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Abstract. MDS codes are codes meeting the Singleton bound. Both for theory and practice, these codes are
very important and have been studied extensively. Codes near this bound, but not attaining it, have had far less
attention. In this paper we study codes that almost reach the Singleton bound.
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1. Introduction
1.1. Codes, Geometry and Designs

In this section we will state some well known results that establish the geometric and
design-theoretic properties of codes.
In this paper we will only consider linear codes over finite fields F, with parameters as
usual denoted by [n, k, d]. For such codes the Singleton bound holds [14}: d <n —k + 1.
The following definition is natural in this context.

Definition 1. The Singleton defect of an [n,k,d] code Ciss(C)=n—-k+1—d.

The projective space of r dimensions obtained from F, will be denoted by PG(r, g). We
say that a set of m points of PG(r, g) are in general position if they are not contained in a
subspace of dimension m — 2.

The following generalization of a set of mutually orthogonal Latin squares, due to
K. A. Bush, reveals some of the design-theoretic properties of codes.

Definition 2 ([4]). An n x M matrix A with entries from a set of / > 2 elements, is an
orthogonal array of size M, n constraints, / levels, strength ¢ and index A, if each t x M
submatrix of A contains all I possible z-tuples exactly A times as a column. Then M = Al
and the array will be denoted by OA,; (¢, n, 1).

If the columns of A form a linear space over the finite field F,, the orthogonal array is
linear.

We can now state the following important result by Bose and Bush.
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THEOREM 1 ([2]) The following are equivalent:
1. Cisan|n,k,d] code withs(C) = s

2. The columns of the parity check matrix of C are n points in PG(n — k — 1, q) each
d — 1 of which are in general position

3. Then x q"* matrix A having as columns the codewords of C* is a linear orthogonal
array OA;s(d — 1,n,q).

1.2. MDS Codes
Before we define almost MDS codes we will look at MDS codes.

Definition 3. A code C with s(C) = 0 is maximum distance separable (MDS for short).
MDS codes of dimensions k = 1, n — 1 and n are trivial.

Many properties of MDS codes have been proved by considering the geometric represen-
tation as in case 2 of Theorem 1.

Definition 4. An n-arc in PG(r, q) is a set of n points such that every r 4 1 of them are in
general position.

From Theorem 1 we see that MDS codes, n-arcs and linear orthogonal arrays of index
unity are equivalent objects.

The earliest results on MDS codes were obtained by Bush in [4], using the general setting
of (not necessarily linear) orthogonal arrays. The following result will be used later.

THEOREM 2 ([4]) Let A bean OA (t,n,l). Ifl <t, thenn <t 4+ 1.

In the special case of (linear) MDS codes, Theorem 2 together with the fact that the dual
of an MDS code is MDS, yield the well known result that for a nontrivial [n, k, n — k + 1]
MDS code we have thatk < gandn —k < g.

One of the main problems in the theory of MDS codes is determining the maximum length
of an MDS code. The following is a famous conjecture.

Main Conjecture on MDS codes. For a nontrivial [n, k, n — k 4+ 1] MDS code we have
thatn <g+2ifgisevenandk =3 ork =g — 1, and n < g + 1 otherwise.

This conjecture is proven in a number of cases, for example for codes over fields F, with
q < 19, and for codes with dimensions k < 5 (for references see [12] chapter 11, [10]
chapter 27, and the recent paper {5].)

In his paper, Bush discovered linear orthogonal arrays of strength unity that achieve the
maximum length in the conjecture. The corresponding codes are the well known extended
Reed Solomon codes.
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1.3. Almost MDS Codes

We are now ready to define almost MDS codes.

Definition 5. A code C with Singleton defect s(C) = 1 is almost MDS (AMDS for short).
AMDS codes of dimensions k = 1, n — 2, n — 1 and r are called trivial.

Since it is easy to construct trivial AMDS codes of arbitrary lengths, we will only be
considering nontrivial AMDS codes.

Unlike the MDS case, the dual of an AMDS code need not be AMDS. To distinguish this
property we follow Dodunekov and Landgev [7] in the following definition.

Definition 6. ([7]) A code C with s(C) = s(C*) = 1 is a near MDS code.

In their paper [7], a preliminary version of which was published as [6], Dodunekov and
Landgev study near MDS codes. Some of their results were discovered independently by
the author and will be presented in this paper.

As in the MDS case we define sets of points in projective space that reflect the property
of being AMDS.

Definition 7. An n-track is a set of n points in PG(r, g) such that every r of them are in
general position. The maximum size of an n-track in PG(r, g) is denoted by u(r, g¢). The
maximum size of an n-track for which the dual is also an n-track is denoted by u°(r, q).

Theorem 1 yields that AMDS codes, n-tracks and linear orthogonal arrays of index g
are equivalent objects. Hence (r, ¢) is the maximum length n for which there exists an
[n,n —r — 1,7 + 1] code over F,, and u®(r, q) is the analogue in the case of near MDS
codes. Equivalently, (7, ¢) is the maximal number of constraints of a linear orthogonal
array of index g and strength r.

The aim of this paper is to derive bounds on (7, g) and find properties of AMDS codes,
or equivalently, of tracks. We will use the construction of shortening codes, that is taking
all codewords that have a O at a fixed position, and deleting that position. The shortened
code of an [n, k, d] code has parameters [# — 1, k — 1, d] and thus has the same Singleton
defect as the original code. In the language of tracks it means that one projects the n-track
from one of its points onto a hyperplane. The resulting set is clearly an (n — 1)-track. This
proves the following.

LEMMA 1 pu(r,q) < u(r—1,q9)+ 1.

2. Upper Bounds on u(r, q)

In this section we distinguish between two cases: 7 < g andr > q.
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2.1 TheCaser < q

In view of Theorem 1, the following is a well known result,

THEOREM 3 [cf [2]] u(2,q) =q* +q + 1.

Proof. The projective plane clearly is a maximal set that satisfies the conditions for a track.
n

The next theorem generalizes a result by Gulati [8].
THEOREM 4 Let

1. g<19o0rr<Sorr>qg-3

2. g=pTandg >r > 2

Then, ifqisoddor3 <r <gq—1

glg—r+3)+1 ifr=qg— p'+3forsomel <m

w(rq) < { qlg—r+3) otherwise.

Proof. Let K be an n-track in PG(r,q), and let Py,..., P,_; € K. For the ¢ + 1
hyperplanes Si, ..., S;41 thatcontain Py, ..., P,_; we have that §; N K is an arc in PG(r —
1, g). Condition 1 of the theorem implies that the main conjecture on MDS codes holds for
codes of dimension r over F,. Since g > r, this yields that |S; N K| < ¢ + 1. Since two
S; only meet in the (r — 2)-space spanned by Py, ..., P,_; we have that

K| < r—=14+@+Dg—-r+2)

qig—r+2)+q+1
ggq—r+3)+1.

Now suppose |K| = q(q —r +3) + 1. If § is any (r — 1)-space, then by the above we have
that if |[K N S| > r — 1, then |[K N S| = g + 1. Now consider all (r — 2)-spaces passing
through the points Py, . .., P,_,. There are g2 + g + 1 of these and each of them intersects
K in either r — 2 points (the points Py, ..., P,_) or g + 1 points (a complete arc). Hence
there must be an integer m such that

mi@—r+3)+r—-2=q(q-r+3)+1
and so we find that
q—r+3|g

which is impossible if r # g — p' 4 3 for some [ < m. ]

Remark 1. The first condition in Theorem 4 is needed to assure that the main conjecture
on MDS codes holds for codes of dimension r over IF,. The condition can be replaced by
other cases in which the main conjecture is known to be true.
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Together with the fact that for any g there exist ovoids (sets of g2 + 1 points in PG(3, q)
with the property that there are no 3 collinear, for example elliptic quadrics), Theorem 4
proves the g odd case of the following result, which was first proved in this case in [2]. The
proof in the even case is due to Qvist [13].

THEOREM 5 ([2], [13]) For g # 2 we have u(3,q) = ¢* + 1.

2.2. TheCaser > q

We start by giving a general upper bound on the maximum length of [n, k, d] codes over
F, withd > g. It generalizes the Bush bound (Theorem 2) for linear orthogonal arrays.

THEOREM 6 Let C be an [n, k, d] code with Singleton defect s and d > q. Then

s+1__1
n<d—2+21 "2
qg—1

Proof. Setr = n — k — 1. Then the columns of the parity check matrix of C can be
considered as a set K of n points in PG(r, g), nor —s+1 in a codimension (s + 1) subspace.

Fix P\, Py, ..., Pr_y € K and consider the (r — 5)-dimensional spaces Sy, ..., Sg+_,
g-1
passing through them. Fori = 1,...,91;—11 theset S; N K isanarc withr —s =d —2 >
q — 1,so by Theorem 2 |S; N K| <r — s+ 2 and we find
s+1 S+1__1
Kl<r—s+28 — 2 —g_2424 —° -
qg—1 qg—1

For tracks the result of Theorem 6 is the following.

COROLLARY 1 Letr > q. Then pu(r,q) < 2q +r + 1.

In section 4 we will determine all codes that (almost) reach this upper bound.

Corollary 1 improves on the Plotkin and Hamming bound for these codes, and on the
Griesmer bound for r < 2q. For r > 2q the result of the Griesmer bound is strong: there
are no AMDS codes with r > 2¢q. This was also noted by Dodunekov and Landgev in [7].

THEOREM 7 [cf [7]]IfCisann,n —r — 1,r + 1] AMDS code, thenr < 2q.
Proof. Letr > 2q. Then the Griesmer bound states
n—r—2
n= Y [i-‘ >n+1
i=0

which is a contradiction. [ ]

As also was remarked in [7], we can improve on this bound by rephrasing the following
result from projective geometry. A plane 3-arc is a set of points in PG(2, g) with at most
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3 points on a line. The matrix having the points of a plane 3-arc as columns is a generator
matrix of an [n, 3, n — 3] code. The converse is also true so that the concepts of a three-
dimensional AMDS code and a plane 3-arc are equivalent. A result by Thas [15] shows
that for ¢ > 3 the number of points on a plane 3-arc cannot exceed 2q + 1. This has the
following consequence for AMDS codes.

THEOREM 8 [cf. [7T]] If C isan[n,n —r — 1,r + 1] AMDS code over Fy, g > 3, with
r<n—4 thenr <2q—2

Proof. Shorten the code n — r — 4 times. The resulting code is equivalent to a plane 3-arc
ofsizer +4,andsor +4 <2+ 1. [ ]
Remark 2. For [n, k, n — k] codes this can be rephrased as n < k + 2g — 2.

We now give a version of Theorem 8 for the case r = n — 3.

THEOREM 9 The maximaln for which there exists an(n, 2, n—2] code over ¥y isn = 2g+2.

Proof. Let G be the generator matrix of an [n, 2, n — 2] code. Without loss of generality
we assume that the first row of G has ones at the first w positions followed by n — w zeros,
w > n — 2. At the first w positions of the second row of G every element of F, may occur
only twice. This proves w < 2q and hence n < 2¢g + 2. It is clear that equality can occur.
|

Theorem 9 can be used to give the values of u(r, g) forr =2g — landr = 2q — 2.

COROLLARY 2 Ifq > 3then u(2q —1,q) =2g +2and u(2q — 2,q) =2q + 1.

Proof. Letr =2g —1lorr =2q —2. Thenr > 2g — 2 and Theorem 8 yieldsr > n — 3,
so u(r, q) < r + 3. Equality follows from Theorem 9. |

3. Duality and Near MDS Codes

As remarked in Section 1.3, the dual of an AMDS code need not be AMDS. Nevertheless,
Dodunekov and Landgev show in [7], that for r > ¢ this is the case.

THEOREM 10 ([7]) LetC bean[n,n—r —1,r + 11 AMDS code. Ifr > q then C* is also
AMDS.

If some part of the main conjecture on MDS codes holds we can give a bound on the
Singleton defect of the dual code C* in the case r < g.

THEOREM 11 Let C be an AMDS code over Fy withr < q. Letqg < 19 orr <5 or
r >q — 3. Then

q—r+2 ifr=30rr=q—1andq even
q—r+1 otherwise.

s(ChH) < {
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Proof. LetCbean[n, n—r—1, r+1]code and let the dual distance be d*. Then shortening
by the dual distance (construction Y1 in [12], page 592) yields an [n —d*, n —r —d*, r +1]
MDS code. Since the conditions of the theorem imply that for these parameters the main
conjecture holds, this implies that n —d- < g + 2 if r = 3 or ¢ — 1 and g even, and
n —d* < g + 1 otherwise. This proves the theorem. ]

Remark 3. As in Remark 1, the conditions on g or r that are needed to assure the validity
of the main conjecture on MDS codes in Theorem 11 can be replaced by other cases in
which the main conjecture is proven.

Remark 4. Since there are [q2 + g + 1, 9% + g — 2, 3] and [¢% + 1, g% — 3, 4] codes, we
have as a consequence of the above theorem that there exist [g? + g + 1, 3, g2] for arbitrary
q and [g% + 1, 4, g*> — q] codes for g odd. These parameters are quite good.

4. Extremal AMDS Codes

In this section we will find all [n,n —r — 1,7 + 1] codes, r > ¢, that (almost) reach the
upper bound of Corollary 1, more precisely n = 2g +r + 1 or n = 2q + r. It will turn out
that these codes only exist over small fields.

We use the following form of the MacWilliams identities relating the weight distribution
A; of code C to the weight distribution A;" of the dual code C+ (cf. [12] chapter 5).

vk N (N — ~(n—i\,,
q 2 v Ai=2 " A7, v=0,...,n.
1= 1=

For near MDS codes this implies the following recursion on the A;.L. See also [7] for a
similar result.

AicL = An-x
t—1 .
L gt n n—k—i\ | _ 60}
Ak+t —(q—l)(k'i't)_;( f—i )Ak+i t—l,...,n—'k.

This proves the well known fact that for near MDS codes the weight enumerator is known
as soon as the number of minimal weight codewords has been determined.

In the extremal cases, where r differs at most one from the upper bound in Corollary 1,
we can count the number of codewords of minimal weight.

LEMMA 2 LetCbeanl[n,n —r — 1,r + 1] code with r > q. For the number of minimal
weight codewords A, we have

R 2_
—("‘(),(f,) D ifn=2g+r+1
2

s -1 .
—1—("‘(),‘_1;((; ) ifn=2q+r

A =
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Proof. We restrict to the case where n = 2g + r + 1 (the second case is quite the
same). Let K be an n-track in PG(r, g). The number of minimal weight codewords is
equal to g — 1 times the number of dependent (r + 1)-tuples of points of K. Fix r — 1
points Py, ..., P,_; of K. Then there are ¢ + 1 (r — 1)-spaces containing them and in
each of them there is exactly one pair of points completing P, ..., P,_jtoasetofr + 1
dependent points (they lie in an (r — 1)-space). Hence there are (¢ — 1)(g + 1) minimal
weight codewords with support containing r — 1 fixed coordinates. If we note that in this
way we count every minimal weight codeword (’“) times, this completes the proof.
|

Using equations (1) we find the following theorem.

THEOREM 12 Let C be a[n,n —r — 1,r 4+ 1] near MDS code with r > gq. Then for the
number of codewords of low weight of C*+ we have:

n=2q+r+1 n=2q+r
n _1)
i : e
Lt =1 -1
A%, i ()t
AZ-H 0 0
Az 42 0 1(.")aq — (g —2)
A;, LA FICES NICE)) ~L1("Yqq —1)(g -5
29+3 3\r—2 -3

Ags —3(2)a@ - D@ -3 1( )0 — D@ —3H2¢*+3)

COROLLARY 3 Let C beanin,n —r — 1,r 4 1] near MDS code withr > q.
If n = 2q + r + 1 then C is one of the following codes:

parameters  description

[7.4,3] Hamming code

[8,4,4] extended Hamming code
[10,6,4]  punctured Golay code
[11,6,5] Golay code

[12,6,6] extended Golay code

LWwwh N |R
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Ifn = 2q + r then C is one of the following codes:

parameters  description

[6,3,3] punctured Hamming code
[7,3,4] Simplex code

[9.5,4] shortened punctured Golay code
[10,5,5] shortened Golay code

[11,5,6] dual Golay code

wWwWwhN|Q

Proof. From Theorem 12 we find thatg = 2 org = 3 inthe casen = 29 +r + 1 and
g =2,3,40rq =5 in the case n = 2q + r (otherwise some A;- would be negative). For
the cases ¢ = 2 and ¢ = 3 note that the Golay and Hamming codes are uniquely determined
by g, n, k and d. Since their automorphism groups are at least 2- (Golay code) respectively
1-transitive (Hamming code), also the punctured and shortened codes are unique.

Over F,4 the cases that have to be checked are: [12,7, 5], [13,7, 6] and [14, 7,7]. By
Theorem 10 the duals of these codes have minimum distance 7. Applying Corollary 2
shows that these codes cannot exist. This proves the g = 4 case.

Over F5 the cases that have to be checked are: [15,9, 6], [16,9,7], [17,9, 8]. Again
Corollary 2 together with Theorem 10 yields the nonexistence of these codes. |

Remark 5. Except for the cases mentioned in this section we have that Corollary 1 can be
sharpened to u(r,q) <2q +r — 1.

5. Quadratic Embedding of a Plane 3-Arc

In this section we show that the existence of an [n, 3, n — 3] code implies the existence of
an [n,n — 6, 6] code. We use the following embedding:

¢ : PG(2, g) — PG(5, q)

R 2. . L2 L2
@(xo 1 x1 1 x2) = (xg : XoX1 © XoX2 1 X| : X1X2 : X3).

To prove the theorem we need the following lemma due to Ying and Ikeda [17]. They prove
it using a more general theorem of Justesen, Larsen, Jensen, Havemose and Hgholdt {11].
Pellikaan gave the following direct proof.

LEMMA 3 ({17]) Any 5 points Py, P>, P3, P4, Ps on a plane 3-arc are mapped by ¢ to 5
independent points in PG(S, q).

Proof. Supposethepoints¢(P;),i =1,...,5,inPG(5, q) are dependent, so they lie in the
intersection of two hyperplanes. This means that the Py, P, ..., Ps lie in the intersection
of two plane quadrics which implies that, by Bézout’s teorem, the quadrics must have a line
in common containing at least four of the P;, i = 1, ..., 5. This contradicts with P; lying
on a plane 3-arc. ]
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THEOREM 13 If there exists an [n, 3, n — 3] code over F,, then there is an [n,n — 6, 6]
code over Iy,

Progf. The columns of the generator matrix of an [n, 3, n — 3] code over F; form a plane
3-arc in PG(2, g). Applying ¢ to these columns yields n points in PG(5, g), every 5 of
which are in general position by Lemma 3. The resulting matrix is hence a parity check
matrix of an [n, n — 6, 6] AMDS code. [ ]

6. Lower Bounds on u(7, q)

Using algebraic geometric codes we can construct an infinite class of AMDS codes. The
following result by Tsfasman and V1idut was also used in [7].

THEOREM 14 ([16], Chapter 3.2) Let g = p™. Then, forallr,1 <r <2q

W q) > q+12/4] ifpll2/q)andm > 3, m odd
= g+ 2/9] + 1 otherwise.

Constructing other infinite classes of AMDS codes of considerable length appears to be
hard.

Apart from the infinite class of codes from elliptic curves, the quadratic residue codes
are candidates (they include the maximal {8, 4, 4] over [, [12, 6, 6] over [F3 and [12, 6, 6]
over IF4). Using a computer to find the real minimum distances of quadratic residue codes
over small fields we find the following almost MDS codes.

THEOREM 15 The following QR codes are self dual AMDS codes.

]FZ: [8¢ 4’ 4] ]Fg: [20, 10, 10]
F5: [12,6, 6] Fy: [20, 10, 10]
Fs: [12,6, 6] Fi3: [18,9,9]

Fs: [12,6,6] Fyp: [20, 10, 10]

Remark 6. Over larger fields the construction of AMDS codes using quadratic residue
codes gives codes of poor length. The QR construction gives no nice results in these cases.

The next construction we will consider is a free construction using a computer. In PG(4, q)
(vielding [n, n—5, 5] codes) this gave the following results that improve on the constructions
mentioned above.

THEOREM 16 The following parity check matrices give AMDS codes:

e PG(4,5): [12,7, 5] code:

100110001111
010441100112
001020101241
000440210221
000413104342
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e PG(@4,7): [16, 11, 5] code:

1100110111111 111
011000013344456¢6
0001351654226006
0600305534044640¢0
0500034224263624

For small g the maximum sizes of plane 3-arcs are known (see the Ph.D. thesis by Ball [1]).

THEOREM 17 ([1]1) The maximal length of a plane 3-arc is:

4 5 7 8 9
9 11 15 15 17

For q = 11 the maximal length of a plane 3-arc is bounded by 21 < n < 22 andforq = 13
we have 23 <n < 27.

Rephrasing this result in terms of AMDS codes and using the embedding ¢ of the previous
section we find the following.

COROLLARY 4 AMDS codes with the following parameters exist:

Field plane 3-arc  embedded code
F [9,3,6] [9, 3, 6]
F, [9,3, 6] (9,3, 6]
Fs [11,3,8] [11,5, 6]
F, [15,3,12] (15,9, 6]
Fsg [15,3,12] [15,9, 6]
Fo [17,3, 14] [17, 11, 6]
Fy [21, 3, 18] [21, 15, 6]
Fi3 [23, 3, 20] [23,17, 6]

7. A Table of u(r, q)

In this section we will explicitely compute the upper bounds and compare them with the
lower bounds by putting them in a table. We have chosen to make a table of u(r, g) but
we also could have taken u®(r, g) (the upper bounds in the right upper corner would be
considerably lower).

Remark 7. The entries in the table below are implied by the following results:
e For g = 2, 3 and 4 the results are well known [3].

e Forr = 2 see Theorem 3, for r = 3 see Theorem 5.
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e Forr =4,...,q — 1 the Hamming bound is used together with Lemma 1, except for
(r,q) =(6,7), (8,9)and (10, 11) where Theorem 4 is used.

e Forr=gq,...,2q — 3 use Remark 4.
e The cases r = 2g — 2 and 2g — 1 follow from Corollary 2.
e The bound r < 2¢q is Theorem 7.

e The codes giving the lower bounds for » = 4, ..., 2q — 3 are constructed in Section 6
or are shortened versions of these, except for the [16, 2, 14] and [15, 2, 13] codes over
F» whose existence follows from Theorem 9.

q

d r 2 3 4 5 7 8 9 11

3 2 7 13 21 31 57 73 91 133
4 3 8 10 17 26 50 65 82 122
5 4 11 11 1220 16-30 14-36 16-43 22-57
6 5 12 12 12-14 15-31 15-37 1744 23-58
7 6 9 10-15 13-28 14-34 17-39 18-49
8 7 10 11-16 13-20 14-35 18-40 18-50
9 8 11 13-21 14-23 19-36 19-50
10 9 12 13-22  14-24 20-26 20-51
11 10 14-23  14-25 16-27 18-44
12 11 15-24 15-26 16-28 18-32
13 12 15 15-27 16-29 18-33
14 13 16 16-28 17-30 18-34
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