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On the first eigenvaliue of the Dirac Operator

on 6-dimensional manifolds
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1. Introduction

Let M" be a compact Riemannian spin manifold with positive scalar
curvature R and let Ro denote its minimum. Consider the Dirac
operator D : M {S) —= [ (S) acting on sections of the associated
spinor bundle S. |If At is the first positive or negative eigenvalue

of this operator. then

1 n ¢ *
2Var R 1A
Furthermore. if + -1—1 -——n R or - l/r__,” R is an eigenvalue of
’ 2 'n- 0 2in-1 "o

the Dirac operator. then M" must be an Einstein space (see [ 2 1])

This situation occurs quite often when n is odd. On S /r. the

lower bound is an eigenvalue of D if and only if S /r, is homo-

geneous, and there are also 5-dimensional non-homogeneous spa-
T 1

ces SS/,—. of constant curvature such that both values f_%— '}/5 RO
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are eigenvalues of the Dirac operator (cp. [ 91). Moreover, there

is an Einstein metric of positive scalar curvature on the 5-dimen-
sional Stiefel manifold Vh 5 = SO(A)/

(see £ 271). Similar examples can be given for n = 7 and n = 9.

s0(2) with the same property

On the other hand. for n = 4. only on the sphere 54 the lower
bound is an eigenvalue of the Dirac operator (see [ 3]). Moreover.
up to now no even dimensional spaces different from the sphere
and realizing the lower bound as an eigenvalue have been known.
The aim of this paper is to give such examples for n = 6.

Theorem: Let M6

be either the flag manifold F(1.2) or the complex
projective space CP3. Then M6 admits a non-Kédhler Rie-

mannian Einstein metric of positive scalar curvature such

—

that + -;—’y-g RO are eigenvalues of the corresponding Di-

rac operators.

If F(1,2} and CP3 are considered as twistor spaces over CPZ and
SA. respectively then the considered metric arises from the stan-
dard Kiahler metric of these spaces by scaling in the direction of
the Sz—fibr‘es (see L 41 and also [ 101 for a more general
approach). In proving the theorem we restrict ourselves to the
case M6 = F(1,2); the remaining part can be carried out in the same

way .

2. About the geometry of F{1 2)

Consider the flag manifold F(1.2), i.e. the set of pairs (l,v) where
both | and v are linear subspaces of C3 of dimension 1 and 2.
respectively, and | €v. Then the U{3) -action on 623 results in

F(1.2) = 'U(B)/um « U(1) x u(1)- The Lie algebras of G = U(3) and

H = U{1) x W1) x U(1) are given by

fAemy@ : AT+ A = 0}
{A €g  Ais diagonal;,

n

g
h

We decompose g =h ®R with R=Vv, @ Vv, @ Vj and
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] z 0 0 0 .
vV, = -z 0 0}, zecC , v, = 0 0 0], ze ¢},
0O 0 © -z
0 0
V3= 0 E z , z¢€ €
0 -z

Consider the inner product on g given by
BIX.Y) = - 5 Tr(XeY). X.Yeg.

"For arbitrary cq. c3€lR with < >0 we define a G-invariant

c
2)
Riemannian structure on F(1.2) = G/H by

8 =i-cislvixvi’

€1:¢2:%3 i3

According to C 131 we get different Einstein metrics (up to a homo-
thety) only for €y = €y = Cg = 1 and Cq = ¢y =-;—c3 = 1. The former
turns out to be a non-Kdhler biinvariant Einstein metric of scalar
curvature R = 30, whereas the latter (which we shall omit in our
further considerations) is the standard left-invariant Kdhler Einstein
metric with scalar curvature R = 24.

Therefore, considering €y = ¢, = cq = 1 we introduce an ortho-

normal base {e1""'GSS of % in the following way: Denote by
Di.i = 6ia éjb)1éa.bé3 the usua! generators of M'3(R). consider
Eij = Dij - Dji and Sij ='/-_11(D“. + Dji)" 1 £i,j€ 3, and set

® = Eqar ©p = Sq120 3 7 BEygr €, 7 Sq3 85 7 Epg &g = Sy
As Dij'Dkl = éjk D“ , the following commutator relations hold:
EEij' E. = Eik’ ES”, Sjkj = Eki ifi £jF Kk, and

Jk'J
EEU, Sjk:' =S, it ilkiti
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Thus {e2i‘1, eZiS is a base of Vi’ and in addition it holds that

EVi, Vij €h, Ch, Vi] € V. We also fix a base of h by setting
= -
Ho= % Sy, 0= 1.2.3.
As B is Ad(G)-invariant, it follows from Wang's theorem that the
induced Levi-Civita connection on F(1.2) is uniquely determined by

a linear map /\:_ﬁ —— End (R,) satisfying the conditions

(i) AMXY - Aly)X = l:x‘y:kz_/

(ii) A(X) is skew-symmetric with respect to B, i.e.
BIN(X)Y,Z) + B(A(X)Z,Y) = 0.

(see U73). Here EX“/]R denotes the f-component of CX.yd.
From these properties we easily derive the explicite form of A .

In fact, for arbitrary vectors X, ¥, Ze€[]R we obtain
BIAIX)Y . Z) = BIAY)X,Z) + B(LXJ]R . Z)
= - BIA(Y)Z.X) + B{CX, Y1, 7).
because the decomposition g = h ® _@is orthocgona! with respect to
B. As B is Ad(G)-invariant, we also have
BIAOY Z) = - BIA(X)Z.Y) = - BIA(Z)X.Y) - B (CX.Z21. V)
= BIN(Z)Y.X) + BILX,¥1,2).

As A()ﬁz‘/\(z)yej;, we conclude A(Y)Z = - A(Z)Y. and with
respect to (i) it yields A {Y)Z =—;— [‘_Y,Z:la‘. y.Z €$.6 . After iden-
tifying E with the standard Euclidean vector space R~ by means of
the base {e1,...,e67] of B.. the fmage of A: RO —5 End (Re)
is actually contained in so (6), the Lie algebra of S0{(6) spanned
by {EUCMG(R); 1 €i<j € 621 , and we have

1 1,
Aley) =5 (Ezg * Eug) Ale) = -5 (Eqg * Epg)

1 1 .
Nley) = 5 (B5 - Egg) Aleg) =5 (Egq + Ey) <i>
Aleg) = 3 (E,p - Eqo) Aleg) = (E,, - E,Q)
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Under the same identification one can also compute the isotropy

representation Ad : H —-—-»SO(E) = S0(6) of G/ For an arbitrary

e
element
o o
h = 0 e'® 0 €H, t,r,seR,
0 0 it
it is defined by Ad(h)eJ. = h-ejh_1 and given by the matrix
/cos(t-s) ~sin(t-s) 0 0 0 0
sin(t-s) cos(t-s) 0 0 0 0
0 0 cos{t-r) -sin{t-r) O 0
Ad(h)= 0 0 sin{t-r) cos(t-r) 0 0
0 0 0 0 cos{s-r) -sin(s-r})
0 0 0 0 sin({s-r) cos(s-r)

it follows that the differential Ad, : h —> s50(6) is then given by
Ad,(H)) = -E., - E

12 7 %34
Ad,(H,) = E, - Ec¢ <>
Ad,(H) = B3, + Egg

3. Proof of the theorem

Letq: Spin(6) —> S0(6) be the 2-fold covering of S0(6). Then the

induced map (l‘ 1 spin(6) —> s0(6) on the Lie algebras is an

isomorphism.

Lemma: There exists a lifting homomorphism A“a : H—2 Spin{6) of
Ad, hence qf?& = Ad holds.

Proof: We have to show only that AdT (T 1(H))<: CC( '7r'1(Spin(6))) = 0,
or equivalently, that each generator of ‘JT1(H) vanishes
under the superposition with Ad. Knowing r5'1(50(6)) = Z2-"

the assertion follows immediately from the formula of Ad(h)}
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given above and the additional remark, that for

cos t - sin t
A(t)= sin t cos t : CO. 2%3 —> SO(2). the matrices
A(t) 0 0 ﬁ&zn 0 0
0 Aft) 0 and 0 1 0
0 0 1 0 0 1
describe the same element of 'W’1(SO(6)). D
The map E:j : H —> Spin{(6) gives rise to a natural spin-structure
P =06 x Y Spin(6) over G/H. However. this is the only possible

one. since H1(F(1 22 22) = 0 (see C81). Then the spinor bundlie
S is a vector bundle over G/H. which is associated to P by the
map € : Spin(6) —> GL(AG); here 2 means the restriction of

K : Cliffc(RG) _‘*E"d(ﬁs) to Spin(6). The &-algebra-isomorphism K
can be realized as follows (a general reference is C5J): In

~ o8
AG—C

we choose the base obtained from

Uy (J‘) and u_, = (:) by setting u( €,.&, &£, =

) u€1 @ u£2 @ u£3 : gje{_. 1‘& . Using the notations

N ) I A R (A R ER )

we define K(e1) = E ® E ® 9;- K(ez) = E @ E ®92‘
K(e3) E @ 94 @ T . K(eA) = £ @ 92® T.
Kleg) = 9,0 T & T . Kleg) = 9,0 T & T.

and since Ciiffc(RG) is generated by the vectors €q-r-on eg€ |R6.
the isomorphism K is completely described.
Noting that gj(u”) =iu_y . 91(u_1) = du, .
gpluy) = vy gpluy) = -uny
T (u”) = Uy - T (u_1) = Uy .
the action of K on the u(...) can easily be computed. The restric-

tion & of K splits into two irreducible 4-dimensional resprentations
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X = x’ ® 27 with x: (ej): Aé —A'é, 1 €] ¢ 6; here we
set
A= tnfut, 10, w1 =120, u-101-1), u-1,-1, 0

Ag = Lin {u(1.1‘-1).u(1,-1.1), ul-1.1,1). u(-1.-1,-1)} )

Using this order of the u{...). the ‘a(:(ej) are given by the

matrices
i 0 0 0 1 0 0 0
. o i o o 0o -1 0 0
(e )= & (e,) = +
x ley 1 0 0 i 0).&(ey)=210 0 -1 0
0 0 0 i 0 0 0 1
0 i 0 o - 0
) ¥ 0 ) -1 0 0 o0
e (e3) = 3 0 0 ¥ =" (ea) =+1{0 0 0 1 3>
0 i 0 0 0 1 0,
o 0 -i 0 0 0 1 0
0 0 0 1
0 -
2 (eg) = 2 0 0 2l {1 o o o
i 0 0 0
0 ; 0 1 0 0

In this way we also described the differential of 9¢ acting on the
Lie algebra spin(6), which we denote by % too.

Together withOL :1 (Eij) =% eiej (1 ¢ i<j'f' 6) <]1.> the
equations €< 2> determine already the map Ad‘ =°L- Ad‘ :h —>
—>ﬂ)_i_rl(6). Combining this with <3> we note that every Hi€n
annihilates both vectors u(-1,1.-1) and u(1,-1,1). Therefore, for

arbitrary 21,226 € and all Xe h

aA\c‘!‘(X)(z1u(-1,1,—1) + zzu(1,—1,1)) = 0 holds, and because

H is connected, we conclude
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m,&a(hnz1u(-1,1,-1) + zyu(t,-1,1)) =

= z1(u(-1,1,—1) + zzu(l,-1,1)).

Thus, the constant function ¥ = z1u(-1,1,-1) + zzu(1,-1,1) on G
defines a’ section in the spinor bundle S, the sections of

S =06 x K_A‘a AG being as usual identified with functions 4: 6 —>-’-\6
satisfying ¢ (g h) =acA“é(h'1)q>(g) for all g€ G, he H.

Now we are going to prove the theorem.

Given a section <{ of the spinor bundle, the action of the Dirac

operator D on (f is given by the formula

6 ~
Dl{= j=Z‘I:’a,(ej)(ej((f) *KA(eJ.)k(), as stated in C63J. On the con-

stant section"f this expression simplifies to

6 ~ ~
0% = Z_ac(ej)' e A (ej)’\f i here A = q :1-/\ is given by <1> and
=1

< 4>, Thus from < 3> we obtain
le, = 3 (-izzu(~1,1.-1) + i z1u(1,-1,1)),
and by z, = 1. z, = i and z, =1, z, = 1 eigenspinors of D are

1
obtained with eigenvatues *+ 3. Because of R = 30 we finally have

1 6R _ *
35 AT
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