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Abstract. The breakdown of a liquid jet is commonly considered as 
an effect of the surface tension. However, essential aspects of the 
boundary wave amplification and the final disintegration of velocity 
modulated jets can be explained by non-linear travelling time effects, 
which are of purely kinematic nature. The experiments are carried 
out on jets with radii between 1.2 to 2.5 mm and Weber numbers 
between 17 to 200. The experimental results are compared with a 
theoretical solution which neglects the surface tension. 

1 Introduction 

Travelling time effects which are the reason of many flow 
instabilities represent a very simple example of non-linear 
behaviour in flows, because they are based on purely kine- 
matic conditions. 

Liquid particles which start consecutively from a certain 
location with different velocities overtake (and surpass) each 
other after sufficient travelling times. This simple process 
induces a non-linear velocity field. The effects which result 
from this process are called travelling time effects [Grabitz 
and Meier (1983)]. Distorted liquid jets are analysed here as 
an example for these travelling time effects. They are easily 
produced by velocity modulation of the fluid in a nozzle. By 
means of one-dimensional depiction they can also be de- 
scribed theoretically. 

Liquid jets were already successfully described by Lord 
Rayleigh (1878), while working on a stability theory. For 
infinitely small disturbances of the boundary of an infinitely 
long liquid column his calculations of the surface tension 
lead to growth rates of the disturbances and to stability 
criteria. Experimentally his results and those of Weber (1931) 
were confirmed by Haenlein (1931), Donaelly and Glaberson 
(1966), Goedde and Yuen (1970) and others. However, in 
those experiments, in which only a temporal disturbance is 
possible, the spatial growth rates were compared with the 
theoretical temporal growth rates. A justification for pro- 
ceeding in this way was provided by Keller et al. (1973), who 
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could prove that for large Weber numbers (We>l; 
We=Q RU2/a; 0=density, R--jet radius; U=je t  velocity, 

= surface tension), the modes of the temporal and spatial 
growth rate coincide. One-dimensional theories by Pimbley 
(1976) and Bogy (1978) calculated the amplification of veloc- 
ity disturbances at the nozzle. For the growth they received 
identical results to those of Keller et al. (1973). 

The occurrence of satellite droplets could not be ex- 
plained by any of the above-mentioned theories. Using the 
methods of the perturbation theory the calculations were 
refined, e.g., by Yuen (1968) and Chaudhary and Redekopp 
(1980). They added terms of 2nd and 3rd order to the linear 
theory. 

For very small disturbance amplitudes s these non-linear 
theories proved to be in agreement with the experimental 
results. For somewhat greater amplitudes (already from 
s = 2 %  onwards) there were discrepancies between the re- 
sults and the theory. 

This paper aims to show how the disturbance amplitude 
in this range (e > 2%) becomes dominant and how the non- 
linear travelling time effects get great influence on the jet 
disintegration. Grabitz and Meier (1983) have already re- 
ferred to the significance of travelling time effects in some 
work with emphasis on the theoretical aspect. This work has 
introduced an exact solution of the non-linear Euler equa- 
tion for the jet in one-dimensional form, neglecting the sur- 
face tension. This result is also used in this work, in compar- 
ison to the experiments. 

The experiments are carried out on jets with a relatively 
large radius (1,5- 2,5 mm). The large diameter jets enable the 
measurement of the velocity modulation directly with hot 
film probes in the jet and allow for a precise description of 
the disturbance-amplitude. For the generation of the veloci- 
ty modulation a supply chamber was developed which pro- 
vided the desired disturbance of the jet with a piston-mech- 
anism. The piston's movement is controlled by a frequency 
generator which can vary the modulation in amplitude and 
frequency over wide ranges. The inlet chamber is designed in 
such a way that natural disturbances are reduced to a min- 
imum. 
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2 Experimental set-up and parameters 

To generate velocity modulated jets, the supply chamber 
shown in Fig. 1 is used. The liquid flows within the chamber 
through a porous piston (made of sintered material). The 
piston moves in the flow and induces a pressure and velocity 
fluctuation in the liquid. This causes the desired velocity 
modulation of the jet. The piston is moved by an electromag- 
netic vibrator which can be controlled by a sine wave gener- 
ator with various frequencies and amplitudes. 

The ring-shaped intake of the inlet chamber is lined with 
fiber material to avoid separations in the entering flow which 
could cause unwanted pressure fluctuations. Another pur- 
pose of the fiber felt is to generate a resistance as large as 
possible between the incoming flow and the nozzle flow. This 
was done to transmit the pressure oscillations of the piston 
mainly to the nozzle flow and to avoid pumping a major part 
of the energy into the hose. The inner side of the ring-shaped 
intake is covered by porous sintered material. This guaran- 
tees that the flow enters into the inlet chamber radially. 
Vortices are mostly avoided. 

In the experiment radially symmetric nozzles with differ- 
ently sized holes are used. The diameters of the apertures 
vary from 2.4 5.0 mm, but the inlet aperture has a constant 
diameter of 20 ram. Experience has shown that it is best to 
use long nozzles with a small inclination angle. Experiments 
with nozzles of different lengths have proved that the fur- 
thest reaching undisturbed jets originate from the longest 
nozzles. However a length of 5 cm has proved to be suffi- 
cient. In case of these smoothly converging nozzles the jet 
diameter equals the nozzle diameter within a few per cent. 

The highly constant pressure in the intake of the nozzle 
flow is attained by a constant hydrostatic pressure of the 
liquid. The constant pressure is guaranteed by a stable 
height of the liquid level in the supply container (cf. Fig. 2) 
by means of an overflow outlet. The pressure of the intake 
flow can be set to any value by a regulating valve. This 
allows a variation of the jet velocities. Mechanical vibrations 
of the experimental set-up have been reduced to a sufficiently 
low level; in case of stronger vibrations induced by the pump 
and its engine the described phenomena are disturbed. 
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Fig. 3. Typical velocity and pressure signals, measured with a hot 
film probe and a pressure transducer with a mean jet velocity of 
U = 2.0 m/s. The diameter of the nozzle is 3 mm. The lower part of 
the figure shows pressure and velocity fluctuations where the flow is 
modulated by the piston at a frequency of 100 Hz and various 
amplitudes 

The magnitude of the velocity fluctuations was deter- 
mined by a hot film probe. The probe (length 1.5 mm, di- 
ameter 50 t~m) was positioned in the jet a few millimeters 
downstream of the nozzle. Typical velocity and simulta- 
neously measured pressure signals from the chamber are 
shown in Fig. 3. The velocity signals are very close to being 
sinusoidal and thus correspond almost exactly to the desired 
velocity modulation. Calibrating measurements were neces- 
sary to adjust the velocity modulation. The complete mea- 
suring set-up is shown in Fig. 4. 

The correct velocity modulation was set in the following 
way: The amplitude of the piston movement at a certain 
frequency was adjusted with a frequency generator until the 
hot film probe registered the desired amplitude of the veloc- 
ity fluctuation. Then the corresponding pressure amplitude 
in the inlet chamber was measured. In the following jet 
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Fig. 4. Measurement set-up and measuring instruments to adjust 
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Fig. 5. Pressure frequency curves for constant velocity fluctuation 
of the nozzle aperture. The pressure amplitude for the respective 
frequency that was necessary to generate a certain velocity ampli- 
tude is plotted 

experiments the probe would have been an obstruction and 
was removed from the jet. The pressure amplitude served as 
a reference to adjust the desired velocity modulation. A few 
of these calibrating curves are shown in Fig. 5. The curves 
show which pressure amplitudes at different frequencies are 
necessary to generate a velocity disturbance of 2.5 or 5%. To 
reach the same velocity amplitude one has to increase the 
pressure at high frequencies greatly. This increase limits the 
range of measurements that can be obtained with this appa- 
ratus. 

For  high frequencies the piston movement is limited in its 
performance. For  the natural disturbance, i.e. unwanted dis- 

turbances that are caused by the apparatus, this great in- 
crease of the pressure amplitude means that disturbances of 
high frequency are damped strongly at the nozzle. Therefore 
the natural disturbance is limited to a range of low frequen- 
cies (<100  Hz). The magnitude of the disturbance for this 
frequency range is approximately at 0 .5-0 .7% of the respec- 
tive basic velocity. This value is taken from the pressure 
measurements since the pressure transducer in contrast to 
the hot film probe still supplies reliable values in this range 
(<1%) .  

The modulation function 

wa(t) = U(1 +e  sin(2 •f  t)) (1) 

contains the amplitude and the frequency as variable 
parameters. The frequency f is adjustable to any value even 
above 1 KHz. However, the velocity amplitude, as described 
above, strongly depends on the frequency. Therefore up to 
about 250-400 Hz (depending on the nozzle size) ampli- 
tudes up to 5% of the basic velocity can be reached. For  
smaller frequencies ( <  100 Hz) amplitudes up to 100% are 
possible. 

For  the droplet formation and the disintegration of liquid 
jets the Weber number 

oR~ U 2 
We  = - -  (2) 

O" 

(0 = density, U = basic velocity, R, = nozzle radius, a = surface 
tension) is of great importance because of the influence of the 
surface tension. Since water is the only liquid used in the 
experiment, the only variable parameters remaining are the 
nozzle radius R and the basic velocity U. The nozzles used 
had radii between 1.2 and 2.5 mm, the jet velocities reached 
from 1.0 m/s to 3.0 m/s. The Weber number range covered 
by these values lies between 17 and 200. 

3 Experiments 

Differently modulated jets are examined at various Weber 
numbers. The jets are photographed and the edges are mea- 
sured. The pictures are taken in 35 mm format using high- 
resolution film material. The jets are photographed in front 
of a white background which is illuminated evenly by four 
flash-lights. Another flash-light illuminates the jet from the 
front. Fig. 6 shows a picture series which was used for a 
quantitative analysis. 

To show the influence of travelling time effects they will 
be explained qualitatively by means of the pictures in Fig. 7. 
Picture 7 a shows a jet with a very small modulat ion frequen- 
cy. As an effect of gravitation the velocity modulat ion is very 
well perceptible: The jet's curvature modulat ion results from 
the liquid particles with different velocities flying along 
different parabolic paths. If the frequency is increased, as in 
Fig. 7 b, the time period is not large enough for gravitation 
to "pull apart" the particles. Because of the shorter time 
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Fig. 6. Photos chosen as typical examples of the experiments. The 
top left picture depicts a jet without velocity modulation, the disin- 
tegration occurs only by natural disturbance. The other jets are 
stimulated at the frequency rate given on the photos. In the lower 
pictures the transition to stability is perceptible 
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Fig. 7a-c.  The influence of travelling time effects; a modulation 
frequency: 10 Hz, e=5%; b modulation frequency: 50 Hz, e=5%; 
e modulation with very large disturbance amplitudes e > 50%, at 
several frequencies 

period, the particles of different velocity catch up with each 
other in a shorter time. The liquid particles hit upon each 
other and the jet becomes thicker at these points, as shown 
in the photo. In other places, where the fast particles were 
previously, the jet becomes thinner. 

If the amplitude is also increased (as shown in Fig. 7c), 
the process of catching up takes place in a far shorter time 
because of the greater velocity differences. The particles now 
hit very rapidly and at such great number on each other, that 
the liquid material is pushed flat towards the outside. Fig- 
ures 8 and 9 show the growth of the disturbance in greater 
detail. The jets originate from nozzles of 2, 4 and 5 mm 
diameter, respectively. Their velocity is modulated with dis- 
turbance amplitudes of 2.5 and 5%. Even for these jets with 
a relatively small disturbance, a separation of the liquid is 

clearly visible. Because of the velocity differences the liquid 
pushes forward and forms spherical clusters. Simultaneously 
thin connections remain between the clusters, growing thick- 
er in the direction of motion. 

This separation effect is clearly dependent on the ampli- 
tude and increases greatly for large disturbances, as shown 
in the first pictures. Because of this separation the jet's shape 
cannot be described by simple sine functions, connected with 
an exponential term for the growth. Additionally the clusters 

do not grow very much in diameter, whereas the thin con- 
nections steadily become thinner. 

In addition to the influence of the travelling time effects, 
which cause the concentration of liquid in certain points, one 
has to consider the influence of the surface tension finally. 
The surface tension leads to the formation of drops, cutting 
offthe thin connections in the jet. It also is the reason for the 
spherical shape of the clusters of liquid. Without surface 
tension, the drops would have a flat shape like in the jets 
with greater disturbance amplitudes. 

The lower jets in the pictures 8 and 9 are very interesting. 
After a quite significant momentary growth, the jet becomes 
smoother and it stabilises. All those modulated jets that do 
not disintegrate due to the stimulating modulation are called 
stable. Within the linear stability theory however, a growth 
of the disturbance is not taken into account. 

Stability limits have been determined quantitatively for 
four Weber numbers (17, 51, 90, 141) and two disturbance 
amplitudes (2.5 and 5%). 

The following stability criteria were assumed: 

1) The modulated jet should approximately reach the 
length of the natural disintegration, i.e. the disintegration 
length of an unmodulated jet. 
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Fig. 8a and b. Details of the jet's beginning for various modulation 
frequencies; from top to bottom: 80 Hz, 100 Hz, 140 Hz, 180 Hz, 
240 Hz. The diameter of the nozzle is 2.4 mm, the mean jet velocity 
is U= 1.0 m/s (We= 17). The lower jets are both stable in relation to 
the frequency; a disturbance amplitude e = 2.5%; b disturbance am- 
plitude e = 5.0% 

2) The droplet sequence with which the jet disintegrates 
must not correspond to the stimulating frequency. 

These criteria certify that the jet is stable in relation to the 
stimulating frequency. The transition to stability can be seen 
clearly in Fig. 9. 

The measured results are shown in the stability diagram 
(Fig. 10) with the nondimensional frequency of the distor- 
tion plotted against the Weber number. 

The frequency 2 ~ f is made dimensionless with the nozzle 
radius R and the basic velocity U. The results show that the 
stability limit is dependent on the disturbance amplitude. 
The solid line in the diagram shows the stability limit follow- 
ing from the linear theory. 

Apart from the stability diagram, the disintegration 
lengths for the Weber number 17, 51, 90 and 141, each one 
for two disturbance amplitudes (2.5 and 5%), were deter- 
mined. The disintegration length is the length of the jet 
before disintegrating into drops. The lengths measured on 
the photographs are made dimensionless with the nozzle 
radius R and are plotted over the dimensionless disturbance 
frequency Q, Fig. 11. 

In spite of varying Weber numbers, the measured disinte- 
gration lengths hardly deviate from each other. The lengths 
rather depend on the disturbance amplitude and on the 
modulat ion frequency. With increasing frequency the disin- 
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Fig. 9. a and b. Details of the beginning of the jet  for various modu- 
lation frequencies; from top to bottom: 80 Hz, 140 Hz, 200 Hz, 
240 Hz. The diameter of the nozzle is 5 mm, the mean jet velocity is 
U = 2 . 0  m/s (We= 141); a disturbance amplitude s=2 .5%;  b distur- 
bance amplitude ~ = 5.0% 
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Fig. 1O. Stability diagram for modulated liquid jets 

tegration length constantly decreases. The shape of the disin- 
tegration length's curve is similar to a hyperbola and does 
not show any significant minimum. 

4 Theoretical solution 

We consider the incompressible fluid stream as an inviscid 
one-dimensional unsteady flow without surface tension. The 
pressure inside the jet is equal to the ambient pressure. Thus 
the flow is determined only by the velocity w(x, t) and the 
cross-sectional area F(x, t) of the jet. The symbols t and x 
denote the time and space co-ordinates in the flow direction, 
respectively. The symbol 7 means ___ g or zero according to 
the orientation of the jet in the gravitational field (g is the 
gravity acceleration). 

The conservation equations of mass and momentum are 

8F 8F F 8w 
8 t+W~x+ ~xx=0 (3/ 

8w 8w 
8 t  -F w Ox = 7 (4) 
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Fig. l l  a and b. Measured dimensionless disintegration lengths x 
for all three Weber numbers and fitted caves following Eq. (20); 
a disturbance amplitude e = 2.5%; b disturbance amplitude e = 5.0% 

and the boundary conditions at x = 0 are 

w (0, t) = wo (t) (5) 

F (0, t) = F. (t). (6) 

We introduce Lagrange co-ordinates by the following trans- 
form: 

t(O,z)=O (7) 

(0 - ~)2 (8) x(O,T)=w,(~)(O-~)+~ 

The co-ordinate 0 stands for the actual time and ~ means the 
starting time of the flow particles. 

With the help of this transform one arrives at the follow- 
ing solution [Grabitz and Meier (1983)] for the velocity w 
and the cross-section F :  

w(O,~)=wo(~)+ ~(O-r) . 

F, (z) w,, (z) 

F(O,z)= w,(z)_(O_ z) [dWd#Z) 

(9) 

(10) 

For comparison with our experiments we consider the spe- 
cial case of an axisymmetric jet which originates in a nozzle 
of constant radius R a with a perturbed velocity of the form 

W a (T)  = U [ 1  - 1 -  ~: sin (co z)] (11) 

with the frequency co and the relative velocity perturbation 
e. Then the radius R of the jet is given as 

R(~,~) / [  1 +~ sin(f2~) 
R~ - 1 +esin(t2"~)+[G-eOcos(~2~)](~-~) (12) 

with the non-dimensional times :~= ,9 U/Ra, ~ = z U/Ra, the 
non-dimensional frequency f2=coRo/U , and the Froude- 
number G = 7 Ra/U2" 

If the distortion is e>G/Q,  the solution has points of 
infinite radius. Beginning with the position x = 0 (i.e. ~ =f) ,  
points of maximal cross-section are generated in periodic 
travelling distances. Downstream of the first point of infinite 
radius, the distribution of the flow material is no longer 
unique. For  the case e < G/(2 damping of the distortions of 
the stream is predicted. 

For  the special case G = 0  (no acceleration) with the 
Eqs. (5)-(10) the following much simpler result is derived for 
the radius R and the peak position xp: 

R / xp(~) 
R, = ~ / I ~ !  (13) 

with 

xp(~) = [1 + ~ sin(O f)] 2 

R a gQ cos (Q{) 
(14) 

The starting time z of a liquid element determines whether 
there is a positive finite position xp where the radius becomes 
infinite. In contrast to the linear stability theory, where expo- 
nential growth of the amplitude is typical, in this exact solu- 
tion of the non-linear equation of motion the maximum 
radius goes to infinity like (Xp- x)-  t/2 for (xp-  x) -~ O. For 
the two-dimensional case, corresponding to flow in a chan- 
nel or duct, the deflection of the interface between the dis- 
torted and the undistorted stream is 

h _ xp('~) 

In this case the amplification of the wave ridges of the inter- 
face goes with ( x e - x ) -  t for ( xp -x )  approaching 0. This 
means that in two dimensions the amplitudes go faster to- 
wards infinity than in the case of rotational symmetry. 

5 I n t e r p r e t a t i o n  and  d i s c u s s i o n  

We will now directly compare the experimental results with 
the solution of the one-dimensional travelling time theory. 
Jet pictures of the experiments will be directly compared to 
calculated jet paths, following Eq. (12), cf. Fig. 12. As can be 
seen, the experimental results are in agreement with the 
theoretical prediction. While the shape of the calculated jet 
edge in some places deviates from the photographed jets, 
especially in the peaks occurring later on, the mass concen- 
tration is described correctly. The mass distribution, i.e. the 
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Fig. 12. Comparison of the experimental jets to jets calculated with 
the travelling time theory 

clustering of the flow material and the formation of thin 
connections is already explicable by the travelling time. 
While the first section of the jets coincide very well with the 
theory, later on the shape deviates a little from the calculated 
one. 

In this distant section the surface tension, that had been 
completely neglected in the theory, becomes effective. The 
tension does not allow the peaks that theoretically should 
appear. It forms the clusters to spherical masses. In this 
section the mass distribution is not only a result of the 
travelling time effects. The dynamics of the surface tension 
amplify or reduce the tendency of some liquid particles to 
propagate. The different curvature radii in the clusters and 
thin connections cause pressure differences between the thin- 
ner and thicker sections of the jet. In the case of two clusters 
being far apart from each other, low pressure develops in the 
clusters in relation to higher pressure in the connecting jet 
sections. As a consequence, the liquid is sucked into the 
clusters and more and more liquid particles collide. This can 
be seen in the top three jets of Fig. 12. In the lower jet, where 
two clusters lie very close to each other, the influence of the 
surface tension causes an opposite reaction. In this case an 
area of low pressure develops in the thin parts of the jet. The 
deformation caused by the travelling time effect is thus re- 
versed by the effect of surface tension. This varying effect of 
the surface tension is caused by the varying ratio of the main 
curvature radius that describes the pressure of the surface 
tension in the jet in the following way, cf. Prandtl et al. 
(1984): 

p = a  + (16) 
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Fig. 13. Sizes of the jet mimima of the dimensionless jet radius 
calculated with the travelling time theory for various disturbance 
amplitudes 

R i and R 2 are the radial and tangential curvature radii in the 
jet. The final formation of drops also results from this fact 
with the jet's connection being tied off. By comparing the jets 
with the theory, one sees that the cause of the clustering in 
the jet are the travelling time effects. The initial jet shape 
follows from the velocity discrepancies of the liquid particles. 
In the later stages of the jet, an interaction of the surface 
tension occurs. It becomes more and more dominant until 
the jets disintegrate into drops. 

As the comparison of the theory to the experiment shows, 
the travelling time effect causes a significant deformation of 
the jet and thus a strong growth of the disturbance. The best 
agreement between the theory and the experiments is 
achieved in the thin sections of the jet, the jet minima. Thus 
these minima are used here to determine the growth of the 
disturbance quantitatively, using the travelling time theory. 
In this theory the jet in these sections gets the radius 

~ /  1 (17) 
Rmin= ( 2 n - - l )  n e + l  

This formula results from inserting the times for the minima 

(2 n - 1) n (18) 
7 S t a i n  - -  ~r~ 

Here n is a natural number and represents the number of 
periods. The size of the jet minima are shown in Fig. 13. The 
curves show the decrease of the jet radii in the minima for 
various disturbance amplitudes. It is noticeable that the ra- 
dius for little disturbances already decreases after only a few 
periods. For reasons of continuity an increase in other parts 
should be expected. The locations of the minima result from 
the following relationship, which was worked out by trans- 
forming back the co-ordinate equation: 

( 2 n -  1) 
x=(1 +e  sin(Qt)) (19) Q 

For small e we can write 

( 2 n -  1) zt 
x = - -  (20) 

f2 
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This resembles an hyperbola ,  dependent  on f2, if n is kept  
constant.  Since the disintegrat ion lengths measured during 
disintegrat ion had a hyperbol ic  shape, too, it was tried to fit 
the measured values to this relation. In doing this, the num- 
ber n has to be adapted  correctly. As shown in Fig. 11, this 
can be done very well. The number  n shows in the diagrams 
of Fig. 11 that  in terms of the per iod length, the disintegra- 
t ion length mainly is a function of the ampli tude of the 
velocity distortion.  

6 Conclusion 

Stabil i ty experiments have been carried out  on water jets 
with radii  between 1.2 and 2.5 mm and Weber numbers 
between 17 and 200. A special dis tor t ion mechanism has 
produced  modula t ions  which are very close to being sinu- 
soidal  while both the ampl i tude  and the frequency were well 
defined. 

Photographic  pictures of the decomposing jets were com- 
pared with the authors '  k inematic  wave theory which ne- 
glects the surface tension. Thus it can be shown that  for 
Weber numbers  of the order  We > 10 the wave amplification 
and final dis integrat ion of the velocity modula ted  jets are 
strongly influenced by non-l inear  travelling time effects. A 
stabili ty d iagram is given which also shows the influence by 
the ampl i tude  of the velocity dis tor t ion on the stability. 

In the case of low frequencies both the travelling time 
effect and the surface tension amplify the disintegration of 
the jet. But in the case of higher frequencies the surface 
tension causes a damping  of the surface waviness and one 
observes an interesting phenomenon:  after a quite significant 

growth just  behind the nozzle, the jet  downstream becomes 
smoother  and gets stabilised. 
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