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Spectral Invariance, Ellipticity, and the
Fredholm Property for Pseudodifferential Operators
on Weighted Sobolev Spaces

ELMAR SCHROHE

Abstract:  The pseudodifferential operators with symbols in the Grushin classes 5'2'5,
0 <8 < p <1, of slowly varying symbols are shown to form spectrally invariant unital
Fréchet-*-algebras (¥-algebras) in £(L%(JR")) and in L(H3') for weighted Sobolev spaces
H3' defined via a weight function . In all cases, the Fredholm property of an operator can
be characterized by uniform ellipticity of the symbol. This gives a converse to theorems of
Grushin and Kumano-go-Taniguchi. Both, the spectrum and the Fredholm spectrum of an
operator turn out to be independent of the choices of s, t and ¥.

The characterization of the Fredholm property by uniform ellipticity leads to an index
theorem for the Fredholmm operators in these classes, extending results of Fedosov and
Hormander.
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Introduction

In the theory of pseudodifferential operators, Fredholm results have always been of
particular interest. In fact, one of the first applications was the proof of the Atiyah-
Singer Index Theorem for classical elliptic pseudodifferential operators on compact
manifolds [A].

These operators naturally act on the Sobolev spaces H®, s € IR. Both, the Fred-
holm property and the index of these operators do not depend on the choice of s. If
P is a classical pseudodifferential operator of order m on a compact manifold, then
P: H™ — L% is Fredholm, iff P : H*t™ — H* is Fredholm for any s, namely iff it
is elliptic, i.e. if its principal symbol does not vanish on the cosphere bundle of the
manifold. Ellipticity allows the construction of a parametrix; in particular, it yields
a Fredholm inverse which is a pseudodifferential operator.

On IR™, and with non-classical symbols, for example the standard Hérmander
classes, the situation gets more complicated. A parametrix construction requires
more than invertibility of the symbol, and even a parametrix need not be a Fredholm
inverse. This is why I focus on subclasses of the Hérmander classes, a family of
symbols that Kumano-go calls "slowly varying”. They were considered by Grushin
(G8], Kumano-go and Taniguchi [K3], and e.g. Wong [W2], [W3].

The zero order symbols in these classes form Fréchet-*-algebras in L(L2(IR")) -
a fact easily established from the standard calculus. Besides, they are spectrally
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invariant, and the Fredholm property can be characterized by uniform ellipticity (cf.
Thms. 1.4 and 1.8).

Here, spectral invariance means the following: If an operator in such an algebra
is bijective on L?(IR"), then its inverse is in the algebra. In this context, Gramsch
introduced the notion ”U*-algebra”: A symmetric unital Fréchet-*-subalgebra A
of a C*-algebra B is a ¥*-algebra in B, if it has a finer topology and is spectrally
invariant, i.e.

AnB =AY

cf. [G3], Def. 5.1: A is a ’full’ subalgebra of B. In fact, the operator algebras
considered are ¥*-algebras in £(L%(RR")), cf. Thm. 1.4.

Spectral invariance is a distinguished property shared by many classes of pseu-
dodifferential operators [B1], [B2], [C4], [G7], [L1], [S1], [S4], [S5], [S6], [U], however
it already fails in slighty different situations [G2], [D], [W1], [G3], 6.2.

Once established, the ¥*-property yields remarkable results. In ¥*-algebras, there
is a holomorphic functional calculus in several variables; the K-theory of the ¥*-
algebra coincides with that of its C*-closure (cf. [B3], Thm. 1.3.1, Thm. A.2.1). One
obtains results about Fréchet manifolds in Fredholm and perturbation theory [G3],
for the division problem for operator valued distributions [G4], and in differential
geometry of Fréchet manifolds, especially for periodic geodesics [G6).

For a function v € C°(R") with y(z) > ¢ > 0 and D?y(z) - 0 (|z| > o0, #
0) — an "admissible weight function” - define the weighted Sobolev space H3' by

t -t . s
HY ={y"w:iue H"}

in the same way in which one obtains the Sobolev space H® from L%. All pseu-
dodifferential operators with symbols in 526 are bounded on these spaces and their
spectrum is independent of s,#, and v, cf. [Sl].

An even stronger result holds here: The operator algebras considered are ¥*-
algebras in all the spaces H3'. The spectrum of an operator is independent of s, ¢,
and 4. On all these spaces Hj‘, an operator is Fredholm iff its symbol is uniformly
elliptic (Thm. 1.11). As a consequence, also the Fredholm property is independent
of s, ¢, and ~.

This contrasts with the effects observed by Lockhart and McOwen [L2], [M] (cf.
also Nirenberg and Walker [N]). They investigated the behavior of differential op-
erators on another scale of weighted Sobolev spaces W*® and found that both, the
Fredholm property and the index, depended on ¢ € IR.

Is there a way to compute the index? There is an obvious candidate for an index
formula, namely Fedosov’s formula [F]

index Op a = —(=27i)™"(n — 1)!/(2n - 1)! / Tr(a~'da)*"!, (0.1)
B

proved e.g. in [H2], (Thm. 19.3.1' plus the following remarks), for pseudodifferential
operators with symbols in the class 5(1,G), G = |dz|}(z)~? + |d£|?(€)~2, using the
Weyl calculus. In (0.1), B is an open ball in R?" such that a(z,£)™! exists and is
bounded outside B. IR?" is oriented by dz; A d&; A ... A dz,, A dE, > 0, and the
left-hand side gives the L%-index.
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The necessity of uniform ellipticity shows that the right-hand side of the index
formula makes sense also for Fredholm operators in Op 52,6’ p > 6. So it is reason-
able to expect that the formula extends to these classes, and this turns out to be
true, cf. Theorem 1.13.

Necessity of ellipticity for the Fredholm property of classical pseudodifferential
operators was proven by Kohn and Nirenberg [K1] extending Gohberg’s lemma [G1].
By showing the necessity of uniform ellipticity, Theorem 1.8 gives a converse to a
theorem by Grushin [G8], Thm. 3.4. It also establishes a converse to Kumano-go
and Taniguchi’s more general hypoellipticity result in [K3], if the order is restricted
to zero. Together with the index result this completely answers the question about
the essential spectrum of pseudodifferential operators with slowly varying symbols
[W3], Question 1.4, even without the additional assumptions on the symbol in [W3],
Thm. 3.2.

The method used here to establish the spectral invariance for the classes 505 is
different from the C'*°-elements approach of Cordes [C5] or the commutator method
of Beals [B1]. It was developed in order to show spectral invariance for a ver-
sion of Boutet de Monvel’s algebra on noncompact manifolds and proving necessary
and sufficient conditions for pseudodifferential boundary value problems to have the
Fredholm property [S2]. An important ingredient is a particular operator theoretical
construction of Gramsch and Kaballo [G4].

1. Statement of the Results

We start with a review of three symbol classes on IR™, n € IN, the first being the
'standard’ pseudodifferential symbols, the second and third more special and going
back to Grushin [G8]. The definition follows Kumano-go [K2], Ch. 2, Def. 1.1,

Ch. 3., Def. 5.11.

Deﬁnition 1.1, Letpe C®(R*"xR"), me R, 0<é§<p<1,6< 1. Write
p(ﬁ (z &) instead of D“Dﬂp(z £), z,6 € R™.
(a) pe Sy, if |pm)(az,§ )| < Couple)y™rlaitdlBl for all ,¢ € R™.
(b) e Suif p e ST and [pE)@,6)] < Capla)€)m 7o+ for all 2,€ € R,
with a bounded function Cyug(z) such that Cop(z) — 0 as z — oc.
(¢) pe S§m if pe S™ and pig(z, € eSmH'mforallﬁ 0.

0.5 0,8 (3)

Kumano-go proves that, in (c), it is sufficient to ask that ps)(z, {) € 5m+5 for

all || = 1. He calls the symbols in 5';’:5 slowly varying. Write 57 ¢°, ;§°, ~;§° for
the respective intersections taken over all m € IR. They are independent of p and 4§,
and we shall omit the indices. For simplicity we have assumed the functions p to be
scalar-valued. In general, p might have values in quadratic matrices over . All the

results extend to that case.

Lemma 1.2. The best constants C,g in 1.1(a) define the usual Fréchet topology
for 57s. The spaces S and 57 are closed subspaces, .5"/) S' Shs

For an arbitrary symbol class A", we will denote by Op X’ all the pseudodlﬁ'erential
operators with symbols in V.
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Lemma 1.3. Op 5'26 is a Fréchet-*-subalgebra of L(L?(IR™)) containing the iden-
tity. Its topology is stronger than the norm topology on L(L*(IR™)).

Proof. Op: 52'5 — L(L?*(IR™)) is injective and continuous by the Calderon-Vaillan-
court theorem cf. [K2], Ch. 2, Prop. 1.2, Ch. 7, Thm. 1.6. Multiplication and * are
continuous, cf. [K2], Ch. 2, §2. By [K2], Ch.3, Lemma 5.13, Op 504 is a -algebra.

O

The following theorem shows that even more holds. The proof will be given in
Section 2.

Theorem 1.4. Op 5%, 6 < p, is a ¥*-algebra in L(L*(R™)).

The main result of §5 in Chapter 3 of Kumano-go’s book [K2], Thm. 5.16, is the
following theorem. It extends a result of Grushin [G8], Thm. 3.4.

Theorem 1.5. Let p € 5'2,5, 6§ < p, m > 0. Assume that for some R > 0,
0<m' <m, Cy>0:

Ip(2,€)| > Cole)™, lz| + €] > R, and
Ip5)(2,€)/p(2, )] < Cap(a)€)™HIL o] + l€] > R,

where Cop are bounded functions such that Cop(z) — 0 (Jz| — o0) for 8 # 0.
Then Op p has a parametriz Op q, q € 5';"5"/ such that

OppoOpg—T€85™, and OpgqoOpg—I€ S,

In particular, Op p is a Fredholm operator on £(L%(IR")) in view of the following
lemma:

Lemma 1.6. ([K2], Ch.3, Lemma 5.14). Let p € 5’;; for some ¢ > 0. Then
Op p : H*(IR") — H*(RR™) is compact on each of the Sobolev spaces H*(IR™),
s€eR.

Definition 1.7. Call p € 52,5 uniformly elliptic, if there are constants R,C > 0
such that for all |z| 4 |£] > R, p(z,€) is invertible and |p(z,£)~ | < C.

Theorem 1.8. An element P € Op 5'2,5, 6 < p, is a Fredholm operator on L*(IR™)
if and only if its symbol is uniformly elliptic.

Theorem 1.8 has an obvious application to differential operators P = Y. aq(z)D,
faf<m
where the a, are bounded C'*® functions on IR"™ with Day(z) — 0 as |z| — oo for
all B # 0: Consider P(D)~™, which has its symbol in §¢,. Then P : H™ — L? is
Fredholm if and only if the symbol of P(D)~™ is uniformly elliptic. This result has

been established earlier by the C*-algebra methods of Cordes, cf. [C3], [T2].

Definition 1.9. Call v € C°(JR"™) an admissible weight function, if the following
holds

(i) For some ¢ > 0, y(z) > ¢

(ii) For all & # 0, D?y(z) — 0 (|z| — o0).
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The condition on the weight function is a little more restrictive than in [S1].
Examples for admissible weight functions are: v(z) = ()2, y(z) = 1 + ln(( }), and,
wiiting 7 = (&/,2), 7(2) = (&) + (&"Y)P%, 2(2) = (&) + (&)}, 2(a) =
1 4+ In({z') + (2")?), etc. If v is an admissible weight function, then y~! € Sl 0
and Dy € 5'?‘0 for all @ # 0. If 0 <t <1 and 7 is admissible, then the function
F(z) = y(z)! is also admissible.

Definition 1.10. For an admissible weight function ¥ and s, t € IR define the
weighted Sobolev space H3' = H3'(IR™) by

HY ={y*u:ue H}.

The scalar product is given canonically by (u,v)s: = ({(D)*y'u,(D)*y*v)r2. Of
course, the Schwartz space S is dense in all the spaces H3'.

Theorem 1.11. Op 5'2,5, 6 < p, 1s a ¥*-algebra in L(H3') for all s, t € R and
every admissible weight function v. An operator

P:HY - H

is Fredholm if and only if the symbol of P is uniformly elliptic in the sense of Defi-
nition 1.7. The index is independent of the choices of s, t, and 7.

For the proof of 1.11 see Section 2. Theorem 1.11 shows that neither the spectrum
nor the Fredholm spectrum of an operator in Op Sp 5+ p > 0, depends on the choice

of the underlying space H3'. In connection with Lockhart and McOwen’s results
[L2] note

Corollary 1.12. Let P be a homogeneous differential operator of order m > 0,
P(z,D) = 3 aq(2)D* with coefficients a, € C®(IR"™) satisfying a,(z) = O(1),

la|=m
DPay(z) = o(1), B # 0, as ¢ — oo. Then there is no choice of s, t € IR and an
admissible weight function y such that P : H3t*™' — H3* is a Fredholm operator.

Proof. Consider P(D)~™. Its symbol Y. aq(z)é*(é)~™ € 5'?10 is not uniformly

al=m
elliptic. Therefore P(D)~™ cannot be Fredholm on H}* by Theorem 1.12. Hence
P H3t™! — H5!is not Fredholm. m]

Hoérmander’s class S(1,G) with G = |[dz|?>(z)~2 + |d€|?(€)~? is a subclass of Sl 0

thus of all the Sg From Theorem 1.11 and [H2], (Thm. 19.3.1’ plus the following
remarks) in connection with the above results one obtains

Theorem 1.13. Suppose A € Op S 5 P > 6, is a Fredholm operator in L(HS).
Then the index of A is given by Fedosov sfm'mula (0.1).

The proof of Theorem 1.13 will be given in Section 3.

Remark 1.14. Let a € 52,6- The Weyl operator Op“a is the operator with the

"double’ symbol b(z,y,£) = a(’—%’—u,f). By Taylor’s formula, the symbol of Op“a —
Opais
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(20,6 = Y [@uDeb)(ore + ity —2),6)

k=1 0

Converting this to a ’single’ symbol, ¢f. [K2], Ch. 2, Thm. 2.5, and applying an
analysis like that in [K2], Ch. 2, Lemma 2.4, one notices that Op“a — Op a is
compact whenever p > §. Therefore the statement of Theorem 1.13 also holds in the
case of the Weyl calculus.

2. Proofs of the Spectral Invariance and Ellipticity Results
The following proposition is based on results by Hérmander [H1] and Grushin [G8]:

Proposition 2.1. Letpe 5'25, 6 < p, and let d = lim sup; ¢)_,o |P(2, E)|.
Then ||Op pllc(z2(rny) > d- In particular: if ||Op p|| < € for some ¢ > 0, then there
is an M > 0 such that |p(z,£)| < 2¢ for all |z| + €| > M.

Proof. Supposing there is a sequence (z¥, ") such that |p(z¥, )| — d and £¥ — oo,
the argument of Hérmander in the proof of [H1], Thm. 3.3, shows that d < ||Op p||.
On the other hand, if there is a sequence (z¥,£) such z¥ — oo, £ is bounded, and
[p(2¥,€")| — d, then we may assume that £ — £°. Now Grushin’s proof of [G8],
Prop. 3.3, shows that [|Op p|| > d. a
Corollary 2.2. Suppose p € 5'2'5, 6§ < p, and ||Op p|| < 1/4. Then there is an

M > 0 such that |p(z,£)| < 1/2 for all |z| + |€| > M, thus |(1+ p(z,€))™| < 2 for
all |z} + |€] > M. Theorem 1.5 implies that there is a q € 59, such that

(1+P)Q-I=R €0pS™ and Q1+P)—I=RyeO0pS™,
with P=0p p, @ = Op q.
Lemma 2.3. €1+ Op §~ is a V*-algebra in L(L?(R")).
Proof. Op S~ is a proper ideal in Op 52,5: It is the intersection of the ideals

Op 5’;;", m > 0, cf. [K2], Ch. 3, Lemma 5.12. It is proper, since all its operators

are compact on L?(IR"). Therefore, @I + Op §~ is a Fréchet-*-subalgebra of
L(L*(IR™)) with a finer topology. Suppose an element of €1 + Op §7° is invertible
on L(L*(IR™)). Then it is of the form AI 4+ § for some § € Op $~°°, A # 0, and
(M + 8)~1 € Op S75 by the classical spectral invariance result [B1], Thm. 3.2, cf.
[U], Satz 4.3. Hence

A+ Sy =2 -SAT+S)y eI+ 0pS~—,
due to the ideal property. O

Remark 2.4. Recall the following facts from operator theory. For a proof, consult
Taylor’s book {T1], Thm. 5.41-G, Thm. 5.5-E, Thm. 5.8-A.
If B,C € L(E), FE a Banach space, and BC = I + 5, S compact, then there is an
r € IN with
N((BCY) = N((BC)+),R((BC)") = R((BC)™*),
E = N((BC)") ® R((BC)"),
BC :R((BC)") - R((BC)") bijective.
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The spectrum of BC is discrete with only accumulation point A = 1, for § is
compact. In A = 0, the resolvent (A — BC)~! has a pole of finite order (unless there
is no singularity at all). Letting P be the projector defined by

_ 1 —Rev-lay = L _ oyl
P_27riF/(/\I BC) d,\_%F/(,\I $)"1da,

I and T denoting small circles about A = 0 and A = -1,

N({(BC)") = R(P), and R((BC)")=N(P).
Proposition 2.5. Let A € Op 5'2_5, p > 6, with ||[A|| < ;. Then (I + A~ €
Op 5'2‘5.
Proof. Step 1. By Corollary 2.2 there is an operator A’ € Op .5'2,5 such that
I+ AYI+A)=1+5,5€0pS ™. Let B=1+ A", C =1+ A, and apply

the results of 2.4. By Lemma 2.3, it follows from the integral representation of the
spectral projection P that P € @I + Op 5~.

Step 2. R(P) is finite dimensional, and P € Op §-oo,

Proof. R(P) = N((BC)") = N(I + §') for some §' € Op §~°. §' is compact,
thus the range of P is finite dimensional. We already know that P = A + §” for
some A €€ and $” € Op S~. The fact that the range is finite dimensional implies
A=0.

Step 3. There is a relative inverse F' to CP in Op §-> jie., there is an F €
Op 5~ such that
FCPF=F and CPFCP=CP.

If F is any relative inverse with these properties we can — and will — replace F by
PF.
Proof. 1t is sufficient to show that there is such an F in Op 52,5’ since we can

replace F by PF, and P € Op 5. So choose a basis {ey,...,ex} of R(P), and
define f, = CPe; = Ce;. The functions f; will be linearly independent in view of
the fact that C is invertible. Define

F:L*(R") — L*(R™) by
Ff,=¢,j=1,...,k, on span{fi,..., fi},
F=0 on [span{fi,...,fi}]*

F is a relative inverse to C'P in L(L*(IR")). By [G3], Bemerkung 5.7, the fact that
Op $05is a ¥=-algebra in L(L*(IR")) ([B1], Thm. 3.2, cf. [U], Satz 4.3) implies that
there exists a relative inverse already in Op S,?,s-

Step 4. Denote by F' the relative inverse of type PF of Step 3 and let D =
(BC)Y"~!'B. Then (D + F)C is invertible in @I + Op S~°.

Proof. First observe that DC = (BC)" = I + 5’ is Fredholm of index zero, and so
is (D 4+ F)C, since F is compact. So it is sufficient to prove injectivity. Let h € L?,
h = h, + h, with h, in the nullspace, h, in the range of P, such that (D+ F)Ch = 0.
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Then DCh + FCh = 0. Now DCh = (BC)"h € R((BC)"), FCh = PFCh €
R(P) = N((BC)), hence DCh = FCh = 0. Since DCh = DCh, + DCh, and
DCh, = (BC)"h, = 0, we have DCh,, = (BC)"h,, = 0. But h, € R((BC)"), and
BC is bijective on ’R,((BC)'), 50 hy, = 0. Therefore,0 = FCh = PFCh, = PFC Ph,
(since h, € R(P)) = C"Y(CPFCP)h, = C~ 1CPh =h,,and h = h, + h, = 0.
Finally, (D + F)C € d'l +0p §~%, for DC = (BCY = I+ §', §' € Op §°, and
FC =PFCe€OQp 5§

Conclusion. The inverse of (D + F)C is in €I + Op §~* by Lemma 2.3. The
operator [(D + F)C]™(D + F) is the inverse to C = I + A. It belongs to Op 59.
a

Corollary 2.6. Op 5%, p > §, is a ¥*-algebra in L(L*(R™)).
Proof. Proposition 2.5 says that in £(L2(IR")),

(1) {I+A)":||All< 3, A€Op5Y;}COpSYs

Denote by B the C*-closure of Op 5'216. Then Op 5'26 is dense in B. Suppose
A€ Op ggysﬂE(Lz(HZ"))"l. Let B = A~!. Since B is a C*-subalgebra of L(L%(IR™)),
B € B. Choose in Op 82, a sequence B, — B, converging in £(L?)-norm. Then
B;A=1+C; withC; - 0in B, C; € Op 5'215. Hence (1) implies that (1 + C;)™?
Op 5’2,5 for sufficiently large j, and (1 + C;)7!B, is a left inverse for A in Op 5’2‘5
O

The next topic is the equivalence of uniform ellipticity and the Fredholm property.
As a preparation we need the following lemma.

Lemma 2.7. Suppose that P € Op 52_5 has finite dimensional range. Then there
J

are functions f;, g; € S, j = 1,...,J, with Pf = Y (f, f,)g,. Here (-,-) is the
=1

scalar product in L2, .
In particular, P is an integral operator with a kernel in S ®a; S, and P € Op 57

Proof. Choose an orthonormal basis {g1,...,¢s} of the range of P. Then Pf =
Zc](f)gj with continuous linear ¢; : L — €. By Riesz’s theorem, there are f; €
—{0} with Pf = Y(f, f;)g;. The g; are functions in §: S is dense in L?, and P is
contmuous So, PS is dense in the range of P. Since the latter is finite dimensional,
both are equal.
So we know that P is an integral operator with an L?-kernel k(z,y) =3 £,(¥)g;i(2).
Then P* is the integral operator with the kernel k'(z,y) = k(y,z). Since P* €
Op 595, one concludes as before that the f, are in S. a

We also need the following result [K2], Ch. 3, Lemma 5.13.
Lemma 2.8. Letpe€ 5,',',’5, S 5,’,"‘;, 0<6<p<1,6<1. Then
OppoOpg—-Op(pg) =Opr,

where r € Sm+m ~#+8  For p > & and scalar-valued symbols, Op SO& thus is an

algebra with compact commutators.
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Theorem 2.9. Let P € Op Sp s) p> 6. Then P : L*(RR™) — L*(IR") is Fredholm
if and only if P is uniformly elliptic.

Proof. 1t follows from Theorem 1.5 that uniform ellipticity implies the Fredholm
property. Thus assume that P is Fredholm. Since Op Sg,s is a ¥*-algebra, there
exists a Fredholm inverse B in Op 5’2,5 such that

PB-T€FnOp 8%,

where F denotes the ideal of finite dimensional operators. This is a consequence of
the fact that P has closed range and thus the projection onto the finite dimensional
kernel can be given as a resolvent integral, cf. [C2], §7, which is in Op S 5, since
this is a ¥*-algebra, cf. [G3], Bem. 5.7. Lemma 2.7 shows that therefore PB-1I¢
Op §—*

Denote by p,b the symbols of P, B, respectively. Then pb—1 € S_”+6 by Lemma
2.8. It tends to zero as |z|+|€] — oco. For all sufficiently large |z|+|£], lp(z b(z,8)—
1] < 1/2, hence |p(z, €)™ < 2/{b]|sup- O
Theorem 2.10. Let P € Op 5';’:5, 0<é<p<, é< 1, and suppose that v is an
admissible weight function. Then the commutator [P, 7] is in Op 5';:5' ’

The proof is lengthy but straightforward, cf. the proof of Lemma 2.4 in [S1].

Corollary 2.11. Suppose v is an admissible weight function, and P € Op 5'2'5,
p>6. Theny~'Pyt e Op 5‘2‘5 for all t, and the algebra Op 5'2‘5 is adjoint-invariant
in C(HSY).

Proof. Suppose first that ¢ > 0. Choose a positive integer k such that t/k < 1.

Then the weight function 4 = 4%/ is also admissible. From Theorem 2.10 and the
identity

(1) APy =3P = 3 () () adA(P),

=0
one obtains the statement. In case t < 0, choose also k such that —t/k < 1. Let
5 = 4~t/* Then use also Theorem 2.10 plus the identity

(2) ytPyt = 3R Py = fo (%) ad?3(P)(7)7. -
=

In order to show the adjoint invariance in £(HS!) one has to check that for a given
P € Op 5%, y"{D)~2y~tP*y(D)?y* € Op 5%;. By [K2], Ch. 3, Lemma 5.13,
P* € Op §'O From what was just proven, conjugation with 7' leaves the class
invariant, and so does conjugation with (D)2, since {€)* € 575, in view of [K2],
Ch. 3, Lemma 5.13.

Corollary 2.12. Suppose that vy is an admissible weight function and that P €
Op 595, p > 6. For all 5,t € IR, the operator y"*Py* — P is compact on H3'.

Proof. Since ¢ H“ — Hs0 H* is a topological isomorphism, it is sufficient to
show that P—'y‘P'y" =7y ‘tP'y P]y~! is a compact operator on H*. Equations
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(1) and (2) in the proof of 2.11 together with Theorem 2.10 show that P — y*Py~t
is an operator with a symbol in S . By Lemma 1.6 it is compact on H?. 0O

Theorem 2.13. Suppose v is an admissible weight function. Then Op S° 061 P> 6,
is a V*-algebra in L(HZ') for all s,t € IR, and an operator P € Op 5'2,5 is a Fredholm
operator on H,j‘ if and only if its symbol is uniformly elliptic.

Whenever this is the case, the indez is independent of the choice of s,t, and 7.

Proof. Let us first show the ¥*-property: By [S1], Thm. 1.7, the operators with
symbols in SO 5 are continuous on H3', and the topology of 5,?,5 is stronger than

that of [,(H,:‘). So Op Sp,s is a Fréchet-algebra in L(H3'). By 2.11 it is adjoint
invariant. It remains to show spectral invariance: Suppose P € Op 53,6 is invertible
on H3'. By [S1], Cor. 1.9, P is also invertible on L2. Theorem 1.4 then shows that
its L2-inverse is in Op 5’2,5. This operator also inverts P on HZ'.

Now suppose P € Op 5'05 is Fredholm on H3 st 1t follows from the ¥*-property
that there is a Fredholm inverse in Op 52 s modulo finite rank operators in Op Sg
As in the proof of Theorem 2.9, this implies the uniform ellipticity of the symbol.

On the other hand, if the symbol of P is uniformly elliptic, then Theorem 1.5 shows
that there exists a parametrix to P modulo Op §~% in Op S° By Lemma 1.6 P is
a Fredholm operator on H* for every s € IR. By definition, v*: H3' — H3® = H* is
an isomorphism. Thus y~*Pv!is a Fredholm operator on H3 st, Coro]lary 2 12 shows

that y~*Py! — P is compact, and so P is Fredholm on Hj‘.

That the index is independent of the choice of s, ¢, and v is due to the fact that,
by a similar argument as in the proof of 2.12, the operator (D)~*y~*Py¥(D)* — P is
compact on L2 o

3. Proof of the Index Formula

Since the index is independent of the choice of the space by Theorem 1.11, it is
sufficient to show the formula on L%(IR™). The following proof is based on [H2],
Thms. 19.3.1, 19.3.1", and a deformation argument. We will use the notation of
Theorem 1.13: a is the symbol of the Fredholm operator A4, a € S . Form =
(m1, mg) let us introduce the symbol classes

= {a € C(R" x ") : DZDSa(z, ) = O((6™~ a2,
For the metric G = |dz|*(z)~? + |d¢|?(€)~% in [H2], (19.3.11),
SG™ = S((z)™2 (&)™, G).
Definition 3.1. For 0 <t < 1let as(z,&) = a(z/(z)?, £/{E)Y).

Lemma 3.2. For arbitrary multi-indices «, 8, the function D"Dﬂat(x £) can be
written as a linear combination of terms of the form

(DDza)(z/(z)", £/{6))(€)" M (z)"Mm(z, ),

where p < o, v < B8 and
~ the coefficients of the linear combination are polynomials in t of degree < |a|+18],
- m=mMagu, € SG” (la=ullB=v1) 45 independent of t.
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Proof. By induction on |a} + |8]. a
Definition 3.3. A family {b,:t € J C R} of symbols in 5';’}5 is uniformly bounded
in 87, if

(1) IDgDEbe(z, )| < Cap(a)(E)ymrleItolAl,

for bounded 'functions Cag, independenF of t, with Cog — 0, |z| — 00, if 8 # 0.
Call {b:} C 57" uniformly bounded in 57% if (1) holds with all C,s tending to zero.
Corollary 3.4. The family {a; : 0 <t < 1} is uniformly bounded in 5’2,5.

Proof. For 0 < t < 1, the coefficients in the linear combination in Lemma 3.2 can
be estimated by a uniform constant. Therefore,

IDgDSay(z, &)l
<C max {Cuu(z/( 2Y)(E/(€)) Pt g) Hul—lamul gy —ti=lA=vly

ula

Now a simple observation: For 1 < ¢ < (v),c € R,v € R": (v/c)? = c™2(c2+|v|?) <
2¢™%(v)? and (v/c)? > ¢ %(v)% For 0 <t < 1,1 < (€)t < (€), thus the estimate can
be continued by

(1) <C max {Culs/(a 2)t)(z)~ =162l

puLo,w<
x(5)—p|u|+6|u|+tp|u|—t5|u|_t1u|_|a_,,|}
(2) <C max {Cu(a/(z))z y=tlvl=18-vl(g)=slal+s161}.

We may suppose without loss of generality that the functions C,p are non-increasing
functions of |z|, tending to zero as || — oo whenever 8 # 0. In this case,

Culz/(2) ) ) M < Cp o for B =0.
Forf#0andv =0

Cunla /()Y (@) M= <1 Cllsup(2) ™,
whereas for §, v £ 0

Cun(z[{z) W) "M~ < € (2 /() ) )™

< “Cw“mp(z)_l/2 t>1/2
=\ Culz/(z)!/?) t<1/2

So the 5'2’5-seminorms can be estimated independently of ¢t in view of the estimate
(2). O

Corollary 3.5. Breaking off the estimate in the proof of Corollary 3.4 at the in-
equality (1), we obtain that a; € SG°:

|Dg Diar(z,€)| < C“Snalfgéﬁ{IICWHSUP(E)"“'(z)""'}.
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Observation 3.6. Suppose J is a compact interval in Ry and a € 5'2,5. Let
di(z,€) = a(tz,t€). Then {d; : t € J} is uniformly bounded in 5'2,5.

Lemma 3.7. Suppose J is a compact interval in IR and {d; : t € J} is a uniformly
bounded family in 52,5 such that dyyp(z,&) — di(z,€) — 0, as h — 0, for all fired

(2,6).
Then the mapping t — D, := Op d, is strongly continuous from J to L(L*(RR™)).

Proof. First choose f € S, v an arbitrary multi-index. Then
(1) 2'Duf(z) = (21)7"/? [ €D} (di(=, ) f(£))d€ = O(1),
uniformly in ¢ by Leibniz’ rule. Moreover,

(Deyn — Di)f(z) = (27r)'"/2/6i’5(dt+h - d;)(2,€) f(£)d¢.

Together with the assumptions, Lebesgue’s theorem on dominated convergence shows
that for each fixed z, (Diyn — D) f(z) — 0 as h — 0. Now (1) implies that

[(Deyn — Do) f(z)] < C{z)™",

with a constant depending on N > n/2, but independent of £, A and z. Again we
can apply Lebesgue’s theorem, and we get

I(Dern = Do) fllZ = /I(Dt+h - D)) f(z)|*dz — 0, as b — 0.
Now let f € L? and {f,} C S with f, — fin L% Then
W(Desr = D) fllLe < (Detn = De)fullea + || Dean = Dell ezl f = follra-

The boundedness of {d;} in 52,5 implies a uniform bound on the operator norms,
showing that the right-hand side tends to zero as h — 0, v — oo. a

Proposition 3.8. Let J be an interval and {a,,b; : t € J} a uniformly bounded
subset of 52,5. Assume that there is an R > 0 such that a,(z,&)by(z,€) = 1 for all
|z| + €] > R. Then

Op a; Op b — I € Op $,3",
uniformly in t, ie., if Op a; Op b — I = Op c;, then {c; : t € J} is uniformly
bounded in Sj,;".
Proof. Let Myp = mfa,)t({ID?Df(at(z,f)bt(z,f) — 1)|}. In view of the fact that
a:by = 1 on {Jz| + |¢| 2, R} one has for arbitrary N € IV
ID?Df{at(z,f)bt(:v,f) -1} < Maﬁl{[x|5R}1{|§|5R}
< Maplgoi<ry(RYV(E)7V.

Hence a;b; — 1 € 5'1"'(1;], uniformly in . So it remains to show that

¢)) Op a; Op b; — Op (a:h;) € 523”, uniformly in ¢.
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It is well known that for a,b € 5° 25 0paOpb—Opabe 55 s cf. [K2], Ch. 3,
Lemma 5.13, Ch. 2, Lemma 2.4. An analysis of the proof shows that the boundedness
of {a;, b;} implies in fact the uniform boundedness in (1). a

For our considerations we will need the following lemma.

Lemma 3.9. Suppose C;, j = 1,2,... is a sequence of bounded C*°-functions on
Ry with Cy(r) — 0, 1 — oo, monotonely in r, for every fized j. Then there is a
C°-function C on IR; with

Ho<C(r)—0, r— oo,

(i) C,(r)/C(r) = O(1) Jor every j,

(i) 88C~1(r) = O(1) for every B # 0.

Proof. Let Ry = 0. For k = 1,2,... choose Ryy1 > Ri + (k + 1)% such that
Ci(r) < % for all j < k, r > R;. Now choose a monotonely decreasing function
h € C®(IR) with 0 < h < 1 and h(r) = 1 for r < 1/3, h(r) = 0 for r > 2/3. For
ke IN let

(7 = Bi)/ (R = Ri)

and
C(r)=>_ filr)
k=1

By construction, (i) and (ii) are satisfied, and it remains to check (iii). The functions
fi ate constant outside the interval {r : 1 < (r—Ry)/(Res1—Ri) < 2} CC]Rx, Ri.
In particular, the supports of the derivatives of the functions fi are all disjoint. We
can therefore basically concentrate on one of the f.

First make the following observation. For a positive C*°-function f, the derivative
dPf=1, 3 # 0, is a linear combination (with universal coefficients) of terms of the
form

f(w) e f('fs)f-s-l

with0 <wq,...,vs,s<PB,and vy +...+ v, = .
On Ry, Riq1[, 8°C ! thus is a linear combination of terms of the form

S I/ PR /e

On the other hand, the value of C(r) there is > klj, whence C7571 < (k + 1)s+L
Moreover, fk ("") k k+1 J(Rigr — Ri)™™ - R ((r = Ry)/(Rikt1 — Ry)). Letting
Mps = max{|h (¢ (1)) :0<t<1,0< 5 < f}, one concludes that the terms (1) can
be estimated by

(Rigr = R) P MGk + 1) < Mf,

independent of k, in view of the facts that Ry — Rx > (k+ 1)? and 3 > 1. Since
the coeflicients in the linear combination are also independent of &, this concludes
the proof. 0
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Proposition 3.10. Suppose J is a compact interval and {d; : t € J} is a uniformly

bounded family in S° 5 Such that

(1) degn(z, &) ~ di(z, f) — 0 as h — 0 for all fived (z, f) and

(ii) there is an open ball B C R?™ such that dy(z,£)™! ezists and |dy(z,£)"!| < C
for allt € J and (z,£) outside B.

Then all the operators D; = Op d; are Fredholm, and indexD; = const. on J.

Proof. Choose a function ¢ € SG° with 1/1(3: £) = 1 for large |(z, §)|, and ¥(z,£) =

0 for (z,6) € B. Let e(z,£) = ¥(z,€)d; ' (z,£) for (z,£) ¢ B, = 0 otherwise.
The uniform boundedness of {d;} together with the quotient rule for differentiation
implies that {e; : t € J} is bounded in 5’26. Property (i) shows that also

ern(r,8) —e(z,6) -0 as h—0
for fixed (z,£). By Lemma 3.7, both {D; : ¢t € J} and {E; = Op ¢; : t € J} are
strongly continuous maps from J to £(L?). By 3.8, D,E, -~ I € Op .S"ﬁ,;p uniformly

in ¢, i.e., if ¢; is the symbol of D;E; — I, then there are bounded functions Cyg(z),
tending to zeros as |z] — oo such that

IDEDEey(z, €)] < Cap(z)(€)=PllaH1+6(81+D),

Without loss of generality we may assume that all the C,p are C*-functions of |z|
only.

An application of Lemma 3.9 shows that there is a C*-function C(z) = C(|z])
with
(i) 0<C(z)—0,|z| - oo,
(ii)  Cap(2)/C(z) = O(1) for all «, 3 fixed, and
(iii) 8PC~Y(z) = O(1) for all B # 0 fixed.

Now write

Op ¢ = Op (C(2)(€)"~"){0p(£)*~*0p (C7}(x)er(z, €))}-
In view of (i), Op C(z){£)*~7 is compact. On the other hand, D?DQ(C‘I(x)ct(z,f))
is a linear combination of terms of the form Df’C‘l(:c)Dg?D?ct(z,E). It can be
estimated by O(1)Cog,(z){€)~PUel+D+8(8141) for g, £ 0, and by C~1(z) Cug,(z)
(€)=PUalt1)+6(62141) for B, = 0. Therefore C~1(z)cy(z,£) € Sg’;p, uniformly in ¢,
and the operator norms of T; = Op{£)*~0p C~!(z)e;(z,€) are uniformly bounded.
Letting K = Op C(z){€)°~*, one concludes that

My {Opef:ted, IfIl<1}={KT.f:teJ, Ifll <1}
(K= NIf1l < sup I}

N

is precompact in L*(IR").

The same argument holds for E,D; — I and the corresponding set M;. We know
already that D; and E, are strongly continuous mappings from J to £(L?). Hence
DiE; — I and E;D; — I are uniformly compact in the sense of [H2], Thm. 19.1.10,
Dy and E; are Fredholm operators for all ¢, and index(D;) = —index(E;) is constant
on J. This concludes the proof. O
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Corollary 3.11. Suppose a is a uniformly elliptic symbol in 5',?'6, i.e., for all
z,6)] > R, a™Y(z,§) ezists and |a™(z,€)| < C. Let a(z,€) = a(2Rz,2RE). Then
a(z, £) is invertible with inverse bounded by C for all (z, &) with |(z,£)] > 1/2. More-
over, 3.6 and Proposition 3.10 imply that index(Op &) = index(Op a). Without loss
of generality we may therefore assume that the symbol a is invertible (with bounded
inverse) for all {(z,£)| > 1/2.

It is easy to see the lemma, below.

Lemma 3.12. Suppose a € 5’2'5 is invertible for |(z,€)| > 1/2, and a(z,€) =

a(z/{z)t, £/(£)!), 0 <t < 1. Then a, is invertible for |(z,£)| > 2, and
sup{|ac(z,€)7"| : |(=,€)] > 2} < sup{la(z,€) 7" : |(z, )] > 1/2}.
Conclusion 3.13. Proof of Theorem 1.13.
As before, let ay(x,£) = a(z/(z), £/(£)"). The family {a; : 0 < ¢t < 1} is uniformly
bounded in S'p by 3.4. For fixed {2, £), aryn(2z,&)—a(z,£) > 0as h — 0. By Lemma
3.12, ay(z,£) is invertible for |(z,£)| > 2 with bounded inverse. By Proposition 3.10,
the indices of the operators A; = Op a; are all constant on [0,1]. Now, A4y = 4,
and A; = Op a; is an operator with a symbol in SG°, satisfying the assumptions
of [H2], Thm. 19.3.1". Thus, the index formula {H2], (19.3.1), holds for A, if we
choose B = B(0,2) = {|{(z,£)] < 2}.

The number ( 27r1)‘”12"n——1-))—| f Tr (a;'da,)?"~! is always an integer. Clearly, it

is constant in t. Therefore

-1
Index A = index A; = index Ag = —(——27ri)_"(—(272—11))" / Tr(a_lda)zn‘l.
‘8B
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