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Abstract. An SIR disease transmission model is formulated under the as-
sumption that the force of infection at the present time depends on the number
of infectives at the past. It is shown that a disease free equilibrium point is
globally stable if no endemic equilibrium point exists. Further the endemic
point (if it exists) is globally stable with respect to the whole state space except
the neighborhood of the disease free state.
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1 Introduction

An SIR model was proposed by Cooke (1979) for epidemics which are spread
in a human population via a vector (such as a mosquito); ie. susceptible
individuals receive the infection from infectious vectors, and susceptible vec-
tors receive the infection from infectious individuals. It is assumed that when
a susceptible vector is infected by a person, there is a time 7 > 0 during which
the infectious agents develop in the vector and it is only after that time that the
infected vector becomes itself infectious. It is also assumed that the vector
population is very large and at any time ¢ the infectious vector population is
simply proportional to the infectious human population at time ¢t — 7. Thus, if
we denote by S(¢) the human susceptible population and by I(¢) the human
infective population, the force of infection at time ¢ is assumed to be given by

BS()I(t — 7). (1)
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However, it may be more realistic to assume that 7 is a distributed parameter
and the force of infection (1) has to be substituted by

+

ﬁsmj " f @1 - e, @

0

where f(t) represents the fraction of vector population in which the time
taken to become infectious is 7. Further, f(z) is assumed to be non-negative,
square integrable on R, = [0, c0) and satisfies

J+mf(r)dr= 1, rwff(x)dr <+w. (3)
0 [}

Beretta et al. (1988) assumed the delay kernel f to be a y-distribution (see,
Sect. 3) and considered the system of ordinary differential equations obtained
from the original set of delay-differential equations by using so called linear
chain trick (see, McDonald, 1978). They gave a sufficient condition for
a positive equilibrium state of the system to be globally asymptotically stable
and also proved that the system with a “weak delay” is always globally
asymptotically stable.

In this paper, we consider the stability properties of SIR-models expressed
by delay-differential equations with distributed delays for which we do not
assume the concrete form. The next section gives the model equations and
introduce also the nomenclature. In Sects. 3 and 4, we consider the local and
global stability respectively of the equilibria which express a disease free state
and an endemic state. In Remark 3 of Sect. 4, it is underlined how the method
of Liapunov functionals presented for the model with distributed delays can
be applied to the case of discrete delays.

2 Model equations and nomenclature

The SIR model with vital dynamics (Hethcote 1976) is given by
S(t) = — B (t) ~ uS(t) + u
I(t) = BS(O)I(t) — pI(t) — AI(r) , 4
R(t) = M(t) ~ pR(?) ,

where a population is divided into three classes denoted by S, I, R: suscep-
tibles, infectives and recovered. The assumptions on the model are

a) The population considered has a constant size N and the variables are
normalized to N = 1, that is, S(t) + I(t) + R(t) = 1 for all ¢;

b) Births and deaths occur at equal rates p in N. All the newborns are
susceptible. u is called a daily death removal rate;

c) B is the daily contact rate, ie., the average number of contacts per
infective per day. A contact of an infective is an interaction which results in
infection of the other individual if it is susceptible;
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d) A is the daily recovery removal rate of the infectives. Of course,
Bou,leR,.

If the force of infection (2) is inserted into the SIR model (4), we obtain

S() = — S() f: ST — s)ds — pS(O) + 1

i) = ﬁS(r)j:f(s)I(t —)ds — pl(t) — A0, 5)

R(t) = AI(t) — uR(t) .

Because of the conservation law S(t) + R(t) + I(t) = 1 for any ¢t € R, we can
consider any pair of variables within three variables S, I, R. For example, let
us consider x(t) = (S(t), I(t)) € 2, where

Q={(S,DeR%,|S+I1<1}. (6)

According to Kuang (1993), we denote C({ — oo, 0], R?), the Banach space of
continuous functions mapping the interval ( — o0, 0] into R? with the topol-
ogy of uniform convergence; i.e., for ¢ € C(( — 00,07, R?), the norm of ¢ is
defined as || ¢ || = Suppc(- «, 01/ P(0)], where || is a norm in R?. Furthermore,
for 620, xeC((—,6],R?) and te[0,6], we define x,eC as
x(0)=x(t +0)=(S{t+ ), It + 0)) for § € (— c0,0]. Then, system (5) can
be written as

x(t) =f(x), 7

i.e., as an autonomous system of delay differential equations, where R(t) is
given by R(t) =1 — (S(t) + I(t)) for any t € [0, d).

Denote by Qg the set of non-negative functions ¢(8) = (¢1(0), ¢2(8)) €
C((— 0,0],R?) such that |¢| < H, He R, and ¢(0) > 0.

In this paper we will consider stability properties of system (7) with an
initial values ¢ € Qg at time ¢ = 0. The following properties of system (7) are
easy to check:

(i) The function f is Lipschitzian. This implies the local existence,
uniqueness and continuous dependence on the i.c. ¢ € @y of the solution of (7)
for all ¢ € [¢o,to + ).

(ii) If there exists t* € [ty,to + 0) such that x;(¢t*) = 0, then fi(x;x) = 0,
i = 1,2. This property implies that, if ¢ € Qy is a vector function with positive
components, then the solution x(¢) will remain positive for all ¢ € (0, 5). The
proof of this property can be performed similarly to the proof given in
Beretta and Takeuchi (1993). In particular, if ¢(0) = (S(0),1(0)) € Q, then
x(t) = (S(), I(t)) € Q for all £ € (0, ).

(ifi) Positive invariance of 2 implies boundedness of the solutions of (7) for
all t € [0, 6). This in turn implies continuability of the solutions of (7), together
with their properties of uniqueness and continuous dependence on i.c. up to
0=+ o0,ie,forallte[0, + o).
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(iv) The equilibria of (5) satisfying S(¢) = S*, I{t) = I'*, R(t) = R* for all
t € R are as follows:

(iv-a) The endemic equilibrium point is given by E, = (S*, I*) = ((z + 4)/B,
u(l — S*)/pS*) provided that f > u + 4;

(iv-b) The disease free equilibrium point is given by Eo = (S* =1, I* = 0)
which exists for all parameter values.

Let us remark that the equilibrium component for R of the endemic state is
simply given by R* = 1 — (S* + I'*) or equivalently, by R* = AI*/u.

In the following, we study the stability properties of the equilibria of (5) by
using the method of Liapunov functionals. Since (5) can be set in the form (7),
if we centre the variables on the equilibrium (E, or E;), we obtain an
autonomous system of delay differential equations

x(t) =fx) )

where the equilibrium is x = 0. Then, we will use the following result (Kuang
1993; Corollary 5.2, p. 30):

Theorem 1 Assume that w,(-) and w,(-) are nonnegative continuous scalar
Sfunctions: Rio— Ryg such that w,(0) = w,(0) =0, lim,. + c0(r) = + o0
and that V : C — R is continuous and satisfies

V($)Zo(160)),  V(dg S — 2(/¢(O0)]). ©)

Then the solution x = 0 of equation (8) is uniformly stable and every solution is
bounded. If in addition, w,(r) >0 for r > 0, then x =0 is globally asymp-
totically stable.

Concerning the various definitions of stability, we refer to the recent book
by Kuang (1993).

3 Local stability

We consider the local asymptotic stability of the equilibria.
Theorem 2 W henever E . of (5) exists, it is locally asymptotically stable.

Proof. System (5) is centred on E, by introducing u; =S — $*, up, =1 — I*
and its linear part becomes

i (t) = — (BT* + ~[>’S*L " (S uat —5)ds |

+ oo
y(t) = pl*uy — (A + pu, + BS* J S (Su,(t —s)ds . (10)
0
Let us consider the Liapunov functional

Vi) = 30 + 300 + a0 + 385 [ r0) [ doravas )

s
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where w > 0 is a constant. Let us observe that
V) = o (lu(@)]) = $uz(t) + 3w, (6) + uz())?, (12)

where o, is a positive definite quadratic form of u; and u,, since w > 0. Hence,
0 20,0, =0iff |u(t)] = 0 and lim, ) ; o @0 (|u(t)]) = + o0.

Furthermore, the time derivative of V' (x,) along the solution of system (10)
becomes

V(”t)l(lO) = — pwui — (A + @)1 + whud + 3p5*u3
+ o

+ BS*u, S uy(t — s)ds + [BI* — wu + A)]uqu,
0

— —;—ﬁS*L Oof(s)u%(t — 5)ds

HA

— pwut — (4 + w1 + w)us + BS*u?

< —pw(ul +u3) = — o,(|u())) (13)
where the first inequality of (13) is obtained by choosing w as fI* = w(2u + 1)
and w,(|u(t)]) = pw(ui + u3) = uw|u(t)|>. Note that fS* = u + 4 and

+

BS*u, f(S)us(t —s)ds < lﬁs*ui + lﬁs=*=J+°°f(s)u§(t —s)ds .
0 2 2 0

This and Theorem 1 complete the proof. |

Now let us consider the local asymptotic stability of E, of (5). It is
convenient to choose the variables (I, R) instead of (S, I) and to consider the
linearized system of (5) around E, = (I = 0, R = 0) as follows:

i) = — (ut D10+ ﬁj £ — )ds
‘ ° (14)
R() = A(t) — uR(t) .

Since the equation for I(¢) is decoupled from that for R(z), the characteristic
equations for (14) becomes

A+ A +p+i—pF()=0, (15)

where F(A) is the Laplace transform of f(s). Of course, one characteristic root
is A = — u < 0. Therefore, to derive a necessary and sufficient condition for
the asymptotic stability of E, we need to consider the equation

A+u+Ai—BF(A)=0, (16)

associated with the stability problem of the trivial solution I = 0 of the first
equation in (14):

)= —(u+ I + ,BJO " eI - s)ds . (17)
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We can prove the following:

Theorem 3 A necessary and sufficient condition for E, of (14) to be asymp-
totically stable is
B<u+i. (18)

Proof. Since ¢(8) =0 for any 6 e{ — o0,0] and ¢(0) >0, I(t) > 0 for all
t = 0, where I(¢) is any solution of (17). Therefore, it is enough to consider the
Liapunov functional

V(L) =11+ Bj+wf(s) f I(v)dvds (19)

0

which satisfies that V (I,) = I{t) = |I(t)| for any t = 0. Furthermore,

VUar = (B — (u+ D)) . (20)

Therefore, if (18) holds true, E, is asymptotically stable.

Next, we will prove the necessity part. First let us consider the case
B > 1+ A. Assume that I = 0 of (17} is stable. This means that for any ¢ > 0
there exists a 8(g), & < ¢ such that I(t) < ¢ for any ¢ > 0 and for any ¢ € Q5.
Since ¢(f) is continuous, nonnegative and not identically vanishing for any
fe(—0,0], V{Iy)=a>0. Furthermore, for t >0, V(I,)<I(t)+ BT
max{e, 6} = I(t) + fTe, where 0< T = jgwf(s)sds < + o by (3). Let us
consider now (20) where I(t) 2 V (I,) — fTe. We obtain

VI 2 (B~ (n+ VI~ (B = (n+ A)BTe, Vilo)=u,

which gives rise to the following inequality:

V{I) Z BTz + (o — BTe)exp{(B — (u + D)t}

for all £ = 0. Hence

I(ty=V({I,)— BTe = (« — pTeyexp{(f — (u + )t} (21)

for all t=0. Therefore, if we choose 0 <¢<oa/(fT), we obtain that
lim,, ;. I(t) = + co, giving rise to a contradiction with stability of I = 0.
For the case = p + A, we observe that A = 0 is a characteristic root of
(16), since F(0) = 1. Therefore, E, is not asymptotically stable for this case.
This completes the proof. |

Remark 1. To appreciate the usefulness of Liapunov functionals, let us try to
prove the necessity part of Theorem 3 by using only the characteristic
equation (16). We know that A =0 is a characteristic root of (16) when
p = p + A Furthermore, from (16), Red = — A — u + BReF(A). Therefore,

O0ReA
0B |a=0

ie, for f = u + A one characteristic root of (16) crosses the imaginary axis at
the origin and (for § > p + A) enters in the right hand side of the complex
plane. In general, (since we do not suppose the concrete form of F(A)), only by

=ReF(0)=1>0, (22)
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using the characteristic equation (16), we cannot exclude the possibility that
for some f§ > p + A the characteristic roots of (16) again cross the imaginary
axis entering in the left hand side of the complex plane and restabilizing E,. Of
course, because of (22), if such a cross occurs, this must be for some 4 = + iw
for w > 0.

‘We can exclude the possibility that such a cross with the imaginary axis
occurs if we specify the analytical form of the delay kernel (in agreement with
the result of Theorem 3). For example, let us assume that f(s) is a y-distribu-
tion, i.e.,

— Sp_l Pa—as
f(S) = (p_—l—)' x e . (23)
where « >0, s 20 and pe {1,2,...,}. Its Laplace transform is
o r
F(A)=<oc+/1) . (24)

Then, we can prove

Corollary If the kernel f is a y-function (23), then A = + iw, w > 0 cannot be
characteristic roots of (16).

Proof. Consider the characteristic equation (16} for A = iw, w > 0 and with
F(A) given by (24). We obtain

(o + iw)Piw + (u + Ao + iw)? — fa? = 0. (25)
Let us introduce the auxiliary angle variable 6 with tanf = w/a, for
0 < 0 < m/2. From (25), we obtain

ePliw + p+ 7) = Blcos0)?, p=1,2,... (26)

The imaginary part of (26) is expressed as w cos(pf) + (u + A)sin(pf) =0
and we have pf = — arctan{w/(4 + p)}. From the definition of 6§, we have
parctan{w/a)) = — arctan{w/(u + 4)), which has no solution for any
p=1,2,...and o > 0. The same proof can be performed for A = — iew and
@ > 0. This completes the proof. O

4 Global stability

Now let us consider the global asymptotic stability of the equilibria.

Theorem 4 The positive equilibrium point E . of (5) is globally asymptotically
stable with respect to the set Q = {(S,I)e Q|S < $* + I*}.

Proof. For the proof it is convenient to choose the variables (I, R) instead of
(S, 1) in order to have only one integro-differential equation. Let us consider

+

It)=p(1 —I—R) f(s)I(t — s)ds — pS*I
o]

. (27)
R(t) = Al — uR,
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where (R, 1) e Q; = {(R,I)e R%|R + I £ 1}. Wecentre 27)on E, = (I*, R*)

by introducing u; = I — I'* and u, = R — R* with (uy,u,) € Q= {(ugsuy) e
R* —I* Zuy, — ** Suy,uy +u, £S*}. We obtain

(1) = B(S* — uy — 1) j " P ust — ) ds — BU* + S¥huy — Blus

(28)
Up(t) = Auy — pu, ,
for which we consider the Liapunov functional such as
+ t
V(u)=—ui + 7 Ui + = wlﬁ(I* s*)J f(s)j ui(u)duds , (29)
0 t—s

where w; > 0for i = 1,2 are positive constants. Then V () = k(ui(t) + u3(t))/2,
where k = min{w;, w,} > 0. If we choose — w; BI* + w,4 = 0, then the time
derivative of V (u,) along the solution of system (26) becomes

. 1
V(e = — W i3 “§W1ﬁ(1* + S*)“f

+

B — g — gy [ F($)uslt — s)ds

0

—lwlﬁ(I* + S*)J+wf(s)uf(t — s)ds
2 0

5 1 + o
~ s =3 | SO0 AW0EIds G0)

where v(t,s) = col{u;(¢), u{(t — s)) and

A(t) = I* + S§* —(S* —(uy + uy))
O\ (SF = (uy + up)) I*+8* '
the matrix A is positive definite if
—I* <ug +uy <I*+28*%, (31

where the inequality of the right hand side in (31) is trivially true in @, since
u; +u, < S* Now, for any ¢ > 0, consider @ ,={uwe @, |u, +u,> —I*+¢}.
Then for any u e 91 «» there exists a minimum eigenvalue of 4 which is strictly
positive. Let us denote such an eigenvalue as Z,. We have

[o(z,5)- A(t)v(t, )] 2 Lwi (1) + uit —s)) . (32)
By substituting (32) in (30), we obtain

+ o0

0

. 1 ~
Vu)ps = — W s — 5W1ﬁis[u% -+ J f(S)“%(I —) dS]

< —oui +u3), (33)
where § = min[w,u, w, 4,/2}.
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Now note that the set uy + u, > — I* corresponds with I + R > R*,
which is identical with Q. Since S(t) =1 — (I(z) + R(t)) for all t > 0, this
completes the proof. O

Remark 2. For the linearized system, it has been proved that the endemic state
E, is always locally asymptotically stable without any restriction on the
variables space, if E; exists (Theorem 2). Further, Theorem 3 implies that the
disease free state E, is not locally asymptotically stable when E; exists. On
the other hand, Theorem 4 ensures the global asymptotic stability of E, only
for the restricted variables space Q. This suggests that the global asymptotic
stability of E, is true for whole space Q defined by (6). This is an open
problem.

Let us consider now the global asymptotic stability of E,. For this case, we
can prove it without any restriction on the variable space:

Theorem 5 Whenever (18) is true, equilibrium E, of (5) is globally asymp-
totically stable with respect to Q.

Proof. We choose again the variables (I,R) and consider the space
Q= {(I,R)e R%y|R + I £ 1} which corresponds to Q. The equations for
(I, R) are

+

i) = — (u+ A1)+ SG) f " 1)1 = 5)ds

. ° (34)
R(t) = AI(t) — uR(t) ,
where 0 < S < 1 and (I, R) € Q. Whenever (18) is true, the positive equilibrium
E. is not feasible and equilibrium E, = (S* = 1, R* = 0, I* = 0) in © simply
becomes Eq, = (0, 0) for (34).
Let us consider the following Liapunov functional

Vi) = 1) + wR() + B j0+°°f(s) j 1) duds, (35)
where w > 0. Then V(x,) = min {1, w}({(t) + R(t)) ;or any ¢ 2 0. Further,
V) aay = — (u+ AI) + BI(t) + wal(t) — wiR(2)
+ BS() me(S)I(t —5)ds— f Omf(s)l(t ~ 5)ds
< [+ A — BI@) + wal() — wiR() (36)

Here the last inequality is true because that 0<S =<1 Choose
w = [(u + ) — B]/(24) which is positive, since (18) is true. Then we have

V(xt)l(34) < —3[(u+ A) — B1I(t) — wuR(r)
£ —kUI(®)+R(@®) = — k|x®)y» (37

for any t = 0, where k = min{(x + 2 — $)/2, wu}. Hence, the global stability
of E, follows.
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Remark 3. 1f we insert the force of infection (1) into the SIR model with vital
dynamics (4), we obtain

S@)= — BSOI(t — 1) — uS(t) + pt,
I(t) =St — 1)~ () — AL(1), (38)
R(t) = A (t) — uR(t) .

We claim that all the stability properties of the endemic equilibrium point
E. for p > p + 4 and of the disease free equilibrium point E, proved for the
model with distributed delays still hold true for the discrete SIR delay model.
This claim can be checked by the Liapunov functionals obtained from ones for
the distributed delay model simply by substituting in them f(s) with §(s — 1),
Le., with the delta Dirac function, and applying Theorem 1. We will check this
claim just for Theorem 2, the other results can be proved similarly.

By using the change of variables uy =S — S*, u, =1 —I'* in (38) and
considering their linear parts, we obtain

us(t) = — (BI* + puy — BS*u,(t — 1),
Uy(t) = BI*uy — BS*uy + BS*uy(t — 1),

which are to be compared with (10), where E ., has been transformed into the
trivial solution u; = u, = 0 of (39). Then we can prove:

(39)

Theorem 6. Whenever it exists, the positive equilibrium point E, of (38) is
locally asymptotically stable.
Proof. (11) suggests to consider the Liapunov functional

t

). 1 2 2
V) = 3300 + 3wl ©) + us(0)P + 35 |

t—

us(v) dv (40)

where w > 0 is a constant.
According to Theorem 1, let us remark that
Vi) Z o (ln@)]) = 3uz(6) + Twlu () + (1))

where w; 1s a positive definite quadratic form, if w > 0. Furthermore,

I7("t)|(39) = — pwui(t) + [BI* — w(BS* + wJuy (t)u, (1)
— BS*(L + w)us(t) + BS*us()uy(t — 1)
+ 5BS*uz(t) — $BS*ul(t — 1) . (41)

If we choose w > 0 satisfying fI* — w(fS* + u) =0 and we observe that
Uy ()us(t — 1) S u3(t)/2 + uj(t — 1)/2, then from (41) we obtain

Vu)lae) S — uwiii (1) — fS*wuz(t) £ — klu(n)]?, (42)

where k = w min {y, $S*}. Then, Theorem 1 assures the asymptotic stability
ofu; =u, =0:
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