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Abstract. We give a geometric method of classifying algebras A, x, n-dimensional over a field K,
with a cyclic extension of degree n. Algebras A,, x without zero divisors satisfying some conditions
are classified. In particular, we determine all n-dimensional division algebras over a finite field F,
when n is prime and q is large enough.
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In [9], [10] Kaplansky formulates the following conjectures concerning division
algebras Dy, , n-dimensional over a finite field Fy:

(K1) Any algebra D3 4 is a field or a twisted field.
(K2) If q is large enough, then an algebra Ds 4 is a field or a twisted field.

(K1) is proved in [12], [13]. In Section 3 of this paper we prove the following
proposition:

(P) If n is prime and if q is large enough, then an algebra Dy, 4 is a field or a
twisted field.

Result (P) is obtained at the end of a general treatment, in Section 2 and 3, of
algebras A, g n-dimensional over a field K with a cyclic extension of degree n.

Section 1 is devoted to proving some properties of autocirculant matrices (cf.
[14]) that are used in the following sections.

In Section 2 we show that an algebra A,, ; defines a rational map : A — P
between determinantal hypersurfaces A,P of degree n of P,_;(K). Hence we
prove that the classification of algebras A, x up to isotopisms is equivalent to
the classification of maps &z : A — P where A and P are determined up to linear
automorphisms of Pp,_;(K). In the case K = Fy we also prove that if A, g
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is without zero divisors and if ¢ is large enough, then A and P are unions of
hypersurfaces of the same degree d < n.

In Section 3 we study a class of division algebras D), i that is the natural
extension of the class of twisted fields introduced in Albert [2], to the case that K
is infinite. Hence we prove that an n-dimensional division algebra A,, g, such that
A and P are unions of hyperplanes, is a field or an algebra Dy, x.

Section 1

We denote by K a field that has a cyclic extension field F, [F' : K] =n > 2, and
by « a fixed generator of the Galois group, Gal(F/K), of F over K. In particular
when K = F,; we suppose that a coincides with the Frobenius automorphism
z > zd.

For simplicity we indicate by o, 0 < A < n— 1, both an element of Gal(F/K)
and the automorphism induced in the natural way by o in F[zo, 21, . ., 2n—1), in
the ring R(n, F') of n x n matrices over F, etc.

From the Fundamental Theorem of Galois Theory (cf. [8, p. 232]) we deduce
the following

PROPOSITION 1. If F' is a field, K C F' C F, then there exists a divisor d of n
so that

[F':K]=d, Gal(F'/K) isisomorphicto {c)/{a*) ¢))
and
[F:F=n/d, Gal(F/F')=(a%. (2)

Conversely, if d|n, then there exists a field F', KCF'CF, so that (1) and (2) are
satisfied.

Let k € F/,KCF'CF,[F' : K] = d. We shall say that the elements k% ,v =

0,1,...,d — 1, are conjugate in F' over K. Analogously we define polynomials
and matrices conjugate in F' over K.
Putl = n/d,
0 i
Jp = L o € GL(I, K), 3)

where I;_p is the (I — 1) x (I — 1) identity matrix, and

Di(k) = diag(k, k*",...,k®"™™"), keF. @)
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DEFINITION 2. An autocirculant matrix in F over F' is a matrix

-1
Ay = Ay(ko, k1, . ki) =Y Dy(kp)JP,  ky € F. )
h=0

Auc(F/F') denotes the set of these matrices.
If F/ = F, then for simplicity we shall leave out the index | = n in (3), (4) and

(5).

Obviously Auc(F/F’) is a subring of R(n, F') and contains the ring of [ x circulant
matrices over F'.

LEMMA 3. The n-tuple (ug,u1,...,un—1) € F™ is a base of F over K if and
only if

UQ U1 Up—1
o o f24
Ug Uy Up—1
U=| 6)
0‘n—l an—l an—l
Ug Ug n—1

is not singular (cf. also [8, p. 281]).
Proof. If det(U) # 0, then the linear system

n—1 )
Zuijxi:()? j—_—O,l,...,’I’L-—l, (*)
i=0
has only the trivial solution.
Conversely, suppose that (ug, u1,. .. ,us—1) is a basis of F over K and, by way
of contradiction, that det(U) = 0.
The system (*) has some non-trivial solutions (zo, z1,...,z,—1) € F": e.g. let

zg # 0. F possesses a normal basis over K (cf. [8, p. 283]), so there exists some
elements a € F' so that

n—1

tr(azg) = Z(awo)ai #0

=0

Acting on the (*) subsequently by the automorphisms o*, k = 0,1,...,n — 1,
we obtain

Zuf‘jmf‘k =0, k,j=0,1,...,n—1.
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From this we deduce
n—1
Z uitr(az;) = 0,
3=0

in contradiction with the hypothesis.

PROPOSITION 4. The following three conditions on a matrix M € R(n, F') are
equivalent:

(a) M € Auc(F/K);
(b) M® = JMJ}
(c) U"'MU € R(n, K).

Proof. (a) = (b): This follows from (5) and from JD(k)J~! = D(k%),
Vk e F.

(b) = (a): For every M € R(n,F) the diagonal matrices C; =
diag(cio, Ci1y- - - 5 Cin—1),% = 0,1,...,n — 1, such that M = Z?;OI C;J*, are
uniquely determined. Hence from (b) we deduce C& = JC;J ! andso C;D(cip), i =
0,1,...,n—1.

(b) = (c): We observe that

U = JuU. *)

From this and from (b) it follows that (U~ MU)® = U~ MU.
(c) = (b): From (*) and from (c) we deduce (U®) ~' MU = (U*)~1UMJ U=
The equivalence of (a) with (b) implies det(A) € K,VA € Auc(F/K). Hence,
in general,

det(A;) € F', VA, € Auc(F/F"). (7

PROPOSITION 5. Let

s—1
A= D(k;,)J"™ € Auc(F/K),
0

w=

with0 < iy <4 < -+ < is—1 <n-—1%k, # O,w=0,1,...,s =1 If
d = G.C.D.(n,ig,%1,---,%s—1), then

d—1 s—1
det(4) = [ (det(A))*", A; = Di(ks,)J]* € Auc(F/F'),
=0 w=0
where KCF'CF,[F' : K] = d,l = n/dandr,, = iy/d. Furthermore (det(A;))*",
v=0,1,...,d— 1, are conjugate elements in F' over K.
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The proof of this proposition needs some remarks on the symmetric group, Sy, of
no =40,1,...,n—1}.
Let
T=(01...n—-1)€8, 8

be the cycle that mapsOto1,1t02,...,n — 1100, and let i € ng. If d divides the
G.C.D.(n,%) and if ¢ = rd, then

={(rom ... 7q_1) w=(wv+d ... v+d(l~-1)) €Sy,
v=01,....d—1.

If
X = X0X1 - Xd—1, Xp = Wlvl+1 ... vi+(—=1)) €Sy, )
v=0,1,...,d—-1,
and if
01 ... I-1 ... (@@=l ... d-1
7=<0d.”(h4M.“ d—1 “.ﬂ—l>’ {10
then 797y ... 74_1 = 7~ 'x7y. Hence
=5y, i=rd €8))
Let P : S, — GL(n, F) be the linear representation in which
1,j =o(i),
P(o) = (cij), cij= { 0.5 % o(i). (12)
If 7 and x denote the permutations (8) and (9) respectively, then
P(r)y=J (13)
and
P(x") =diag(J],J],...,J]) (cf.(3)). (14)

Moreover, for every diag(ko, k1, ...,kn—1) € GL(n, F') and forevery o € S,

P(U)diag(k07 kiy..., k’n—l)P(o_—l) = diag(ka'(())a kcr(l), SRR ka(n—l))' (15)
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PROOF OF PROPOSITION 5. If v denotes the permutation (10), then (cf. (11)
and (13))

s—1 s—1
det ( > D(kiw)Ji'”> = det ( > P(7)D(kiw)P’1(fy)P(X’"w)> .

w=0 w=0
From (10) and (15) we deduce
P(y)D(ki,, )P~ (y) = diag(Dy (ki ), Df(kiy ), - -» D (ki))-

The first statement follows from this, from (14) and from Proposition 1. The
second is an obvious consequence of (7).

We denote by F the field ' with the natural structure of n-dimensional K-
algebra and by V its K-vector space.

PROPOSITION 6. The endomorphisms of V areall and only the mapse : V =V,
n—1 )
e(z)=> kg™, ki €F. (16)
=0

U~1A(ko, k1, ..., kn_1)U is the matrix of € relative to the base (ug, U1, . . . , Up—1)
(cf. also [15] and [17]).

Proof. Obviously e € End(V). If B = (b;;) € R(n,K) is the matrix of
p € End(V) relative to the base (ug, ui, . - . , Un—1), then

n—1 n—1
u:mzZ:cjujr—):c':ngui, zj,z; € K, *)
j=0 i=0
n—1 (*)I
xészijxj, j=0,1,...,n——1.
j=0
Acting in succession by the automorphisms o k=0,1,...,n—1, onthe expres-

sions of z and z’ that are in (*), we obtain
n—1 X n—1 X
zj = Z vigz®, T, = E vigr'®
k=0 k=0
where (v;;) = UL
Substituting in (*) we have
n—1 1 n—1 (*)"
bz & ... 4" y=UBU Mz z* ... 2% ).
From Proposition 4 we deduce
UBU ! = A(ko, k1, ..., kn_1) € Auc(F/K).

Hence (*)" is equivalent to (16).
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DEFINITION 7. We say that A(ko, k1, - . ., kn—1) is the autocirculant matrix of the
automorphism (16).

COROLLARY 8. The automorphisms of V are all and only the maps (16) whose
autocirculant matrices are non-singular (cf. also [5] and [14]).

Section 2

Up to isomorphisms an n-dimensional K-algebra is a structure A = (V, f) whose
multiplication f : V? — V is a bilinear map, i.e. (cf. Proposition 6)

n—1 ) )
flz,y) = Z a;;z® y® a;j €F.
1,j=0

We shall say that A is a division algebra if it possesses the unity element and
has no zero divisors.
The autocirculant matrices of left and right multiplication A\, : y — f(z,y) and

Py - z + f(z,y) are
n—1 )
A(l0($)7l1(m)7 ,ln_l(fL‘)), l](m) = Za’ijwc)”’
1=0
and

n~1 )
A(ro(),11(y); - > a1(¥))s Tily) = Y aiy®,
=0

respectively.

We shall say that A’ = (V, ') is (61, B2, 33)-isotopic to A = (V, f) (or simply
that A’ is isotopic to A and we shall write A’ ~ A) if there exists an isotopism
(81, 2, B3) € (Aut(V))? so that

fl@,y) = (f@",y")%, Va,yeV.

In particular, if 81 = 5, = 85 1 then A’ is isomorphic to A (A’ = A).

The group (Aut(V))? determines a partition into isotopism classes of the set of
algebras. The same occurs in the set of algebras without zero divisors, and in this
case every isotopism class contains some division algebras. In fact we prove the
following

PROPOSITION 9. Let A = (V, f) be an algebra without zero divisors. Up to
isomorphism the division algebras isotopic to A are those A' = (V, f') in which

f'@y) = @ g™ ) Vo,y eV,
with a,b € A — 0. The element f (b, a) is the unit of A
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Proof. Up to isomorphism A’ is isotopic to A if and only if f(z,y) =
f’(mﬂla yﬂ2)7:31a/82 € AUt(V)

Lete € V —0,b =€’ ,a=eb . eis the unit of A’ if and only if
v? = fle,y”) = f(by), WyeV,
and
P = (2%, e) = f(z,a), VeV
Hence
fl@,y) = f'(@,y™), Vz,yeV.

Moreover, we observe that

F(fb,a)y) = Fby™ ) =y, fl(z,f(b,a) = f@™ ,a) =

The isotopism relation comes from the theory of projective planes. In fact we
can prove that every division algebra D — or more exactly its ring (semifield) — is the
coordinate ring for a non-Desarguesian plane (D) of type V.1 in the Lenz—Barlotti
classification. Moreover, if D’ = D, then 7(D’) is isomorphic to 7 (D) (cf. [4]).

In this note we mainly study algebras without zero divisors and, in particular,
division algebras. So afterwards we shall refer to the classification of algebras in
isotopism classes.

The left zero divisors (respectively right zero divisors) of the algebra A = (V, f)
are the non-null solutions in F' of the equation

L(z) = det(A(lo(z), {1 (z), .-, In—1(z)) =0 W)
(respectively of the equation
R(y) = det(A(ro(y), r1(y),-- -, 7n-1(y)) = 0). (18)
The implicit functions
F@y) =0, k=0,1,...,n—1, (19)
yields a correspondence from the set of solutions of (17) to the set of solutions of

(18).
We shall suppose always that (17) and (18) are not identities.
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In order to study the above-mentioned equations — particularly when A has no
zero divisors — it is expedient to include F in K or rather A in A ® K. We shall do
this using a geometric language.

Let P(V) = Pp-1(K) the (n — 1)-dimensional projective space over K.
We denote by X the projective coordinate system corresponding to the base
(ug, u1,- .. ,up—1) of V. Soif

n—1
T =Y Tiu; (20)
=0
is a point, then (¢, 1, . .., Zn—1) is the n-tuple of its coordinate in X.

In P,,_1(K)DPy—1(K) we fix the coordinate system ¥ defined from ¥ by the
following coordinate transformation:

n—1 .
ijzmi’u?], j=01,...,n—1. (21)
rd

By the comparison of these equations with those obtained from (20) acting
subsequently by the automorphisms o/, j = 0, 1,...,n—1 (cf. also Proposition 4),
we deduce the following

Remark 10. In the coordinate system X the points lying in P,_;(K) have
coordinates (kz, kz®, ... ,kx"‘nml),:c € F* = F — 0,k # 0. The linear automor-
phisms of P, _1(K) have equations z; = Z]"-;(}aijzj,i =0,1,...,n—1,(a;) €
AUC(F/K), det(a,-j) # 0.

The homogeneous equation

n—1
L (Z xuz> =0 (22)
=0

of degree n has coefficients in K (cf. (7)). Hence in % it is the equation of
a hypersurface A that we shall call the hypersurface of left zero divisors of A.
Analogously we define

n—1
P:R (Z yjuj> =0 (23)
7=0

as the hypersurface of right zero divisors of A.
The functions

. n—1 n—1
fa Zmluhzyju] =0) k=0711"'7n_17 (24)
=0 j=0
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give arational map y : A — P.
We deduce the equation of A and P in ¥ substituting (21) respectively in (22)
and (23). Hence (cf. Remark 10):

Remark 11. (17) and (18) are the equations in ¥y of the zero-divisor hypersur-
faces A, P of A. The functions (19) give a rational map p : A — P.

Let A and P be the set of K-rational points of A and P respectively (i.e. the
zero-divisor hypersurfaces of the algebra A ® K).

Remark 12. If (29, 21, . . ., z,—1) and R(2}, 2}, ..., 2/, _;) are the polynomials
deduced from (17) and (18) respectively by the substitutions

2 =z, y* =z, k=0,1,...,n—1, (25)
then in X
A:L(z0,21,.--,2n-1) =0, P:L(2},2},...,2,_1) =0.
The functions
Fil20,21, - 201,20, 21, -5 2h_1) =0, k=0,1,...,n—1, (26)
analogously deduced from (19), give a rational map %z : A — P.

We remark also that in the coordinate system X the equations of A, A, P,P are
independent of the choice of a base in V.

Let
A L (z) = det(A(lh(z), U (z), ..., I, _,(z)) =0 @7)
and
P': Ri(y) = det(A(ro(y), r1(¥), - rnea () =0 (28)

be the zero-divisor hypersurfaces of the algebra A’ = (V, f'). Moreover, let
F(z,y) =0, k=0,1,...,n—1, (29)
be the functions that define a rational map p' : A’ — P'.

PROPOSITION 13. A’ = (V, f')) is (1, 1, B3)-isotopic to A = (V, f) if and only
if ' = N, P =P and functions (26) and

To(20,21, -y Zne1 2, 22 ) =0, k=0,1,...,n—1, (30)

give the same map Ti : A — P.
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Proof. If A’ is (1, 1, B3)-isotopic to A, then (cf. Corollary 8)

Z kif® (z,y), det(A(ko, ki, ..., kn1)) #O.

Hence

A(lp(z), 13 (2), ..., 151 (7))

= A(ko, k1, ..., kn—1)Alo(x), 11 (), ..., ln—1(2)),
A(ro(z),ri(2), .. rpy(2))

= A(ko, k1,. .., kn—1)A(ro(z),r1(2),...,7n-1(z)).

Moreover, systems (26) and (30) are equlvalent

79

)

On the other hand, if A’ = A, P = = P,ii’ = [, then there exists a matrix

M € GL(n, F') such that
Foli - Ta) =M*"FoFr- Fuo):
In particular, assuming z;, = xah,zk = yah, we have

B e Ty = MY L T,

From

t(f fa'“fa”‘l)a — Jt(f fa.“fa"_l), t(fl fla'”fla”_l)a

= JHS o e

we deduce that M = J 'M°®J and hence (cf. Proposition 4) M

A(ko, k1, . kn_1).

We can formulate the last proposition referring to the hypersurfaces A, P, A’, P/
instead of A, P, X', P', but it would have no real content if the algebras have no zero

divisors.

PROPOSITION 14.1. IfA’ = (V, f') is (01, 1, 1)-isotopic to A =

is projectively equivalent to A and P' = P.

(V, f), then A’

If N is a hypersurface projectively equivalent to A, then there exists an algebra
A' isotopic to A, whose left and the right zero-divisor hypersurfaces are N' and P

respectively.
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Proof. If A’ is (B4, 1, 1)-isotopic to A, then (cf. Corollary 8)

n—1 )
f,(may) =f (z k’ixalay> ’ det(A(k07 ki, kn-—l)) # 0. (*)
=0
Hence the hypersurface

n—1 i )
AN:L (Z kimM) =0 y
=0

is projectively equivalent to A : L(z) = O (cf. Remark 12). Moreover, R'(y) =
R(y)A(ko, k1, - . -, kn—1).

If A’ is projectively equivalent to A, then there exists a non-singular matrix
A(ko, k1, .., kn—1) such that (x)’ is the equation of A’. Then we observe that the
algebra A’ = (V, f'), with f' given by (+), satisfies the required conditions.

Likewise we prove the following

PROPOSITION 14.2. If A = (V, f') is (1, B2, 1)-isotropic to A = (V, f), then
A = A and P’ is projectively equivalent to P.

If P is a hypersurface projectively equivalent to P, then there exists an algebra
A’ isotopic to A, whose left and right zero-divisor hypersurfaces are A and P'
respectively.

From Propositions 13, 14.1 and 14.2 we see that the classification of algebras into
isotopism classes requires the determination of the possible couples (A, P) two-by-
two projectively non-equivalent, and for every couple (A, P) the admissible rational
maps ft : A—P

In any case, A and P are determinantal hypersurfaces that can be either absolutely
irreducible or reducible in a suitable extension of K.

EXAMPLE. A =(V, f), f(z,y) =2y + (.'I:O‘2 —z)y*,dimg A = 3.

2

L(z) = R(z) = det(D(z) + D(z*" — z)J) = zz°z°

(7 = 2%)(2* = 2)(e% — 2%),

AP 2223 + (20 — 21)(22 — 20) (21 — 22) = 0.

These cubic curves are invariant under the action of the group generated by the linear
automorphism (zo, 21, 22) — (21, 22, 20). Hence their possible singular points have
coordinates (1,k,k%), k> +3k -3 =0,k> +k+1=0.

We deduce that A = P
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(a) is the union of the conic zp2z; + 2122 + 2220 = O and the line 29 + 21 + 2, =0
when Char(K) = 2;

(b) has a double point in (1,2,4) if Char(K) = 7,

(c) is elliptic in the other cases.

From Proposition 5 we deduce the following

Remark 15. Letbe A = (V, f)

||[\ﬂ}|ﬂ

o’k
Z enz™ y  Chk € F,

O0<tg<ty < - <tp_1€«€n—-1,0<s9< 81 <+ <sg—1 <n— 1. Suppose
that for every h € {0,1,...,T — 1} and for every k € {0,1,...,5 — 1} some
constants are non-zero.

If d = G.C.D.(n, s, s1, - - - ,85-1), d = G.C.D.(n,to,t1, ..., tp_1), then

(a) A is the union of the d' hypersurfaces

det(ZDl<Zchk:c ) k) =0, l=n/d,
k=0

rk=sg/d, v=0,1,...,d—1,

that are conjugate in an extension of degree d of K ;
(b) P is the union of d' hypersurfaces

!

aV
: det (Z Dy (Z chky® ) l,l) =0, I'=n/d,

r, =tn/d, V' =0,1,...,d -1,

that are conjugate in an extension of degree d' of K.

The hypersurfaces A, or P, may be reducible. Moreover, we can choose &, sy
and cpy, in such a way that A, and P,» have no K-rational points. Some examples
are in the next section.

If K = F, and if A has no zero divisors, then the possible components of A and
P satisfy the conditions imposed by Propositions 16 and 17.

Let @ : g(z9,21,-.-,2n—1) = O be a hypersurface of degree n > 2 lying in

PROPOSITION 16. If ® is reducible and has no Fy-rational points, then it has
m = n/d components, each of degree d < n and conjugate in Fym over F,.
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Proof. Let qu/ [20,21,- - ., 2n—1], m' > 1, the ring in which

l *
9=1]g ®)
r=1

where the g, are absolutely irreducible homogeneous polynomials. We divide the
proof into two parts.

(a) A polynomial g = H§’=1 gr;» product of " < 1 polynomials among the g,
does not lie in Folzo, 21, . . ., Zn—1]-

Suppose ¢’ € Fylzo,21,...,2n-1). If ¢’ depended on n’ < n variables (for
instance zg, 21, - - -, 2n/), then (0,0,...,1) would be a non-trivial zero of g. If
g’ depended on all variables, then, since deg(g’) < n, ¢’ would have at least a
non-trivial zero in F? according to the Chevalley~Warning theorem (cf. [16, p.
13]).

) If g1 € Fym |20, 21,5 .., 2n—1),2 < m < m/, then | = m and the factors g,
of (x) are conjugate in Fym over F.

We observe that every polynomial g‘f], j=0,1,...,m — 1, is a factor of g
because Il _,g, = II!_,g¢,5 = 0,1,...,m — 1, and Fom [20, 215 - - -y Zn—1] 18
factorial. ‘ )

From (a) and from H;”:”Ol gfj € Fglz0,21,-..,2n—1] wWe deduce that g;’J, j =
0,1,...,m — 1, are the only factors of ().

PROPOSITION 17. If q is large enough, i.e. greater than an integer B(n) depend-
ing only onn, then a hypersurface ® € Py,_((Fy), deg(®) > 2, without Fy-rational
points, is reducible in a suitable extension of Fy.

Proof. Putting N = 0,7 = n—2and d = n in the Lang—Weil inequality proved
in [11], we deduce

"> < (n=1)(n-2)¢" 2+ A(n)g" 7,
where A’(n) is a constant depending only on n. Hence
¢< (n=1)(n—2)yg+A'n)
or g < B(n).

PROPOSITION 18. B(3) = 1.
Proof. The Hasse—Weil inequality

|N = (g+1)| <29/ (cf. [7] and [18])

assures that an irreducible cubic has N > 0 rational points over Fy, for every g.

From Proposition 17 we deduce the following
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COROLLARY 19. Let A be an algebra without zero divisors n-dimensional over
Fy. There exists an integer v(n) < B(n) depending only on n, so that the following
condition holds: If ¢ > v(n) then the zero-divisor hypersurfaces of A are reducible.

An estimate of the constant A(n, d, r) in the Lang~Weil inequality would give an

upper bound for v(n). We know neither general results nor examples that suggest

a significant lower bound for v(n),n > 4.

Section 3

Let A(F, s,t, c) be the algebra whose multiplication is given by the bilinear map
flz,y) =2y —cx®y*®, c€F -0, 0<s,t<n-—1. (31)

LEMMA 20. The zero-divisor hypersurfaces of A(F, s,t,c) are

( n—1

H(:v - cmat)ai =0, s=0,
AL =1 32)

d—1 11-1 hd -1 ha -1 y @
I [T~ T TL| =0, s20

\ v=0 Lh=0 h=0 h=0

d =G.C.D.(n,s), n=Id;

( n—1

H(y_cyas)a’ =0, t=0,
i=0
P:R(y) = { y 33)
d—1 V-1 -1 o -1 s “
RN G T C 1 =0, t#0,
\ /=0 | h=0 h=0

d =G.CD.(n,t), n=1d.
Proof. If s = 0, then A(lp(z),l1(z), .. .,ln_1(x)) = D(z — cx®?) (cf. (4)).
If s # 0, then putting s = rd and using Remark 15, we have

= T detiDi(a) + Dy(—ca™ )",

-1 -1
det[Dl( )+ Dy(~- H z% 1)7‘(l—r)+l H cahd H xahd—i-t.
h= =0

Moreover, G.C.D.(r, 1) = 1 implies that 7(I — r) + [ is odd.
The second statement is proved similarly.



84 GIAMPAOLO MENICHETTI

Using Remark 12, from (32) and from (33) we deduce the equations of the
hypersurfaces A and P of A(F, s,t,¢):

A _L—(Z(),zl, e 7Zn—1)

( n—1 ]
z
[z~ c*z) =0, s=0,
i=0
= (34)
d—-1 [i-1 R
v
1T [H zhavw — [[ ¢ I zharvst| =0, s#0,
( =0 Lh=0 h=0 h=0

d=G.C.D.(n,s), n=Id;

P: R(20,21,---1%n-1)

( n—1 ;

H (Z; —c* z’é—i—s) =0, t=0,

=0

= (35)

d—1 [1'—1 v-r L
1] v
I I I I Zhd!+v I I c* I I Z;zd’—l-u—i-s =0, t#0,

\ v=0 | h=0 h=0 h=0

d =G.CD.(n,t), n=1d.
The indices of the variables z and 2" in (34) and (35) must be evaluated mod n.

LEMMA 21. Let0 < 4,5 <n—1,d = G.C.D.(n,i) and n = ld.
(a) The elements ha +k,h=0,1,...,l—1,k=0,1,...,d — 1, witha = d or
a = i, form a complete system mod n
(b) zd = j + hd(mod n),0 < h < I — 1 has exactly one solution z €
{0,1,...,1 — 1} ifand only if d divides j.
Proof. Cf. [6, ch.V].

PROPOSITION 22. If

N(c)=cc®...c®  #1, (36)

then A(F, s,t,c) has no zero divisors.
Proof. The conclusion is trivial if ¢ = s = 0. Suppose s # 0.

A(F,s,t,c) has zero divisors if and only if there exists o € F' — 0 so that
L(zp) = 0. In this case (cf. Lemma 20)

-1 -1 -1
hd+v - hd+v hd+v+i
I 28" = [T " [ 8™, v=0,1,...,d—1.
h=0 h=0 h=0
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Hence multiplying over all v, we deduce (cf. Lemma 21(b))

n-1 n-1 n-1

2 T 7
”w%r—-”ca”azg‘, xo # 0,
i=0 i=0 =0

in contradiction with the hypothesis.
If t 3 0, an analogous argument with R(y) = 0 instead of L(z) = 0 concludes
the proof.

PROPOSITION 23. If| K| > 2, then there exists some element c € F —0 satisfying
condition (36).

Proof. When the cardinality of K is infinite it is sufficient to observe that the
equation z" — 1 = 0 has at most n roots in K.

If | K| = q > 2, then the equation !4+ +4" ™" = | hasatmost 1 + g+ --- +
¢" ! < ¢" — 1roots in Fyn — 0.

When one of the integers s or ¢ is prime to n, condition (36) is also neces-
sary in order for A(F,s,t,c) to have no zero divisors. In fact, if, for example,
G.CD.(n,s) =1, then! = n and

n—I1 n—1
A L(z) = [] = (1— Hmah> =0.
h=0 h=0

If A(F,s,t,¢) = (V,f) has no zero divisors, then D, (F, s,t,c) = (V, f'),
flz,y) = f(zre l,y)‘; 1) is a division algebra isotopic to A(F, s,t,c) for every
a € V —0(cf. Proposition 9). Moreover, different values of a give algebras isotopic
to one another. Hence is not restrictive to suppose a = 1.

For simplicity we pose D1(F, s,t,¢) = D(F, s,t,c) and we call these division
algebras twised fields.

We can determine f(z°1 y)‘l_l) explicitly, observing that if 0 < i < n— 1 and
N{c) # 1, thenthe inverse of e : V = V,z — z — cz® is the automorphism

—1

H 3 2% ) (1-2): (-1
etz dzdea® ez 4+ e e )i)

with d = G.CD.(n,i),ld = nand ¢ = (1 — ec® ...c® )= (cf. also
Lemma 21(a)).

The algebras A(Fyn,s,t,c) without zero divisors and the twisted fields
D(Fyn, s,t,c) have been introduced and studied by Albert in [1], [2] and [3].
In those papers, Results 24 and 25 are proved.

RESULT 24. If

c#kTY ke Fn—0, (37)
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then A(Fygn, s,t,c) has no zero divisors.

We remark that condition (37) is equivalent to (36) with ¢ # 0. In fact there are
(g™ — 1)(g—1)~! elements z = k%71, k € Fn — 0. Moreover, every one of them

. . g1
is a root of the equation !4+ +4"" = 1

RESULT 25. Let D' be a division algebra isotopic to a twisted field D(Fgn, s,t,c).
Then DY is isomorphic to a twisted field D(Fyn, s,t,c').

Remark 26. Result 25 is valid for twisted fields over any field K because the
proof given in [3] does not require that K be a finite field.

LEMMA 27. If ¢' # O then the polynomial
9(%ig, Zigs -+ - azizz—l) = Hi;lo Zip, + c Hiz_zlo Zigp, € Flzg,21,...,2n-1],
2 <2l < n,
is absolutely irreducible.

Proof. Putgy = Hé;lozik, g1 = c’Hﬁl_:lozil in-theng = gozi +g1 € F'[z], F' =
Flzi, 2y, - -« 2iy_,)- F s factorial and go, g1 are relatively prime.
PROPOSITION 28. If d does not divide t, the hypersurface (34) is the union of d
hypersurfaces of degree I, absolutely irreducible and conjugate in an extension F’
over K,[F' : K| = d. If d|t then (34) is the union of the hyperplanes

z=0,i=0,1,...,n—1, (38)

conjugate in F over K, or coincides with the entire space according to whether

-1
Ny(e) = [[ e #1 (39)
h=0

or Ny(c) = 1. The analagous result holds for the hypersurface (35).
Proof. When s = 0, the hypersurface A is the union of the linear components

A zi—c® 24 =0,i=0,1,...,n—1, whose equation becomes (1 ——cal)zi =0
if d divide ¢.

If 5 # 0, then A is the union of the components

-1 -1 -1

- hd+v

AU: llzhd+u_||ca Ilzhd+l/+t:07 v=0,1,...,d—1,
h=0 h=0 h=0
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that are absolutely irreducible if and only if d does not divide ¢ (cf. Lemmas 21(b)
and 27).
When d divides t we have (cf. Lemma 21)

_ d—1 , n—1
K: JJ(1 = Na(e))* [ 2 =0.
v=0 =0

COROLLARY 29. Both the hypersurfaces A and P of the algebra A(F, s,t,c) are
the union of the hyperplanes (38) if and only if

d=d (40)
and (39) is satisfied.

We remark that (39) is a necessary and sufficient condition for A(F, s,t,c),d = d
to have no zero divisors.

We verify easily that the hypersurfaces A and P of the algebra (field) F are also
the union of the hyperplanes (38).

Finally we remark that if n is a prime, both hypersurfaces A and P of an
algebra A(F, s,t, c) without zero divisors, are the unions of linearly independent
hyperplanes conjugate in F' over K. In fact, in this case ¢ = 0 or s = 0, unless
d=d=1.

PROPOSITION 30. If the hypersurfaces A and P of an algebra A(V, f) are the
unions of the hyperplanes (38), then A = F or A ~ A(F,s,t,c), where s,t,c
satisfy (39) and (40).

Proof. If n = 2 the conclusion follows from a simple calculation. Hence,
suppose n > 3.

We divide the proof into three parts.

First part
In this part we prove that there is a matrix M € Auc(F/K) such that

M*(fo fi- - fac1) = “BoP1-- -Pr_t1)s (41)
where
D205+ s Zn—1, 20y - - 5 Zh_1)

n—1 n—1
= (Z a?rz;-+r) Zipr + 2. (Z bg’zW) r=0,1,....n—1, (42)
j=1 k=0

i € {0,1,...,n — 1} and at least one coefficient a; is different from zero.
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By hypothesis, functions (26) give a rational map of the hypersurface

n—1
> 2 =0 43)
r=0
into
n—1
> z =0 (44)
r=0
Hence if we fix a non-trivial n-tuple (2}, 21, .. ., 2, _;) in which z; = 0, then from
(26) we obtain a linear system of equations in the unknowns 2o, 1, . . . , zp—1 Witha

non-trivial solution in which at least one component 2; is equal to zero. Therefore,
there exists a matrix M’ € GL(n, F') so that

M(Fo Ti- Tnot) = 190 91+ 9n)s (45)
where

Tro= fr20,- > 20-1,0, 20, ., Z5_1)
and

g =0\ (20,121,212 Z—1), T=0,1,...,n—1,
are linear functions in zg, 21, . . - , Zn—1 and in 2{, 25, .., z,,_;. Moreover, there is

at least one index k € {0,1,...,n — 1} such that

n—1
! /
gk = % Z ajzj
0

where some coefficient a; € F is different from zero.
If we set

M'*(Fo Fi-- Fn1) = Y90 91- - gn-1); (46)
then obviously
g = gr(20, 215y 20-1,0,215. .., 25 1), T=0,1,...,n—L

In particular

n—1 n—1
gk = 2 (Z ajz;-) + 24 (Z bkzk) . 47
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If x is the automorphism of F[zo, 21, - . ., Zn—1, 20, 21, - - - » 21 defined by
/ ! !
X(Q(ZO, 21y 32n—1520 2y - ,zn—l))
! / ! !
= qa(zl’ 225009 2n—1,20,21,22; -« 3 2p_ 1 zO)u

then x™ = 1 and (cf. (26))

X(Ti)z—fi—Ha i=0,1,...,n—1, (Tn:fo)

(48)

Acting on the polynomials f;, and g/. by the automorphism , from (45) we get

analogous relations fixing (zg, 21, ..., 2,_1) 7 0 and 2] = 0:

MTHFo Ty Fao1) = 20c(gh) x(g)) ---x(g_1)),

i , , (49)
fr = fT(ZO,Zl, v 7zn—1a20707 ER ’zn—l)
(cf. also (48) and (3)).
Now if (2, 2],...,2,_;) # 0 and z; = 2] = 0, then (45) and (49) coincide.
Conseqently, there is a permutation matrix (12) such that P(c)M"J = M’.
From this, from (46) and from
M T (Fo Fr--- Fac1) = Hx(g0) x(91) - x(9n-1))
we deduce
S ={g0,91,---,9n-1} = {x(90), x(91), - - -, X(gn-1)}-
By a simple calculation we prove that g, = x*(gy) if and only if
Gk = Gszi7h + 0% ziy 2y, s=mn/2. (50)
In this case the condition
n—1 _
S cifi=gk cE€F (cf.(46)),
=0
implies
Ecjfj = 527, chfj = af zH_szo
Hence we deduce (41) and (42) with
M = A(eg,c1,...,¢5-1,0,0,...,0) or M = A(0,0,...,0,¢8,c",...,c% )
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and

By = a2 Zitr2, =0,1 1

Pr =05 Zi4rZgqy, T=YU L1,

i€{0,1,...,n—1},s=n/2,as #0.
If condition (50) is not satisfied, then S = {x"(g¢)|r = 0,1,...,n — 1}.
Therefore, there is a permutation matrix (12) such that

n—l(

P(0") (g0 91---gn-1) = “(gx x(g)--- X" (gr))-

From this and from (46) we deduce equations (41) and (42) with M = P(c') M’
and p, = x"(gk), where gy, is given by (47).

Acting on the polynomials f,. and P, by the automorphism Y, from (41) we
deduce

M*JYfo fr--- Fno1) = I (B0 Br - - - Pn)
and hence (cf. Proposition 4)
MZA(ko,k],...,k‘n_l) EAUC(F/K). G

Second part
In this part we prove that

Do = apzizh, + byzyzy, ap#0, 1#u, h#O0. (52)

Moreover, if by, # 0, then

d=G.C.D.(n,h) =d = G.C.D.(n,u — 1) (53)
and

Lt S el

[Tar™ + I[85 #0(d=n). (54)

k=0 k=0

Let W = W(z0,21,-..,2n—1) and W' = W/(z,21,...,2,_,) be the coeffi-

n—1
cient matrices of the variables 2. and z, respectively, of the system

D20y 215 -+ 3 Zn—1, 205 210~ -5 2m—1) =0, 7=0,1,...,n—1. (55)

From the hypothesis and from (41) it follows that

n—1
det(W (20, 215 -1 Zn-1)) =w [[ 2, we€ F -0, (56)

r=0
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and
n—1
det(W' (2, 21, -y 2p-1)) =w' [[ %, w' € F—0. (57)
r=0
If we fix (0,2,...,2;,_;) # O, then the corresponding linear system of
equations (55) has some solution (z,z,..., Zn—1) # 0. Hence
rank W'(0,2,...,2, ;) <n-—1.
Impose on the n-tuple (0, z{,...,2,_,) the further condition E;-‘;llajz}- = 0.
The (cf. (42)) the equation Py(zo, 21, ..., 2,1, 0, 2,...,2_;) = 0 tumns into

an identity and the rank of W’ decreases and becomes < n — 2. By a well-
known derivation rule of the determinant, all the first-order partial derivatives of
the function det(W’) evaluated at the point (0,2,...,2/_,) are equal to zero.
Hence (0, 21, ..., 2;,_;) is a singular point of the hypersurface det(W') = 0 lying
on the component z;, = 0. Since such points are the common points of 2, = 0 with
the other linear components of det(W’) = 0, we have

n—1
Z ajzj = apz,, h#0, ap#O0.
§=0

In order to prove that

n—1

Z bpzk = byzy, u# 1,

k=0

we distinguish two cases: by = 0,k = 0,1,...,i— Lii+1,...,n—1,and b, #0
for at least one index u # 1. _

In the first case py = z;(anz), + bizy), W' = D(apz}, + biz{)J* (cf. Section 1).
Hence

n—1

det(W’) = [ (af 2hsy + 57 2)), h#0, ap#0,

r=0

coincides with (57) if and only if b; = 0.

Suppose by, # 0, u # 1.

If we fix (20,21,...,2n-1) # 0,2 = 0 so that £}_lbrz; # 0, then the
corresponding linear system (55) has some non-trivial solution 0,21,...,2,_,).
Arguing as above with rank (W) instead of rank(W’), we get

n—1

By = Z brzk = biz; + byzy.
k=0
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Hence (cf. also Proposition 5)

d—1 -1 -1

det(W) = [[ Wy, Wy = [ Brw + 0 [] ziskaro, (58)
v=0 k=0 k=0

where d = G.C.D.(n,h),n = ld, By, = b?kd+yzi+kd+,, + bgkd+uzu+kd+,, and
1—1 akd
a = _oay -

For every m € {0,1,...,n — 1} there are ky € {0,1,...,l — 1} and 1y €
{0,1,...,d — 1} such that z,, = 24 kya+y, (cf. Lemma 21(a)).

If d|(u — i), then (cf. Lemma 21) only the factor W,,, of (58) depends on the
varible z,,. So (56) and (58) imply zmlﬂﬁc;l()Bk,,O and this condition is satisfied if
and only if b; = 0. Consequently, also condition (54) is satisfied.

Let d = G.C.D(n,u — 4). Using Proposition 5 and Lemma 21, from (57) we
deduce d’|h.

We complete the proof of the second part showing that (56) and (58) are
incompatible if d does not divide u — 3.

In fact in this case there are two factors W, depending on a fixed variable
Zm Wy, and W, ,m = u+kid+vy, k1 €{0,1,...,1-1},v € {0,1,...,d—1}.
Hence z,, must divide one of them. But this is impossible because b,, # 0 and the
polynomial

-1

k1d+u1
H BkV1 + a’ H Z’H—kd-{-l/l
k=0 k=0
k#k) k#ky

is not identically zero.

Third part
Let A’ = (V, p) be the algebra defined by
p(z,y) = ans®'y®" + b,y

where ap, # 0,¢ # u,h # 0. Moreover, if b, # 0, conditions (53) and (54) are
satisfied. Let 33 : V = V,z — E;‘;&krmar be the automorphism defined by the
autocirculant matrix (51).

From the results of the first and second parts it follows that A = (V, f) is
(1,1, B3)-isotopic to an algebra A’ = (V,p). Hence, to conclude, it is enough to
verify that A’ is (1,72, y3)-isotopic either to F or to an algebra A(F, s, t,c) with
s, t, ¢ satisfying (39) and (40).

We easily prove that this condition is satisfied assuming y; : z — 2y
yt—)y“”_h, Y3 :z'—éa}jlz, t=n+u—t, s=n-—h, buah1 = —c.
COROLLARY 31. It the hypersurfaces X and P of an algebra A' = (V, ')
without zero divisors are the unions of hyperplanes of P,_1(F), then either A’ = F
or A" =~ A(F, s,t,c) with s, t,c satisfying conditions (39) and (40).
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Proof. The hypersurfaces A’ and P’ have no K-rational points. Hence each one
of them is the union of n linearly independent hyperplanes conjugate in F' over K.
In other words, A’ and P’ are projectively equivalentto @ : 2" _}z*" = 0.

From Propositions 14.1 and 14.2 we deduce that A’ is isotopic to an algebra A
whose zero-divisor hypersurfaces coincide with @.

COROLLARY 32. Let D be a n-dimensional division K -algebraand let A, P be its
zero-divisor hypersurfaces. If A and P are the unions of hyperplanes of P, _1(F),
then either D = F or D = D(F, 5,1, ¢).

Proof. Corollary 31 implies that either D = A(F, s,t,¢) or D =~ F. In the first
case, D = D(F, s, t,c) (cf. Proposition 9) and so D = D(F, s,t, ') (cf. Result 25
and Remark 26). In the other case, D = D' = (V, f'), f'(z,y) = kzy,k €
F — 0 (cf. Proposition 9). Moreover, x : F — D',z — k7!, is an algebra
isomorphism.

COROLLARY 33. If n is prime and if q is large enough, then an n-dimensional
division Fy-algebra is either a field or a twisted field. _

Proof. If ¢ > v(n), then (cf. Corollary 19) the zero-divisor hypersurfaces A
and P of an n-dimensional F-algebra without zero divisors, are reducible. As n
is prime, Proposition 16 implies that A and P are the unions of hyperplanes of
Pp_1(Fy4n). The conclusion follows from this and from previous corollaries.

When n = 3 the statement of Corollary 33 is verified for every ¢ (cf. Proposi-
tion 18). Hence we find again the main result proved in [13].

Forn = 5, Corollary 33 proves the conjecture of Kaplansky formulated in [10].

Some of the above results are also true when a less restrictive condition is imposed
on the Galois group Gal(F'/K) provided that we can express the multiplication of
the algebras A in terms of the multiplication of F and of the automorphisms lying
in Gal(F/K). This subject will probably be treated in a future note.
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