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Abstract. The periodicity of droplets emanating from a single and 
from two orifices with a common fluid reservoir between them was 
investigated. Experiments were conducted in which the effects of 
variations in mass flow rate, orifice diameter and common reservoir 
volume were determined. The results reported herein indicate that 
dripping from an orifice at relatively low mass flow rates is singly 
periodic and that the period between droplets is inversely propor- 
tional to the imposed mass flow rate. A simple model of the singly 
periodic droplet emission process is developed and supported by the 
experimental results. Period doubling initiates and continues to 
develop with further increases in the mass flow rate. It is marked by 
the introduction of additional, smaller diameter droplets that are 
interspersed temporally among the larger, primary droplets. The 
presence of a common fluid reservoir volume between two orifices 
of the same diameter is shown for the singly periodic regime not to 
alter the droplet emission rate of either orifice as compared to its 
single orifice counterpart. The volume of the reservoir, however, 
does affect the mass flow rate per orifice necessary for initial period 
doubling, with this mass flow rate being lower for a smaller reservoir 
volume. 

1 Introduction 

There are many devices such as bubble jet printers (Asai 
1989) whose operation is based upon the expulsion of liquid 
from multiple nozzle arrangements that are fed from a com- 
mon fluid reservoir. In this situation there can be some 
degree of dynamic interaction between the flow from each 
orifice. Herein, we report on an experimental study of this 
type of interaction using the very simplified yet realistic 
geometries of a single orifice and two orifices with a common 
fluid reservoir between them. Although a number of studies 
have been conducted using a single orifice, no similar studies 
of two common-fluid-reservoir orifices have appeared in the 
literature. 

There are many reports on experiments with the drip- 
ping of a liquid from a single small orifice when the period 
between drops is relatively large, on the order of ten to several 
hundred seconds. In such quasi-static situations, primarily 
surface tension and gravitational forces govern droplet for- 
mation. One of the earliest investigations was reported in 
1864 by Tate, a pharmacist, who performed experiments to 
quantify the effects of tube diameter and other parameters 

on the weight of the dispensed droplet. Additional, related 
studies were reported by Rayleigh (1899), Harkins and 
Brown (1919), Padday and Pitt (1973), and Wilson (1988). 
Manfr6 (1966) presented a model of and experimental results 
for droplet formation driven by a hydrostatic head and 
reviewed previous, related works. These studies collectively 
revealed that the size of a droplet formed from the pendant 
liquid emanating from an orifice was governed not only by 
surface tension and gravitational forces but also by the shape 
of the pendant's neck curvature at the instant of release. This 
curvature implicitly was related to the dimensions of the 
orifice and droplet, and the liquid's properties. These studies, 
however, did not examine either the periodic nature of 
droplet emission per se or its stability. 

Several definite studies on the dynamics of droplet emis- 
sion from an orifice have been conducted more recently at 
higher droplet emission rates. These studies have extended 
from the regime of periodic droplet emission to that of 
chaotic emission. Shaw (1984), Martien et al. (1985) and 
Crutchfield et al. (1986), for example, have performed exper- 
iments to examine the dynamical aspects of a dripping 
faucet, including the period-doubling transition to chaotic 
behavior. They have demonstrated amply that at small flow 
rates the dripping is periodic, but on increasing the flow rate, 
period doubling occurs. A further increase in the flow rate 
led to more bifurcations and eventually to chaotic behavior. 
In addition, Shaw (1984) presented a simple dynamical sys- 
tem model, which has some of the characteristics of the 
experimental results. Wu and Schelly (1989) also have car- 
ried out experiments with the single orifice to determine the 
effect of temperature dependent surface tension on the pro- 
cess. 

Rather than concentrating on the chaotic aspect of 
falling drops, the present experiments investigated further 
the periodic regime and, in particular, the effect that various 
system parameters had on the periodic behavior of the 
droplet emission and the interaction between orifices. For  a 
single orifice, like that of Shaw's, the effects of mass flow rate 
and orifice diameter on droplet periodicity were investigat- 
ed. Then, using two orifices with a common fluid reservoir 
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between them, the effect of the reservoir fluid volume was 
examined. This study differs from previous ones in that the 
present experiments were conducted at fixed volumetric flow 
rates, whereas the aforementioned experiments were carried 
out with the flow being driven by a constant  pressure head. 

2 Experimental apparatus 

A schematic of the system used for the present experiments 
is shown in Fig. 1. In this configuration, the times of droplet  
emission from either a single orifice or two interconnected 
orifices were detected using a laser /photodetector  arrange- 
ment and the droplet  mass flow rate using an electronic 
balance. Addi t ional  details of the experimental  appara tus  
are presented by Weis et al. (1991). 

Specifically, l iquid ethanol  was supplied to the orifice(s) 
through flexible tubing from a 50 ml plastic syringe mounted  
on a constant  volumetric (therefore, constant  mass) flow rate 
syringe pump. The volumetric flow rate range for the present 
experiments, from approximate ly  2 to 20 ml/min, resulted in 
effluent droplet  mass flow rates from approximate ly  30 to 
300 mg/s. The typical dura t ion for an experiment was 
2 minutes. The effluent ethanol  was collected in a glass 
beaker placed on top of an electronic balance that recorded 
the accumulated mass of the droplets  with an uncertainty of 
_+ 10 mg. Informat ion on the accumulated droplet  mass was 
gathered in real-time on a personal  computer  and then used 
to determine the droplet  mass flow rate. Fo r  the range of 
mass flow rates investigated, this yielded maximum uncer- 
tainties in the mass flow rate ranging from -+0.03% to 
-+ 0.28 %, assuming a negligible error  in the measurement  of 
time. For  the double orifice experiments, the mass flow rate 
from each individual orifice was measured in addi t ion to 
the total  mass flow rate. In this paper,  the term mass 
flow rate refers to the total  mass flow rate supplied by 
the syringe pump, and the term mass flow rate per orifice to 
that through an individual  orifice. 
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Fig. 1. Schematic of the experimental set-up 

A laser /photodetector  system was used to detect the time 
at which droplets  depar ted from the tips of the orifices. The 
beam from a 10 m W  HeNe laser was split and aligned using 
reflecting mirrors  to cross each falling droplet  pathway ap- 
proximately  5 cm below the tips of the orifices. One beam 
was directed through a half-silvered mirror  directly onto a 
pinhole aperture masking a photomult ipl ier  tube, while the 
other was reflected by the half-silvered mirror  and then a 
reflecting mirror  to a photodiode  that was mounted behind 
another pinhole aperture. The signal from the photomultiplier 
tube was sent to one channel of a digital oscilloscope. The 
photodiode  was connected in series with a 220 ohm resistor 
and a constant  voltage supply. The voltage drop across this 
resistor was monitored on another  channel of the oscillo- 
scope. In this manner,  the photodetectors '  responses to the 
falling droplets  that interrupted the laser beams could be 
viewed simultaneously on the oscilloscope and stored for 
subsequent analysis. The photodetector  system yielded 
signal-to-noise ratios of approx. 20-to-l ,  which were easy to 
discriminate to determine the droplet  period. Based on re- 
peated measurements using the time cursors on the oscillo- 
scope to determine the droplet  period, the error was deter- 
mined to be _+ 4 ms of 400 ms full scale. Thus, the maximum 
uncertainty in the droplet  period was _+ 1%. 

Three different cylindrical, blunt-t ip orifices denoted as 
orifices A, B and C, were utilized in this investigation. Ori- 
fice A, used for the majori ty  of the experiments, was a minia- 
ture barbed polypropylene 1/16 in. x 1/16 in. fitting with a 
tip length = 0.838 _+ 0.025 mm, ID = 1.080 _+ 0.013 mm, and 
O D  = 1.727 _+ 0.025 mm. Orifice B was a 21 gauge stainless 
steel hypodermic  needle with a length--15.1_+0.1  mm, 
ID = 0.521 _+ 0.013 mm, and O D  = 0.813 _+ 0.013 mm. Ori- 
fice C was a stainless steel tubing-to-male Luer needle lock 
connector  with a tip length = 8.5 _+ 0.1 mm, ID = 1.867 _+ 
0.025 ram, and OD = 4.077 + 0.025 ram. These tolerances 
resulted in maximum errors in the IDs of _+ 1.20%, -+ 2.50% 
and + 1.34% for orifices A, B and C, respectively. 

Two double-orifice configurations were utilized for the 
experiments in which the effect of reservoir volume size was 
examined. Each configuration was constructed by at taching 
two A orifices with elbows to a T-shaped junct ion whose 
remaining end was connected to a flexible tubing supply line. 
This configuration is i l lustrated in Fig. 1. One configura- 
tion's (reservoir I) common reservoir volume was approx. 
0.014 cm3; the other 's  (reservoir II) approx, ten times larger 
or 0.14 cm< Because the droplet  diameters ranged from 
approx. 2 to 3 mm in the present experiments, the reservoir- 
to-droplet  volume ratios ranged from approx. 1 : 1 to 3 : 1 for 
reservoir I, and 10:1 to 30:1 for reservoir II. 

The droplet formation process was recorded at 60 frames/ 
sec on VHS video cassette using a video camera with a 12 x 
zoom lens. In some instances, a microscopic lens with a 20 x 
objective was used in place of the zoom lens to acquire 
detailed close-ups of the droplets  during their formation and 
after their departure  from an orifice. F rom the images of the 
detached droplets, using the orifice's O D  as a scaling dimen- 
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sion, the droplet diameters were determined to within 
_+ 0.02 ram. This resulted in a maximum uncertainty in the 
droplet diameter of approximately + 1%. 

3 Data analysis methods 

For each experiment conducted, at least 100 successive 
periods were measured from the stored oscilloscope records. 
The resulting temporal records were analyzed using several 
methods. This composite approach yielded several unique 
features of the evolution of droplet emission with increasing 
flow rate. These methods included plotting the period data 
in the form of return maps, determining the period data 
autocorrelation function and constructing the droplet period 
histogram. 

In the experiments of Shaw (1984), the period between 
successive drops was recorded as T 1 , T 2, T3... and then ex- 
amined in T,+ 1 versus T, plots. This is a map of each period 
mapping into the next. Similar return maps were constructed 
here. Perfect periodicity with each successive period equal- 
ing the previous one would be characterized by a point on 
a 45 ~ line extending from the origin. Perfect period doubling 
would appear as two points on this map, symmetrically 
located about the 45 ~ line. 

For the purpose of examining the correlation functions, 
a time series, x(t), was constructed consisting of pulses of 
unit height centered at the time of occurrence and of width 
A. The pulse width A was taken to be 10 ms, which is the 
typical transit time of a droplet through the laser beam. The 
normalized autocorrelation function of x(t) is then defined by 

Rx(7.) 
R* (7.) --- - -  (1) 

R . . . . .  (7.) 

where 

Rx(z) = lim --1 i x(t) x(t+7.)dt.  
N ~  N o 

In this expression, N denotes the number of event pulses 
(here _>100). The normalized autocorrelation, R*(7.), is 
shown in the figures, with z being the delay time. The time 
series of perfectly periodic events would yield an autocorre- 
lation of triangular-shaped pulses, each with a base width of 
2A, at delay times z=nT,  where n=  _+0, 1, 2 . . .  and T is the 
primary period. 

For the double orifice data, two time series, x (t) and y (t), 
were constructed for each orifice. The normalized cross- 
correlation function, Rxy(Z), is defined by 

R*r(z ) - Rxy(z) 
Rxy . . . .  (7") (2) 

where 

Rxy(r)= lim - -  x(t) y ( t+~)dt .  
N~~176  N 0 

Here, two time series with perfect periodic events of periods 
7"1 and T2 would yield triangular-shaped pulses, each with a 

base width of 2A, centered at delay times r when r=nT~ 
=ro t  2, where n and m =  _0, l, 2 . . . .  

4 Single orifice experiment results and discussion 

A series of nine experiments were performed in which the 
effects of mass flow rate and orifice diameter were investigat- 
ed. Seven of these were conducted using orifice A, and of the 
remaining two, one with orifice B and the other with orifice 
C. An additional experiment using orifice A was performed 
in which the emitted droplets were recorded on video cas- 
sette under high magnification to examine the relation be- 
tween droplet diameter and period. 

4.1 Effect of mass flow rate variation 

Seven different mass flow rates, between 30 and 210 mg/s, 
were chosen to investigate the effect of mass flow rate on the 
periodicity of the droplet emission. The specific flow rates 
examined were selected based upon initial observations 
identifying those at which the evolution of droplet produc- 
tion with increasing flow rate was best characterized. The 
detailed results of all of the cases examined are presented by 
Weis et al. (1991). For brevity, the results of only two of the 
seven cases (116 and 191 mg/s) examined are shown in Fig. 2. 
These two cases respectively represent the situations before 
and after period doubling. The return map, autocorrelation 
and period histogram for each of these two flow rate cases 
are presented in the figure. 

For each of the lowest three flow rate cases investigated 
(30, 54 and 116 rag/s), as typified by the 116 mg/s case shown 
in Fig. 2, the droplet emission rate was singly periodic. The 
corresponding autocorrelation functions exhibited distinct 
peaks at the mean periods and multiples thereof, as expected 
for singly periodic behavior. The values of the mean periods 
decreased with increasing flow rate. The period histograms 
were gaussian-like and unimodal, with a standard deviation 
that decreased with increasing flow rate (from 15 to 11 to 
7 ms). These standard deviations were 4.4%, 5.4% and 6.1% 
of the mean period values, respectively, which were all 
greater than the measurement uncertainty in the period. This 
not only implied an increase in the percentage standard 
deviation with respect to the mean with increasing flow rate 
in the singly periodic regime, but also suggested that a 
stochastic element is present in this apparently deterministic 
problem. Even though the mass flow rate is kept constant, 
the periods and, by implication, the droplet volumes are not 
exactly the same each time, but vary within a 5% range. 

Distinctly different patterns in the T, vs. T, + 1 diagrams, 
autocorrelation function and periodic histograms, however, 
emerged with a further increase in flow rate. At 157 mg/s, 
initial evidence of a period bifurcation was present. From 
observations, this appeared to be the premature and rather 
infrequent release of a droplet from the orifice temporally 
interspersed among a regular periodic droplet release. On 
the T, vs. T,+ 1 diagram, this was characterized by a majority 
of period values clustered around 85 ms (the primary period) 
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Fig. 2 a - L  Single orifice data: T, vs. T,+ 1 diagrams, autocorrelation functions, and period histograms for the 1 !6 and 191 mg/s cases 

and a few at approx. 40 to 55 ms, appearing as two tails 
extending from the main cluster. Here, it is important to note 
that period doubling would appear on the T, vs. T,+ 1 dia- 
gram as two period clusters formed equidistant from the 45 ~ 
line. The periods of the data in these tails appeared as slight 
bumps at the base of the corresponding autocorrelation 
function, at values equal to approximately one-half the pri- 
mary period and whole multiples thereof. The corresponding 
period histogram revealed a relatively narrow distribution 
and two events occurring at approximately one-half the pri- 
mary period. These trends in the T, vs. T,+I diagram, auto- 
correlation function and period histogram were accentuated 
further upon a flow rate increase to 166 mg/s. 

At a mass flow rate of 191 mg/s (see Fig. 2), period dou- 
bling was much more evident, with two characteristic period 
clusters established at 35 and 67 ms, as displayed on the T, 
vs. T,+ 1 diagram and in the period histogram. This was 
observed as the regular and sequential release of a droplet 
from the orifice followed, in almost an equal number of 
instances, by the release of a second, smaller droplet. The 
corresponding autocorrelation function was marked by the 
appearance of several peaks of somewhat equal but reduced 
value. These peaks represent the primary and doubled periods 
and multiples thereof. This is in contrast to the autocorrela- 
tion functions of the lower flow rate cases, which predomi- 
nantly displayed one period with a high autocorrelation 

value and its multiples. At the highest mass flow rate exam- 
ined (210mg/s), this period doubling developed further 
showing two distinct clusters with slightly reduced periods 
(at approx. 32 and 59 ms). Full period doubling, as would be 
characterized by the disappearance of the primary period 
and the presence of only the doubled period, however, did 
not occur. The autocorrelation function had less pro- 
nounced peaks; the period histogram revealed the further 
progression toward the predominance of the doubled period. 

Based upon the observation of two apparent sizes of 
droplets for the period-doubled case, the relation between 
droplet period and size was investigated in further detail by 
obtaining high-magnification video cassette recordings of 
the emitted droplets. This was done using orifice A and a 
mass flow rate of 185 mg/s, which was one of the lowest flow 
rates at which period doubling clearly was evident. The re- 
sulting period histogram for this case revealed two distinct 
periods at approx. 36 and 64 ms. A corresponding droplet 
volume histogram constructed from the measured droplet 
diameters displayed two characteristic volumes. This finding 
supported that period doubling was commensurate with the 
formation of droplets with volumes that were distinctly 
smaller than the primary droplets. As the extent of period 
doubling developed, more and more of these secondary 
droplets became interspersed temporally between the pri- 
mary droplets. 
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Fig. 4. Primary droplet emission period versus orifice ID at 30 mg/s 

4.2 Effect of variable orifice diameter 

Two further experiments were conducted at the lowest flow 
rate examined (30 mg/s) using orifices B and C. The resultant 
T, vs. T, + 1 diagram for all three orifices is given in Fig. 3. All 
three cases were singly periodic, as evidenced by their 
clustering about the 45 ~ line. The dependency of the primary 
period on orifice ID was examined further. The results, as 
shown in Fig. 4, reveal that the primary period was correlat- 
ed with ID to within 10% by the linear relation T(ms)= 
350 D(mm), in which T denotes the period between succes- 
sive drops and D the orifice ID. Thus, at a given mass flow 
rate in the singly periodic regime, the droplet size could be 
controlled through the choice of the orifice ID. 

5 Double orifice experiment results and discussion 

A series of eight experiments were performed using two type 
A orifices in which the effects of the total mass flow rate to 
the reservoir and common reservoir volume were investigat- 
ed. Five of these were conducted using reservoir I and of the 

remaining three using reservoir II. Two additional experi- 
ments were performed in which the emitted droplets were 
recorded on video cassette under high magnification to com- 
pare measured and predicted droplet diameters. 

5.1 Effect of mass flow rate 

Five different total mass flow rates over the range of 140 mg/s 
to 260 mg/s were selected for this experiment using the 
smaller reservoir volume. The resulting temporal records 
were analyzed using the same methods as presented before, 
with the addition of determining the cross-correlation func- 
tion of the period data of the two interconnected orifices. 
The results of two (224 and 264 mg/s) of the five cases exam- 
ined are shown in Fig. 5. These two cases respectively repre- 
sent the situations before and after period doubling in one of 
the orifices. The return map, auto- and cross-correlation 
functions for each of these two flow rate cases are presented 
in the figure. 

For the two lower flow rates investigated (140 and 
191 mg/s) both orifices exhibited singly periodic behavior, 
each with approximately the same characteristic period as 
the other, as shown by their T, versus T, + 1 diagrams. When 
the flow rate was increased to 224 mg/s (see Fig. 5), one 
orifice (A-I) began to exhibit a period bifurcation, while the 
other orifice (A-2) did so only very slightly and remained 
primarily singly periodic. For the remaining two highest 
flow rates examined (237 and 264 mg/s), as typified by the 
264 mg/s case shown in Fig. 5, the extent of the period bifur- 
cation for orifice A-1 developed further. Orifice A-2, how- 
ever, returned to being singly periodic with a very distinct 
primary period. Data were not acquired beyond 264 mg/s, 
but some qualitative observations were made. Orifice A-1 
remained doubly periodic as the flow rate was increased 
further. Orifice A-2, on the other hand, continued to remain 
singly periodic. Only at a relatively high flow rate through 
the reservoir (approx. 400 mg/s) did orifice A-2 again begin 
to exhibit a period bifurcation. At this point, the flow 
through orifice A-1 became a steady stream of liquid. These 
findings implied that at the flow rate favorable for initial 
period doubling through both orifices, period doubling 
occurred only for one orifice, which concurrently prevented 
the other orifice from period doubling. 

The corresponding auto- and cross-correlation functions 
also are shown in Fig. 5 for the 224 and 264 mg/s cases. At 
the two lower flow rates, the autocorrelation functions show 
that both orifices were singly periodic. The cross-correlation 
functions reveal relatively mixed values over a range of delay 
times from zero to the primary period. The absence of dom- 
inant peaks indicated that there was no frequency- phase- 
locking between the two orifices. For the lowest flow rate case 
(140 mg/s), the cross-correlation value was unity at approx. 
20 ms, which was 1/10th the primary period of orifice A-1. 
This implied that both orifices were in phase at approx, every 
tenth period with respect to orifice A-1. With a further in- 
crease in flow rate to 224 mg/s, both orifices began to under- 
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Fig. 5a-f .  Small reservoir data: T, vs. T,+ 1 diagrams, autocorrelation function and cross-correlation function for the 224 and 264 mg/s cases. 
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go initial period bifurcation. Orifice A-l 's  autocorrelation 
function displayed relatively more bumps at its base as com- 
pared to orifice A-2, which corresponded to a greater num- 
ber of doubled periods as noted previously in the T, versus 
T,+ 1 diagrams. The cross-correlation function revealed very 
distinct peaks with near-unity values at delay times of approx. 
20 ms with respect to the primary period value of 140 ms of 
either orifice. Thus, at approx, every seventh period, droplet 
emission from the orifices was in phase. This confirmed the 
observations made at this flow rate of in-phase dripping at 
every seventh droplet emission from orifice A-1. 

When the flow rate was increased by approx. 5% to 
237 mg/s, the period doubling of orifice A-1 developed fur- 
ther. Orifice A-2, however, reverted back to singly periodic 
behavior, as evidenced by distinct peaks in the autocorrela- 
tion function and a very narrow period distribution about 
the 45 ~ line in the corresponding T, vs. T,,+I diagram. The 
cross-correlation function was marked by a relatively elevat- 
ed baseline and a value of unity at a delay time of 240 ms. 
This is approx, twice the value of the primary period of 
orifice A-2. At the highest flow rate examined (264 mg/s), the 
same trends for both orifices continued. The period doubling 
from orifice A-I developed to a greater extent; orifice A-2 
remained singly periodic, but showed some evidence for ini- 
tial period doubling in the autocorrelation function. 

5.2 Effect of reservoir volume 

Three different total mass flow rates over the range of 128 mg/s 
to 306 mg/s were investigated using the larger reservoir vol- 
ume. Only at the highest flow rate studied did droplet emis- 
sion show any evidence of period doubling. The resultant T,, 
versus T,+ t diagrams and the corresponding auto- and 
cross-correlation functions for two (128 and 306 mg/s) of 
these three cases are shown in Fig. 6. 

Both orifices exhibited singly periodic droplet emission 
at the two lower flow rates (128 and 216 mg/s). Their auto- 
correlation functions revealed rather distinct peaks at the 
primary periods. At 128 mg/s, the primary periods of droplet 
emission differed by approx. 10% due to a slight mismatch 
in their flow rates. This difference was reduced at higher flow 
rates. The cross-correlation function value at 128 mg/s was 
unity at approx. 40 mg/s, which was 1/5th the primary period 
of orifice A-l, implying that both orifices were in phase at 
approx, every fifth period with respect to orifice A-1. Similar- 
ly, a phase difference of ten orifice A-1 droplet periods oc- 
curred at 216 mg/s. At the highest flow rate (306 mg/s), there 
was evidence for initial period doubling in both orifices, as 
indicated by their autocorrelation functions. The corre- 
sponding cross-correlation function showed an in-phase de- 
lay time of approx. 45 ms. 
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Fig. 6a-f.  Large reservoir data: T, vs. T,+ 1 diagrams, autocorrelation function and cross-correlation functions for the 128 and 306 mg/s 
cases. Solid lines denote orifice A-l, dashed lines orifice A-2 
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6 Comparison between single and double orifice 
experiment results 

The periodicity of droplet production was examined in an- 
other context. The modal periods, i.e., those periods corre- 
sponding to the peaks of the distribution curves, first were 
determined from the period histograms. As displayed in 
Fig. 2, one distinct mode could be identified for the singly 
periodic cases and two for the doubly periodic ones. The 
resultant modal periods were plotted versus the mass flow 
rate to display more clearly the observed period bifurcation, 
as shown in Fig. 7. For the single orifice, the modal period 
between the emitted droplets was relatively high at the lower 
flow rates. The period then fell rapidly as the mass flow rate 
increased until, at 157 mg/s, a period bifurcation initiated. 
Thereupon, two characteristic modal periods emerged, 
which were similar to those reported in the dripping faucet 
experiments of Wu and Schelly (1989). 

Similarly, the resultant modal periods for both the small 
and large reservoir cases were determined. As presented in 
Fig. 7 for the small reservoir I, orifice A-1 began to undergo 
a period bifurcation at 224 mg/s. This period doubling devel- 
oped further at 264 mg/s where one modal period was ap- 
proximately one-half the other (39 versus 79 ms). In contrast, 
for the large reservoir II, there was only initial period dou- 

bling at the highest flow rate investigated (306 mg/s). Hence, 
the most notable difference between the two reservoir vol- 
ume cases was that the smaller reservoir volume yielded 
period doubling at a lower total mass flow rate. 

Based upon these findings and those of the video record- 
ings of the droplet formation process, a simple force balance 
model was developed. In these recordings, the emerging fluid 
was seen to accumulate at the tip of the orifice as a pendant 
mass. This pendant gradually grew in volume and progres- 
sively formed a neck between itself and the orifice. In time, 
this neck narrowed and, eventually, when the pendant liquid's 
weight could no longer be supported by the surface tension 
force at the neck, a droplet fell free. The remaining liquid 
retracted and the process began again. 

The experimental observations suggested that the pro- 
cess of droplet emission in the present experiments was a 
"quasi-static" situation in which the surface tension and 
gravitational forces predominantly governed the droplet for- 
mation process. This was noted by an order of magnitude 
analysis of the ratios of forces involved. The forces con- 
sidered are surface tension (aD), gravitational (~ D 3 g), iner- 
tial (~U2D z) and viscous (~UD) forces, where Q and a are the 
fluid density and surface tension coefficient, respectively, D is 
the droplet diameter, g is the acceleration due to gravity, and 
U = m / Q D  2 is the fluid velocity corresponding to the mass 
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Fig. 7. Droplet emission modal period versus mass flow rate for 
single-orifice, and small reservoir and large reservoir double-orifice 
cases 

flow rate. The ratios are the Bond number, B o = o g D 2 / a  

(gravitational to surface tension), the capillary number, 
Ca = t~ U /a  (viscous to surface tension), and Weber number, 
We = ~ UZD/a  (inertial to surface tension). The order of mag- 
nitude of these nondimensional groups are shown in Table 1 
for this experiment and also for some other related studies in 
the literature. 

Even though the data are from a variety of fluids, orifice 
diameters and flow rates, the surface tension and gravita- 
tional forces were comparable in all cases, being many orders 
of magnitude greater than inertial and viscous forces. From 
this, it appears that fairly simple modeling based on a static 
balance of forces can be used for the constant mass flow rate 
situation. This point of view is in contrast to that of Wilson 
(1988), who presented a detailed analytical model that in- 
cluded inertial and viscous forces. However, his experiments 

Table 1. Order  of magni tude  of forces 

Au tho r  Bo Ca We 

Hark ins  and  Brown (1919) l 10 -1~ 10 11 
Rayleigh (1899) 1 10 9 10-1~ 
Wilson (1988) 1 10 3 10 - s  
Present  work 1 10 6 10 5 

did not verify his model probably because they were con- 
ducted at conditions where inertial and viscous forces did 
not dominate the surface tension force. Here, we assume that 
the weight of a droplet at departure under "quasi-static" 
equilibrium conditions can barely be sustained by the sur- 
face tension force, from which we have 

~ D a  F = ~g  V a (3) 

where V d is the volume of a single drop, ~ = 7 8 9 k g / m  3, 
a = 0.02275 N/m, and F is a function of the geometry of the 
orifice's tip, the liquid's surface tension and density, and the 
emitted droplet size through the pendant's angle of curva- 
ture just prior to detachment. An exact expression, at pres- 
ent, to determine F is not known. This is primarily because 
of the few experiments conducted under constant mass flow 
rate conditions. As reported by Manfr6 (1966), the analogous 
values for F for a hydrostatically driven system range from 
0.59 to 1.00. 

For  a spherical drop, the diameter d of the drop is given 
by 

( 6 D o - ~  1/3 
d = - -  (4) 

\ o ~ g /  

and the mass flow rate, n~, by 

~vd 
r h  = - -  ( 5 )  

T 

Using equation (3), we get 

T '  (6) 

This equation implies that for a fixed mass flow rate the 
period is proportional to the orifice ID. 

This analysis was confirmed by several experiments. 
Equation (5) was verified through measurements of the mass 
flow rate, period and droplet diameter in two experiments, 
each using a different reservoir volume. Equation (6) was 
used to determine F based upon all of the singly periodic 
data obtained in these experiments and then to verify the 
inverse proportionality between mass flow rate and period. 

In the two experiments conducted to verify Eq. (5), the 
emitted droplets were recorded on video cassette under high 
magnification to compare measured and predicted droplet 
diameters. Singly periodic droplet emission rates were ob- 
tained using reservoir ! at a mass flow rate of 110 mg/s and 
reservoir II at 66 mg/s. The 110 mg/s case had a primary 
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period of 163 ms and a measured droplet diameter of 
2.76mm; the 66mg/s case correspondingly 109 ms and 
3.01 mm. The resultant droplet diameters computed using 
Eq. (5) were 3.07 and 2.96 mm, respectively. This yielded 
percent differences between the measured and calculated 
diameters of 10% and 1.7%, respectively. These results not 
only confirmed that the measured and calculated diameters 
agreed to within 10%, but also that the diameter of the 
droplets for a fixed orifice diameter was invariant within this 
band before period doubling occurs. That is, as the mass flow 
rate was increased in the singly periodic regime, the addi- 
tional mass was ejected from the orifice by increasing the 
rate at which the droplets were produced rather than by 
increasing the size of the droplets with their production rate 
fixed. 

The proposed inverse proportionality between mass flow 
rate and period, as given by Eq. (6), was verified and the 
function F was determined through further examination of 
all singly periodic data obtained in either the single or double 
orifice experiments. Because of the slight mismatch in the 
mass flow rates between the two orifices, the mass flow rate 
of each individual orifice was measured. The resultant pri- 
mary period was plotted versus the mass flow rate per orifice, 
as displayed in Fig. 8. The results verified the inverse propor- 
tionality between mass flow rate and primary period, as 
shown in the figure by the very good agreement between 
calculated and experimental results with F equal to 1.5 in 
Eq. (6). The scatter of the data from the single and double 
orifice cases about this simple fit of the data (which was 
approx. 10% at maximum) additionally implied that the 
reservoir volume did not effect the period of droplet emission 
at a fixed mass flow rate and orifice diameter. 

The individual orifice flow rate acquired for both the 
single and double orifice cases also was used to determine 
the incipient mass flow rate for period doubling and its 
relation to reservoir volume size. As noted previously, initial 
period doubling for the single orifice occurred at approx. 
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Fig. 8. Singly periodic droplet emission modal period versus indi- 
vidual orifice mass flow rate per orifice 

160 mg/s. The corresponding mass flow rate per orifice for 
each of the small and large reservoirs was determined to be 
approximately 100 and 150mg/s, respectively. Here, the 
incipient mass flow rate per orifice for period doubling for 
the larger reservoir case more closely approximated that of 
the single orifice case, whereas that for the smaller reservoir 
case was lower. This directly supports the assertion that 
increases in the reservoir volume lead to increases in the 
incipient mass flow rate per orifice for period doubling close 
to the upper limit of the single orifice case. In this light, any 
increase in the reservoir volume would eventually lead to the 
periodic droplet emission behavior of a single orifice. It also 
can stated that relatively small reservoir volumes allow for 
inter-orifice interaction such that the onset of period dou- 
bling from one can directly affect the periodic behavior of the 
other. 

7 Conclusions 

Although the formation and emission of droplets have been 
studied for a long time, there is as yet no comprehensive 
theory that can predict either the dripping frequency or the 
dynamics of the period doubling bifurcation from a single 
orifice driven either hydrostatically or under constant mass 
flow rate conditions. A major factor for this is that the inter- 
play between surface tension and gravitational forces is com- 
plicated by the shape of the pendant's neck curvature at the 
instant of release. This curvature implicitly is governed by 
the dimensions of the orifice and droplet, and by the liquid's 
surface tension and density. As a consequence, it is found 
that it is not possible to collapse all experimental data into 
a single curve for either type of driven system simply by 
using one nondimensional parameter. 

The experimental results reported herein indicate that 
dripping from an individual orifice at relatively low mass 
flow rates is singly periodic and that the period between 
droplets is inversely proportional to the imposed mass flow 
rate. The relatively large scatter of the period data in this 
regime suggests that a stochastic element is present in this 
apparently deterministic problem. The experimental data 
are consistent with a model in which the droplets of the 
same diameter are formed by the interplay between surface 
tension and gravitational forces, and emanate at a rate relat- 
ed to the orifice's mass flow rate. As the mass flow rate is 
increased, smaller diameter droplets, interspersed temporal- 
ly among the primary droplets, are formed. These droplets 
are responsible for the period doubling. Further increases in 
the mass flow rate yield an increase in the smaller diameter 
droplet population. 

The presence of a common fluid reservoir volume be- 
tween two orifices of the same diameter does not affect the 
droplet emission rate in the singly periodic regime of either 
orifice as compared to its single orifice counterpart. How- 
ever, the volume of the reservoir does affect the mass flow 
rate per orifice necessary for initial period doubling, with this 
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critical mass flow rate being lower  for a smaller  reservoir  

volume.  This  consequent ly  implies that  care must  be taken  

to prevent  the behav ior  of drople t  emission from one orifice 

affecting that  f rom the others  when  designing conf igura t ions  

in which mul t ip le  orifices are in te rconnec ted  th rough  a com-  

m o n  reservoir.  
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