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Abstract. Earlier derivations of scoring rules, by Smith (1973) and Young (1975),
assumed that a voter can express only a rank ordering of the alternatives on his or
her ballot. This paper shows that scoring rules can be derived without this ordering
assumption. It is shown that a voting rule must be a scoring rule if it satisfies three
basic axioms: reinforcement, overwhelming majorities, and neutrality. Other range
and nonreversal axioms are also discussed.

1. Introduction

A scoring rule is a social choice procedure in which each individual submits a ballot
that assigns some number of points to each of the various alternatives, and a social
choice is selected from among the set of alternatives that get the maximum total
points from all the individuals who vote. Scoring rules differ according to what is
the set of vote vectors that individuals are allowed to write on their ballots. Under
plurality voting, a voter can assign 1 point to only one alternative, and must assign
0 points to all other alternatives. Under approval voting, a voter can assign 1 or
0 points to each alternative independently, with no restriction on how many
alternatives can be given a point on a voter’s ballot. Under Borda voting, if
K denotes the set of available alternatives, then a voter must assign each of the
numbers (0, 1, ..., # K — 1) to one of the available alternatives.

The prominence of scoring rules, in both the theory and practice of voting,
suggests that there may be some fundamental properties that distinguish scoring
rules as a particularly good class of social choice procedures. This insight was
partially confirmed by the work of Smith (1973) and Young (1975), who present
axiomatic derivations of scoring rules. In their derivations, however, both Smith
and Young assumed that individuals can vote only by expressing a rank ordering
of the alternatives. That is, in Smith’s and Young’s formulations, the set of possible
votes is required to be equal to the set of possible rank orderings of the alternatives.

To see that this ordering assumption is seriously restrictive, notice that it would
exclude approval voting. Two voters who have the same preference ordering over
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a set of three alternatives could sincerely cast different votes under approval voting.
One voter might vote for only their top-ranked alternative, while the other voter
might vote for both their top-ranked and second-ranked alternatives. Indeed, these
two voters might strictly prefer to cast such different votes in a randomized
equilibrium of an approval-voting game, if they have different von Neumann-
Morgenstern utility functions over the alternatives. (For example, consider a situ-
ation where the first voter has utilities (1, 0.1, 0) for the three alternatives, the other
voter has utilities (1, 0.9, 0), and any pair of alternatives is equally likely to be in
close race that could be affected by one vote.) Thus, there is loss of generality in
assuming that a voter can only express a rank ordering of the alternatives on his or
her ballot.

This paper shows that Smith’s and Young’s results can be extended by drop-
ping the assumption that votes are rank orderings. We impose here no assumptions
about the structure of the set of permissible votes, except that it is some nonempty
finite set. Smith (1973) assumed also that the outcome of the voting must determine
a complete rank ordering of the alternatives. Young (1975) dropped this assump-
tion and specified that a voting rule only needs to choose a nonempty subset of the
alternatives; we follow Young in this regard.

So the voting rules that we consider here are all those that can be described
in the following general terms. Let K be a nonempty finite set which denotes the set
of available alternatives among which society must choose. Let ¥ be another
nonempty finite set which denotes the set of possible votes that any individual voter
can specify on his or her ballot. We assume that individuals submit their ballots
anonymously, so the result of any election can be described by a distribution that
specifies how many of each kind of ballot have been submitted. Thus, the set of
possible election results is the set of possible functions from V into the nonnegative
integers. This set of functions is here denoted by ZY. That is, the result of an
election is a vector o = (a(v)),cv in Z%, where, for each v in V, a(v) denotes the
number of voters who have chosen to cast the vote v.

We will consider neutral voting procedures which treat the alternatives sym-
metrically, so we must admit the possibility of ties among alternatives. Thus, the
outcome of the voting rule must be a nonempty subset of alternatives, which may
include two or more alternatives, in the case of a tie. So a voting rule is formally
defined to be a correspondence F:Z% —— K such that

0#£F(a)c K, VaecZl.

For any distribution o in ZY, F(a) denotes the choice set, or the set of winning
alternatives, when a is the distribution of votes. That is, i is in the set F () iff i would
be an admissible social choice after an election in which each vote v in V' was cast
by a(v) voters. If there is no tie and alternative i would be the unique winner of the
election when distribution % is cast by the voters, then F(a) = {i}.

Such a voting rule F: Z% —— K can be represented as a scoring rule iff there
exist functions S;: V — R for every alternative i in K, such that, for each distribu-
tion ain Z%,

Y Si(v)o(v) = max ), Sj(v)cx(u)}.

veV jeK pev

F(o) = argmax 3. S;(v)u(v) = {l eK

i€k pev

In the next sectlon we list three axiomatic properties, taken from Smlth (1973) and
Young (1975), which are sufficient to imply that a voting rule F: Z% > K can be
represented as a scoring rule.
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2. The basic axioms

The most important axiom in the derivations of Smith (1973) and Young (1975) has
been called reinforcement by Young (1988) and Moulin (1988). To formulate this
axiom, suppose that our voting rule is applied separately in two districts, and o is
the distribution of votes in one district, while § is the distribution of votes in the
other district. If the two districts were merged into a larger union, then « + § would
be the resulting distribution of votes in the union, (We add vote distributions as
vectors; that is, for any two vote distributions o and f, and for any real number n,
o + B and no are the vote distributions such that (o + 8)(v) = a(v) + B(v), and
(na)(v) = n x a(v).) Suppose now that some alternative i would win in both districts
separately. We may expect that this alternative i should also win in the union of the
two districts; that is, F(a)nF(8) should be a subset of F(a + ). Furthermore, we
may expect that nothing that loses to this alternative i in either district should be
admitted as a tied winner in the union; that is, F(o + ) should be a subset of
F(a)nF(p), when this intersection is nonempty.

Axiom 1 (Reinforcement). For any vote distributions o and # in Z%, if F(o)n
F(B) # 0 then F(o + ) = F(a)nF(B).

Our second axiom has been called an Archimedean or continuity condition by
Smith (1973) and Young (1975), but we refer to it here as an overwhelming-majority
axiom, to emphasize its motivation. Given any two distributions o and § in Z%,
let n be a very large positive integer, and consider the distribution no + 8. This
distribution represents the result when the set of voters can be partitioned into
n + 1 blocs, n of which are submitting the vote distribution «, and one of which is
submitting the distribution 8. By reinforcement, if the S bloc were removed from
the electorate, the outcome would be F(na) = F(a). So no is the union of many
blocs of voters which are uniformly endorsing the alternatives in F(x). When
n becomes very large, the § bloc becomes an infinitesimal portion of the electorate,
and such an infinitesimal bloc should not be able to overturn the decision of the
overwhelming majority na. We may suppose that the only possible effect of such an
infinitesimal minority should be to make some selection among the tied winners, if
the overwhelming majority has generated a tie among to or more alternatives.

Axiom 2 (overwhelming majority). For any distributions o and fin Z%, there exists
a positive integer N such that, for every integer n that is greater than N,

F(na + B) € F(o).

The third assumption is that the voting rule treats the various alternatives
symmetrically. For any way of relabeling the alternatives, there should be a way of
relabeling the possible votes such that the voting rule looks the same. A relabeling
of the alternatives is a permutation of K, that is, a one-to-one mapping n: K — K of
the set of alternatives onto itself. A relabelling of the votes is a permutation of the
set V, that is, a one-to-one mapping ©*:V — V of the set of possible votes onto
itself. Given any permutation of the votes n*:V — V, for any distribution « in
Z% we may let n*(a) denote the distribution such that

(m*())(r*(v)) = a(v), VveV.
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That is, letting [v] denote the distribution that consists of only one v vote and no
other votes, we can write
a= Y o@[v] and n*@) =Y a@[r*@®)].
veV veV

Axiom 3 (Neutrality). For any permutation of the alternatives n: K — K, there exists
a permutation of the votes n*: V — V¥ such that, for every distribution o in Z%,

F(rn*(@) = {n()|i € F(@)}.

When we assume this neutrality axiom, we can also assume without loss of
generality that the derivation of n* from n preserves the composition of functions.
That is, if ; and n, are any two permutations of the alternatives and if n§ and
n3 are the corresponding permutations of the votes that satisfy the neutrality
condition, then we can satisfy the neutrality condition for the permutation n;on,
by letting

(myomy)* =nieons,
because, for any distribution «,
{(nyomy)(@)|ie F(o)} = {ny(n())]ie F(o)}
= {n (j)lje F(ni(@))} = F(ni(n3 ()
= F((nf°ni)(w).

It is straightforward to verify that, if F can be represented as a scoring rule then
F must satisfy the reinforcement and overwhelming-majorities axioms. The main
result of this paper is that these axioms with neutrality are also sufficient to
guarantee that F can be represented as a scoring rule. (The existence of other
scoring rules that do not satisfy neutrality will be discussed in Sect. 6.)

Theorem. If a voting rule F:ZY —— K satisfies Axioms 1-3, then it can be repre-
sented as a scoring rule.

The proof of this theorem is deferred to Sect. 5.

3. Other axioms

The reinforcement axiom can be derived from other considerations that involve
the strategic implications of the voting rule for voters’ decision-making. Consider
a bloc of voters who are planning their votes together, and are comparing two
plans for how to vote. Let o denote the distribution of votes that the bloc would
cast under the first plan, and let § denote the distribution of votes that the bloc
would cast under the second plan. (A plan might involve some abstentions, so
¥,y ®(v) does not have to equal ¥ ., B(v).) The outcome of the election under
either plan will also depend on the distribution of votes that are cast by the other
individuals outside of the bloc. We may say that the change from o to  can support
alternative j against alternative i if there exists some distribution y such that

ieF(y+a) and jeF(y+ B).

That is, the proposed change from o to § can support j against i if, with some fixed
distribution of votes from the others in the electorate, i would be in the choice set
when the bloc¢’s vote is o, but j would be in the choice set when the bloc’s vote is f.
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A stronger version of this definition should exclude the neutral case where
both alternatives i and j are in both choice sets F(y + o) and F(y + B). So we may
say that the change from o to B can strongly support j against i if there exists some
distribution y such that

ieF(y+o), jeF(y+p), and {ij}EF@ +)nF( + p)

Decision-making by a bloc of voters is complicated by the fact that, when they
are uncertain about others’ votes, a proposed change in the bloc’s vote could have
many possible effects. To keep such complications within some bound, however, we
might at least ask that, if a change from o to f can strongly support alternative
j against alternative i in one context, then there should not exist some other context
in which the same change could support i against j. That is, we may pose the
following axiom.

Axiom la (Nonreversal). For any distributions a, f, y;, and y, in Z%, and for any
alternatives i and j in K, if

ieF(yi+a), jeF(y, +P), jeF(v; +a), and i€ F(y; + B),
then {i,j} = F(y; + )nF(y; + p), and {i,j} € F(y, + 0)nF(y; + B).

This nonreversal axiom must be satisfied by all scoring rules, because a change
from o to B can strongly support j against i in a scoring rule only if the net
difference between the total scores of j and i is greater in § than in o. Indeed, it can
be shown that the reinforcement axiom by itself implies the nonreversal axiom.
With one minor technical condition, we can also show that the nonreversal axiom
implies the reinforcement axiom. |

Let 0 denote the zero vector in R", which is the vote distribution when nobody
votes. Notice that the neutrality axiom and the overwhelming-majority axiom both
imply that F(0) = K.

Proposition 1. If F:ZY —— K satisfies Axiom Ila, and F(0) = K, then F satisfies
Axiom 1.

Proof. Suppose F(a)~F(f)#®, and let i be any alternative such that
i€ F(a)nF(f). Let j be any alternative such that je F(a + ). Now consider the
facts that ie F(f), je F(ax + B). je F(0), and i€ F(x). Then applying Axiom la
(withy, = fand y, = 0, and with 0 and o here taking the roles of a and f in Axiom
1a respectively), we get

{i,j} € F()nF(a+ B) and {i,j} < FO)nF(x).
Soje F(a)nF(f),andie F(o + f). But we originally selected jin F(o + ) and i in
F(a)nF(B). So F(a + ) = F(a)nF(B). Q.E.D.

In our derivation of scoring rules, the neutrality axiom operates only through
two conditions on the range of F, which are worth formalizing explicitly. We label
these conditions as Axioms 3a and 3b, to indicate their close relationship with the
neutrality axiom.

Axiom 3a (Weak range condition). For every alternative i in K, there is a distribution
p:in ZY such that F(u;) = {i}.

Axiom 3b (Strong range condition). For every set L that is a nonempty subset of K,
there exists some distribution y, in Z¥ such that F(y,) = L and

y(v) >0, VveV.
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A voting rule that always selects F(a) = K, for every distribution a in Z%,
would violate both of these conditions. Once this trivial rule is excluded, however,
we find that Axioms 3a and 3b follow from Axioms 1,2, and 3.

Proposition2. Let F:Z% —— K be a voting rule that does not always select the set of
all alternatives K. (That is, F(a) # K for some a in ZY). If F satisfies Axioms 1-3,
and then it satisfies Axioms 3a and 3b.

Proof. We first prove Axiom 3a. Let L denote a set of minimal size such that
F(a) = L for at least one distribution a. L is nonempty, because our definition of
a voting rules specifies that it always selects a nonempty winning set. By the
nontriviality assumption, L # K. If #L = 1, then we are done. So suppose that
#L > 2. Let i and j be two distinct alternatives such that ie L and je L, and let
h be an alternative such that h¢ L. Let n,; denote the permutation of the alterna-
tives that switches h and i, leaving all other alternatives fixed By the neutrality
axiom, F(nf(a)) = Lu{h}\{i}. Then by the reinforcement axiom,

L\{i} = F()nF(nji(a)) = F(o + nii(a))

because this intersection contains j and so is nonempty. But L\{i} is a set with
fewer members than L, which contradicts the minimality of L. This contradiction
proves Axiom 3a.

We now prove Axiom 3b. As above, for any two distinct alternatives i and j, let
7;; denote the permutation of K that switches i and j but keeps all other alternatives
fixed. For any alternative i, let P(i) denote the set of all permutations of the
alternatives n: K — K that keep i fixed, in the sense that n(i) = i.

Let g denote a fixed alternative in K. By Axiom 3a, we can select a distribution
py such that F(u,) = {g}. By neutrality, F(n*(y,)) = {g} for any 7 in P(g). Let Q be
the distribution such that Q(v) = 1 for all v. By neutrality, we must have F(Q) = K,
because n*(Q) = Q for all permutations. Let

6,=0+ Y 7m*(u,).
neP(g)
Reinforcement then implies that F(6,) = {g}, because 6, is the sum of (#K — 1)!

distributions in g is the unique winner, plus one distribution in which all alterna-
- tives win. The symmetry of the construction guarantees that

n*(0,)=46,, VneP(g)
Furthermore, for every v in V, 6,(v) = Q(v) > 0.

For any other alternative i, let 8; = n5(6,). By neutrality, we have F(8;) = {i},
because 7;, exchanges i and g. For any set of alternatives L, let

YL = Z 0;.

iel

We now prove the claim that F(y,) = L, for all L.

If this claim fails to hold, then let L be a set of minimal size for which it fails. It is
straightforward to check that, if i and j are both in L, or if i and j are both in K\ L,

then 75(7,) = yL. So the neutrality axiom implies that F(y,) must equal either L or
K\ L or K. Thus, if the claim fails then we can choose some alternative h such that

he F(y,) but h¢L.

Let us also pick two distinct alternatives i and j that are both in L. (The claim
cannot fail when # L equals 1, because F(yy) = F(6;) = {i}.) By minimality of L,
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we know that
F(yay) = L\{i},
and so
h¢ F(yL\(i}) and je F(yg})-

Now exchange h and j by the permutation m,;. By the symmetry of the 6 and
y distributions, we have

TP (i}) = VLo (i)
nh(L) = VLo (i) = Yeu{engigy + B
Thus,
h=m(j)e F(“/Lu{h}\{i,j})a j= nhj(h)éF(yLu{h}\{i,j})a
j=m(h)e F(m;(0)) = FOr o)

Because j is in both F(yp\) and F(yLop()) and h is not in F({i}), the
reinforcement axiom implies that

h¢ Fyovs + 7opngy) = F o) nFropn i)
On the other hand A is in both F(y.) and F(yLogm\(ij}) and so

he F(yy + veopngi) = FOLOFGLomni)-

However,

YL — Yoy = 8, = YLU{RN{} — YLo{h\{ij}e
and so

YL+ YLo{hn{i,j} = YN} T YLo{hn (i}

This contradiction implies that the claim cannot fail for any set L. That is,
F(y.) = L, for all L, and so Axiom 3b is satisfied. Q.E.D.

4. Implications of Axioms 1, 2 and 3a

Nonneutral voting rules which satisfy the reinforcement axiom, the overwhelming
majority axiom, and the weak range condition are not necessarily scoring rules, but
they have a related representation. Instead of having one scoring function S; for
each alternative i, we have a bilateral balance function s;; for each pair of alterna-
tives (i,j). Then an alternative j wins iff its total balance ¥, s;;(v)a(v) is non-
negative against every other alternative i. Any scoring rule can also be represented
in this bilateral balance form, by letting s;;(v) = S;(v) — Si(v), but the bilateral
balance form is strictly more general. (See Example 2 in Section 6.)

Proposition 3. Suppose that F: Z Y —— K is a voting rule which satisfies Axioms 1,
2, and 3a. Then there exist functions s;;: V — R, for every pair of distinct alternatives
i and j in K, such that, for each distribution o in Z Y

F(o) = {f Y, sy(v)a(v) =0, Vie K\{j}}-

veV
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Furthermore, for each i and j,
5;i(v) = —s;(v), VveV,

and there exists some w in ¥ such that sij(w) # 0.

Proof. Consider a pair of distinct alternatives i and j. Let
Dy=(f—alaeZl,peZL, F(B)={j}, and F(a) = {i}}.

D;; is a subset of R, Let C;; denote the convex hull of the set D;;.

In the vector space RY, the vector 0 cannot be in the convex set C;;. If it were,
then there would exist distributions oy, ..., 0, B1, ..., Bu), €ach of Wthh is in
Z" . such that

O) = {l} and F(B,)= {]}’ Ym,

and such that there is a nonnegative solution (4, ..., 4y) to the equations
M
Z }~m(am(v) - ﬁm(v)) =0, Vve V.
m=1

However, this system of equations is linear and homogeneous, and it has all integer
coefficients (because o, (v) and f,(v) are integers), so having nonnegative solutions
in the real numbers implies that it also has nonnegative solutions in the rational

numbers and in the integers. So there exist nonnegative integers (4, ..., 4y ) such
that
M M
N mOm =Y AmPm
m=1 m=1

But the reinforcement axiom implies that
M M
F< Y }vmam) ={i}#{j} = F( Yy /1,,,[3,,,).
m=1 m=1

This contradiction implies that 0¢C;;.

Thus, by the Supporting Hyperplane Theorem, we can choose a vector
5ij = (5ij(v))vey in RY such that

s;; # 0,
and, for all o and f in Z% such that F(B) = {j} and F(a) = {i},

2 s (0)(BE) — a@) 2 0.

veV

To satisfy these conditions when the roles of i and j are reversed, we can simply let
Si =~ Sij

It now remains only for us to show that these vectors s;; characterize F as
asserted in Proposition 3. We do so by proving a series of four claims.

Claim 1. If F(B) = {j} then ¥y, s;(t) f(v) = 0, Vie K\{/j}.

To prove this claim, use the weak range condition to pick gu; such that
F(u;) = {i}. By the overwhelming-majority axiom (and nonemptiness of F), there
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exists some positive integer n such that F(nf + y;) = {j}. So
Y 5i;(0) (nB(v) + ov) — a(v)) = 0,
veV

which implies the inequalities described in Claim 1.
Claim 2. If je F(f) then Y, _, s;;(v)f(v) = 0, Vie K\{j}.

Suppose that je F(f). pick u; so that F(u;) = {j}. Using the reinforcement
axiom, we can inductively show that, for any positive integer n,

FnB +p)={j}

So we must have
;V $i()(nB) + p;(v)) 2 0, Vie K\{j}.

Thi; inequality cannot hold for all arbitrarily large n unless
.,Zv s;i()B() 20, Vie K\{j},

as thee claim requires.

Claim 3. For any alternative j, there exists some fi; such that F(u;) = {j} and
Y. sii(0)av) >0, Vie K\{j}.
veV

To prove this claim, use the weak range condition to pick y; such that
F(u;) = {j}. Because s;; # 0, we can pick an alternative w; such that s;j(w;;) # 0, and
let [w;;] denote the vote distribution that consists of a single w;; vote and no other
votes. By the overwhelming-majority axiom, we can find a positive number n;; such
that

{7} = Flnpy) = Flnp; + [wil = Fnp; + 2[wy]).
So by Claim 1, for any h # j

Y, suj(©)mi;p;(0) + msyy(wiy) 2 0, for me {0, 1, 2},
veV .
But s;;(w;;) # 0, and so we must have

Y. 8ii(O)ni () + si(wiy) > 0.

veV
Now let g; =Y, ;(n;;u; + [w;]), and Claim 3 is proven.
Claim 4. For any j in K and any B in Z, if ¥, 5;;(0)B(0) = 0, Yie K\{j}, then
JeF(p).

Suppose that f satisfies the inequalities in the hypothesis of the claim. Pick
fi; satisfying the conditions of Claim 3. For any positive integer m,

Y, sy(©)mpw) + 1) >0, Vie K\{j}.

veV

Using the fact that s; = — s;;, we have
2 i) mp) + L) <0, Vie K\{j}.
veV

and so, by Claim 2,
igF(mP + ji;), Vie K\{j}.
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By the nonemptiness of F, we must have F(mf + [i;) = {j}. But the overwhelm-
ing-majority axiom implies that F(mpf + ;) = F(B) for all sufficiently large m.
Thus j e F(f), and so the claim is proven.

Claims 2 and 4 together assert that j € F(8) if and only if

Y s;()B(v) =0, VieK\{j},

veV

and so the proof of Proposition 3 is complete. Q.E.D.

5. Derivation of scoring rules

In thls section, we show that Axioms 1, 2, and 3b are sufficient to imply that
F:Z% —-— K is a scoring rule. The main theorem will then follow immediately
from Propositions 2 and 4.

Proposition 4. If F: ZY - K satisfies Axioms 1, 2, and 3b, then it can be repres-
ented as a scoring rule.

Proof. Let F satisfy Axioms 1, 2, and 3b. Axiom 3b obviously implies Axiom 3a, so
we can let 5;; be as in Proposition 3, for each pair of distinct alternatives i and j.
Using the stronger range condition, we now prove two more claims.

Claim 5. If je F(f) and i¢ F(B) then ¥,y 5:;(v) B(v) > 0.
To prove the claim, let y; ;; be as in Axiom 3b. That is,
F(ya.y) = {i.j}, and 4, ;3(0) > 0, VveV.

By Proposition 3 (using the fact that s; = — s;;), we must have
Z Sij(”)‘/{i,j}(l’) =
veV

By reinforcement, we have

Flyan+ By ={i}-

Pick any w such that 5;;(w)#0. Let e(w)= — 1 if 5;;(w) >0, let e(w)=11if su(w) < 0,
and let &(v) =0 for every v # w. Because i, J}(w) 21,7,y +eis adistribution in VAS
By the overwhelming-majority axiom, there exists some positive integer n such that

F(n(yy+ B) + Gy + €)= {j}

So by Proposition 3,

0< Y sy(0) (0. ®) + BO)) + (i (0) + e(0) = n Y, ;) B(0) — |s;;(W)].

veV veV

The strict inequality in the claim immediately follows, proving Claim 5.

Claim 6. For any three distinct alternatives h, i, and j, the system of inequalities

z $ri(v)o(v) > 0,

veV

Y s;;(v)6(v) >0,

veV

Y s;(0)8(v) > 0

veV

cannot have any solution & in R”.
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If this system of inequalities had any feasible solutions ¢ in the real numbers,
then it would also have solutions in the rational numbers (by continuity of linear
functions), and so (by homogeneity) it would also have a solution é such that 4(v) is
an integer for all v. But then consider the distribution yy, ; ;) from Axiom 3b. Let

m = max |é(v),
veV

and observe that
m‘}){h,i,j} -+ ) € ZK.

So by the overwhelming-majority axiom, there exists some positive integer n such
that

Fnygni gy + mynijy +0) S Fyni ) = {h,ij}.

By Proposition 3, we must have

Z Shi(”)“/{h,i,j}(”) =0,

veV
because he€ F(y,i,j)), i€ F(y(ni,;3) and s = — s3;. Thus, the first inequality in
the claim implies that

Y su) (0 + m)ygn, i, () + 6(v) >0,

veV
and so Proposition 3 implies that

h¢F(nV{h,i,j} + MY,y + 0).

A similar argument using the second inequality (and permuting the roles of 4, i,
and j) implies that

I$F(ny(n,i,5) + My(ni, ) + 9)-
Similarly, the third inequality similarly implies that

jéF(n"/{h'i,j} + m'}){h,i,j} + 5)

But these conclusions contradict the assumption that a voting rule cannot have an
empty choice set. Thus, the system of inequalities cannot have any solution 8. So we
have proven Claim 6.

To complete the proof of Proposition 4, now let h be any fixed alternative in K.
From the strong range condition (Axiom 3b), consider the distribution yg\ (4}, for
which every alternative other than i wins. For each j in K\ {h}, let

Ij= Z Shj(U)"/K\{h}(U)-

veV

Claim 5 then implies that
I';>0, VjieK\{h}.
By Proposition 3, we must also have

Y sy k@) =0, VieK\{hj}, VjeK\{h}.

veV
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Now fix any two distinct alternatives i and j such that i # h # j. Claim 6 implies
that the following linear programming problem has no feasible solutions:

minimize 0
subject to de R,
Z su(v)6(v) = 1,

Y. si(v)6(v) 2 1,
Y = syi(v)o(v) > 1.

The dual of this linear programming problem can be written as follows:
maximize Xij + yij + Zij
subject to x;; >0, y;>0, z;>0,

xijs;,i(v) + yijsij(v) — Z,-js;,j(v) = 0, Yve V.

By the Duality Theorem of linear programming, this dual problem cannot have
a finite optimal solution, because the original problem is infeasible. But the dual
problem does have a feasible solution (simply let x;;, y;;, and z;; all be zero). So the
dual problem must have an unbounded optimum. Thus, we can pick nonnegative
numbers X;;, y;;, and z;; such that the dual constraints are satisfied and

Xij -+ Yij -+ Zij > 0.
These dual constraints imply that
0= Z (xi;8ni(v) + yij8ij(v) — Zijshj(v))“/x\{h}(v) =X + 0 — z;;T;.
veV .

So z;; = (I;/T;)x;;. The number x;; cannot be zero, or else the dual constraints
would then force all 5;;(v) to be zero, which would contradict Claim 5 (for any
distribution where j wins and i does not). If y;; were equal to zero, then s,;(v) would
equal (T;;/T})s;(v) for all v, which is not possible, because it would contradict the
fact that (again using Axiom 3b and Claim 5)

Z sri(©)7(n, 3(v) <0 and Z Srj(©)7{n, 3 (v) = 0.

veV veV
So x;; >0 and y;; > 0. Let
rii = Lixij/ yij.

Then the dual constraints can be rewritten

5i1(0) = 1ij(s4;(v)/T; — sw(v)/13), Vve V.
Now let

Si(v) = sy(v)/T;, Vie K\{h}, VveV,

Sp(v) =0, VveV.

Because each ry;is a strictly positive number, Proposition 3 implies that j € F(a)
if and only if

Y, (S,(0) = Si(v)a(v) 2 0, Vie K\{j}.

veV

Thus, F:Z% —— K can be represented as a scoring rule. Q.E.D.
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Proof of the Theorem. If F(a) equals K for every vote distribution o, then F can be
trivially represented as a scoring rule, by letting the scoring functions be identically
zero. So we may suppose that F(a) is not always K, in which case Axioms 1-3,
imply that Axiom 3b is also satisfied. Then Proposition 4 asserts that F can be
represented as a scoring rule. Q.E.D.

6. Examples

Example 1. For an example of a voting rule which satisfies Axioms 1 and 3 but not
Axiom 2 (overwhelming majorities), consider a voting system in which each voter’s
ballot must contain an ordered list of two alternatives. To win, an alternative must
be listed in the first position on the maximal number of ballots; but if two or more
alternatives are tied for being listed first on the most ballots then the winners are
those, among these tied alternatives, that are listed on more ballots in the second
position.

Under this voting rule, suppose that the distribution o generates a tie between
alternatives i and j for being listed most often in the first position, but F(a) = {i}
because i is listed in the second position more than j. Let § be a distribution
containing one vote that lists j in the first position and no other votes. Then for any
positive integer n, F(na + f) = {j}, thus violating Axiom 2. This voting rule is not
a scoring rule in the simple sense used in this paper, but it could be considered as
generalized sequential scoring rule. Such generalized sequential scoring rules were
also axiomatically derived by Smith (1973) and Young (1975).

Example 2. For an-example of a voting rule which satisfies Axioms 1, 2, and 3a, but
which is not a scoring rule, consider the following. Let K = (1, 2, 3, 4), and let
V = {red, yellow, blue}. For any nonzero vote distribution o, let the normalized
distribution be & defined by

a(v) = a(v)/ ( Y cx(w)), Yve V.

weV

We may denote any normalized distribution by an ordered triple of numbers, using
the ordering

& = (&(red), Aa(yellow), &(blue)).

Now, we specify that alternative 1 is in the choice set F(a) if the normalized
distribution & is in the convex hull of

{(1’ 0’ 0)’ (%’ %! %)7 (%5 %’ %), (O! 1’ 0)};

alternative 2 is in the choice set F(a) if the normalized distribution & is in the
convex hull of

{(O’ 1’ O)! (%5 %’ %)7 (%! é" %)) (01 09 1)}5

alternative 3 is in the choice set F(a) if the normalized distribution & is in the
convex hull of

{(05 OJ 1)’ (%’ %’ %)! (%7 %7 %), (13 O’ 0)};

and alternative 4 is in the choice set F(a) if the normalized distribution & is in the
convex hull of

{(%s %3 —él-)y (é9 %5 %)s (%a %9 %)}
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(0.1.0)

Fig. 1. Normalized distributions where
each alternative wins, in Example 2

100 eBIRSE OO

For any scoring rule, if one alternative were eliminated, then we could still
apply the same S; functions to define a new scoring rule among the remaining
alternatives. The domain where each remaining alternative wins (see Fig. 1) under
this new rule would be a convex set of distributions that includes all distributions
for which this alternative won under the original rule, and that excludes all
distributions for which this alternative was beaten by some other remaining
alternative under the original rule.

However, when we try to eliminate alternative 4 in this example, we cannot
divide alternative 4’s domain among alternatives 1, 2, and 3 without making at
least one alternative’s domain nonconvex. Extending the (1, 2) and (1, 3) bound-
aries, for example, we find that alternative ! cannot win when the normalized
distribution is outside of the convex hull of

{(1’ O’ 0)7 (Oa 1, 0)9 (’ITa %7 %)}

This convex hull excludes the normalized distribution (3, %, ). Thus, in the new
voting rule without alternative 4, alternative 1 could not win when the three kinds
of ballot are equally represented, and a symmetric argument shows that alterna-
tives 2 and 3 also could not win then. Thus, this voting rule cannot be represented
as a scoring rule.

Bilateral balance functions which satisfy Proposition 3 for this voting rule are

sia(red) = —2, sy (yvellow) =0, sy,(blue)=1,
sa(red) =1, s,s(yellow) = —2, s5,3(blue) =0,
sia{red) =0, sy3(yellow)= —1, s;3(blue) =2,
siafred) = — 1, sya(yellow) = —9, s54(blue) =23,
Saa(red) = 23, sy4(yellow) = — 1, sy4(blue) = —9,
sag(red) = — 9, saa(yellow) =23, sz.(blue) = —1,

Outside of the triangle where 4 wins, the winner is determined by the bilateral
balances among alternatives 1, 2, and 3. Alternative 2 has a nonnegative balance
against alternative 1 if there are at least twice as many blue votes as red votes in the
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distribution. Alternative 3 has a nonnegative balance against alternative 2 if there
are at least twice as many red votes as yellow. Alternative 1 has a nonnegative
balance against alternative 3 if there are at least twice as many yellow votes as blue
votes. So when the normalized distribution is near (3, 4, $), the bilateral balance
functions specify that alternative 2 loses against 1, alternative 1 loses against 3, and
alternative 3 loses against 2. This intransitivity is not a problem, however, because
alternative 4 wins in this central region.

This voting rule, with four alternatives but only three possible votes, obviously
violates neutrality. It also violates Axiom 3b, because there is no distribution for
which the three alternatives {1, 2, 3} are all in the choice set.

For many applications, the neutrality axiom is quite reasonable. However,
neutrality is obviously not a necessary condition for scoring rules, as we show in
the next example.

Example 3. Consider a scoring rule in which there are three alternatives and three
possible votes, so we may let K = {1, 2, 3} and V = {1, 2, 3}, and the scoring
functions S;(v) are

Sy =1, S;,(1)=0, S3(1)=0,
$:2=0, S,=2 S$;2)=0,
§:(3)=0, $,(3)=0, 55(3)=./3

That is, a voter can vote for any alternative in K, but votes for alternatives 2 and
3 are counted more than votes for alternative 1. This scoring rule is obviously not
neutral. A tie between alternatives 1 and 2 could occur only if the number of voters
for 1 was greater than the number of voters for 2 by a multiplicative factor equal to
the square root of 2, which is impossible when the number of each kind of vote is an
integer. So this voting rule violates both neutrality and the strong range condition,
but it is a scoring rule.

Examples 2 and 3 suggest that we should look for ways of strengthening Axiom
1 and 1a so that scoring rules can be derived without neutrality or the strong range
condition. For example, Axiom la (nonreversal) could be strengthened to a kind of
transitivity axiom as follows.

Axiom 1b (T ransz’tibz‘ty). For any distributions a, 8,7, 7,,and y; in Z%, and for any
alternatives h, i, and j in K, if heF(y; +a), ieF(y; +f), ie F(y; + a),

jeF(y, +B),jeF(ys +a),andhe F(y; + B), then {h,i} = F(y, + a)nF(y; + B),
{ij} € F(y2 + )0 F(y; + B), and {h,j} € F(ys + a)nF(y3 + f).

Any scoring rule must satisfy this transitivity condition, and it is violated by the
nonscoring rule in Example 2. For example, let

yi(red) =1, v (yellow) =0, 7y(blue)= 100,
yo(red) =0, y,(yellow) =100, y,(blue) =1,
va(red) = 100, ys(yellow) =1, y;(blue) =0,
a(red) =0, a(yellow) =0, o(blue)=0,
P(red) = 3, PB(yellow) =3, a(blue)=3,
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Then we get the fbllowing violation of this transitivity axiom:
Fiyr+a)={3}, Fy:+5)={2},
Fiy+ ) ={2}, F(y:+B)={1},
F(ys+o)= {1}, F(ys+B)={3}.

At this time, however, I do not know whether this transitivity axiom is sufficient
generally to derive a scoring-rule representation without neutrality.
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