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Introduction

Hyperbolic spaces are geodesically stable in the following sense. Each quasi-
geodesic segment (being defined as the bilipshitz image of an interval) is contained
in a neighborhood of a geodesic segment (an isometric image of an interval) where
the size of the neighborhood only depends on the bilipshitz constant related to
the quasi-geodesic and not on its length. This is due to the negative curvature of
hyperbolic spaces and does not hold in Euclidean spaces, for example.

In this paper we investigate the relation between hyperbolicity and geodesic
stability for general geodesic metric spaces. For these spaces a concept of hyper-
bolicity was introduced by M. Gromov [Gro]. See Section 1 below for precise
definitions.

It is known that Gromov hyperbolic spaces are geodesically stable. The main
result of the present paper shows that the converse is also true. So the notions of
Gromov hyperbolicity and geodesic stability are equivalent.

For the proof we use a certain function G x related to a geodesic metric space
X. According to its geometric interpretation this function may be called the detour
growth function. For Gromov hyperbolic spaces it grows at least exponentially. In
view of this, it is somewhat surprising that the condition
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already implies Gromov hyperbolicity as we will see. On the other hand, it can be
shown that this condition is equivalent to geodesic stability.

1. Basic Definitions and Auxiliary Results

Let X be a metric space. Though the metric on X need not come from a norm, we
will denote the distance of two points z,y € X by [z — y|.Ifz € X and M C X
then

dist(z, M) = inf{|z — y| : y € M}.

The space X is called geodesic, if for two arbitrary points =,y € X there exists an
isometry ¢: [a,b] — X of a compact interval [a, b] C R into X with ¢(a) = 2 and
#(b) = y. The image Im ¢ = ¢([a, b]) is called a geodesic segment joining = and
y and will be denoted by [z, y]. Since we do not require uniqueness, this notation
is ambiguous, but it is convenient,

A geodesic triangle A isaset A = [zq, 27)U[z2, 23]U[z3,21] C X. We say that
A satisfies the Rips condition with constant § > 0, if for each permutation &, [, m of
the numbers 1,2,3 and each © € [z, z;] we have dist(z, [z, Zn, | U [2m, 21]) < 6.
In other words, each point on a side of A has distance to the opposite sides less
than or equal to 6.

A geodesic metric space X is called §-hyperbolic for § > 0 if each geodesic
triangle satisfies the Rips condition with constant 6. The space X is called Gromov
hyperbolic if it is 6-hyperbolic for some § > 0.

Hyperbolicity for general metric spaces was introduced by M. Gromov [Gro].
Our definition is equivalent to Gromov’s original definition for geodesic metric
spaces (cf. [G-H, ch. 2]).

A path is a continuous mapping ¢: [a,b] — X of an interval [a, b] C R into the
metric space X . The length of ¢ is defined as

length(¢) = sup > lgt) = d(tu-1)l-
a=tg<t1<-<tn=b ,_
Here the supremum is taken over all possible decompositions of the interval [, b] by
pointsa = {g < 1 < --- < t, = b. Asusual we call ¢ rectifiable if length(¢) < .
If [e,d] C [a,b], we denote by ¢|[c, d] the restriction of ¢ to [¢,d]. For A > 1
the path ¢ is called a A-chord-arc curve if

tength(g[e, d]) < Me(c) — ¢(d)| forall [c,d] C [a,b]:

A A-quasi-geodesic segment is the image of a A-chord-arc curve.
For K > 1 a mapping ¢ : [a,b] — X of an interval [a,b] C R is called
K -bilipshitz, if

Lle—d) < ¢(c) ~ 9(d)| < Kle—d] fore,d & [a,b).
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Every K -bilipshitzmap ¢ is a K 2-chord-arc curve. Conversely, if we reparametrize
a A-chord-arc curve according to arc length, we get a A-bilipshitz map. So as in
the introduction we could alternatively define quasi-geodesic segments as images
of bilipshitz maps. For our purposes it more convenient to work with chord-arc
curves.

For ¢ > 0 the open e-neighborhood N.(A) of aset A C X is

Ne(A) = {z € X:dist(z,A) < ¢}.

The geodesic metric space is called geodesically stable if the following condition
is true. For each A > 1 there exists a constant A/ > 0 with the following property.
If ¢:{a,b] — X is a A-chord-arc curve, then there exists a geodesic segment

[¢(a), #(b)] with
Im ¢ C Nur([¢(a), (b))

This means that every A-quasi-geodesic segment is contained in a neighborhood
of a geodesic segment whose size only depends on the constant A and not on the
length of the quasi-geodesic segment.

Ift > Oand ¢: [a,b] — X isapath, we call ¢ a t-detour if there exists a geodesic
segment [¢(a), $(b)] and a point z € [$(a), ¢(b)] with Im ¢ N B(z,¢) = . Here
B(z,t) = {z € X : |z — 2| < t} is the open ball with center z and radius ¢. The
detour growth function G x: (0, c0) — [0, oo] is defined as

Gx(t) = inf {length(¢) : ¢ is a t-detour} fort > 0.

We have to allow the value G'x () = oo here, since the set of rectifiable ¢-detours
may be empty. It is clear that Gx(¢1) < Gx(¢2) for 0 < ¢; < t3. For Gromov
hyperbolic spaces the function G'x grows at least exponentially as the following
proposition shows.

PROPOSITION 1.1 Suppose X is §-hyperbolic. If§ > Othen Gx(t) > 2(t=1/6-1_
Lfort > 0.1f6 =0, then Gx(t) = oc.

This is essentially Lemma 1.6 in [CDP, ch. 3]. For the sake of completeness we
give a complete proof.
We need the following lemma (cf. [CDP, ch. 3, Lemma 1.5]).

LEMMA 1.2 Suppose X is 6-hyperbolic and k € Ny. If n = 25, zo, ..., 2, € X
and z € [xg, T,), then dist(z, (20, z1] U -+ - U [@p—1, 2,]) < k6.

Proof. The proof is by induction on k. The statement is true for k& = 0.

Assume the statement is true for k = [ € Ny. Let n = 21! and suppose we are
given points zo,...,z, € X and z € [z, z,].

Since X is é-hyperbolic, the geodesic triangle [20, Tn] U [2n, T, /2] U [2,,/2, Z0]
satisfies the Rips condition with constant §. So there exists a point 2’ € [zg, ,, /] U
[Tn/2, @n] With |2 — 2'| < 8. If 2’ € [x0,2,/,] then by induction hypothesis
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dist(z’, [z, @1] U -+ - U 231, Tpya]) < 16. Simiilarly, if 2’ € [2,,/5,2,], then
dist(z, [2r/2, Tpj241] U+ - U [Zn_y, 25]) < 16. This implies dist(z, [zo, 1] U - - - U
[Zn—1,2s]) < (L +1)é. a

PROOF OF PROPOSITION 1.1. Assume first that § > 0. Suppose ¢ > 0 and
let ¢: [a,b] — X be a t-detour of finite length. There exists a geodesic segment
[¢(a), #(b)] and a point z € [¢(a), $(b)] with dist(z,Im ¢) > .

Let £ € Ny be the smallest number so that L = length(¢) < n = 2% Then
L > 2k=1 _ 1. There are numbers ¢ = 4 < t; < - < %, = b so that
length(¢|{ti—1,4]) < 1forl € {1,...,n}. If 2; = ¢(¢;) for I € {0,...,n},
then Lemma 1.2 shows that dist(z, [z, ;] U - - - U [2n—1, Z,]) < k6. Therefore,

t < dist(z,Im¢) < ké + 1.

This implies the first part of the statement.

If 6 = 0 we use a similar argument, but instead of dividing our curve in pieces
of length 1, we divide in pieces of length ¢, where ¢ > 0 is arbitrary.

Using Lemma 1.2 it can be shown that then dist(z,Im ¢) < e. It follows that
no rectfiable ¢-detour for positive ¢ exists. So Gx(t) = . ]

A tripod is a union of three segments T = [0, a;] U [0, a;] U [0, a3), a1, az, a3 € R?,
which have only the origin in common. The distance of two points z,y € T is
defined to be the length of the shortest path with image contained in 7' that joins
and .

Every geodesic triangle A = [z1, 23] U [z2, 23] U [23,21] C X can be mapped
onto a tripod so that the restriction of the map to each side of A is an isometry. We
will call a map with these properties a tripod map.

To see the existence of a tripod map for each geodesic triangle let

sk = 3(lok — @] + |2k = 2| = &1 — 2m), 1.1y

where k, [, m is a permuation of the numbers 1, 2, 3. Note that |z, — 2| = s + s;.
For k € {1,2,3} choose segments %; C R? originating from the origin of length
s which have only the origin in common. Now define the map f from A onto the
tripod T = ¥ U X, U X3 as follows. If z € A there is at least one k € {1,2,3}
with |z — zx] < si. Let f(z) € T be the unique point on the segment ¥; with
distance sy — |z — x| from the origin. The only points for which the choice of &
is not unique are mapped onto the origin. So f is well defined and it can easily be
seen that f is a tripod map in the above sense.

A tripod map is essentially unique. More precisely, if fj: A — Ty and f5:
A — T, are two tripod maps, then there exists an isometry g: T — T so that
fa=go0 fi.

A geodesic triangle A is called é-thin for § > 0, if there exists a tripod map
f: A — T with the following property. If u,v € A and f(u) = f(v), then
|lu —v| < 6.
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LEMMA 1.3 Let A = [z1, 2] U [22, 23] U [23, 21] C X be a geodesic triangle. If
A is 6-thin, then A satisfies the Rips condition with constant 6.

Conversely, if A satisfies the Rips condition with constant 6, then A is 46-thin.

Proof. We adapt the proof in [G-H, ch. 2].

Suppose A is §-thin. Then there exists a tripod map f: A — T sothatu,v € A
and f(u) = f(v)imply |u — v| < 6. Assume z is a point on one of the sides of A.
To show that A satisfies the Rips condition with constant § we have to find a point
y on one of the sides opposite to z with |z — y| < §. Without loss of generality we
may assume & € [21, 2] and |z — x1] < s;. Here the number s; is defined as in
(L.1).

There is a unique point y € [z1,z3] with |y — z1] = |z — 21| < s1. Then
f(z) = f(y)andsolz —y| < 4.

To prove the other part of the lemma note first that for three arbitrary points
a,b,c € X we have

I=1(la=bl+|a—c|—|b-c|) < dist(a, [b,c]).

To see this let g: A — T be a tripod map of the geodesic triangle A = [a, b] U
[b,¢] U [¢,a] and w € [b, ¢] be a point with dist(a, [b, ¢]) = |a — w|. There exists
a point w’ € [a,b] U [a, c] with g(w) = g(w’). Without loss of generality we may
assume w’ € [a, b]. Then

[<|w' —a]=|a—b|-|b—w| < |a—w|=dist(a,[b,c]).

Now assume A satisfies the Rips condition with constant é, but A is not 44-thin.
We will show that this leads to a contradiction.

By assumption there exist a tripod map f: A — X and points u,v € A with
f(u) = f(v)and |u—v| > 46. After a relabeling of the vertices of A, if necessary,
we may assume that u € [z, 23], v € [z1, 23] and |u — 21| = |v— 21| < s1, where
s1 is the number defined in (1.1). We may even assume |v — z1| = |v — 21| < s,
since we can shift © and v closer to z;.

Then by the above remark

dist(v, [z1, z2]) = min {dist(v, [z1, u]), dist(v, [u, z2])}
> min{J(|v — z1| + |[v — u| — |z ~ ul),

3(Jv = ul + o = 2] — 1 ~ 22|}

Now
lv—z1| + v —u| = |21 —u| = |v—ul,
[v—ul+|v— 22| = [u~22| = |v—u|+|v— 22| — (|&f — 22| — |21 — u|)

[v—ul+ (Jv— 22| + |21 — v = |21 — 22)
> |v—ul.
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So dist(v, (21, 22]) > 26. In particular, [v — ;| > 2§ and so there exists a point
w € [z1,v] with |w — v| = 6. Then
dist(w, [z1, z2]) > dist(v, [z, z2]) — § > 6,
dist(w, [z3, z2]) > dist(z1, [22, 23]) — |21 — w| > 81 — |21 ~ w|
> |v—2z| - |w—~z] =6

Therefore, dist(w, [z1, 2] U [z2,z3]) > 6. But then A cannot satisfy the Rips
condition with constant §. a

2. Statement and Proof of the Main Result

Now we can state our main result.

THEOREM. Let X be a geodesic metric space. Then the following conditions are
equivalent:

(a) X is Gromov hyperbolic,
(b) X is geodesically stable,
() lims, oo Gx(1)/t = 00.

The proof of this theorem is broken up into a series of lemmas and proposi-
tions.

LEMMA 2.1 Let G: (0,00) — [0, 00] be a function with lim,_,., G(t)/t = oc.
Then there exists a function f:(0,00) — (0, 00) with limy_,o, f(t)/t = 0 and
limg oo G(f(1))/t = o0.

Proof. Choose a sequence of real numbers0 = 29 < 21 < -+ < 2, < Ty <
.-+ so that z,41 > (n + 1)z, for n € Ny and G(t) > n?t fort > z,, n € Np.
Now define f(t) = t/n fort € (2, Zn41]. Then obviously lim; f(t)/t = 0.
Furthermore, for ¢ € (zp41, Tnt2] we have t/(n + 1) > z,, and so

n2
G(f(1) = G((ni 5) 2

This implies lim;—,, G(f(t))/t = oo. O

LEMMA 2.2 Let X be a geodesic metric space with lim;_,o. Gx(t)/t = oo and
suppose [ is a function chosen for G x according to Lemma 2.1. If A C X isa
8-thin geodesic triangle with 6 satisfying 116 < G x(f(6)) and f(6) < 6/16, then
A is also 8 f(6)-thin.

Proof. Suppose A = [a,b] U [b,c]U [¢,a] € X. Under the assumptions of the
lemma we will show that A satisfies the Rips condition with constant 2 f(6). By
Lemma 1.3 this implies that A is 8 f(§)-thin.
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Leth: A — T beatripod map and p € [a,b], q € [b,c],r € [c,a] be the unique
points of A which are mapped to the origin by 4.

We have to show that for each point z € A there is a point on one of the sides
of A opposite to z with distance less to equal to 2 f(6). Without loss of generality
we may assume z € [a, p] C [a, b].

We define points 1, 23 € [a, b]as follows. Let z; € [a, z] C [a, b] be the unique
point with |z; — 2| = 26 if |a — | > 26 and let z; = « otherwise. Similarly, let
xs € [z,b] C [a,b] be the unique point with |z — 2| = 26 if [b — 2| > 26 and let
2] = b otherwise. We consider two cases according to whether z lies to the ‘left’
or to the ‘right’ of p.

Case 1. z3 € [a,p]. In this case z|,z, 22 € [a, p]. Since ~([a,7]) = h{[a, p]),
there exist points y1, 4, € [a,7] C [a,¢] with A(y;) = h(z)) and h(yz) = h(z2).
Since A is 6-thin, we then have |z; — y;| < § and |z; — y2| < 6. Moreover,
ly1 = 32| = a1 — 22| < 46.

We want to show that in this situation the assumption dist(z, [a, c] U [¢, b]) >
f(8) leads to a contradiction,

Note first that in this case [z}, y1] N B(z, f(§)) = 0.

Forif z; = a, then y; = a and so

dist(z, [z1,y1]) = |z — a] > dist(z, [a, c]U [¢, b]) > f(6).
If 2, # a, then |z| — 2| = 26 and so
dist(z, [z1,91]) 2 |z1 — 2| = [e1 =] 2 6 2 f(é).
Similarly, [y, z2] N B(z, f(6)) = 0. Furthermore, if we choose [y, 2] C [a, c],
dist(z, [y1, y2]) > dist(z, [a, c]) > f(6).
So we have
dist(z, [z1, y1] U [y1, y2) U [y2, 22]) > f(6). 2.1
There is a path ¢ with endpoints z1 and z2, Im ¢ = [z, y1] U [y1, y2] U [22, y2] and
length(®) = |21 — yil + [y1 — y2| + |32 — 72| < 66.

Since ¢ € [z],22] C [a,b], inequality (2.1) shows that ¢ is a f(6)-detour. So by
the definition of Gy and our assumption on 6 we get

116 < Gx(f(6)) < length(¢) < 66.
This is a contradiction.

Case 2. ©, ¢ [a,p]. In this case z|,z € [a,p] and 22 € [p,b] C [a,b].
Since h([a,p]) = h([a,r]) and h([p,b]) = h([g,b]), there exist unique points
y1 € [a,7] C [a,c]and yp € [g,b] C [c,b] with h(z1) = h(y1) and h(z2) = h(y2).
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Since A is 6-thin, we have |y; — 21| < § and |y2 — 25| < 6. Moreover, h(g) = h(r)
and so |r — ¢| < 6. Finally, since p € [z1,22] C [a,b] and |23 — 21| < 46 we have
ly1 — 7| = |21~ p| <46 and |y, — ¢ = |22 — p| < 46.
We want to show dist(z, [a, c] U (¢, b]) < 2f(§). For this we may assume
dist(z, [a, c] U [c, b]) > f(8).
As in Case 1 it can be shown that
(lz1,31] U [y1, 7] U g, 0] U [92, 22]) N B(z, f(8)) = 0. (22)

There is a path ¢ with endpoints z; and z,,
Im ¢ = [21,51] U [y1, 7] U [, g U [g, 3] U [y2, 2]
and
length(¢) = |21 — w1l + [y = [+ Ir — al + ¢ — g2l + |2 — 22| < 116.

Since © € [z1,22], the path ¢ would be a f(6)-detour by (2.2), if [r,q] N
B(z, f(8)) = 0. But then

116 < Gx(f(6)) < length(¢) < 116,

which is impossible. So there exists a point z € [r, ¢] with |z — z| < f(6). We
want to show that dist(z, [a, ¢] U [¢, b]) < f(§).

Assume dist(z, [a, c] U [¢,b]) > f(6). Choose 2 € [r,¢] C [a,¢] and 2, €
[q,c] C [b,c] with |z —~ 7| = |22 —q| = 36 if |r — ¢|] = |g ~ ¢] > 36 and let
z1 = 7 = c otherwise. In any case A(z1) = h(z) and s0 |z] — 23| < 4.

There is a continuous path ¢ with endpoints » and ¢, Im ¢ = [r, 2] U [21, 22) U
[227 Q] and

length(¥) = |r ~ 21| + |21 — 22 + |22 — ¢| < 76.
If 21 = 20 = ¢ we have Im ) C [a, ¢] U [c, b] and so
Im N B(z, f(6)) = 0.
If 21, 23 # ¢, then |23 — r| = 36 and so
dist(z,[z1,2]) > |21 — 7| = |r — 2| = |22 — 21} > 6 > f(6).

It follows that Im 3 N B(z, f(6)) = 0.
Since z € [r, g, the path ¢ is a f(§)-detour. But then

116 < Gx(f(6)) < length(¢)) < 76

which is impossible. Our assumption dist(z, [a,¢] U [¢,b]) > f(6) has led to a
contradiction and so we must have dist(z, [a, ¢]U [¢,b]) < f(§). This implies

dist(z, [a, c] U [¢,d]) < |z — z| + dist(z, [a, c] U [¢, b)) < 2f(6).

This shows that A satisfies the Rips condition with constant 2 f(§) and the proof is
complete. O
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PROPOSITION 2.3 Suppose X is a geodesic metric space withlim,_,, Gx (t)/t =
0. Then X is Gromov hyperbolic.

Proof. Choose a function f for the function G'x according to Lemma 2.1. Since
lim;— o f(¢)/t = 0 and lim;_,oo Gx(f(¢))/t = oo, there exists a number p > 0
with 112 < G(f(¢)) and f(t) < t/16fort > p.

We claim that every geodesic triangle A C X is p-thin.

Since A is a compact subset of X the diameter §; of A is finite. Obviously, A
is 6-thin. Define the numbers §,, for n € N recursively by 6,11 = 8f(6,,). Since
Ont1 = 8f(6n) < 6,/2if 6, > p, there is a smallest number k£ € N so that §;, < p.

Starting with § = §; a repeated application of Lemma 2.2 shows that A is
d-thin. Since é; < p, this proves the claim. Every p-thin geodesic triangle also
satisfies the Rips condition with constant p by Lemma 1.3. This implies that the
space X is p-hyperbolic. O

LEMMA 2.4 Let X be a geodesic metric space andlet A > 1, L. > Oand e > 0
be constants. Assume ¢y [a,b] — X and ¢, : [¢,d] — X are A-chord-arc curves
with ¢1(b) = ¢2(c) and length(¢;) + length(¢p) < L. Put A = L/e + 2X + 1.

Then there exists a A-chord-arc curve ¢ with endpoints ¢1(a) and ¢»(d), Im ¢ C
Ne(Im ¢y UIm ¢;) and length(¢) < length(¢) + length(¢,).

This lemma says that two chord-arc curves which have a common endpoint can
be joined to a new chord-arc curve with controlled chord-arc constant, if we allow
some change of the image domain. The proof depends on a technique of cutting
off a possible ‘cusp’, where the given curves abut.

Proof. Define o’ = inf{s € [a, b]: dist(¢(s),Im¢;) < e}. Note that the set of
which the infimum is taken contains b, so it is not empty.

Let z = ¢1(a’) and define d' = sup{s € [c,d]:dist(z, ¢»(s)) < €} and
y = éald).

Then |z — y| < e. Here |z — y| = ¢ unless @’ = a and d' = d. We have
[¢1(s) — da(t)| > € for s € [a,a’),t € (d,d].

For a geodesic segment [z, y| joining z and y and for 0 < s < s = |z — ¥
let z(s) € [z, y] be the unique point with |z(s) — 2| = s. Now we define the path
¢ I =[a,a' 4+ sp+d —d'] — X as follows

1(3) for s € I} = [a,d'),
&(s) = ¢ z(s—a) for se I, =[a’,d’ + sq],
pr(s+d —a' —sg) for s€ Iy = (a' + sp,0' + 50 +d~d].

Then Im ¢ = ¢1([a,a’]) U [z,y] U ¢2([d',d]) and so Im¢ C N.(Im ¢y U Im ¢,).
Since |z — y| < length(¢;][a’, b]) + length(¢|[c, d']), we have

length(4) = length(¢1([a,a’]) + |z — y| + length(¢o|[d’, d])
< length(¢1) + length(¢,).
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Finally, to show that ¢ is a A-chord-arc curve we take arbitrary numbers s, ¢ € I,
s < t, and consider several cases.

(a) s,t € I. In this case
length(g|[s, t]) = length(1][s, 1]) < Al¢1(s) — 1(t)] = Alg(s) — o(2).

(b)s € I, t € I,. Here ¢(s) € ¢1([a,a']) and ¢(t) € [z,y]. Note that
|z — ¢(t)] < |é(s) — ¢(t)] by the definition of @', for otherwise

1¢(s) =yl < 1¢(s) — ¢()] + |9(t) — 9]

< |z =)+ 1¢(t) -yl = [z — y|-
It follows that |¢(s) — z| < [¢(s) — ¢(2)[ + |z — $(t)] < 2(6(s) — ¢()| and

SO

length(¢1|[s, a]) + |z — ¢(2)]
Mé(s) — z[ + [¢(s) — o(2)]
(22 + 1)]g(s) — o(2)].

length(g|[s, 1])

IN

IN

(c) s € I1,t € I3. Here |¢(s) — ¢(t)| > & which implies
length(¢|[s,1]) < L < (L/e)|é(s) — o(1)].

(d) s € I, t € I,. Here length(¢|[s, t]) = |(s) — ¢(1)].
(e) s € I, t € I5. This case is analog to case (b).
(f) s € Iz, t € I3. This case is analog to case (a).

The cases exhaust all possibilities and show that ¢ is a A-chord-arc curve with the
required properties. a

LEMMA 2.5 Suppose X is a geodesic metric space, ¢ : [a,b] — X is a path,
¢ > 0and L is a constant with 0 < length(¢) < L < oo, Put A = 8'+1/¢,

Then there exists a A-chord-arc curve 1 with endpoints ¢ = ¢(a) and y = ¢(b)
and

Im¢ C N.(Img). (2.3)

Proof. The mainidea of the proofis to replace ¢ by a ‘polygonal’ path consisting
of geodesic segments and then apply the previous lemma to smooth out the corners
where the segments touch.

Let n € N be the largest integer with n < 1+ L/e. We can find numbers a =
to < 11 < -+ < t, = bsothatlength(¢|[tx—1,1x]) < e fork € {1,...,n}. Define
zr = ¢(tg) for k € {0,...,n} and let [z;_1, zx] be a geodesic segment joining
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21 and zg for k € {1,...,n}. We have |z_1 — 2| < length(|[ts—1,2]) <
and so

[*’L.07$1] U---u ["En—lv x'n] C N&/Z(Im¢) (24)

Let A\; = 1 and define Mg for k € {2,...,n} recursively by Agy; = 2n(k + 1) +
20, + 1.

We want to construct Ag-chord-arc curves ¢y for £ € {1,...,n} with the
following properties. The curve ¢;, has the endpoints z¢ and 2, length(¢y) < ke
and

Im ¢ C NE/(Zn)(Im Pp—1 U [;vk_l,xk]). (2.5)

(LetIm ¢ = 0).

To see the existence of these curves take for ¢ an arc length parametrization
of the geodesic segment [z, z1]. Then ¢ has the required properties.

If ¢, for anumber k € {1,...,n — 1} is constructed as required, apply Lemma
2.4 to the curve ¢ and an arc length parametrization 7 of the geodesic segment
[2k, Zk+1]. Note that ¢ and +x have an endpoint in common, namely z. Since
Ak > 1, both are Ag-chord-arc curves. We have '

length(¢) + length(yx) < (k + 1)e

by induction hypothesis. Lemma 2.4 shows the existence of a A-chord-arc curve
¢k+1 With endpoints z¢ and z 141, length(dr41) < (k + 1)e and

Im ¢pp1 C N, j(2n)(Im @i U [zg, T411])-
Here
A= %%+2Ak+1:Ak+l.
The path ¢g1 has the required properties.
Using (2.4) and (2.5) it follows by induction on % that
Im ¢y € Ningryeseny(Img) fork € {1,...,n}. (2.6)

Define ¢ = ¢,,. The path 9 has endpoints g = z and z,, = y, the inclusion
(2.3) is valid as we see from (2.6) for ¥ = n and itis a A,,-chord-arc curve. From
the recursive definition of the numbers \; we infer

Ap1 <202 41420, forke{l,...,n—1}.
This implies A, < (2n2 +2)2" < 237 < gl+L/e Therefore, 1) has the required
properties. O

LEMMA 2.6 Suppose X is a geodesic metric space, ¢ > 0, A > 1, ¢: [a,b] — X
is a A-chord-arc curve and 1 : [c,d] — X is a path. Assume ¢(a) = (c) = z,
#(b) = ¥(d) = yandImp C N.(Im ¢). Then Im¢ C Nay.(Im ).
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Proof. AssumeIm ¢ is notcontained in N3).(Im ). Then there exists a number
s € [a, b] so that with z = ¢(s) we have dist(z,Im) > 2)¢. Since z,y € Im 9 it
follows that length(¢|[a, s]) > 2Ae and length(¢|[s, b]) > 2)e. Therefore, we can
findr € [a,s]and ¢ € [s, b] so that length(¢|[r, s]) = Ae and length(4|[s, t]) = Ae.

Consider the three open sets O = N.(¢([a,7])), O2 = N.(é([r,])) and
O3 = N.(¢([t,b])). We have Im¢p C N (Im¢) = O1 U O U Os. Since

dist(¢({r, t]),Im2) > dist(z,Imep) — Ae > ¢,

and so Im ¢ N O, = 0, this inclusion implies Im ¢ C O U Os.

If O1 N O3 # ( there would exist a point v € 01 N O3. We could then find
a' € [a,r]and b’ € [t,b] with |¢(a’) — u| < ¢ and |¢(b') — u| < . This implies
|¢(a’) — #(b')| < 2e. From the fact that ¢ is a A-chord-arc curve we now get the
contradiction

2)Xe = length(J|[r, 1]) < length(¢|[a’,b']) < A|¢(a’) — (b')] < 22e.

So O; and O3 are disjoint open sets with Im¢ C O; U O3. Furthermore, z €
O1NnImvy and y € O3 N Im and so the sets 01 N Im ¢ and Oz N Im ¢ are not
empty. This is a contradiction, since Im ¢ is a connected set. O

COROLLARY 2.7 Suppose X is a geodesic metric space and € > 0 is a constant.

If: [a,b] — X a path and [(a),(b)] a geodesic segment with Imp C
No([(a), $(b)]), then [1(a), ¥(b)] C Na.(Im ).

IfA > 1, ¢:[a,b] = X is a A-chord-arc curve and [¢(a), $(b)] is a geodesic
segment with [¢(a), $(b)] C N.(Im @), then Im ¢ C Noxc([¢(a), #(b))).

Proof. A geodesic segment is the image of an interval under an isometry. Isome-
tries of intervals into X are 1-chord-arc curves. The statements of the corollary
now follow from Lemma 2.6. a

PROPOSITION 2.8 Suppose X is a geodesic metric space. If X is geodesically
stable, then limy_... Gx(t)/t = 0.

Proof. Suppose X is geodesically stable, but G x (t)/t does not tend to infinity
for ¢ — oo. Then there exists a number 0 < K < oo and a sequence of numbers
(tn)neN with limy, e ¢, = 00 so that Gx(t,) < Kt, foralln € N.

By definition of G'x there exist a sequence of ¢,,-detours 7y, : [@y, b,] — X with
length(vy,,) < Kt,.Letz, = v,(a,) and y, = ¥,(b,). Foreach n € N there exists
a geodesic segment [z, ¥, ] and a point z,, € [z, y,] WithImy, N B(z,,t,) = 0.

In particular, |z, — 2z,| > 1, and |y, — z,| > t, and so there exist points
U, € [T, 2] C [Tn, Yu] With |u, — 2,| = t,./4 and v, € [z, Yn] C [Zn, ys] With
|vy, — 2n| = tn/4. For n € N there exists a path ,, with endpoints u,, and v,,,
Im 1, = [tUn, 2] UImy, U [y, v,] and

length(,,) = |u, — 2| + length(y,,) + |yn — vn| < 2K1,.
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Let A = 816K+1 By Lemma 2.5 there exists for each n € N a A-chord-arc curve
¢r, with endpoints u,, and v, and Im¢,, C N, /S(Im ¥y ). Since X is geodesically
stable, there exists a constant M > 0 so that for every n € N there exists a
geodesic segment [u,,, v,]’ with Im ¢, C Nps([un, v,]’). Here we use the prime
to distinguish the geodesic segment [u,,, v,,|’ from the possibly different geodesic
segment [ty Un] C [Zn, Yn].

By Corollary 2.7 we have [u,, v,]’ C Naar(Im ¢, ), and so by the definition of
Pn

[, va]' C N2M+tn/8([zn7 U] UIm 7y, U [v5, Yn]).- (2.7)

Choose k large enough so that ¢ /8 > 2M. We want to show that (2.7) leads to a
contradiction for n = k.

Since |up — vg| = tx/2, there is a unique point z € [ug, vx) with [z — ug| =
|z — vg| = tg/4. From dist(zg, Imv;) > t; we get

dist(z,Im~yg) >t — |2 — 2z&| > /2. (2.8)
Fuarthermore,
dist(z, [zg, ur]) > tx/4. (2.9)

For otherwise, there would be a point w € [z, ux] with |w — z| < ¢/4. But then
|zp — vk < |zk —w|+|w— 2|+ |2 — v < |z — wp| + e /4 + 1 /4
= |k — ug| + |ur — vi| = |zr — vel,

which is a contradiction. Similarly,

dist(z, [vg, yk]) > /4. (2.10)
Our choice of k£ and (2.8), (2.9) and (2.10) show that (2.7) is impossible for n = k.
This is a contradiction. O

PROPOSITION 2.9 Suppose X is a geodesic metric space withlimy_, o, G x(t)/t =
00. Then for every A > 1 there exists a constant M with the following property.
If ¢: [a,b] — X is a A-chord-arc curve and [¢(a), $(b)] is any geodesic segment
joining ¢(a) and ¢(b), then Im ¢ C Npr([¢(a), ¢(b))]).

In particular, X is geodesically stable.

Proof. Assume f is a function chosen for G'x according to Lemma 2.1 and let
A > 1 be arbitrary. There exists a number K > 0 so that 8\t < Gx(f(t)) and
f(t) <t/2fort > K. We will show that M = 2AK has the required properties.

In view of Corollary 2.7 we have to show that if ¢: [a,b] — X is a A-chord-arc
curve, z = ¢(a), y = #(b) and [z, y] is an arbitrary geodesic segment joining z
and y, then

[2,y] C Nx(Im ). @11
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To see this put#; = |z — y| 4+ 1 and define recursively ¢, = f(t,) forn € N.
Since f(t,) < tn/2fort, > K there is asmallest k € N with t; < K.
We want to show

[z,y] C Ny, (Img) forn € {1,...,k} 2.12)

by induction on n.

Since z € Im ¢ and [z, y] C B(z,t;) the inclusion (2.12) is true for n = 1.

Suppose (2.12) is true for a number ! € {1,...,k — 1}. We want to show that
the inclusion is also true forn =1 + 1.

Assume this is not the case.

Then there exists a point z € [z, y| with dist(z, Im ¢) > 141.

Let u € [z, 2] C [2,y] be the unique point with |u — z| = 2¢, if |z — 2| > 24;
and let © = z otherwise. Similarly, let v € [z,y] C [z, y] be the unique point with
lv — z| = 2t; if |v — y| > 2t; and let v = y otherwise.

By induction hypothesis [z,y] C Ny (Im¢) and so there are numbers ¢, d €
[a,b] with |¢(c) — u| < tjand |¢p(d) — v| < ;. Ifu = z orv = y we take ¢ = ¢ or
d = b, respectively.

We have

length(g[e, d]) < Ng(c) — 9(d)] < 6M.

Here [c, d] is to be interpreted as [d, ¢] if d < c.
There exists a path 1 with endpoints » and v, Im¢ = [u, ¢(c)] U ¢([c,d]) U

[¢(d), v] and
length(¢9) = [u — ¢(c)] + length(gl[c, d]) + |¢(d) — o] < 8L
By ourassumption ¢([c, d])NB(z, t;4+1) = 0. Furthermore, [u, ¢(¢)|NB(z, ti41) =

0. For this follows from our assumptionif z = u = ¢(¢). If u # z, |u — 2| = 24;
and so

dist(z, [u, #(c)]) > t1 > f(tr) = ti41.

Similarly, [¢(d),v] N B(z,t141) = 0.

Thus 1 is a path with endpoints u, v and Im ¢ N B(z, t;41) = . Since z € [u, v],
the path 7 is a ¢;-detour. The number £ € N is the smallest number with ;, < K.
Sincel € {1,...,k — 1} we have ¢; > K and so

8 < Gx(f(t)) = Gx(ti+1) £ length(?) < 8At;.

This is a contradiction.
So the inclusion (2.12) is true foralln € {1,...,k}. Since t; < K, this implies
(2.11). o

PROOF OF THE THEOREM. Conditions (a) and (c) are equivalent by Proposi-
tion 1.1 and Proposition 2.3. By Proposition 2.8 and Proposition 2.9 the conditions
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(b) and (c) are also equivalent. a

If X is geodesically stable and A > 1, then there exists a constant M > 0 with
the following property. If ¢: [a,b] — X is a A-chord-arc curve and [¢(a), #(b)] is
any geodesic segment joining ¢(a) and ¢(b), then Im ¢ C Nps([¢(a), #(b)]). This
follows from the theorem and Proposition 2.9.

3. Quasi-geodesics in Gromov Hyperbolic Spaces

The original motivation for the present investigations was to understand the fact
that Gromov hyperbolic spaces are geodesically stable.

Proposition 1.1 and Proposition 2.9 give an independent proof of this fact using
the function G x . It is not difficult to strengthen the results slightly as to obtain an
explicit expression for M in Proposition 2.9 in terms of A and the hyperbolicity
constant § of the space X . In this section we want to present a simple alternate
approach.

In agreement with [CDP] we consider a generalization of A-chord-arc curves.
For A > 1 and ¢ > 0O the path ¢: [a,b] — X is called a (A, ¢)-chord-arc curve, if

length(g[e, d]) < Mé(d) ~ $(c)| + ¢ forall [c,d] C [a,b].

We could have based our definition of geodesic stability on this class of curves.
This would not have made much difference in Section 2, but we did not want to
obscure the main ideas by more technicalities.

We want to present a simple proof of the following fact.

PROPOSITION 3.1 Let X be a §-hyperbolic geodesic metric space and let ¢ :
[a,b] — X be a (A, c)-chord-arc curve. Then there exists a number M =
M(é, A, c) > 0 only depending on §, X and c so thatIm ¢ C Npr([é(a), ¢(b)]) for
every geodesic segment [¢(a), $(b)].

We can take
M = M(8,A,c)
= (14 86X)(86A% + 126X + 2X 4 ¢) + 48\ + 26 + 2. (3.1)

We need two lemmas for the proof.

LEMMA 3.2 (‘Projection Lemma’). Suppose X is a §-hyperbolic geodesic metric
space. Let x1,z2,Y1,Yy2» € X and let g be a geodesic segment. Assume y1, vy, € ¢,
dist(zr,g) = |zx — yx| > R for k € {1,2} and some R > O. Then |21 — z3| <
2R — 46 implies |y1 — 2] < 86.

This lemma has the following geometric interpretation. The points ¥, y» can be
considered as ‘projections’ of the points z, z2, respectively, onto the geodesic
segment g. The lemma says that this projection decreases the distance of points
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which have a large distance R from g by a factor proportional to the reciprocal of
R.
Proof. Choose a pointyg € g with |yo — y1| = |yo — 12| = %]yl — y2|. We have

dist(yo, [y1, z1] U [z1, z2] U [22,32]) < 26. (3.2)

To see this, note that by the definition of §-hyperbolicity there is a point v €
[y1, 22] U [z2, 2] with [v — yo| < 6.If v € [22, y2], then (3.2) is true. If v € [y, 2],
then the é-hyperbolicity of X shows that there is a point v’ € [y, 1] U [21, 2]
with |v — '| < 6. It follows that |yo — v'| < 26 and so (3.2) holds in any case.

We cannot have dist(yo, (21, 22]) < 26. For then there exists a point z € [z, 73]
with |z — yo| = dist(yo, [21, z2]) < 26. Without loss of generality we may assume
|z — 21| < |z — 22|. This implies |z — z1| < 1|21 — 2,|. We now conclude

R < dist(z1,9) < |21 — 2| + |2~ 30| < L|a1 — 22| +26 < R.

This is a contradiction.

So from (3.2) we get dist(yo, [y1, 21] U [z2, y2]) < 26. Without loss of generality
we may assume dist(yo, [y1,1]) < 26. Then there exists a point z € [y;, 1] with
|z — yo| = dist(gyo, [y1,21]) < 26. Since |z1 — y1| = dist(z1,9) < |21 — yo| we
have

lz1 = 2| + |2 — 1] = |21 — w1l < 21— vol < |21 — 2| + |2 — wol
and s0 |z — y1| < |z ~ yo| < 26. Therefore,

ly1 — v2| = 2l — ol < 2ly1 — 2| + 2|z — yo| < 86. O

d

LEMMA 3.3 Suppose X is a §-hyperbolic geodesic metric space. Let ¢: [a, b]
X be a (A, c)-chord-arc curve and g a geodesic segment. Assume that fort € [a, b]

dist(¢(t),g) > R =461 +26 + 1. (3.3)
If we put vy = dist(¢(a), g) and ro = dist(¢(b), g), then
length(¢) < (14 86X)(A(r1 4 r2) + 86X + ¢). (3.4)

Proof. LetT =1+ 86\ and L = length(¢). Then there exist a number n € N
and points a = 19 < t; < --- < t, = b € [a, b] with length(¢|{tx, tr41]) = T for
k €{0,...,n —2} and length(|[t,—1,%,]) < T.Wehaven < 1+ L/T.

Define zx = ¢(tx) fork € {0,...,n}. Thenfor k € {0,...,n — 1}

|2k — k| < length(¢l[tryr, tr])
< T=1+85A=2R—46—-1< 2R~ 4.
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For k € {0,...,n} choose a point y; € g with dist(zg,g) = |zx — yx|. Then
|zx — yx| > R by hypothesis. Lemma 3.2 now shows that |yx4+1 — yx| < 86 for
k€ {0,...,n —1}. Since ¢ is a (A, c)-chord-arc curve, we get

L = length(¢) < Alg(b) — ¢(a)| +c¢

n—1

Azn — ynl + A D |yk+1 — Ykl + Almo — ol + ¢
k=0

IA

8o\
< A(r1+r+8n)+e< —T-L+)\(86+r1 +m) +e

This inequality implies (3.4). O

PROOF OF PROPOSITION 3.1. Let M be the number defined in (3.1) and let
g = [¢(a), $(b)] be an arbitrary geodesic segment joining ¢(a) and ¢(b). We will
show that

dist(¢(t),9) <M fort € [a,b]. (3.5)

Let R be the number defined in (3.3). Note that R < M. Choose s € [a, b]
arbitrarily and put z = ¢(s). If dist(z, g) < R, then (3.5) is true for t = s. So we
may assume dist(z,g) > R.

From the continuity of ¢ it follows that there exists a maximal interval [c, d] C
[a, b] with s € [¢, d] and dist(4(t),g) > R fort € [c,d]. Then

dist(¢(c), g) = R and dist(¢(d), 9) = R.

Lemma 3.2 applied to the (A, c)-chord-arc curve ¢|[c, d] now shows that

length(¢|[c, d]) < (1 + 86A)(2AR + 86X + ¢). (3.6)
Furthermore,

dist(¢(s),9) < |¢(s) — #(c)| + dist(¢(c), g) < length(g|[c,d]) + R.
Combining this inequality with (3.6) we arrive at (3.5) for t = s. a
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