ~ (Vy,/c)B. Therefore,
Vay < T [(eBL), or from (39):

Vay < (1/2)(2T /m™*)V2.
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Fig. 3. The Sestero model: (a) the (normalized) perpendicular bulk velocity; (b) the (normalized)
electric potential; (c) the proton number densities; (d) the electron number densities; (¢) the total
number density; (f) the magnetic field.

A similar result holds for the case of an electron-dominated layer. The computa-
tion of explicit solutions by Sestero demonstrates that ion-dominated or electron-
dominated profiles do exist and that they can be as sharp as the a priori esti-
mates (39) allow them to be. Results of hybrid simulations, however, do not show
gradient scales as small as the electron gyroradius (Cargill and Eastman, 1991).
Such small scales give rise to current-driven micro-instabilities, which result in a
subsequent widening of the layer.

7. Simulations of the Magnetopause Structure

Many equilibrium Vlasov models of TDs have been used to describe specific
features of the magnetopause structure (see Table I). A powerful model is needed if
one wants to reproduce the magnetopause characteristics observed during an actual
satellite crossing. In this section we present simulations of two magnetopause
crossings:

— In the first simulation, we reproduce a magnetopause crossing showing
maximum magnetic field intensity at the center of the transition. This case was also
simulated by Lee and Kan (1979).
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TABLE IV
The Lee and Kan model

Reference parameters and boundary conditions

7o Bse ki k2 4 xg By 6 ag, ag,
eV nT A% oT  °
Protons 1000 50 14 0 . —-8.08 461 —-494 -7 +7

Plasma populations

N T Z/{y I/{z Oi Ly Lz ng p;z
em™® eV kms™' kms!

OQuter left populations

Electrons 6.2 30 0 0 1000 0.81 0.81 -14 0

Protons 6.2 400 O 0 1000 253 253 -14 0
Outer right populations

Electrons 21.7 20 0 0 0111 0.66 0.66 0 0

Protons 21.7 200 0 0 0111 179 1.79 0 0

— The second simulation models a magnetopause crossing observed by the
ISEE-1 satellite, with shears in the magnetic field and the plasma velocity.

7.1. THE LEE AND KAN TD MAGNETOPAUSE MODEL

Lee and Kan (1979) elaborate a kinetic model of the tangential magnetopause
structure (see Table I). We show that this model is a particular case of our general
one, by illustrating the role of the parameters pg, and py,. By choosing non-zero
values for these parameters Lee and Kan (1979, Figure 4) were able to describe a
magnetopause transition where the magnetic field intensity is enhanced inside the
transition layer. This feature was observed during the November 5, 1977, ISEE-1
magnetopause crossing (Russell and Elphic, 1978; Paschmann et al., 1978). All
the features of Lee and Kan (1979, Figure 4) are reproduced in Figure 4 using
our general model with boundary conditions and plasma populations given in
Table IV. Lee and Kan assumed no velocity shear between the magnetospheric and
the magnetosheath plasmas in this example (V1 = V; = 0).

Note that inner particles are absent in this example and the angle of magnetic
field rotation is therefore small (15°). The choice of pg, and po. reflects that
there is less interpenetration between the magnetospheric and the magnetosheath
plasmas.
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Fig. 4. TD structure with maximum B inside the magnetopause. This figure corresponds to Lee and
Kan (1979, Figure 4).



VLASOV THEORY OF TANGENTIAL DISCONTINUITIES 275

7.2. A MAGNETOPAUSE CROSSING BY ISEE-1

A test for the maturity of the model consists in simulating TD transitions observed
by spacecraft in situ. In this subsection we do so for a magnetopause crossing by the
ISEE-1 spacecraft on August 17, 1978. The crossing occurs between 01:41:50 UT
and 01:42:40 UT. High time-resolution measurements of the magnetic field (cour-
tesy: C. T. Russell, UCLA) are shown in Figure 5. A minimum variance analysis
was carried out (courtesy: J. Berchem, UCLA) to compute the B, and B, com-
ponents tangential to the discontinuity plane. Corresponding plasma data were
deduced from measurements by the LEPEDEA experiment (courtesy: L. Frank
and T. E. Eastman, University of Iowa). These plasma data were used to con-
struct Table V. The values of L, and L, for each proton population correspond to
ly =1, =1, thatis, L, = L, = p/py (velocity distribution functions of Sestero
type). The velocity distribution function of each electron population is a shifted
Maxwellian, since for these populations Cy, = 1 (k = 1,. .., 4). Note that there are
no inner populations in this simulation. Except for the small-scale time-dependent
fluctuations of the magnetic field, the experimental profiles of B, and B, illustrated
in Figure 5 are well reproduced in Figure 6. Note in particular that the observed
slow decrease of B, is explained by the presence of an extended jy”2:4 current
carried by magnetospheric protons of high energy (13 900 eV). The electric current
density, number density and temperature distributions are illustrated in Figure 7.
Figure 8 displays the electric structure and the plasma bulk velocity.

8. Structure and Stability of the Magnetopause

Stability is an important topic in the study of equilibrium models. This section will
be devoted to the structure and stability of the magnetopause in the framework of
our general equilibrium model for TDs; it was not meant to be a complete review
on this topic.

The first electric field evidence of plasma wave turbulence at the dayside magne-
topause was obtained by Gurnett et al. (1979) who reported burstly low-frequency
(<100 Hz) electric and magnetic fluctuations. Gary and Eastman (1979) suggested
that the lower-hybrid drift instability (Davidson et al., 1977; Huba et al., 1978)
could directly account for the observed fluctuations and that the mode should be
driven by small-scale density gradients. Roth (1979, 1980) suggested that current-
driven lower hybrid instabilities —like the modified two-stream instability (McBride
etal., 1972; Wu et al., 1983) or the lower-hybrid drift instability — can be expected
to relax the strong gradients in both the plasma density and flows that one is able
to reproduce in TDs with small gradient scales. Both instabilities contribute to a
wave spectrum near the lower-hybrid frequency.

Observations of possible tearing-produced magnetic islands in both laboratory
terrella experiments (Dubinin ef al., 1980) and space observations at the Earth and
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TABLE V
Simulation of an ISEE-1 magnetopause crossing

Reference parameters and boundary conditions

To By ki ko xg B: 6 ag, ag,
eV nT A% nT °
Protons 160 33.7 14 0 —62.2 337 3481 -57.6 38.1

Plasma populations

N T Uy U. Cz Ly L, pgy p()]kz
cm™3 eV kms™? kms™?

Outer left populations

Cold electrons  12.8 7 —44 —141 1111 - - - -
Cold protons 18.5 160 —44 —141 1010 1 - 0 -
Hot electrons 6.6 45 44 —141 1111 -~ - — -
Hot protons 0.9 1180 —44 —-141 1010 272 - 0.6 -~

Outer right populations

Cold electrons 0.78 30 -—-142 —-102 1111 - - - -
Cold protons 0.51 545 —142 —-102 0101 185 - 0.6 -
Hot electrons 0.12 1500 —142 —102 1111 - - - -
Hot protons 039 13900 —142 —102 0101 932 - 11.5 -

Jupiter magnetopauses (Greenly and Sonnerup, 1981) suggest the possible occur-
rence of the tearing mode instability. The linear and nonlinear dynamics of the
collisionless drift tearing mode has been thoroughly investigated by a number of
authors (e.g., Galeev and Zelenyi, 1977; Drake and Lee, 1977; Coppi et al., 1979;
Quest and Coroniti, 1981a, b; Kuznetsova and Zelenyi, 1985, 1990a, b; Gladd,
1990). A stochastic percolation model based on these studies has been suggested
by Galeev et al. (1986). In this section we will illustrate two magnetopause equi-
librium models and discuss their stability with respect to spontaneous excitation of
collisionless tearing perturbations:

— A combination of the Harris and Sestero models to illustrate the effects
of the relative flow velocity on the structure and stability of a MCL with nearly
antiparallel asymptotic magnetic fields (Kuznetsova et al., 1994).

— A tractable version (i.e., with a minimum number of free parameters) of our
general TD model to explore the effects of asymmetrical magnetic field profiles.
In the latter simulation, the velocity shear is neglected (Kuznetsova and Roth,
1995).
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Fig. 7. Simulation of an ISEE magnetopause crossing. Labels e and p refer to electron and proton
populations. Subscript sh identifies particles originating in the magnetosheath, while sp refers to
particles from the magnetosphere. Superscripts ¢ and h refer to cold and hot populations.

In both models periodic perturbations of vector and scalar potentials are describ-
ed by small variations Ay AL, ¢~ exp(ik,z+ikyy) superposed on the equilibrium
vector and scalar potentials a, a, and ¢: Ayzay+fly,4 Az=az+fiz, P=¢p+¢. Taking
into account the approximate gauge condition k - A = 0 it is convenient to
introduce the scalar quantity A=A||=(sz1y—— k,A)/k, which corresponds to the
component of the vector potential parallel to the local direction of the magnetic
field near the so-called singular magnetic surface z;, where k - B(z;)=0 (i.e.,
B.(5)/By(ws)=—ky/k:).

We assume that adiabatically perturbed electric current and number densities
can be expressed as functions of ®, Ay, and A, and expanded in Taylor series

for fiy < ay, fL & ay, ¢ K ¢. The linearized Maxwell equations and quasi-
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Fig. 8. Simulation of an ISEE magnetopause crossing: electric structure and bulk velocity.

neutrality condition can then be reduced to an eigenmode equation of Schrodinger’s
type:

(A2A/dz®) — (K> 4+ Vp)A = 0,

where

and

Vo

= 4

kZ

[&Z\I/ +1 (ag—g)z] .4

Il 3
k:5ay — kyzazs

nY
‘I/(ay,az,(;S) = va,]-y, O‘(ay’azy¢) = 322 ’]_';

(40)
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The solution of Equation (40), satisfying the natural boundary conditions
A(x — +o00) — exp(Fkz) — 0, has a jump of the logarithmic derivative
R(z) =dlnA/dx at z = z:

A(zs, k) = Rt (z—2z5 +0) — R (x—z, — 0), (41)

which is proportional to the excess free energy that could be released by current
filamentation in the vicinity of the singular surface. This term depends on the form
of the equilibrium distribution functions and contains information about the global
distribution of plasma and magnetic field in the layer.

For the symmetrical Harris configuration (38) the ‘potential well’ Vj takes the
simple form (Furth et al., 1963)

Vo = —2(k,/kLy)? cosh (/L y), (42)

and Equation (40) can be solved analytically. The analytical expression for A'(x, k),
at an arbitrary magnetic surface x, within the symmetrical configuration (38), in

terms of associated Legendre functions is presented in the paper by Kuznetsova

and Zelenyi (1985). For z; = 0 this expression reduces to the well-known formula

Alg = (1 - k2L%)/kLy (Laval et al., 1966). In a general asymmetrical case, the

solution of the eigenmode Equation (40) and the corresponding jump of the log-

arithmic derivative (41) must be obtained numerically (see Kuznetsova and Roth,

1995).

When A'(z,,k = k) = 0 the solution of the Schrédinger-type Equation (40)
is smooth at z = z,. The corresponding eigenvalue k2 may be thought of as an
‘energy level’ &, = kf of adiabatic perturbations at z = z,. Forinstance,atx, = 0,
the plane of symmetry of the Harris configuration (38), we have & = 1/L2.

When A'(zs, k) > 0 (for k < k) the magnetic surface x, has an excess of
free energy with respect to the excitation of the drift tearing perturbations A, ¢ ~
exp(—iwt + ikyy + ik,z) with wavelength 27 /k and wave vector perpendicular
to the local direction of the equilibrium magnetic field (k - B = 0). Whether this
tendency will be realized depends on other contributions to the energy-balance
condition associated with the temporal evolution of the layer (0/9t ~ —iw) and
with irreversible nonadiabatic interaction of resonant particles with perturbations
in some small vicinity of the x, plane, where kj = (k - B/B) is small and the
inductive and potential parts of the parallel electric field By = (iw/c)A)— ik
cannot compensate each other.

8.1. EFFECT OF THE RELATIVE FLOW VELOCITY

The presence of shear flow affects the structure of the TD as well as the tearing
modes (Lakhina and Schindler, 1983a, b; Zelenyi and Kuznetsova, 1984; Wang
and Ashour-Abdalla, 1992). We illustrate here the modifications by the flow asym-
metry to the Harris neutral sheet (configuration (38) with | Byo| < Bpr) separating
magnetosheath and magnetospheric plasma with nearly antiparallel magnetic fields
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(6 close to 180°). Kuznetsova et al. (1994) suggested to consider a simple equilib-
rium which is a combination of the models of Harris (1962) and Sestero (1966).
To explore the effect of the relative flow velocity, a hydrogen plasma with the
same isothermal temperature (1 keV) in each source region (Table VI) is consid-
ered and the absolute values of the asymptotic magnetic fields are assumed to be
equal: By=B>=By = 60 nT. We choose a coordinate system in which the asymp-
totic plasma flow velocities, directed along the z axis, are antisymmetric, that is,
Vi: = +Vk, Vo, = —Vk (Vk > 0). The structure of the magnetic field is the
following (Byo > 0, Bg > 0, Byg < Bp):

B,(z) >0, B.(0)=0,
By = By, Byy = By,
Blz - _BRa B2z = +BR7

Each electron/ion distribution consists of two inner (¥;; and F;,) and two outer
populations (¥} and F3). The distributions can be deduced from (1)—(3) by assum-
ing:

for Fi1 : N =s9, U, = +Vk, Uy, =Uy = —2cT /ZeByL,

for Fiz : N = 50, Uz = —VK, Uy = Z/{H = —-ZCT/ZBB()E,

for F1 : N=s1, U, =+Vg, Uy =0,

for/, : N=s1, U, = Vg, U, =0,

(43)

and by adopting the velocity distribution parameters listed in Table VI. The velocity
distribution functions for both electrons and protons can then be written in the
form:

B 1( m )3/2 _2HAmVE\
f= 2\ 27T °xp 2T

p\? 2c
X sl+soexp—<z _—ZGT(),pr X

X {erfc [<6.(p, — mVKk)] exp (V—Ir}g—z—) +

Vi
+ erfc [6,(p, + mVk)] exp (—KTPZ> } ,
where §, is given in (5) and £ = L B/ By (Equation 34 determines the relation

between Lp and the drift velocity of the inner particles in the y direction). The
overall density distribution takes the form:

2
n = Zni,
=1
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TABLE VI
Magnetopause with velocity shear

Reference parameters and boundary conditions

To Bo ki k2 x5 By 6o ag,  ag,
eV nT v nT °
protons 1000 60 2 4 0 0 60 -90 0 0

Plasma populations

N T U, U, C; Lipo L. p5, P
em™> eV kms™! kms™!

Outer left populations

Electrons  0.01 1000 0 292 1100 - 1.5 - 0
Protons 0.01 1000 0O 292 1100 - 1.5 -

Ininer populations

Electrons 2.00 1000 146 292 1100 3 1.5 - 0
Protons 2.00 1000 -146 292 1100 3 1.5 - 0
Electrons 2.00 1000 146 —292 0011 3 1.5 - 0
Protons 2.00 1000 146 —292 0011 3 15 - 0
Outer right populations
Electrons (.01 1000 0 —-292 0011 - 1.5 -
Protons 001 1000 O —292 0011 - 15 - 0
with

n,; = }'|:8 _|_ ex <_ﬁ’l__)jl X
N R Y3
Ze (-1)Vka, i Oz
X eXp{—-,Z‘:‘ ¢+ ‘_"—T‘_:l } erfc [(—1) E—O_Lz—po] y

a result that is obtained using the moments calculated in Appendix A.

The structure of the configuration is only determined by the flow asymmetry
factor ( = Vi /U, where U is the drift velocity of the inner ions (Equa-
tion (43)). Assuming ay(0). = a,(0) = 0, it is clear from the quasi-neutrality
condition that ¢(0) = 0. From (21) and (28) (where 1, = 0), it can be seen that
the parameter s; is equal to the symmetrical asymptotic number densities (s; =
0.01 cm™3). Because of the symmetry of the transition with respect to « = 0, and
from (19), (24), and (13), the asymptotic electric potentials should be identical:
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#(x — Foo) = (Vi/c)Byo|z| + constant. The parameter sg characterizes the
number density at the center of the layer: n(z = 0) = sg + s1. The asymptotic
number density s; is chosen very small in comparison with the density inside the
MCL (in order to compare with the Harris model), that is, s; < s¢. The value of
the input parameter sp is determined by the asymmetry factor ¢ in the following
way: for a fixed value of (, an iterative method is used to find the value of sq corre-
sponding to § = 170° (B, = 0.08 Bp), that is, to nearly opposite directions of the
asymptotic magnetic fields. The values of Vi and |U/7;| correspond to ¢ = 2. For
that value of {, it is found that sg = 2 cm™> is the number density of inner particles
required for a magnetic field rotation § = 173.6°. The configuration reduces to the
Harris plane neutral sheet (with 5=0.08 Bg) when ( tends to zero.

Figure 9 illustrates the structure of the MCL for { = 2. Figure 9 shows that
the relative flow velocity results in the generation of a strong B,, component in the
center of the layer (B, (0) > Byy). For { = 2, B,(0) becomes comparable to Bp.
Therefore, in the presence of a shear flow in the MCL with § — 180°, the magnetic
field is expected to rotate from one direction to another, rather than to change its
sign only. For negative Vi the bulk flow velocity has a nonrealistic oscillating
profile inside the current layer. However, simultaneous change of the sign of By
and Vi (which is equivalent to change of the coordinate system, y — —y, 2 — —z)
corresponds to configurations similar to those shown in Figure 9. Therefore, for
8 — 180°, the sense of magnetic field rotation is likely to be related to the direction
of the flow in the magnetosheath: it should be opposite in the northern and southern
hemispheres. Experimental data, discussed by Sonnerup and Cahill (1968) and Su
and Sonnerup (1968), appear to be consistent with this prediction. A number of
dayside magnetopause flow reversal events observed by ISEE-2 have been reported
by Gosling et al. (1990). A preliminary analysis seems to indicate that, in those cases
where also a large magnetic shear is present, the sense of magnetic field rotation is
related to the direction of the magnetosheath flow: it is clockwise in the northern
dayside hemisphere, and anti-clockwise in the southern dayside hemisphere. Also,
in heliospheric current sheet crossings observed by the WIND spacecraft, the
magnetic field had almost antiparallel directions on both sides and did rotate with
nearly unchanged magnitude rather than change its sign only (Szabo et al., 1995).
These recent observations are consistent with the important role attributed to the
velocity shear.

The dependence of B,(0)/ By on the relative flow velocity is shown on Figure 10
for different values of the layer thickness, while keeping the value of § ~ 170°. In
Figure 10 the shear flow velocity 2V is normalized to 2y, thatis, Vi /vo = (po/L,
while the thickness is measured in ion Larmor radius and expressed in terms of
the parameter £ of the Harris model by using the relation Lz /pg = £/ po (valid
for the case where the asymptotic fields are nearly antiparallel). It can be seen
that decreasing/increasing the value of the relative flow velocity can lead to the
same intensity of B,(0)/By, provided the thickness is increased/decreased. On
the other hand, the factor of asymmetry, ( = Vi /[Uf| = (Vie/vo)(L/po), is
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Fig. 10. Dependence of the B, component of the magnetic field at z = 0 (normalized on By) on the
shear flow Vi (normalized on o) for different values of the MCL thickness, while keeping the value
of § & 170°. In this figure the thickness is measured in ion Larmor radii and is expressed in terms
of the parameter Ly of the Harris model by using the relation Ly = £ valid for the case where the
asymptotic fields are nearly antiparallel. It can be seen that decreasing the value of the shear flow can
Iead to the same intensity of the B, component at x = 0, provided the thickness is increased.

directly proportional to L. Clearly, for a fixed value of Vi /vy this factor increases
proportionally to the thickness of the layer (L /po), because of a decrease of the
ion drift velocity ([Z/l;{"l) This results in a decrease of sy and, consequently, from
the pressure balance condition, to an increase of By(xz = 0)/By, as illustrated in
Figure 10. This increase of B, (0)/Bg with Ly, for a fixed Vi, can be explained
by the new distribution of the current density, resulting from the larger value of
the thickness, which modifies the integrated z component of the current density
f_o  J= dz, responsible for the generation of B, (0). This integrated component,
which is proportional to Vi L, is indeed increasing with the growth of Ly for a
fixed Vi, while the integrated y component | focf Jy dz ~ |UF|L g, supporting the
initial (Harris) inversion of the magnetic field or the total variation of B, (= 2B)
is independent of L. Thus the thicker the Harris layer given by configuration (38)
(with Byg < By), the easier ‘to spoil’ it by smaller values of the relative flow
velocity.

The flow asymmetry modifies the potential well (42) corresponding to the
symmetrical Harris case (( = 0), in the following way:

B, B,B,’
Vp= 22 4 vl
Bz BzBO['H

The free energy of perturbations is illustrated in Figure 11 for the central magnetic
surface x = 0. It is seen that the curves ‘(=0 (Harris case) and ‘¢ = 2’ are
close to each other only in the narrow interval of wavelength: 0.5 < KLy < 0.8.
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Fig. 11. The dependence of the free energy of perturbations A’ of the central magnetic surface = 0

on the wave number kL z . The solid curve corresponds to a finite value of the flow asymmetry factor

(¢ = 2). For comparison, the corresponding profile of A’ for the symmetrical Harris configuration
(¢ = 0) is illustrated by the dashed curve.

For longwave perturbations, kLy < 0.5, the free energy is strongly modified.
Specifically, for 0« kL = m*,

A (kLy =m*, ()] " =0.

For kL — m* the perturbed vector potential and, consequently, also the normal
perturbation of the magnetic field tend to zero near the singular surface = = 0.
The x = 0 singular surface itself remains unperturbed; meanwhile the peripheral
magnetic surfaces experience the rippling-type distortions instead of reconnection.
Thus with the increase of the wavelength, the quasi-symmetrical tearing mode
transforms into the asymmetrical kink mode. For kLy < m* the free energy
changes sign, and the mode of ‘negative energy’ transforms therefore to the mode
of ‘positive energy’. Such transformation of the mode type in the longwave limit
(kLyg < m* = z/Lpy) for perturbations of the peripheral magnetic surfaces
(z/Lg # 0) in the symmetrical Harris configuration was considered in detail in
Kuznetsova and Zelenyi (1985).

Assuming that for shortwave perturbations (m* < kLy < 0.8), A'(¢) = A'q,
it is easy to compare the growth rate of the tearing mode v(¢), modified by the
shear flow, with the well-known expression for the growth rate of the electron
tearing mode (7. ), excited in the center of the symmetrical Harris configuration

’Y(C) no ByO B,z(O)EH

e " n(0)By(0) Br ¢4

where ng = n(0) for ¢ = 0, By = By(z — Foo) < |B.(z — Fo0)| = Bg.
For 6 ~ 170° and Vi > || the ratio Byo/By(0) could be very small. It is seen
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from Equation (44) that the growth of the tearing instability will be significantly
suppressed by the large value of the magnetic field B, (0) generated by the shear
flow at the center of the current layer.

8.2. EFFECT OF MAGNETIC FIELD ASYMMETRY

The MCL simulation described by Table VII is taken from Kuznetsova and Roth
(1995). The magnetosheath corresponds to x = —oo, while the magnetosphere is
at x = +o00. There is no velocity shear. The reference particle is a 1000 eV proton
in a magnetic field of 40 nT; this corresponds to the magnetosheath ions. From
Equations (B.2) and (29), one finds pp ~ 115 km, while 1/, = 3.8 statvolts = 1142 V.
There are 3 distinct plasmas: the magnetosheath plasma, an inner plasma and the
magnetospheric plasma, each of which consists of one proton and one electron
component. All electron populations have the same thermal energy; the same is
true for all protons. The integration starts from the center of the transition (zg = 0)
where the magnetic field is inclined by —90° with respect to the 2 axis. The values
of By (0) and ¢(0) are obtained from the pressure balance condition and from the
quasi-neutrality equation.

This example has been constructed in such a way that the outer electrons as
a whole (¥ = 1 and v, = 1) are characterized by an isotropic Maxwellian
distribution. Indeed, the values of N, Cy, and N 72=1 ip Table VII are chosen such
that:

— \3/2 —
- - H
Foer = Y= + F*=' = N~ (z??-) o (‘ T- ) ’

where, from Equation (21), N~ = n(—oc0). For the inner particles, the partial
velocities (uy, u,) and temperatures (T3, Ty, T, and T') do not vary across the
transition layer, that is, uy = Uy, u, = 0, Ty = Ty, =T, = T = T. In particular,
the temperature of the inner electrons does not vary. The total electron temperature
also does not vary across the transition, since the outer electrons are isotropic. The
current along the y-axis is carried only by the inner particles (for which u, = 0).
As u, = 0 for the outer populations, these carry the current along the z-axis.
ThlS can also be inferred from their distributions, as G(Uy, U,) 1n (3) reduces to
5 1 erfc(—U,) for the particles originating from z = —oo, and to 5 ! erfc(+U,) for
the particles originating from z = +o0, because of the particular choice of the C.

This explains the lack of p, dependence in the velocity distribution of the outer
populations, so these particles do not flow in the y direction.

The values of U4, for the inner particles have been computed from (34), with
Br = |Bi:|; Lu = EBl/lBlz| L = 4pg =~ 460 km. The values of N for the inner
populations control the angle of magnetic field rotation 8, because they determine
the current along y, which is responsible for the reversal of the B, component. In
this example By, B, and N'*2 are fixed. V! can then be derived from the pressure
balance condition. In Kuznetsova and Roth (1995) an iterative method is employed
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TABLE VII
Magnetopause with magnetic field asymmetry

Reference parameters and boundary conditions

To By ki ks ja N2 B b ag, al.
eV nT cem ™3 nT °
Protons 1000 40 2 4 1 965 0 40 90 0 0

Plasma populations

N T U, U, Ci Lipo L. poy Pi

cm eV kms™'  kms™!

Outer left populations

Electrons  9.65 250 0 0 1100 - 2 - 0
Protons 9.65 1000 0 0 1100 - 2 - 0

Inner populations
Electrons 3.16 250 274 0 1111 4 - - —
Protons 3.16 1000 -1094 0 1111 4 - - -

Outer right populations

Electrons 0.10 250 0 0 0011 - 2 - 0
Protons 0.10 1000 0O 0 0011 - 2 - 0

to find the value of N; = N%=1 = N¥%=2 corresponding to § = 120°. Figure 12
shows the magnetopause structure; the hodogram illustrates that the magnetic field
rotation § = 120°.

Two groups of Vlasov equilibria were illustrated in Kuznetsova and Roth (1995).
The first group (referred to as case I) corresponds to situations where an increase
of the thermal pressure in the magnetosheath (B; = 40 nT is fixed) causes an
earthward displacement of the MCL (B is increasing, N2 = 0.1 cm 3 is fixed).
Magnetic field hodograms and number density profiles for fixed By =40 nT and
different values of B, and § are shown in the left columns of Figures 13 and
14. The second group (referred to as case II) corresponds to situations where the
positions of the MCL are fixed (B, = 80 nT and A2 = 0.1 cm—3 are fixed),
while any increase of the thermal pressure in the adjacent magnetosheath results in
a corresponding reduction of the magnetic pressure (B; is decreasing). Magnetic
field hodograms and number density profiles for fixed B, = 80 nT and different
values of By and # are shown in the right columns of Figures 13 and 14. The
number density profiles in Figure 14 are illustrated as a function of the distance
x/po from the center of the layer z = 0, where pg = A\ = c(27om™)/?/eBy is
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Fig. 13. Hodograms of B in the MCL for different values of By, Bz, and 6.

a typical ion Larmor radius (79 = 1 keV, By =40 nT). Table VII remains nearly
identical for all simulations in both groups. Only the values of Bj, U, for the
inner particles, N'*1 = N7z (determined from the pressure balance condition), and
.N; (determined by an iterative method as a function of #) may differ from one
simulation to another.

In both groups, the internal structure of the MCL depends on two parameters
characterizing the magnetic field asymmetry: the asymmetry factor kg = (B, —
B1)/B; and the angle of the magnetic field rotation §. These parameters determine
in particular the plasma density and the magnetic field at the center of the layer.
When the asymmetry factor xp tends to zero the configuration reduces to the
symmetrical modified Harris model (38) with a rarefied background. The peak
in density in the center of the layer is associated with the inner populations (the
relative contribution of which to the total number density increases with increasing
angle &) and is likely to be a general feature of a current sheet with large magnetic
shear. It is seen that the introduction of asymmetry in case I (the left column)
significantly modifies the number density in the center of the layer, while in case
II (the right column) the number densities at z = 0 are only slightly different for
various asymmetry factors.

One-dimensional current layers with magnetic shear are thermodynamical non-
equilibrium systems that have an excess of free energy and are potentially unstable
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Fig. 14. Number density profiles n(x) (cm™) corresponding to the magnetic ficld hodograms of
Figure 13.
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with respect to the excitation of large scale, electromagnetic perturbations, result-
ing in the destruction of magnetic surfaces. In Kuznetsova and Roth (1995) and
Kuznetsova et al. (1995) the free energy and the ‘energy level” of adiabatic per-
turbations (with wave vectors k) were evaluated. The stochastic percolation model
suggested by Galeev ef al. (1986) (hereafter referred to as the GKZ model), based
on the symmetrical charge-neutral modified Harris equilibrium, was generalized
in Kuznetsova and Roth (1995), for the sets of equilibria illustrated in Figures 13
and 14. In the GKZ model, reconnection was considered as an irregular multiscale
process associated with the magnetic field diffusion caused by the self-consistently
generated magnetic turbulence. If the distance between the singular magnetic sur-
faces (where k - B=0) corresponding to unstable modes is less than the ion Larmor
radius, the overlap of magnetic islands growing on neighboring magnetic surfaces
results in stochastic wandering of magnetic field lines from one magnetic surface
to another (Rosenbluth et al., 1966). This stochastic process leads to the forma-
tion of percolated magnetic filaments which connect the two sides of the current
layer via an irregular path (Galeev et al., 1986, Figure 1(a)). If regions of sta-
ble magnetic surfaces wider than the ion gyroradius exist within the MCL, the
stochastic wandering of magnetic field lines does not result in percolation, i.e., the
topological connection of magnetosheath and magnetospheric field lines is absent
(Galeev et al., 1986, Figure 1(b)). Therefore the necessary condition for magnetic
percolation through the MCL appears to be the destruction of all magnetic surfaces
within it. This condition imposes a bound on the thickness of the MCL, required
for the formation of reconnection ‘patches’ with characteristic spatial scales along
the magnetopause A, X A, ~ A%,

The energy balance equation for the tearing mode development can be repre-
sented in the following form

A =U,+U. (45)

The right-hand side of Equation (45) is a total non-adiabatic response which
is proportional to the perturbed electric field work upon the singular current
(Jyy = oy &))- The values of these terms are controlled by the local values of the
magnetic field and electron density in the vicinity of the singular surface z = z;.
The term U, describes the irreversible increase of resonant electron energy. The
term U; is the energy expenditure for the excitation of field-aligned ion oscillations,
which carry the wave energy away from the interaction region (where k) ~ 0) and
slow down the growth of the electron drift tearing mode. At the stability thresh-
old, the energy of ion-sound oscillations is exactly equal to the free energy of the
instability: U; = A

The integral expressions for nonadiabatic contributions U, and U; for the general
case and the numerical solution of the marginal condition A’ = U; for the sets of
equilibria illustrated in Figures 13 and 14 are presented in the paper by Kuznetsova
and Roth (1995). It is shown that the ‘most unstable’ magnetic surfaces (with the
widest wavelength range of unstable modes) are located close to the maxima of
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Fig. 15. Dimensionless marginal magnetopause thickness L§” /po, for typical spatial scale of the
reconnection patch Aex = 90pe ~ 10000 km, as a function of § for different values of B and B,.

Here po = c(2Tom™*)'/? /e By ~115 km is a typical ion Larmor radius (7o = 1 keV, Bo = 40 nT).
(a) case I (B; = 40 nT and A, = 0.1 cm™? are fixed, B, is increasing from 40 nT to 80 n'T); (b) case
IT (B = 80 nT and A = 0.1 cm™> are fixed, By is decreasing from 80 nT to 40 nT).

the number density profiles where the stabilizing influence of the coupling with
ion field-aligned oscillations appears to be inefficient. On the contrary, the ‘most
stable’ magnetic surfaces (where the marginal wavelength for the instability is
maximal) are located in regions with the strongest density gradients, where drift
effects are the most prominent and where perturbations are strongly coupled with
ion sound oscillations.

One can assume that the characteristic spatial scale along the magnetopause,
Aext, i determined by external conditions (the size of the magnetopause, the convec-
tion pattern in the magnetosheath). The dependence of the marginal magnetopause
thickness L§" /pg on 0 for Aexy = 90pg ~ 10000 km and different xp is shown in
Figure 15. A MCL of thickness less than the marginal one (Lg") will be subject
to percolation of magnetic field lines. The results shown on Figure 15 represent
the generalization of the GKZ model to the asymmetrical case. Note that for the
symmetrical case (kg = 0, By = B,) the characteristic thickness L§" is linked to
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the characteristic thickness L§*Z used in the GKZ model (L$XZ = 2L ) by the
relation L§ /L$¥? = sin(6/2).

In the GKZ model, northward orientation of the IMF was found to be optimum
for the percolation, that is, the maximum thickness of Harris-type layers subjected
to percolation is achieved for # < 90°. The introduction of asymmetry xp # 0 in
the magnetic field helps to overcome this seeming contradiction with experimental
data (Berchem and Russell, 1984; Southwood et al., 1986). When § < 90°, it canbe
seen that even for small values of the asymmetry factor (kg > 0.15) the marginal
thickness L§" is significantly decreased, that is, only thin MCLs can be subject to
percolation. Therefore the most favorable angle for percolation (6*) is shifted to
larger values: §* > 90° (southward IMF). The larger the asymmetry factor xp,
the larger the angle 6*. For very asymmetrical MCLs (kg >0.4), 0* > 120°. It is
reasonable to assume that the curves shown in Figure 15 qualitatively reflect the
dependence of the characteristic magnetopause thickness (normalized on a typical
ion Larmor radius py = c(2’]6m+)1/ 2/eBg ~115 km for 7y = 1keV, By = 40 nT)
on the angle 6 and the plasma beta in the magnetosheath (which for A; = 0 can be
expressed through the asymmetry factor kp: 8 = k5(2 — £p)/(1 — £5)?). One
can see that in realistic asymmetrical cases (xp > 0.3) the magnetopause should
be thinner for § < 90° (northward IMF) than for § > 90° (southward IMF). For
southward IMF (6 > 90°) the magnetopause thickness depends only slightly on x5
and (. For northward IMF the magnetopause should be thinner for larger values of
[ in the magnetosheath.

9, Formation of Discrete Auroral Arcs

In this section we model the electrical structure of a sheath which separates mag-
netosperic particle populations of different densities and temperatures (Roth et al.,
1993). With plasma parameters typical of the Earth’s outer magnetoshere and
plasmasheet, we obtain results bearing many features pertinent to magnetospheric
processes, specifically the origin of discrete auroral arcs. Although we do not know
precisely where the various particle features in the geomagnetic tail map to in the
ionosphere (Parks et al., 1992), the present computed transition can equally be
representative of the plasmasheet boundary layer (PSBL) in the tail that, following
Eastman et al. (1984), maps to discrete auroral arcs, or to the boundary of some
plasmasheet ‘cloud’ immersed in the central plasmasheet (CPS): another location
which has also been suggested for the mapping of discrete arcs (e.g., Elphinstone
et al., 1991; Zelenyi et al., 1990). In this section, we therefore loosely refer to
the high altitude plasma transitions where aurorae map as being ‘magnetospher-
ic plasma boundary layers’ between plasmasheet ‘clouds’ and their magnetotail
‘background’.
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9.1. THE AURORAL CIRCUIT

The magnetospheric D.C. generator, or EMF, which sustains the dissipative current
in the auroral circuit, should be identified with the potential differences generated
across these magnetospheric plasma boundary layers (in this context D.C. means
that these potentials and associated currents do not oscillate and reverse sign but
is not to mean that the situation is totally time stationary). The analog of this
magnetospheric D.C. generator is the contact potential difference produced at the
interface between two metallic conductors at different temperatures. There are
also other devices and physical mechanisms capable of producing large potential
differences and electric current systems; e.g., the dynamo effect arising from the
relative motion of conductors or plasma clouds in the presence of a magnetic field.
In the case of dynamo action in the magnetosphere, the electric field is generally
called the convection electric field and extends over the whole volume of moving
plasma. For plasma velocities of less than 100 km s~! in the presence of magnetic
fields of 40 nT or less, this convection electric field (E = —V x B) does not exceed
4 mV m~’. However, because the scale size of plasma motions can be very large,
the total potential difference involved may be in excess of 100 kV in the case of
the solar wind’s motion with respect to the Earth. In contrast, the charge separation
thermoelectric field strengths treated in this section can have much larger values
(100-200 mV m~') although such fields are confined to very thin layers at the
edges of plasma irregularities.

When modeling the EMF, we use a TD model. Therefore the currents in the
boundary are perpendicular to the charge separation electric field. In effect, this is
an ‘unloaded’ source of EMF and no energy dissipating currents are flowing. The
actual acceleration and precipitation of electrons that creates an auroral arc requires
that a current system be established that threads both the source of EMF and the
ionosphere by means of magnetic field-aligned currents. Figure 16 illustrates the
plasma discontinuity generating an EMF at the surface of a plasma sheet density
irregularity, and its projection in the terrestrial ionosphere. We expect that the
presence of turbulent wave fields will scatter electrons into the atmospheric loss
cone so that they will be accelerated and precipitated to produce aurorae. Moreover,
the same wave fields will pitch-angle scatter charged particles that originate from
the ionosphere out of their source cone so that a current system threading both the
EMTF and the ionosphere by means of field-aligned currents will be established.

9.2. A MAGNETOSPHERIC D.C. GENERATOR

Although the plasmasheet is rarely in a stationary state, we assume that the structure
of the EMF source does not change significantly over the characteristic period of
time required for an Alfvén wave to traverse it. We also consider that the radius
of curvature of the boundary layer is much larger than its characteristic thickness,
which is of the order of a few ion gyroradii. Under these circumstances the plasma
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TABLE VIII
A magnetospheric generator

Reference parameters and boundary conditions

76 B() kl kz 1,02 .’I:E B1 9() a?;y a’.fz
eV nT A" nT °
Protons 12000 40 12 —-3500 O 40 0 0 0
—1650
0
+3500

Plasma populations

N T U,y U, Ci Ly L. p5y po-
cm™? eV kms™! kms™!
Outer left populations
Electrons  0.50 2500 0 0 1010 0.011 - 0 -
Protons 0.50 12000 O 0 1010 1 - 0 -

Outer right populations

Electrons  0.15 800 O 0 0101 0.006 - 0 -
Protons 0.15 3000 O 0 0101 0.5

1
o
|

layer can be considered as planar. Furthermore, since in general the magnetic field
direction does not vary by more than 10° or 20° from one side of a transition
layer to the other side, we can consider that the direction of B does not change nor
reverse across the transition layer although the scalar magnitude of B may vary.
We assume, therefore, that the magnetic field direction is everywhere parallel to
the z axis. By applying the Vlasov kinetic theory of the 1-D transition layer used in
this review, we are actually modeling the electric field structure for an ‘unloaded’
source of EMF . However, to at least zero order, a description of the electric field
structure for the case of an unloaded EMF will also represent the loaded case quite
well. Indeed, the available potentials and field intensities will change only slightly
in going from a situation of no load to a loaded situation where there is a component
of the total current that is flowing parallel to E (so that E - J # 0).

The plasma boundary conditions in Table VIII describe a plasmasheet cloud
(x — —o0) and the background magnetotail plasma (xr — +o00). There are no
inner populations. The parameters L, and L, correspond to [, = [, = 1, i.e, to
velocity distributions of Sestero type describing the sharpest transition. The plasma
temperatures and densities, and the magnetic field strength are typical conditions
found in the Earth’s outer magnetosphere and plasmasheet. Actually, we derived
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Magnetotail plasma ——

— lonospheric load

Fig. 16. Illustration of a plasma discontinuity generating an EMF at the surface of a plasmasheet
density irregularity (cloud or plasmasheet-lobe boundary), and its projection in the terrestrial iono-
sphere. Electric potential differences are produced by thermoelectric charge separation at the interface
between the two plasma regions and are distributed transverse to the magnetic field in the z-direction.
These potential differences map down into the ionosphere and drive Pedersen currents, provided
the local ionospheric conductivity is large enough. Due to micro-instabilities in the interface region,
electrons are scattered in the loss cone; they enhance the ionization at low altitude and increase the
Pedersen conductivity. Large Pedersen currents flow in the ionosphere. The diminution of the resis-
tivity reduces electric potential gradients in the ionosphere and leads to the formation of field-aligned
double layers such that the circulation of the electric field along the whole circuit is equal to zero
(assuming a time independent magnetic field distribution). The field-aligned potential drop accelerates
the scattered and precipitating electrons to several keV. An auroral arc is formed by the bombardment
of these electrons in the atmosphere. This produces an additional enhancement of the ionospheric
conductivity, smaller ionospheric potential differences but larger field-aligned ones. Provided the
plasma cloud in the magnetosphere is a large reservoir of electrons or if the cloud is propagating in
the +z-direction, the source of precipitated electrons is constantly fed and the auroral arc lasts as
long as a large EMF is maintained in the magnetotail. This figure is taken from Roth ef al. (1993).

the electron number densities and temperatures from rocket data showing a dis-
continuity in the inferred temperatures and densities of the parent magnetospheric
plasma at the edge of an auroral arc (Lyons et al., 1979; Lyons, 1981). The ion tem-
peratures were estimated on the premise that ion temperatures in the plasmasheet
are typically 4-5 times higher than the electron temperatures. We modeled the
electric and plasma structure of the transition layer when the large-scale, externally
applied potential across the system is —3.50, —1.65, 0, and +3.50 kV. The magnetic
field strength deep in the plasmasheet cloud (B1) was kept equal to 40 nT for all
cases.

In the theory of Lyons (1981), the external potential difference 1 is the source
of the auroral EMF. Such an additional potential drop will bias the electric potential
distribution. It can either sharpen or attenuate the electric potential gradient inside
the transition layer as shown in Figure 17. This figure displays the solution for
the electric structure of the transition region in the four cases. The left-hand-side
panels in Figure 17 characterize the ion-dominated layers, while the right-hand
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Fig. 17. Electric potential ¢ and electric field E structures for different values of the potential differ-
ence (1, = 3500 V; 0; -1650 V; -3500 V). The left-hand side panels characterize the ion-dominated
layers, located at both ends of the sheath, while the right-hand side panels represent the thin elec-
tron-dominated layer near x = 0. The presence of a plasma boundary concentrates the imposed
electric potential over a small scale size and gives rise to localized potential differences much larger
than that produced by the contact between the two plasmas alone (solid curve ¢z =0 V).

panels pertain to the narrow electron-dominated layer near x ~ 0. The most
striking feature of the potential distributions across these plasma boundaries is that
most of the potential difference appears over a small scale size at the boundary. The
presence of plasma boundaries in the system concentrates imposed electric fields
and gives rise to localized potential differences much larger than that produced
by the contact between the two plasmas alone. The actual potential differences
available in the magnetosphere because of the solar wind’s interaction with the
geomagnetic field often exceed 100 kV, but the exact value will depend on the
amount of intervening structure between the magnetotail boundary layer and the
solar wind. Furthermore, the plasmas in the outer magnetosphere are known to be
highly structured with both large-scale structures (e.g., the boundary layer of the
plasma sheet) and small-scale internal structures (e.g., illustrated in Parks et al.,
1992).



VLASOV THEORY OF TANGENTIAL DISCONTINUITIES 299

Lyons (1981) has demonstrated that the existence of a large potential difference
applied over a small scale size transverse to the magnetic field in the outer mag-
netosphere is a sufficient condition for the creation of large magnetic field-aligned
potential differences between the outer magnetosphere and the ionosphere so as to
accelerate electrons downwards. Any magnetospheric electrons scattered into the
atmospheric loss cone will be energized and precipitated to produce aurorae.

The plasma populations within the transition region are likely to produce a wide
variety of waves which can scatter the electrons into the atmospheric loss cone.
Moreover, the modeled scale sizes of the potential distributions transverse to the
magnetic field in the outer magnetosphere are no greater than 500-800 km and
exhibit structure on even smaller dimensions. Such scale sizes map from the outer
magnetosphere to dimensions of tens of km at ionospheric altitudes, dimensions
consistent with those of auroral displays. Because the scale size of the transition
regions between plasmas is appropriate to auroral arc dimensions, because the
electric potential differences across such boundaries are consistent with those
required to account for the energized electrons associated with discrete auroral arcs
(much enhanced by the large-scale potentials applied across the magnetosphere),
and because wave particle interactions within the transition regions likely produce
pitch angle scattering we conclude that plasma boundaries are the location and
source of electromotive force required to produce discrete aurorae.

10. Multi-species TDs in the Solar Wind

So far, only plasmas consisting of electrons and protons have been considered. In
the solar wind, however, the presence of heavier ions may alter the structure of the
discontinuity. The modeling of directional discontinuities in a multi-species plasma
is part of the Interdisciplinary Study of Directional Discontinuities in the Solar Wind
in the framework of the ULYSSES Mission (Lemaire ef al., 1983). One objective
of this study is a detailed comparison of theoretical calculations with magnetic field
and particle flux measurements performed by instruments onboard the ULYSSES
spacecraft. The best time resolution of magnetic field measurements obtained with
the ULYSSES spacecraft (2 vectors by second) (Balogh et al., 1983) is sufficient
to resolve the structure of not too sharp discontinuities (with large thickness, of the
order of several proton Larmor radii). Although the best time resolution for direct
plasma measurements is much lower, a selection of TDs in the solar wind can be
made where, on both sides of these selected cases, first moments of the velocity
distributions have been clearly determined from observations. Here, an example
from Roth (1986, Figures 1, 2, and 3) is discussed that includes electrons, protons
and alpha particles. This example is based on typical plasma data found in the solar
wind, not on specific measurements of plasma and field across an observed TD.
There are no inner populations in the simulation summarized by Table IX. The
transition is a region where two outer plasmas with three components interpenetrate.
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TABLE IX
A solar wind TD

Reference parameters and boundary conditions

76 B() kl kz 1[)2 1123 B1 00 agy a(’;z
eV nT v nT °
protons 6 495 3 2 0 -23 495 45 -15 15

Plasma popu]atiéné

N T uy uz C; Ly L, pay pgz
em™> eV kms! kms!

Outer left populations
Electrons 5.00 15 218.6 -3107 1111 - - -
Protons 4.50 6 222.9 ~3150 1011 1 1 0 0

Alpha particles  0.25 16 179.7 -271.8 1011 163 163 0 0

Outer right populations

Electrons 3.00 10 175 ~285 1111 - - -
Protons 2.70 4 175 --285 0100 082 082 0 0
Alpha particles  0.15 12 175 ~285 0100 141 141 5 5

Typical plasma boundary conditions were chosen. On side 1, for negative values
of z, there is a ‘hot’ plasma of hydrogen and helium, while on side 2, for positive
values of z, there is a ‘cold’ plasma of hydrogen and helium. Notice that each
plasma component on side 1 has a distinct partial velocity satisfying Equations
(16) and (17) for j = 1. The partial velocities on side 2 are equal to the plasma
bulk velocity in Equation (26). The values of the normalized thicknesses (L, and
L) in Table IX correspond to velocity distribution functions of Sestero type. Each
electron velocity distribution function is isotropic about its mean velocity. The
electric potential difference v, is set to zero in this simulation.

Figure 18 displays the structure of the discontinuity. The plasma characteristics
of species originating from side 1 and side 2 are illustrated in the four panels on
the left-hand side, and in the four central panels, respectively. The four panels
on the right-hand side refer to the admixture of the two outer plasmas. Figure 19
summarizes the electric and magnetic structure.

The results in Figures 18 and 19 show how to model a tangential discontinuity
in a multi-species solar wind plasma, with shears in both the flow velocity and
magnetic field.

Recently we have attempted to model a broad tangential discontinuity based on
actual ULYSSES observations on July 3, 1993, 5:29 UT, at 4.57 AU and —33.8°
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Fig. 18. The plasma in a multi-species solar wind TD. Labels e, H and He refer to electron, proton
and alpha particle populations. Side 1 corresponds to z = —oo, side 2 to z = +o0.

heliographic latitude (De Keyser et al., 1995). Its width is about 130 000 km, cor-
responding to 230 proton gyroradii. Dashed lines on Figure 20 show the magnetic
field components in the minimum variance frame; the solid lines depict the simu-
lated profile. The model can represent the overall multi-layer structure of this TD
fairly well. The success of such a simulation confirms that our kinetic model con-
stitutes a realistic basis for further studies of the structure and stability of tangential
discontinuities.

11. Discussion

Extensive theoretical work has been performed on the equilibrium structure of
TDs by constructing steady state solutions of the Vlasov equation. In the multi-
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Fig. 19. The electromagnetic structure of a multi-species solar wind TD; hodograms and plasma
flow profiles.

species model presented in this review all particle populations (from both outer
regions and from inside the layer) are described using a unique formalism for the
velocity distribution functions. We have demonstrated in this review that most of
the previous models found in the literature can be retrieved as special cases of our
general model. Our mode] also describes current layers with velocity shear and
large angles of magnetic field rotation. It can therefore be applied to very complex
structures often observed, e.g., at the magnetopause or at the heliospheric current
sheet. Such a multi-species model with a large number of free parameters and
different gradient scales can illustrate many observable features of TDs, including
their multiscale fine structure. However, the one-dimensional, time-independent
Vlasov approach has a number of limitations:

_ The one-dimensional assumption generally used in these models implies that
the TD is of infinite extent in the y and z direction. However, with a magnetopause
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Fig. 20. Observed (dashed lines) and simulated (solid lines) magnetic field components in the MVF
(rotated for convenience by —15° along the z-axis) for a solar wind TD observed by ULYSSES. The
average normal field (not shown) does not exceed 15 % of the field magnitude. The vertical lines
delimit the TD crossing, centered at July 3, 5:29 UT, and lasting about 3 min. The horizontal axis
gives the corresponding length scale along the TD normal (magnetic field data courtesy: A. Balogh,
Imperial College, U.K.).

thickness of the order of 1000 km (Berchem and Russell, 1982a) and a radius of
curvature of a few Rg, the one-dimensional assumption is reasonable. The radius
of curvature in the solar wind can exceed 10° km, so the one-dimensional approach
may be even better.

— Vlasov theories of plane tangential discontinuities yield nonunique solutions,
as particle distribution functions can be assigned arbitrarily to different regions
of phase space. For convenience only single-valued distribution functions of the
constants of motion are considered.

— Time-independent plane TD models do not provide a complete solution to
the problem of particle accessibility, both to the current layer itself, and, more
specifically, to different phase space regions (Whipple et al., 1984). In purely plane
and stationary models, all the particles are essentially trapped in the sense that none
come from or can go to arbitrarily large distances from the current layer, and we
therefore have no information about drift paths that go back to the particle source.
It is also necessary to know something about the drift paths in order to locate the
particles in phase space, and to determine the demarcation boundaries between
the plasmas that originate in different source regions. Stationary plane Vlasov
configurations are supposed to be formed from remote plasma source regions by
suitable transport across magnetic field lines. A possible way to solve the particle
accessibility problem is to consider the temporal behavior of the sheath (Morse,
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1965) and/or two or three-dimensional models. Full or hybrid particle simulations
are different approaches to TD structure; the basic premise of these approaches
is that useful information about TDs can be obtained by studying their temporal
evolution starting from an initial state (Berchem and Okuda, 1990; Cargill and
Eastman, 1991).

— The large number of free parameters obscures the relation between boundary
conditions and the internal structure of the layer. The generalized model of TDs
presented in this review also introduces a number of free parameters that are not
determined by the boundary conditions. Kuznetsova et al. (1995) have discussed a
procedure that helps to choose appropriate values for all these parameters: among
all configurations with the same thickness and boundary conditions, one could
select the most stable one, which corresponds to the minimum integrated value
of the ‘energy levels’ of large-scale adiabatic electromagnetic perturbations over
the transition. This procedure reduces arbitrariness and allows to determine some
properties of the internal structure of the MCL which are not directly measurable
(e.g., the electrostatic potential drop across the layer).

— One-dimensional current layers with magnetic shear are thermodynamical
nonequilibrium systems that have an excess of free energy and are potentially
unstable with respect to the excitation of large-scale perturbations.

Research on the stability of TDs has focussed on the magnetopause because of
the availability of observational evidence. Study of magnetopause structure and
stability (Section 8) has shown that if the magnetopause thickness is much larger
than the marginal one (below which the current layer is subjected to percolation),
a large domain of stable magnetic surfaces should exist within it, which should
prevent particles diffusion across the layer. Note that microscopic plasma turbu-
lence (e.g., lower hybrid drift instability (Gary and Eastman, 1979; Winske et al.,
1995; Treumann et al., 1995) that could provide diffusion when the magnetosheath
and magnetospheric fields are parallel) is strongly stabilized by the magnetic shear
when 0 is substantial. In this case a one-dimensional slab TD could be considered
as a good model for the magnetopause current layer if one disregards the question
of particle accessibility discussed by Whipple et al. (1984). When the thickness is
close to the marginal value, the MCL can be modeled as a tangential discontinuity
‘spoiled’ (in the first approximation) by embedded percolated magnetic filaments.
In this case the MCL is likely to have a pore-like fractal structure, where percolated
magnetic filaments (common for both sides of the MCL) are surrounded by closed
magnetospheric and open magnetosheath field lines. The process of aggregation
(self-organization) of these filaments into large-scale clusters (like FTEs) due to the
attraction of field aligned currents is a challenging subject for future studies. When
the MCL thickness is much less than the marginal one, strong, large-scale magnetic
turbulence develops within the layer. The diffusive broadening of the symmetrical
current layer when a large number of tearing modes are allowed to grow together
was illustrated by Wang and Ashour-Abdalla (1994), using a three-dimensional
particle simulation.
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Plasma micro-instabilities in TDs have not been considered in this review. These
micro-instabilities tend to operate at much higher frequencies than the macro-
instabilities. The resulting waves are believed to be generated by currents and
beams existing in the TD itself. Currents in TDs can be a considerable fraction of
the ion thermal speed, so that relaxation via plasma micro-instabilities could arise.
Generation of lower hybrid turbulence is a common feature at the magnetopause
(e-g-, Anderson et al., 1982). Broadband electrostatic noise is also a common feature
observed in the PSBL (Parks et al., 1992). Roth et al. (1993) have suggested that
this electrostatic noise is a indication that enlarged electron layers (observed scale
size 50 km) in the PSBL generate enough wave power to scatter electrons into the
loss cone at a rate sufficient to maintain an auroral activity.

Appendix A. Velocity Distribution Moments

In this appendix we analytically compute the moments of the velocity distribution
function. Writing

Zeay B Zea,

U;ijv.tz — (:I:Z)T/z m—(r+23+2t)/2 (H _ Ho)r/Z(py _ - )3(pz - )t +
+ifv, >0, —ifv, <0
= W(Hapyapz)a
we have, due to (1) and (7), and because of
+o0 l
/ (y - f)(T_l)/z exp(—ay) dy = W l/2q=(r+0/2 exp(—af),
¢
that

4
Qrst = Mrst Z Ck Iky(s) Ikz(t)
k=1

if r is even (it is 0 otherwise), with

M, = 2~ (r+6)/2 _rt (25 42642)/2 - —1 pr (r=2)/2.,

(r/2)!
1

F(Zeg+ fmil?)|,

X exp |—
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Z
Iiy(s) = ( eay> erfc(—exyUy) X
—0o0
1 Zea Uy
sl 5
Zea,\*t
Ikz(t)z ( ) erfc(—ex, U, ) x

1 Zea,\? U,
X exp [_—ZmT (pz T ) + pr ] dp.,

where €5 = (e, €x,) are the bisectors of the four quadrants of the (a, — a;) plane,
numbered as:

€ =(-1,+1), € =(+1,+1), e, =(-1,-1), ¢, =(+1,-1).

It is found that (for r even):

4
Q'rst = Mrst Z Ck Iky(s)lkz(t)y

k=1
where

1, 7! 27 (rtst)/2 Ze y a,

-Mrst = 2-7;2 (T_/Z_)TN (E) exp I:—? <¢ - -C—Lly — ?L{zﬂ y
-+oo

Toy(s) = [ exp(-2)(py — K,)" exfe(Aryp, + Buy) dy, (A1)
00
+00

Tot) = / exp(—p?)(p, — K, )t exfc(Ap.ps + Bys) dp,, (A2)

where we used the abbreviations:

m \ 1/2 m\ 1/2
K== (7)) W Ko-(F)

Ay = —exy (2mT)1/26,, Apy = —e(2mT)Y26,,

Bky = "“Ekyfsy (Ze%i - hpOy) y By, = —€;,0, (Ze%i - hpOz) .
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The integrals (A.1) and (A.2) are both of the form:

+o0

L, 8) = [ exp(—y)(y = )" etelay + B) dy

—00
With the binomial expansion, we find:

n

(k,a,8) = Z ( )" * Tk, B),
+00
i, B) = / exp(—y*) y* erfc(ay + §) dy

Any moment of order r + s + ¢t can now be calculated. In particular, for moments
of order not greater than 2, which include most plasma parameters of interest, it
suffices to calculate .Jg, J1, Jo, Iy, 11, Io:

Jo(a, B) = v/merfe(R),
Ji(a, B) = —S exp(—R?),

J(a, ) = !2—7? erfc(R) + RS2 exp(—R?),

Io(k, a, B) = Vmerfe(R),

I (K‘a a, /B) = —\/7_“9 erfc(R) -S exp(—Rz),

Lk, a,B) =7 (k2 + Dyerfc(R) + S(2k + SR) exp(—R?),

where

R=p(1+a?)Y2, S=a(l+a?)V2

Introducing
1 CP0y> 1 ( CpOz)
= — T 1 -Az - T - )
A= B, (“y Z|e L,pBo \¥* " |Z]e
cev22mT
pBo =

|Z]e
it can be seen that:

Rky = Bky(l + A% ) 172 —Eky.A
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sz = Blcz(1 + A%z)_l/z = "eszza
Sky = Aky(l + Aiy)_l/z = “fkyh/lya
Skz = Akz(l + ‘A%Z)—l/2 = _ekzh/lz-
We then obtain:
Iky(0)=\/7_r erfc(—fkyAy),
€yl
Ty (1)=/T U, exfe(—epyAy) + —’% exp(—A2),
24, A
Iky(z)z'\/?%(l + ﬂi)erfc(—ekyfly) T €ky (_f_y - _lfy‘) CXP("AZ)7
Ikz(0)=\/7_l’ Cl'fC(—Ekz.Az),

Y Y
fk;zh/ 2
Ikz(l)zﬁzlz erfc(_ekz-Az) + 1 CXp(—.Az),

2h4 .
Ikz(z)zg(l + ﬂlﬁ)erfc(—ekz./lz) + €, <_l_—z_ — %) eXp(—Ag),
where
u Uy _ U,

W= AT T VT

We now find analytical expressions for the first moments:

VA
QOOO = NeXP <_7—E(P) G(Aya Az)a

27T\ /2 A
Qoo =N (——) exp (‘%@) X
m

X {_Lin(Ay,Az) +

| =

V(A,) exp(—Az)} ,

30

T by

2:]’ 1/2 VA
Qoo1 = N (-T—n—> exp (‘%@) X
1 h 2
<6t A0+ 2 exp(~42)|.
_Ze

T T
Q200 = EN exp( T <P> G(Ay,Az) = -TEQOOO,
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Q020~N—?£ exp <—~~ZT—6¢) [2 (1 + 21/{2) G(Ay, A.)+

h

+"\7—E (21_/1_1/ - h%) V(A;) exp(——Ai)J )

where

4
G Ay, A, ):3 S O exfe(—eiy Ay) erfe(—e As), (A3)
k 1

1 4
Ay) =21 Z Cy erfe(~epydy) =

:%(Cl - C3) erfc(+Ay) + %(CZ - C4) erfc(—.Ay),

4

1
y(AZ)::Z Z ekka CI'fC(—észz) =
k=1

=1(Cy - C3) erfe(+A,) + 1(Cr — C1) exfe(—A,).

The plasma parameters can now be calculated explicitly. First notice that:
27\ /2 Ze 2
N (7{) eXp< ) 7L y(Az) exp(—Ay) =

27\ /2 27T\ /2
= Qo1 — ( = ) U, Qooo = (ﬁ) (2 ~ Uy )Qovo,

N (%)UZexp (*écig)) TTZ (A,) exp(—A%) =

27 1/2 27T 1/2
= Qoo1 ~ (——) U, Qoo0 = (~—) (u, — U, )Qooo
m m

T A
Qoo = — {1 ~-2U, ~ u,) (U_y - h—l:y) + Q,Liyy_y} Qooo,
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T A,
Qo2 = - 1-2(U, —u,) (11,, - hT> + ﬂzuz} Qoo0,
where
U, = 'U'y Y, = Uz

2T m’

One can then deduce:

]

2T /m

n = N exp (—%_—e-go) G(Ay, A), (A.4)

. 27\ /2 z 1 h
Jy=2Ze {nuy +N (—T—n—) exp (——;fe<p) ﬁi;y(Az) exp(—.Az)} ,

with

u + _1_£y(~’4z) exp(—A%/)
TV N mly G(Ay A

1 h Z(Ay) exp(-A2)

U, = Ziz + 7'7—_‘_5 G(Ay,Az)

Appendix B. Scaling Factors

In this Appendix we introduce reference values for all physical quantities. We
select a reference particle with mass A, = mo, degree of ionization Zp, and
thermal energy To. We also choose a reference magnetic field By. The scaling
factors can then be defined as:
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— Velocity: the perpendicular thermal velocity vy of the reference particles,

27,
Ay =g =4/ =22 (B.1)
mo
— Length: the Larmor radius pg of the reference particle in field By,
moUoc cv/2moTy
Ae=pp= e = 00, (B.2)

| ZoleBy | Zo|eBo

— Magnetic and electric field: In the Gaussian system, the electric and magnetic
fields have the same units; therefore:

Ag = Ap = By. (B.3)

— Electric and magnetic potentials: from (B.2) and (B.3):

movgcC

Ap = Ag = ——.
¢ [Zole

~ Charge: because A\. )\, /Ay represents a momentum (A, Ay ), we have

Ae = AmA /A = |Z°le”°

— Time and current density: because of Maxwell’s equation

10FE 4«
VxB=-—+—1J,
3t+ c

we have Ay = Mg /Ay and Ay = Ay Ag/Ag:

_ mgc _ |Zo|eB}
L= |Zo|eBy’ 7 moc

At is the Larmor period of reference particles in magnetic field By.
— Energy: because A\.\y4 represents an electrostatic energy, we have

At =27
— Particle number density: because Aj = A, A Ay, we have:

. _ B _B
n_mov%_Z’Z[)'

— Pressure: we can deduce the unit of pressure from either the magnetic pressure
(B?/8) or the plasma partial pressure (P” = n”T"):

Ap = B3,
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— Charge density: from V - E = 47q or from ¢ = Y Zne it is found that

N = A — |Z0leBg
1 mgvoc'

Appendix C, Electric Field and Charge Density

Taking the derivative of the charge neutrality Equation (32) with respect to x yields
a relation between the electric and magnetic fields:

(B ZZ”— —ByZZ” )/Z

In Appendix A the moments of the distribution function, like n(x), are expressed

in terms of the quantities A, A, and ¢. This allows us to compute (dropping the
v index):

"= L)

dp T M)

dn _ Zeuyn(x) ox <_Ze ) dG
day T Lyp0Be P\ T¥) a4,
dn _ 7y o o (_Ze)ﬁ
da, T L,poBy p T(p dA,’
aG

G 2 2
T = = P ADZ(Ay)

The charge density distribution ¢{x) =

»—1Z"”en” is obtained from Poisson’s
equation:

d?¢
—— =4 i
= 7q(x)

The Laplacian of ¢ can be calculated as a function of ¢, a, and a,, by taking the

second derivative of the charge neutrality Equation (32). After some algebra, we
see that:
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1
g =——7 X

4red (Z¥)Pn¥[TY

v=1

v ZV l/dn 2 u n¥
{ZEByZZ 39da. 2EBZZ ¢dy+EZZ d¢2

d2
+B? Z” + B2 Z” ~2B,B,Y 7" -
Z Z ZZ daydaz
J 774 —J zv
Z day Z daz}
where (dropping the v index):
&n 22U, ZeN ( Ze ) ile
dgda, ~ T2¢ " LpoBoT P\"T %) a4,
d*n Z%e%, ZeN ( Ze ) dq
= - n— exp| ——==@ | —,
déday, T2 LypoBoT 77/ dA,
d*n _ AT
a2 T
d*n _ <Zeuz)2n+ 2N <Z6Uz A )ex ( Ze ) dG
dz = \eT L.p0Bo \ ¢T  L.poBo) P\ TY%) a4,
d%n (Zeb{y>2 2N [ Zeldy A, < Ze ) dG
— = n+ - exp|l——p ) —,
da cT LypoBo \ T LypoBy T dA,
én (§E>2uun+ ZeN (U 4G Uy 4G\ (_Ze N
dayda,  \cT) VT poBoeT \LydA, " L.dA, ) P T"”)
N Ze
— N (Cr+Cs—Cr - Caexp |- 2o+ A2 2)]
+7rLysz%Bg( 2+ C5 — C 4)exp[ (TQO-!-.A + A
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