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ABSTRACT. Classic formulations of markets regard uncertainty as originating 
from acts of nature. I extend this to a formulation of markets which face risks 
induced by the economy itself, such as the environmental risks of atmospheric 
and climate change induced by CFC and CO2 emissions. 

I formulate and prove the existence of a general competitive equilibrium where 
the state space and the probabilities of events are endogenously determined as part 
of the equilibrium. Traders take optimal positions with respect to the uncertainty 
which their own actions induce. The equilibrium allocations are efficient in a 
restricted sense. I show that scientific uncertainty can be fully hedged. However 
uncertainty induced by the unknown level of output at an equilibrium cannot be 
hedged fully. I discuss applications for CAT Futures, recently introduced on the 
Chicago Board of Trade, and to international environmental strategies. 
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1. MARKETS WITH ENDOGENOUS UNCERTAINTY 

For several centuries financial activity has evolved around the need 
for hedging weather  risks, for example  through mutual  insurance 
within agricultural societies. 1 Corresponding to this, classical for- 
mulat ions o f  a marke t  e c o n o m y  regard uncertainty as arising f rom 
acts o f  nature. 

Today 's  markets  face a new type of  risk, such as the environmental  
risks induced by emissions o f  CFC's  and greenhouse  gases, which  
can deplete the a tmosphere  o f  its ozone layer and induce a cl imate 
change. 2 The tables have been turned on nature: for the first t ime 
in history economic  activity has reached levels at which it risks 
changing the planet 's  a tmosphere  and its climate.  

Risks which  are partly induced by economic  actions 3 are called 
"endogenous  uncertainty".  The aim of  this paper  is to extend the 
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Arrow-Debreu theory to incorporate resource allocation under endoge. 
nous uncertainty. The concerns about endogenous uncertainty break 
new ground, going beyond the scope of the classical formulations 
of market economies. 4 The problem of uncertainty which is induced 
by economic activity has a distinguished ancestry: it was originally 
suggested by T.C. Koopmans to K.J. Arrow many years ago, while 
both were at the Cowles Foundation of the University of Chicago. 5 

How does economic activity induce uncertainty? It does so in 
many ways. For example, the use of chlorofluorocarbons (CFC's) 
for industrial production and the burning of fossil fuels to generate 
energy produce emissions can pierce the planet's protective ozone 
layer, and induce climate change. Economic activity can alter the 
probabilities of different states of the world's climate. Other exam- 
ples arise in financial markets, where new instruments can induce 
new risks. The introduction of derivative securities helps heighten the 
interdependence of financial markets and market participants, and 
disturbances are rapidly transmitted throughout the world economy. 6 
Financial innovation can therefore cause more interconnected trans- 
actions and by itself lead to new risks. 7 

The practical importance of this new type of uncertainty is best 
exemplified by two questions which are the subject of scientific 
and policy debate today: How much should we pay to decrease the 
probability of a catastrophic risk, such as the destruction of the ozone 
layer or global warming? How should the use of derivative securities 
be regulated in order to control the financial risks which they induce? 

Implicit in these questions is the acknowledgement that the risks 
we face are induced by human action, and that they are to a cer- 
tain extent under our control. Such questions cannot be posed, let 
alone answered, within an Arrow-Debreu formulation of markets, 
where risks represent solely nature's moves and are beyond our 
control. Within the framework of Arrow-Debreu markets traders 
cannot alter the actual risks which they face. We cannot use the 
Arrow-Debreu framework to decide how much to pay for policies 
which are impossible within that framework. Yet the questions posed 
by environmental policy are compelling and will not go away: they 
deserve answers. It is possible to formulate these questions precisely 
in the context of markets with endogenous uncertainty as formal- 
ized here. The results in this paper are oriented to the analysis of 
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such questions. Global environmental risks are good examples. The 
United Nations, the World Bank and the OECD all regard the risk of 
global warming as centrally important, and consider the allocation 
of very sizable budgets to hedge this risk. 8 In the conclusions I offer 
a framework for environmental policy analysis. 

1.1. Equilibrium with Endogenous Uncertainty: Results 

The following sections formulate and prove the existence of a gen- 
eral equilibrium where the state space and the probabilities of the 
events are endogenously determined as part of the equilibrium. The 
aggregate activity of the economy induces the uncertainty which the 
traders face, namely the state space and the probabilities of each state. 
Traders take optimal positions with respect to risks which their own 
actions induce. A competitive equilibrium is a set of states, proba- 
bilities, prices, outputs and net trades, where the traders' actions are 
optimal with respect to the risks which these same actions induce. 
Theorem 1 shows that under very general conditions an equilibrium 
with endogenous uncertainty exists generically on technologies and 
endowments. The proof depends on topological arguments; these are 
useful because the standard conditions which would allow the use 
of fixed point theorems are not met in this context. 9 

1.2. Scientific Uncertainty and Endogenous Uncertainty 

Markets with endogenous uncertainty include Arrow-Debreu mar- 
kets as special cases: this is when all endogenous uncertainty is 
trivial. However, I show below that except for such trivial cases 
these markets can be fundamentally different from Arrow-Debreu 
markets. 

Scientific uncertainty is part of the problem. By scientific uncer- 
tainty I mean the uncertainty derived from the fact that scientists 
do not know exactly how industrial activity alters the risks we face. 
Each vector of aggregate output could induce one of several prob- 
abilities over states of natures; we do not know which is the true 
probability. It is established below that this type of uncertainty can 
be hedged fully with the use of CAT (for "catastrophe") futures, Sec- 
tion 5. These financial instruments were introduced theoretically in 
[13] and [15] and have started recently trading in the Chicago Board 
of Trade. Financial innovation can deal effectively with scientific 
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uncertainty. There is however a more pervasive and complex, type 
of endogenous uncertainty: ignorance about the output of the econo- 
my in equilibrium. This occurs, for example when there are several 
possible market equilibria, each with a different aggregate output, 
and one is aware that one of these equilibria may occur without 
knowing which. This latter type of uncertainty I call strict endoge- 
nous uncertainty, because it depends strictly on the functioning of 
the economy, rather than on scientific research. Theorem 3 shows 
that strict endogenous uncertainty cannot be hedged fully, no matter 
how many securities are introduced. Pareto efficient allocations of 
risk are therefore not possible. 

1.3. Explaining Incomplete Markets 

The difficulties involved in hedging endogenous uncertainty are 
revealing. By themselves they can provide an explanation of why 
markets are incomplete. As already mentioned, Theorem 3 proves 
that markets with strict endogenous uncertainty cannot hedge uncer- 
tainty fully: they are essentially incomplete. The incompleteness is 
a different phenomenon from that which appears in the standard 
theory of markets with exogenous uncertainty and with incomplete 
asset structures. ~~ The latter assumes by fiat that some assets do 
not exist, and therefore that the transfer of wealth from one state 
of nature to another is not possible. The incompleteness of markets 
is not explained in such models: it is assumed. Furthermore, this 
standard incompleteness can always be removed by the introduction 
of a number of "Arrow securities", which pay a unit of account for 
each state of nature into which it was not possible to transfer wealth 
before. 

By contrast, the formulation presented here explains incomplete 
markets as arising from endogenous uncertainty. When incomplete 
markets arise from strict endogenous uncertainty as defined here, it 
does not go away by adding more assets: in general it is not possible 
to complete a market with endogenous uncertainty.l 

Markets with endogenous uncertainty lead to allocations which 
are efficient in a constrained sense (Proposition 2). However if an 
economy with endogenous uncertainty has k >t 2 distinct equilibria, 
and the traders are aware of this fact, in general the corresponding 
equilibria allocations are inefficient (Proposition 3). This issue is 
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analyzed in Section 5 which explores the possibility of completing 
a market with endogenous uncertainty by financial innovation, i.e. 
by the introduction of additional financial instruments. Theorem 2 
shows that if the uncertainty is solely scientific, then the introduction 
of a number of instruments akin to CAT (catastrophe) futures will 
suffice to reach a Pareto efficient allocations. Theorem 4 shows that 
when the uncertainty is about the equilibrium aggregate output in the 
economy, i.e. strictly endogenous, Pareto efficient allocations cannot 
be reached. Section 6 discusses policy implications. 

2. MARKETS WITH ENDOGENOUS UNCERTAINTY 

A market economy E has H ) 2 traders, and J ) 2 firms which 
produce N ) 2 commodities over T/> 1 periods of time. There are 
S/> 1 states of exogenous uncertainty representing acts of nature. 
To simplify the exposition, and to isolate the essential features which 
distinguish endogenous uncertainty, the formulation of the market E 
will be identical to the classic Arrow-Debreu formulation in every 
possible way except in the treatment of uncertainty. In particular, 
in the market E all traders are competitive and there is symmetric 
information. 12 

E has a complete set of financial markets for exogenous uncertain- 
ty, which is formalized by the realizations of random variables which 
represent acts of nature. 13 Each trader h has an initial endowment 
of goods and assets, f~h C R (NxSxT)+, and an initial endowment of 
shares in the Y firms, 0h = (0k. �9 �9 0~) = 1. The economy's technolo- 
gy is described within every state i = 1 . . .  S, by a convex, compact, 
closed production possibility se t  14 y i  C R NxT, and 

( l )  Y ~-~ rIS~l Yi c R N x T x S  �9 

For each price vector p E Z2kNxTxS, 15 let y(p) E Y, denote the 
aggregate supply vector- or set of vectors - which obtain from profit 
maximizing behavior on the part of the producers. Corresponding 
to each price p trader h receives profits Xh(P) ) O. Because all 
uncertainty up to now is exogenous, the economy described so far 
is identical to a standard Arrow-Debreu economy with commodity 
space t~ NxTxS and with no uncertainty.16 
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2.1. Endogenous Uncertainty 

This section introduces a new aspect of the economy E, its endoge- 
nous uncertainty, which takes it beyond the Arrow-Debreu structure 
and gives it drastically different properties. 

In the Arrow-Debreu treatment of markets 17 probabilities are 
fixed. There is either afixed probability distribution over the given 
set of natural events S, or, alternatively, there are different subjec- 
tive distributions for each trader, each of which is also fixed. Here, 
instead the set of events and the probabilities over these states are all 
variable: both vary over the set of all possible states and all possible 
probabilities. L8 

In the following I formalize uncertainty arising from econom- 
ic activity. To motivate this, consider the environmental problem 
discussed above: each vector of aggregate output of goods in the 
world economy induces a level of emissions of CO2 or of CFCs. 
Corresponding to each level of emissions new states of nature may 
develop, such as for example a state where the ozone layer is 50% 
damaged, or where there is a disruption of the planet's weather 
pattern known as global climate change. Of course today's industri- 
al production could induce changes in tomorrow's state of nature: 
nature could react with a lag) 9 Alternatively, the impact could be 
simultaneous: tomorrow's industrial production induces changes in 
tomorrow's climate. 

All of these possibilities are formalized within one simple, gen- 
eral framework: the endogenous uncertainty in the economy E is 
expressed as a relation between the vector of aggregate output of 
the economy and the associated states of the economy with their 
corresponding probability distributions, describing the risks which 
traders face for each vector of aggregate output. The set { 1 .. .  D} 
represent all possible states, current or latent, so that D >f S. 2~ Clear- 
ly, endogenous uncertainty can be represented simply by a relation 
between output vectors y and those density or probability functions 
{Tr(y)} associated to y; the corresponding set of states are simply 
those states in { 1 . . .  D} which have non-zero probabilities. 21 The 
following formulation includes lagged effects: some of the coordi- 
nates of the output vector y can be indexed by time, as it is standard 
in Arrow-Debreu markets, and changes in the components of the 
vector y in time periods prior to n may affect the states of nature 
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in periods n + k, where k is the lag. A possible interpretation is 
that traders inflict externalities on each other: their consumption and 
production decisions influence total output levels and therefore other 
traders' utilities through changes in their probabilities. 

ASSUMPTION 1. There exists a scientific relation between the 
aggregate output of the economy and the probabilities over possible 
events, given by an implicit function linking aggregate output vectors 
y E ]~N•215 and probabilities ~- E AD: 

(2) 

where '~ = (~ t  . . . ,  @D) : R M  • s --+ R D, 

M = N • 2 1 5  

{ ~ } a n d A D =  7r=(Trt . . .~D)  "Tr i )0and  '}-~Tri=l ; 
i=1 

is smooth on a neighborhood of its domain, 22 it has a solution for 
every y C R M and if ~ (y ,  Tr) = ~(y' ,~- ')  = 0, []y'[] > [[y[] then 
min i (~ )  > mini(Tri). 23 

The economy with endogenous uncertainty has M = N • T • D 
markets. Therefore its prices are vectors in the unit simplex AM. 

The following assumption requires smooth supply behavior: 

ASSUMPTION 2. The aggregate supply function of the economy, 
y : A M  ___). ]~M, and, for each trader h, the trader's profit function 
Xh : AM ~ /~, are smooth maps on A M. 

The following assumption focuses the analysis on endogenous uncer- 
tainty, as distinct from the exogenous uncertainty which arises with 
changes in resources or production; this assumption is unnecessary 
for the results in this paper and can be removed at no cost: 

ASSUMPTION 3. The total endowments and the production tech- 
nologies of the economy E are the same across all states of endoge- 
nous uncertainty: 

vi, j e {s  + 1, . . . ,D} 
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H H 

f2m = Y~ f2hj, and y i  = y j  
h = l  h = l  

where f~hi is trader h's endowment in state i, and yi is the production 
set in state i. Labor is a commodity in this economy so that f~m > 
0Vi E D. 

The following assumption formalizes the intuition that in "small" 
societies uncertainty is about acts of nature: such societies' have 
relatively small levels of output, and their effects on nature can be 
considered negligible: 

ASSUMPTION 4. Small levels of output are associated to proba- 
bility distributions which represent natural risks, z4 There exists a 
probability 7r ~ E Ao,  such that 

7r ~ = O, 

where 7r ~ gives positive probability to all exogenous states, 7r ~ > 
0Vi C {1 , . . .  S}, and ~ is locally constant on its second term at 
(o, 

The latter implies that at small output levels scientific instruments 
cannot distinguish between infinitesimal changes in probabilities. 

Assumption 4 implies: 

PROPOSITION 1. When the economy's production structure is very 
"small", i.e. Y = {0}, then there exists a standard Arrow-Debreu 
pure exchange economy with exogenous uncertainty about S acts of 
nature, and with commonly shared probabilities 7r ~ which equals E. 

This assumption can be easily extended to assume that the (fixed) 
probabilities 7r ~ are not commonly shared: the model and its results 
hold when each trader h has possibly different subjective probabili- 
ties 25 7r~. 

2.2. Market Equilibrium with Endogenous Uncertainty 

How do rational traders behave in the face of endogenous uncertain- 
ty? This depends on the structure of information of the economy. I 
assume here the simplest possible structure in order to isolate the 
essential features of the problem. 26 
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2.2.1. The Structure of Information 
Traders know that endogenous uncertainty exists, and no more. This 
paper is about market equilibria, not about the process by which 
the economy arrives at one. The formulation presented below is 
consistent with several different interpretations. One interpretation 
is that traders know the aggregate output y and the map �9 which 
is the scientific relations between aggregate output and risks faced 
by the economy, so that they also know the possible probability 
distributions, at any price vector. One can consider a different inter- 
pretation: a process similar to the price discovery process in the 
Arrow-Debreu theory. The endogenous states and their probabili- 
ties could be announced by an auctioneer the same way that prices 
are announced by an auctioneer in a Walrasian market. The role of 
the Walrasian auctioneer in the Arrow-Debreu theory is to announce 
prices; and ensure that no trading takes place until an equilibrium 
is reached. Here the (expanded) role of the auctioneer would be to 
announce prices, states and probabilities, and ensure that no trad- 
ing takes place until an equilibrium with endogenous uncertainty 
has been reached. The auctioneer's announcements about states and 
their probabilities are neither correct nor false, in the same way 
that a Walrasian auctioneer announces any prices, and not just the 
equilibrium prices. In the same vein, here the announced states and 
probabilities may or not be the ones which will eventually emerge 
in a market equilibrium. In this paper there is no assumption about 
perfect foresight, nor is there any other assumption or formulation 
of expectations. But in any case one assumes: 

ASSUMPTION 5. Each competitive trader considers the world's 
endogenous uncertainty states and their probabilities as independent 
of her/his individual actions. 

This is a realistic assumption in economies where uncertainty has 
some of the characteristics of a "public good": 27 as was already 
indicated, the economy can be thought of as having "externalities" 
because each trader's actions can alter the probabilities of events 
which enter in other trader's utilities. The intuition for Assumption 
5 is that traders are "small" so that while the aggregate output of 
the economy does affect endogenous uncertainty, each trader takes 
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the world's endogenous uncertainty as a parameter. This mimics the 
situation with respect to prices in the standard competitive markets: 
each trader takes prices as given even though everyone's actions has 
some influence on the prices at an equilibrium. 

2.2.2. The trader's choice under endogenous uncertainty 
Having established the structure of information, the trader's problem 
of choice under uncertainty is straightforward. Under the standard 
yon Neumann-Morgenstern axioms for choice under uncertainty: 

ASSUMPTION 6. For any given price vectorp E AM and any given 
set of states of uncertainty 28 e C D = { 1 . . .  D} with probabilities 29 
7r = { 7ri } i c D, each trader h chooses a co n su mpti on vector dh (p, 7r) = 
(din . . .  dhD) C R M, dhi(p, 7r) C R N• which maximizes the expect- 
ed utility of consumption 

(3) ~ 7~iui~(dhi(p, 7~)) = M a x  7riu~(zi(p)) 
i=l 

where the maximization is over the set of consumption vectors 
(zl ( p ) , . . . ,  ZD (p)) having a value equal to that of the trader's endow- 
ments plus the trader's share of profits: 3~ 

D D 

(4) ~ < p i ,  zi(p)> : ~-~[<pi,~2hi> + Xh(Pi)], 
i : 1  i=l 

where p = (pl, . . . , PD), and Vi, pi C A N x  T. Since each trader takes 
the probability vector 7r as given 31 the maximization problem in (3) 
and (4) has a unique solution as a function of the price vector p when 
u~ is strictly concave. Observe that in a states i with zero probability, 
there is no demand for goods with positive prices. 

Furthermore, by suitable boundary approximations, the solutions can 
be made to vary smoothly with u~ sufficiently smooth: 

ASSUMPTION 7. For each vector of probabilities in AM, the solu- 
tion to problem (3) defines a smooth demand function of prices 
d h : A M ~ R M32 for each trader h. 
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ASSUMPTION 8. Boundary behavior: For any probability vector 
7r G A ~ C AD, with F ~< D, if l i m n ~ p  n --+ OAUxTx  F C A D, 
then the corresponding aggregate demand vector increases 33 beyond 
the economy's bounded resources: l i m , ~  [1 H Eh : ,  dh(p", 7r)-f2hH > 
IlYll. 

DEFINITION 2. A market economy E with endogenous uncertainty 
is an economy with H traders, J profit maximizing firms which 
produce N goods in T periods of time, a production technology Y 
as described in Assumption 2 above, and a structure of endogenous 
uncertainty described by a function �9 as in Assumption 1 I, where 
each trader maximizes preferences as described in (3) and 4, and 
satisfying Assumptions 1-8. 

3. EXISTENCE OF A COMPETITIVE EQUILIBRIUM WITH 
ENDOGENOUS UNCERTAINTY 

The following definition of a competitive equilibrium with endoge- 
nous uncertainty formalizes the notion that the set of states of 
uncertainty and their probabilities are determined as part of the 
equilibrium: 

DEFINITION 3. A competitive equilibrium with endogenous uncer- 
tainty is: a price vector p* C AM, an aggregate production vector 
of the economy y* C Y, a set of states describing uncertainty e*, 
e* C { 1 ...  D}, each state with a corresponding probability 7r* > 0, 
i C e*, ~iee* 7f~ : 1,Tr* = {Tr*}, and for each trader h a con- 
sumption vector dh(p*, zc*) e R ' ,  dh(p*, Tr*) = {dm(p*, Tr*) }ic~., 
Vi, dhi(P*, re*) C R yxT, such that: 

1. For each trader h the consumption vector dh (p*, rr*) is optimal 
for problem (3) with constraint (4), for the set of endogenous states 
e* with associated probabilities rr*, i C e*, 

2. The aggregate production vector y* is profit maximizing within 
Y at the equilibrium prices p*: 

y* = y(p*) ,  



110 GRACIELA CHICHILNISKY 

3. All markets clear at each state i: 

H 

vi  e*, dhi( *, = yi(p*),  
h=l 

and the states of endogenous uncertainty e* with probabilities 7r* = 
{Tr*}iee, are within those induced by the aggregate output of the 
economy at the equilibrium: 

�9 (p*, = 0 .  

The existence of a market equilibrium with endogenous uncertainty 
can be established under general conditions generically on technolo- 
gies, namely for an open dense set of production technologies Y. 
To make this precise one needs to define a concept of proximity of 
technologies: two technologies are close to each other if the feasible 
vectors under one are close to the feasible vectors under the other in 
the euclidean metric of RM. 34 

Consider the set of all market economies Ey with endogenous 
uncertainty which differ solely on their production technologies Y 
and the traders' initial endowments, f2h, h = 1 .. .  H. An open dense 
set of such economies consists of economies whose technologies 
vary over an open dense set of technologies Y according to the 
distance defined in the Appendix, and whose endowments vary over 
an open dense subset of R M• The following result establishes 
that for an open and dense set of such economies, there exist an 
equilibrium with endogenous uncertainty: 

THEOREM 4. Under Assumptions 1-8, there exists a competitive 
equilibrium for a market with endogenous uncertainty, generically 
on technologies and endowments. 

Proof. In the appendix. �9 

4. SCIENTIFIC UNCERTAINTY AND STRICT ENDOGENOUS 
UNCERTAINTY 

It seems worth distinguishing between two types of endogenous 
uncertainty. The first is the simplest: scientific uncertainty. This 
is uncertainty induced by ignorance about the scientific relations 
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between economic activity and environmental risks, rather than 
about how the economy itself will perform. I formalize this type 
of uncertainty by considering an economy which has only one pos- 
sible equilibrium aggregate output y C Y c R M which clears the 
markets, but corresponding to this unique vector of output there 
exists several possible probability densities over the set of states 
{ 1 . . .  D}, and science does not know which is the true distribution. 
I show below that in such an economy the uncertainty is endoge- 
nously induced, but minimally so: the endogeneity is rather simple. 
If the environment is relatively stable, with enough observations 
and through learning, the traders could in principle find out the set 
of possible densities over D. Economies of this type are relatively 
simple and well behaved. I show below that by introducing certain 
financial instruments to hedge scientific uncertainty, the economy 
becomes equivalent to an Arrow-Debreu market, and its equilibria 
are efficient allocations. 

It can be argued, however, that such simple economies do not 
embody "true" endogenous uncertainty, in the sense that there is 
no uncertainty about which vector of aggregate economic output 
will emerge at an equilibrium: only one is possible. A more real- 
istic situation is when the economy has more than one competitive 
equilibrium each with a different aggregate output, and correspond- 
ingly different densities over the states in D. In such economies it 
is not possible to "learn the true probabilities": there is always more 
than one equilibrium, and therefore the uncertainty persists. This 
motivates the following definitions: 

DEFINITION 5. A market economy E as in Definition 2 is said to 
have scientific uncertainty if it has only one equilibrium level of 
aggregate output as in Definition 3, corresponding to which there 
are several possible probability distributions over the states in D. 

DEFINITION 6. A market economy E as in Definition 2 is said to 
have strict endogenous uncertain~ if it has more than one equilib- 
rium as in Definition 3, and at least two of these equilibria have 
different probabilities over D. 

The following sections will examine resource allocation in these 
two types of markets with endogenous uncertainty. Markets with 
strict endogenous uncertainty are more complex than the rest; they 
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embody some of the conceptual issues which one identifies with the 
concept of endogenous uncertainty. 

5. RISK ALLOCATION WITH ENDOGENOUS UNCERTAINTY 

This section analyzes risk allocation in economies with endoge- 
nous uncertainty. The concept of Pareto efficiency can be ambigu- 
ous in such economies. This is because the traders' yon Neumann-  
Morgenstern preferences are defined with reference to the probabil- 
ities of the events. Within the Arrow-Debreu framework these are 
either subjective or objective, but in any casefixed. Here matters are 
different. The probabilities are now endogenously defined as part of 
an equilibrium. Therefore the traders' preferences could themselves 
vary with the equilibrium. Pareto efficiency of an allocation could 
become a self-referential concept, in the sense the allocation itself 
induces the probabilities in the preferences by which the optimali- 
ty of the allocation is evaluated. It is however possible to define a 
restricted concept of efficiency in markets with endogenous uncer- 
tainty: 

DEFINITION 7. An allocation of the economy E is a vector x C 
RM• where x = (Xh)h=l...H, X h E 1~)~; X is called feasible if 

H ~h=l  (Xh -- f~h) C Y ,  i.e. when the sum of what is allocated in 
excess of the economy's endowments is produced under profit max- 
imization. 

DEFINITION 8. A feasible allocation x = (Xh)h=l... H ~ R MXH in 
E is called restricted or r-Pareto efficient when it is Pareto efficient 
relative to allocations according to the preferences prevailing at x, 
i.e., when there exists no other feasible allocation y = (Xh)h=l... H 
R M• in E such that for all h = 1 . . .  H,  

lee(v) i~e(u) 

with strict inequality for some h. 

PROPOSITION 9. A competitive equilibrium of  a market with endoge. 
nous uncertainty is restricted Pareto efficient. 

Proof. This follows immediately from the first welfare theorem. 



MARKETS WITH ENDOGENOUS UNCERTAINTY 1 1 3 

DEFINITION 10. A feasible allocation is Pareto efficient in the mar- 
ket E if there exists no other feasible allocation in E which everyone 
prefers, and which someone prefers strictly. 

The following proposition addresses risk allocation in economies 
which have several equilibria, but each equilibrium has the same 
set of probability density over D. How can two equilibria of the 
economy E have the same probabilities over states in D and still be 
different? This happens when the aggregate output vector is the same 
in each of the equilibria. 35 In such an economy two equilibria can 
only differ in terms of a redistribution of the same total consumption 
across individuals; in addition there must be no scientific uncertainty 
as defined above. In any case, as the probabilities are the same in 
each equilibrium of the economy E, then the preferences prevailing 
at any of the equilibria are also the same, and one obtains: 

PROPOSITION 1 1. Let E be an economy with endogenous uncer- 
tainty having the same probability distributions over states in D at 
every equilibrium. Then every equilibrium of  E is Pareto efficient. 

Proof. This is an immediate corollary of Proposition 9 above, i 

6. INEFFICIENT EQUILIBRIA 

The following results exhibit a main difference between the Arrow- 
Debreu market, and markets with endogenous uncertainty. In Arrow- 
Debreu economies a competitive equilibrium is always Pareto effi- 
cient. This property is very general: it is the first theorem of welfare 
economies and is true whether or not the economy has more than 
one Walrasian equilibrium, and whether or not the equilibria prices 
are different for different goods in different states: in all cases each 
competitive equilibrium is Pareto efficient. 36 This property can break 
down in markets with endogenous uncertainty. Intuitively this could 
be due to the "externalities" which each trader causes on others. 

DEFINITION 12. Two equilibria are called distinct if they assign 
different prices to one state of endogenous uncertainty. 

PROPOSITION 13. I f  a market economy E with endogenous uncer- 
tainty has k >1 2 distinct market equilibria, then all its equilibria are 
Pareto inefficient. 
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Proof. If the market economy E has two distinct equilibria, say 
with price vectors p]' and p~ E AM respectively, then each of the 
two equilibria assigns a different state-contingent price vector to 
some state i of endogenous uncertainty, i.e. ~i > S �9 p~* :~ p2.i* 
But profit maximization and strictly convexity implies then that the 
total output produced in equilibrium 1 at state i differs from that 
produced in equilibrium 2 in state i, YI* g: /* Y2 �9 Since in equilibrium 
all markets clear at each state, this implies that at least one trader, 
say trader h, consumes a different amount in state i in equilibrium 
1 than the amount he/she consumes in equilibrium 2 �9 x~i I ~ X'hi 2. 
I shall now show that in that case the equilibria cannot be Pareto 
efficient. Since the production sets are concave, then the new allo- 
cation z* = (Z~)h=l... H defined Vh by: z~j = x*hj I for all j :/: i and 
)~X*hi I + (1 -- A)x*m2 for some )~ C (0, 1), is feasible, because the 
production sets are convex and y i  = y j  in all states i, j of endoge- 
nous uncertainty, Assumption 3. Furthermore, since preferences are 
strictly concave, z* is preferred at each equilibrium by all traders to 
the initial allocation and strictly preferred by trader h. This completes 
the proof. �9 

Consider an economy with scientific uncertainty, in which all traders 
know that one of several probabilities will emerge, and traders satisfy 
von Neumann-Morgenstern axioms for choice under uncertainty 
with respect to all possible probabilities. 

PROPOSITION 14. The economy E with scientific uncertainty has 
Pareto inefficient equilibrium. 

Proof This follows from the fact that there are no securities to 
transfer wealth from the states corresponding to different probability 
distributions; for a proof see Cass, Chichilnisky and Wu [4], and 
Chichilnisky and Heal [ 15]. �9 

7. FINANCIAL INNOVATION AND ENDOGENOUS UNCERTAINTY 

In the previous sections I showed that markets with endogenous 
uncertainty have competitive equilibria very generally, and that their 
competitive equilibria give rise to Pareto efficient allocations in a 
restricted sense. However I also showed that the market allocations of 
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an economy with endogenous uncertainty can be Pareto inefficient 
if the economy has several distinct equilibria, of  if the economy 
has scientific uncertainty. This is true even though the conditions 
usually required for the first welfare theorem are satisfied: traders and 
firms are competitive, symmetric information prevails, and traders' 
preferences are strictly increasing in consumption. 

One reason for the inefficiency of the markets considered until 
now is that they have no specific financial assets to hedge scientific 
uncertainty. Traders know that several possible probabilities can 
emerge, but have no means for hedging this risk. 

PROPOSITION 1 5. The market with scientific uncertainty E is incom. 
plete, in the sense that it has no assets to hedge against the different 
possible densities which can emerge at an equilibrium. 

It seems therefore natural to introduce in our economy new assets 
which pay contingent on the realization of different probabilities. 
The introduction of new assets is called financial innovation. 

7.1. Financial Innovation 

In standard markets with incomplete asset structures [ 1 2] it is always 
possible to introduce new assets and therefore complete the market. 
Indeed, through the introduction of Arrow securities with allow the 
transfer of wealth across states, incomplete markets (with exogenous 
uncertainty) can always be completed, in the sense that they become 
identical to an Arrow-Debreu market. When all possible such assets 
have been introduced and the economy is identical to an Arrow- 
Debreu market, one says that the markets have been completed. 

DEFINITION 1 6. Consider a standard market economy with exoge- 
nous uncertainty describing acts of nature, and with S states of 
nature. 37 Assume that in this economy it is not possible to shift 
income across S - T of its states (i.e. the span of its asset ma'fix is 
T < S): the economy is called incomplete with exogenous uncertain- 
ty. 38 It is possible to model such an economy has 5' - T + 1 budget 
constraints: one for each of the S - T states and one overall. The 
act of introducing S - T Arrow securities which pay a unit of a 
numeraire in each of the S - T states and zero in all others can be 
called completing the market. A completed market is by definition 
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one which is identical to a standard Arrow-Debreu model. In par- 
ticular, a competitive equilibrium of a completed market is always 
Pareto efficient. 

In parallel with the results just quoted on incomplete markets with 
exogenous uncertainty, in the following section I explore the pos- 
sibility of completing the markets with scientific uncertainty. Each 
state of scientific uncertainty is represented by an (endogenously 
determined) probability function 7r over events in the set D. To 
complete this market one therefore introduces financial instruments 
which pay contingent on such distributions. The assets I have in 
mind mimic Arrow-securities, but their payoffs are contingent on 
probabilities: they pay a unit of the numeraire if one probability aris- 
es at an equilibrium, and zero otherwise. Since I have assumed that 
there is no problem of information, everyone can observe ex-post 
the realized probability at an equilibrium, for example, by observing 
the actual incidence or the frequency of an event in large groups 
of independent events. 39 It is possible to introduce and trade such 
instruments. The matter may appear at first sight to be somewhat 
theoretical; for this reason it is desirable to discuss a practical exam- 
ple where such instruments have been introduced and are currently 
traded. 

7.2. CAT Futures 

Assets which pay contingent on the observed frequencies of occur- 
rence of natural events were first introduced and analyzed in Cass, 
Chichilnisky and Wu [4] and Chichilnisky and Heal [15]. Following 
this, assets which pay contingent on the realization of frequencies of 
natural risks have been recently introduced in the Chicago Board of 
Trade, called CAT 40 Futures. These are instruments whose payoffs 
depend inter alia on the yearly incidence of tropical storms in the 
United States as measured, for example, by the Insurance Service 
Organization index. The catastrophes included in CAT futures are: 
earthquakes on the West coast, tornadoes on the East coast and floods 
in the Midwest. The frequencies of these events are unknown ex-ante 
and can therefore be treated as risks. 
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7.3. Completing the market with scientific uncertainty 

Cass, Chichilnisky and Wu [4] and Chichilnisky and Heal [13], 
[15] showed that under certain conditions such instruments lead to 
Pareto efficient allocations of risks in markets with unknown risks, 
i.e. where the probabilities or the frequencies of certain events are 
unknown. 

Floods, earthquakes and tornadoes are all exogenous physical 
events, they are not risks induced by economic actions. Our markets, 
instead, face endogenous risks. But one can still try to mimic the 
introduction of CAT futures by introducing Arrow securities which 
are contingent on the possible probabilities of event in the set D at 
a given equilibrium. To complete the market one needs to define the 
informational structure in this market. 

Consider an economy E with scientific uncertainty, and assume 
that it has one equilibrium output vector, associated to which there 
are several probabilities over states in D. An announcement is made 
about the probabilities which could arise in equilibrium. Traders 
can now trade contingent on this set of probabilities, denoted A; 
assume for simplicity that all elements in A are equally likely. In the 
case of CAT Futures the set of probabilities represents, for example, 
the yearly incidence of tornadoes in a given area. The results of 
Chichilnisky and Heal [13], [15] then establish that after trading the 
new contingent securities a Pareto efficient allocation of risks would 
be realized, one which is identical to that in an Arrow-Debreu market 
economy. The market is thus completed by the introduction of these 
new assets, CAT futures: 

THEOREM 17. An economy E with scientific uncertainty can be 
completed by the introduction of CAT futures. The corresponding 
allocations are Pareto efficient. 

Proof. For a proof see Chichilnisky and Heal and Cass [15], 
Chichilnisky and Wu [4]. �9 

7.4. Strict endogenous uncertainty 

I turn now to strict endogenous uncertainty. This is not induced by 
scientific uncertainty about the connection between economic activ- 
ity and the environment, but is rather uncertainty about the perfor- 
mance of the economy itself. To represent this type of uncertainty, 
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consider the case where the initial economy has several possible 
equilibria with a different aggregate output vector each. The follow- 
ing result is obtained under the most favorable conditions on our 
ability to complete this market: when corresponding to each level of 
output there is a single probability over events in D, and is known 
by all. This assumption makes our result stronger: the same result 
follows immediately, and more readily so, when each equilibrium 
vector of output is associated instead to several densities. 

THEOREM 18. / t  is not possible to complete the market E with 
strict endogenous uncertainty, in the sense that no matter how many 
securities are introduced the economy is not identical to an Arrow-  
Debreu market and in particular its equilibria allocations are not 
Pareto inefficient. 4j 

Proof  Consider an economy E with strict endogenous uncertain- 
ty. Since the economy has strict endogenous uncertainty, the set A 
of probabilities {Tri}ieo over the events { 1 . . .  D} is not a singleton. 
Assume that all possible contracts contingent on the elements in A, 
have now been introduced. Equivalently, assume that at an equi- 
librium traders trade contingent on the realization of each possible 
probability distribution {Tri }i~D E A, which they know, for example, 
to be all equally likely. Any other commonly shared distribution can 
be considered as well. 

I will now show that the assumption that the market has been 
completed leads to a contradiction. Since A is not a singleton, it has 
K >/ 2 elements; there exist by assumption at least two different 
equilibria of the economy E, with prices p]' -r p~ respectively, 
and with corresponding aggregate output levels y(p*~) r y*(p~). 
The equilibria allocations are x T r x~. Let 7r k = 7r(y(p*k) ) be the 
probability prevailing over {1 . . .  D} in the k - th, equilibrium, 
k - 1 . . .  K.  If the market were now a complete Arrow-Debreu 
market, then by definition it could reach an allocation corresponding 
to that of an Arrow-Debreu economy with complete asset markets. 
Let x~, k be the allocation of the h trader if equilibrium k is realized; 
let x*hk i denote the equilibrium allocation of the h'th trader when 
equilibrium k is realized and the state of the economy is i E D. For 
each trader h an equilibrium in the completed economy consists of 
the vector X h *  ~ -  {X;,k}kC A. I will now show that the h'th trader 
must be fully insured across states in A if the market has now been 
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completed. Suppose not. If h is not fully insured, define a new 
allocation Y* = (Y~'... Yh) by y~ = E(x~ ,k )  = ~k~A #k(X~,k) where 
#k = 1 / k .  This new allocation can be achieved by the h - t h  trader, 
who by assumption can now transfer income across all states in A, 
and it is different from x~. Furthermore expected utility satisfies: 

In addition, 

E *  Z * Yh = P k X h , k  
h=l h=l 

E * # k  Xh,k , 
kEA 

so that y~ is feasible in E because for each k ~ A, (xT,k... x~,k) is a 
feasible allocation. Since the equilibria of Arrow-Debreu economies 
are Pareto efficient, this implies a contradiction; therefore the h'th 
trader must be fully insured. But this in turn implies that 

V h  = 1 . . . H ,  Vk ,  l, xh, k = x, and 

Xhi  ! � 9  Xhi k = for all i = 1 D ,  

so that at each i the prices are the same across elements of A: 

Vl, l ' c A ,  pt = P t ,  

and therefore A is a singleton, a contradiction. The contradiction 
arises from the assumption that the allocations are Pareto efficient, 
namely that the markets can be completed. Therefore the market 
cannot be completed if the economy has strict endogenous uncer- 
tainty. �9 

8. CONCLUSIONS AND A FRAMEWORK FOR POLICY 

I formulated and proved existence of a competitive equilibrium in 
markets with endogenous uncertainty, where the traders' actions 
induce changes in the state space which represents uncertainty, and 
in the probabilities of each state. The equilibria of such markets 
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exist very generally, generically on technologies and endowments. 
These markets are natural extensions of Arrow-Debreu markets; 
indeed when the economy's activity is relatively small and it does 
not induce changes in nature, the two concepts coincide. Arrow- 
Debreu markets are therefore a strict subset of the set of markets 
with endogenous uncertainty. 

It is possible to distinguish two types of endogenous uncertainty. 
The first is called scientific uncertainty: markets with this type of 
uncertainty have a unique equilibrium output vector, but associat- 
ed to this there are several possible sets of states and probabilities 
over these states, any of which may arise. I showed that in markets 
with scientific uncertainty all uncertainty can be hedged by intro- 
ducing certain financial instruments. With this financial innovation, 
the markets behave as Arrow-Debreu markets and reach Pareto effi- 
cient allocations. The type of instruments which can hedge scientific 
uncertainty pay contingent on the possible probability distributions 
over states. Such assets now exist: they have been introduced recently 
in the Chicago Board of Trade, denoted CAT futures. Their creation 
was anticipated in Chichilnisky and Heal [13] and [15] and Cass, 
Chichilnisky and Wu [4]. Such instruments can improve the econo- 
my's allocation and lead to Pareto efficiency when the economy faces 
scientific uncertainty. A practical use of CAT futures is to hedge a 
large insurer's correlated risks, namely the risk faced by an insurer 
who may have to pay on a large number of contracts of individuals 
affected by the same natural disaster. 

A second type of endogenous uncertainty arises in economies 
which have more than one competitive equilibrium, and a different 
level of output in each. These I call markets with strict endogenous 
uncertainty. Their behavior is quite different from that of Arrow- 
Debreu markets, and they provide a well founded reason for the 
current preoccupation about incomplete markets. These markets are 
fundamentally incomplete: I showed that no hatter how many state 
contingent securities are added, these markets will not reach Pareto 
efficient allocations. It is possible, however, to reach fully insured 
allocations, but this requires a completely different market structure, 
involving derivative securities, as established in Chichilnisky, Dutta 
and Heal [17], and Chichilnisky [6]. 
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Finally consider a policy issue which arises in the case of envi- 
ronmental risks which are the by-product of industrial activity. If 
one seeks constrained Pareto efficiency, it is possible to compute 
precisely the cost which is worth incurring to decrease the probabili- 
ty of a catastrophic environmental risk. Assuming a known (or even 
an approximately known) scientific relation between industrial by- 
products and the probability distribution on environmental states (i.e. 
the map gJ) one computes the manifold of equilibria of the economy 
with endogenous uncertainty, and finds within it a new equilibrium 
with the desired value ,I~(y, ~-) = O. The Appendix provides a proof 
of existence of a competitive equilibrium which can be used to com- 
pute an equilibrium. At this new equilibrium one computes for each 
aggregate output y the utility levels achieved by the traders at their 
new consumption. The difference in the welfare of the traders at the 
first and at the second equilibrium provides an upper bound for the 
willingness to pay for a decreasing a global environmental risks such 
as that of global climate change. 

9. A P P E N D I X  

9.1. The distance between two technologies 

DEFINITION 19. The distance between two technologies Y, Z C 
R M is the Lebesgue measure of the symmetric difference of the two 
production sets: 

d ( z , z )  =  (zzxz) 

w h e r e Y A Z = ( Y - Z )  U ( Z - Y ) a n d Y - Z = Y n Z  c. 

This definition relies on a prior result: the existence of a complete 
metric topology on the space of all closed sets in R M which are 
the closure of their interior, called the "order topology", introduced 
and characterized in Chichilnisky [5]. The "order topology" yields 
this metric d a special case, namely when restricted to the family of 
closed, bounded convex technologies in R M. The order topology is 
strictly finer than the Hausdorff metric and is sensitive to measure, 
a property that the Hausdorff metric does not have, see [5]. 
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9.2. The degree of a continuous map 

Let A denote an open set in R N and f a smooth mapping of class 
C p, p >>. 2, f : h --+ R M. If at a point x0, the rank of the Jacobian 
f '(xo) = M,  then f maps a small neighborhood of x0 onto a small 
neighborhood of f (x0). 

DEFINITION 20. If at a point x0, the rank of the Jacobian f '(xo) = 
M, such a point is called regular with respect to f .  

DEFINITION 21. The complement in A, i.e. the set 

C = { x : x  e A, rankf ' (x)  < M}  

is called the critical set of f and a point x E C is called a critical 
point. 

The set C is closed in A, since if Xn ~ x e A, rank f ' (xn) >. 
rank f (z). 

SARD'S THEOREM. If  f (x) is a p -  times continuously differen- 
tiable mapping of A into R M, then the critical values f (C)  have 
measure zero in R M, provided N - M + 1 ~ p. 

See, e.g.M. Berger [3], p. 52-53. 

9.2.1. The degree of a continuous map 
Sard's theorem can be used to define the degree of a continuous 
mapping f : A --+ R N. This integer provides an "algebraic count" 
of the number of solutions of the equation f ( x )  = p in A, provided 
f ( x )  r p on 0A, and A is bounded. Intuitively, the degree defines 
the number of solutions to the equation f (x )  = p when p is a regular 
value. The degree can also be defined for continuous maps. A formal 
definition is as follows. 

DEFINITION 22. The definition of the degree of a continuous map 
f is given in three steps: 

(i) Suppose f is a C 1 mapping of A --+ R N and that whenever 
f (zo)  = p the Jacobian determinant of f at XolJf(xo)l ~ O. Then 
we define the degree of f at p relative to A as 

d ( f , p , A ) =  ~_, sgnlJi(xo)l.  
f(x)=p 
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This sum is finite by virtue of the compactness of fi,, the closure of 
A, and by the inverse function theorem. 

(ii) Suppose now that f a C 1 mapping of A --> R u. Then by 
Sard's theorem we can find a sequence of regular points {p} (with 
respect to f,  A) such that pn --+ p E R N. We then define the degree 
of f at p as 

d( f , p ,A )  = lim d(f,  pn ,A) .  
n---+ o o  

(iii) Finally if f is only known to be continuous in A, there is a 
sequence of C j mappings f~ --+ f uniformly on A and we set 

d( f , p ,A )  --- lim (f,~ p,A) 
/2--+00 ~ " 

The function d(f ,p ,  A) can be shown to be well defined in (ii) and 
(iii) and the limits to exist and to be independent of the approximating 
sequences. 

DEFINITION 23. A map H : D • [0, 1] -+ R N is called ahomotopy 
between the maps H0 : D --+ /~N and H~ : D -+ R N, where 
Ho(x) : H(x ,  0) and Hi(x) = H(x,  1). 

For a bounded domain D C R u, the following is a basic proper- 
ty: 

LEMMA 24. (Homotopy invariance). Suppose H : D x [0, 1] -+ 
R u is a continuous function and that H(x,  t) has no solution x COD 
for any t C (0, 1]. Then the degree of H, d (H(x , t ) , p ,D) ,  is a 
constant independent o f t  E [0, 1]. 

See, e.g. Berger [3], p. 53. 

9.3. Proof of Existence of an Equilibrium 

THEOREM 1. Under Assumptions 1 to 8, there exists a competitive 
equilibrium with endogenous uncertainty generically in technologies 
and endowments. 

Proof An intuitive explanation of the proof is as follows. One 
shows that the economy E can be deformed continuously into a 
particularly simple economy called E0 which has an equilibrium. A 
homotopy argument is then used to show that since E is a continuous 
deformation of E0, then E has at least one equilibrium. 42 
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The deformation of E into E0 consists of "shrinking" gradually 
the technology of the economy E while leaving all its other features 
unchanged, until it reaches a small enough level of output when 
it is an Arrow-Debreu economy, i.e. an economy with exogenous 
uncertainty, see Proposition 1, for which an equilibrium is easi- 
ly established. This is E0. The homotopy invariance lemma stated 
above is then used to show that because the simple economy E0 has 
a competitive equilibrium, the initial economy E does too. 

Let Y be the production possibility set Y the economy E. Now 
define a family of economies {Et}te[o,l], all identical to E except for 
their production possibility sets: for each t E [0, 1], let the production 
set of the economy Et be Yt = t Y  + ( 1 -  t){0} where {0} E Y. The 
structure of endogenous uncertainty is given by the map ko defined 
in Assumption 1. When t = 1, Et = E, the original economy, and 
when t = 0, E0 is a pure exchange Arrow-Debreu economy with 
exogenous uncertainty because of Assumption 4 and Proposition 1. 

Denote by Yt(P) the profit maximizing production vector associ- 
ated with the price vector p E AM in economy Et which exists by 
Assumption 2; by renormalizing units of measurement and without 
loss of generality 43 we may assume that IlYt(P)II > IlYt'(P)ll when 
t > t'. Let dth(p, 7r) be the demand vector of trader h corresponding 
to price p E AM and probability 7r E AD, as in Assumption 6. 

Now define the map (I)(p, 7rl,... 7rD, t) : AM X AD X [0, 1] --+ 
R M X R D by: 

(I)(p, 7 r , , . . . ,  ~rD, t) = 

= ( a h ) -  

(5) --yt(p),qY(yt(p),Trl,...,TrD))) E R M X R D 

where for each t the demand function dth(p, 7r) is defined as in (3) 
and (4) for each probability vector 7r = (Trl,...,Trz)) E AD and 
where the supply function Yt(P) is as in Assumption 2. Consider for 
each t E [0, 1], the set of zeros of the map (I)(., t), namely the set 
{(I)(.,., t) -I (0)}, a set which may be in principle empty. This set of 
zeros consists of those prices and probability densities which, when 
taken as given by the traders, leads to aggregate demand and supply 
vectors at which all markets clear, and at which simultaneously the 
relation between of aggregate output levels and densities is consistent 
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with scientific knowledge as defined by the map ~.  Therefore, by 
construction, each zero of the map r 7r, t) is an equilibrium with 
endogenous uncertainty of the economy Et. To prove the existence 
of an equilibrium with endogenous uncertainty for the economy E 
one must therefore show that the set of zeros of r 7r, t) is not 
empty when t = 1, i.e. that 

r r 

The proof uses the homotopy invariance lemma stated above. To 
do so, one checks that the conditions of the lemma are satisfied. 
For t = 0 we know by Assumption 4 that there exists a probability 
vector 7r ~ -- (Tr~ ~  ~ AD such that ffJ(0, 7r ~ - 0 and r ~ > 
0, Vi = 1 , 2 , . . . ,  S; 7r ~ could assign zero probability to states of 
endogenous uncertainty. Consider now the standard pure exchange 
Arrow-Debreu with exogenous uncertainty defined by the set of 
states { 1 , . . . ,  D}, the commonly shared probability vector 7r ~ and 
with the same traders, preferences and initial endowments as those 
in E.  Since ~(0,  7r ~ = 0, a zero of the map 

~ ( . , . , 0 )  : A M • A D - ~ R  M X R O 

can he located by finding a competitive equilibrium price p* of 
this standard Arrow-Debreu economy, called E0, where all traders 
have von Neumann-Morgenstern utilities with the same probabili- 
ties, (Tr~ 7r~ since by the definition of (I) the equilibrium price 
p* will satisfy: 

o) = o. 

An equilibrium price p* always exists, given the boundary Assump- 
tion 8, by standard arguments applied to the pure exchange Arrow- 
Debreu economy Eo. Therefore there exists a solution to the equation 
if( . , . ,  0) = 0. By Assumption 4 there exists another probability, 7r t, 
solving the equation k~(0, 7d) = 0, 7r' G A~9. Since when Y = {0} 
the economy is, by Assumption 4 and Proposition 1, an Arrow- 
Debreu economy with exogenous uncertainty, the same argument 
used above proves that there exists a solution to ff (.,., 0) whose sec- 
ond coordinate is in the interior of Ao,  and whose first coordinate, 
by Assumption 8, must therefore be in the interior of AM. Therefore 
for t = 0 the map r t) has a solution in A ~ • A ~  Since as 
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shown above, Vp, IlY~'(P)II > IlY,(P)II when t' > t, it follows by 
Assumption 1 that for t > 0, no solution of if( . , . ,  t) has a probabili- 
ty vector 7r~', . . . ,  7r~ in OAD. By Assumption 8 this implies that for 
t > 0 there can be no solutions to ~I, where the corresponding prices 
are in the boundary of AM, OAM. 

Therefore the conditions of the homotopy invariance lemma stat- 
ed above are satisfied: the map (I, : A M x AD x [0, 1] -+ R M x R D 
has no solution in the boundary of the set AM x AD for t > 0, and 
generically 0 is a regular value at t = 1. Therefore both maps fro 
and (b ~ have the same degree. In particular the set of solutions is not 
empty for t = 1. Therefore the economy E~, which coincides with 
the economy E,  has an equilibrium. �9 
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NOTES 

I See Chichilnisky and Heal [13]. 
2 See Chichilnisky and Heal [13]. 
3 See also Dasgupta and Heal [21], Hahn [241, [25], [26], and Kurz [29]. 

Optimal growth paths with endogenous uncertainty were first studied in Heal 
[27], [28l, The first theorems on existence of a general market equilibrium with 
endogenous uncertainty are in Chichilnisky and Wu [16], Chichilnisky, Dutta 
and Heal [17], Chichilnisky, Hahn and Heal [18], and Chichilnisky [6]. Hahn 
[24], and Chichilnisky, Hahn and Heal [ 18] established that in a two-period world, 
markets with price uncertainty are essentially incomplete. Endogenous uncertainty 
comes in many forms: it can be due to price uncertainty, [24], [18], [17l, or 
risks of default [16], [20], or about the interconnectedness of trading patterns 
(Chichiinisky and Wu [16], Chichilnisky, Heal and Tsomocos [20]) or, as in 
this paper, about the set of states and their probabilities (see also Chichilnisky 
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and Heal [13]), or it can be also induced by expectations as in a temporary 
equilibrium framework: for example in Fudenberg, Holstrom and Milgrom [23], 
in the "asymptotic rational expectations" formulation introduced by Stein [34] 
and [35], or the related concept of"rational beliefs" developed by Kurz [29], [30]. 
Moral hazard is also an instance of endogenous uncertainty, see, e.g. Arrow [2]; 
it depends however on asymmetric information. Endogenous uncertainty is more 
general, occurring even when information is fully symmetric. 

4 Volatility could also be a manifestation of this type of uncertainty; that the 
introduction of one asset can alter the volatility of another was established in 
Dasgupta and Heal [21 ], Chapter 13. 

5 This information was provided by Kenneth Arrow during a Theory Seminar 
at the Department of Economics of Stanford University, February 10, 1994, where 
this paper was presented. 

6 This quotes from "Fed chief warns of risks posed by derivatives" by John 
Gapper, Banking Editor in London, The Financial Times, No. 32,282, February 2 
1994, page 1. See also "Regulators move to limit risks of OTC derivatives" by N. 
Cohen, T. Corrigan and L. Morse in Financial Times, March 16, 1994, p. 1. 

7 This is Theorem 2 in Chichilnisky and Wu [16], see also Chichilnisky, Heal 
and Tsomocos [20]. 

8 For example, the OECD has discussed a global carbon tax that would raise 
$150 billion in revenues yearly, see Chichilnisky [7]. 

9 The relevant maps are non-convex correspondences, so that fixed points 
arguments cannot be used in general. 

lo Also called general equilibrium with incomplete markets, or GEl, see, e.g. 
Chichilnisky and Heal [ 12]. 

i At least not within a standard Arrow-Debreu market. Hahn [24] and Chichilnisky, 
Hahn and Heal [ 18] have obtained related results in another model of endogenous 
uncertainty, in an economy with two periods where the uncertainty is about prices, 
not about states and probabilities, and where the level of output does not affect 
the states or their probabilities. It is however possible to "complete" markets 
with endogenous (price) uncertainty, but this requires a different market structure, 
effectively one in which derivative securities are traded in a different way than 
commodities are traded in an Arrow-Debreu model, see Chichilnisky, Dutta and 
Heal [ 17]. 

12 Therefore there is no "moral hazard", see, e.g. Arrow [2] and Stiglitz [33]. As 
already mentioned, moral hazard is a special case of endogenous uncertainty, but 
it can only arise with asymmetric information, while endogenous uncertainty is a 
more general phenomenon which can arise with or without symmetric information. 

J3 For example: when T = 2, there are S assets each of which pays in terms of 
a numeraire good n, and the span of the economy's asset matrix is S. 

14 y s  is the closure of its interior. 
15 A N x T x S  : {(Pl .. .Pro) E R N x T x S  : Pi >~ 0 and ~ Pi = 1}. 
16 A possible difference is that short sales are allowed. Necessary and sufficient 

conditions for the existence of an equilibrium with or without short sales are in 
[8], [9], [10] and [11]. 

~7 With exogenous uncertainty. 
is this constitutes an infinite domain. 
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19 Heal [27] and [28] formalizes and analyzes the properties of a dynamic 
economy where the level of consumption at time t induces changes in the climate 
and therefore affects the production possibility set of the economy, at a future 
random date which varies with today's consumption. 

20 D is the set of all possible or "latent" states; its cardinality could be infinite 
(D = cx~) without changing the results in any way, but at the cost of more 
notation. In the case that the cardinality is infinite one needs to work in economies 
with infinite dimensional commodity spaces, ideally in Sobolev spaces; see, e.g. 
Chichilnisky and Heal [ 14] for a general theorem of existence and characterization 
of a competitive equilibrium in Sobolev spaces with or without short sales. 

21 In general D > /S  but it would suffice to consider the case where D = S by 
allowing density functions which assign zero probability to some states. In general, 
however, it seems preferable to differentiate between exogenous and endogenous 
states (S ~: D) because they could have different properties. 

22 Twice continuously differentiable or C 2. 
23 This assumption ensures that endogenous uncertainty in the market is not 

trivial, i.e. changes in aggregate output can change the states and their probabilities, 
and that a probability which has become positive remains so as output expands, 

24 One could also require that the initial endowments of the economy should be 
small for the probabilities to be constant: such an assumption would not change 
the results, but would require more notation. 

25 I owe this observation to Mark Machina. 
26 More realism can be introduced at the cost of more notation, but the main 

features are captured by this formulation. For example, moral hazard can lead to 
endogenous uncertainty but only when there is asymmetric information, which is 
not essential in our formulation of endogenous uncertainty. 

27 This assumption was suggested during discussions with Robert Wilson, and 
is crucial to the formalization of the problem. 

28 To simplify notation, and without loss of generality we set from nowon 
e ~ {1 . . .  D}, by allowing some probabilities to be zero, i.e. for some i, 7ri = 0. 

29 Where rri = 0 when i ~/e. 
30 This budget constraint means that there exists markets to trade contingent on 

all states in {1 , . . . ,  D}. 
31 Obviously, we may assume that each trader has different subjective probabili- 

ties, and formulate this assumption in terms of trader-specific subjective probabil- 
ities. This would not change the results in any way but complicates the notation. 

32 As is standard, one considers an appropriate approximation of the solution 
to (3) which is continuously differentiable in a neighborhood of AM, and which 
does not add new equilibria to the model. 

33 This condition is sufficient but not necessary to prove the existence of a 
competitive equilibrium in an Arrow-Debreu economy. A necessary and suffi- 
cient condition for existence is limited arbitrage as defined and established in 
Chichilnisky [8], [9], [10], [1 1]. 

34 See the Appendix. 
35 This happens when at some state i the equilibrium allocation of trader h in 

the first equilibrium, Zi,h,i* is quite different than the allocation of same trader h at 
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i in the second equilibrium, z2, hi* r Zi.l,h, although across equilibria the aggregate 
supply is the same in each state, i.e. Vi, yi. = y~. E Y. 

36 The first welfare theorem is true whether the economy has concave preferences 
or not, and whether the economy has convex production functions or not. 

37 E.g. Chichilnisky and Heal [12]. 
38 Also called GEl, general equilibrium with incomplete markets. 
39 The Insurance Service Organization (ISO) performs such tasks, see below. 
4o For "catastrophe". 
41 Fully insured allocations are possible if one changes drastically the market 

structure, allowing for regulated derivative markets with have a different trading 
structure from Arrow-Debreu markets, see Chichilnisky [6], and Chichilnisky, 
Dutta and Heal [ 17]. 

42 See Eaves [22] on the use of homotopy methods for locating fixed points. 
43 The technology Y is a convex body. 
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