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Abstract. A Lagrangian statistics-trajectory model based on a Markov chain retation is used to investigate 
vertical dispersion from elevated sources into the neutral planetary boundary layer. The model is fully 
two-dimensional, in that both vertical and longitudinal velocity fluctuations, and their correlation, are 
simulated explicitly. The best observational information currently available is used to characterize the mean 
and turbulent structure of the neutral boundary layer. In particular, a realistic vertical profile of the 
Lagrangian integral time scale is proposed, based partly on a review of direct measurements and partly on 
a comparison of the model predictions with published diffusion data. The model predictions are shown to 
agree well with a variety of dispersion observations. 

The model is used to study vertical diffusion as a function of release height H, friction velocity u* and 
surface roughness za for downwind distances up to 10 km from the source. The equivalent Gaussian 
dispersion parameter cr, is shown to decrease slightly with an increase in H, and to increase with increases 
in z0 or u*. It is demonstrated that relationships valid in a field of homogeneous turbulence can be applied 
to vertical dispersion in the atmosphere if the release occurs above the region of strongest gradients in the 
mean and turbulent parameters. Scaling in terms of the standard deviation in elevation angle of the wind 
at the release point leads to a universal curve which provides accurate estimates of uZ over a wide range 
of values of H, Z, and the meteorological parameters. 

1. Introduction 

Lagrangian statistical-trajectory models have recently been used with considerable 
success to simulate vertical dispersion in the atmosphere. These models predict the 
concentration field downwind of a given source from the statistics of the trajectories of 
thousands of fluid elements tracked individually through the atmosphere. Each element 
is subject to advective transport by a prescribed mean wind field, and to turbulent 
*motion by random velocity fluctuations, which can be generated by a Markov chain 
relation if the time step of the model is chosen to be much less than the Lagrangian 
integral time scale, T,. The advantages of the statistical-trajectory technique over the 
more traditional approaches to dispersion modelling have been discussed by Wilson 
et al. (1981a) and Sawford (1982), among others. 

Smith (1968) was the first to suggest that atmospheric dispersion could be modelled 
by a Markov chain process. The first calculations were performed by Thompson (1971), 
who applied the technique to an arbitrary formulation of the problem of diffusion from 
a stack upwind of a mountain range, and obtained reasonable qualitative results. Hall 
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(1975) demonstrated that the technique could in fact produce physically realistic results 
by simulating observations of dispersion in the atmospheric surface layer under neutral 
and unstable conditions. 

Subsequently, a number of authors have refined the Markov chain model for appli- 
cation to dispersion in the surface layer. Reid (1979) introduced a realistic vertical profile 
of TL, and treated elevated as well as surface releases. Wilson et al. (198 la) provided 
insights into the technique through a coordinate tr~sfo~ation, which allowed diffusion 
in a field of inhomogeneous turbulence to be interpreted in terms of diffusion in a 
homogeneous field. Vertical variations in the turbulent velocity and length scales were 
taken into account in an intuitive fashion by Wilson et al. (198 lb), and more rigorously 
by Legg and Raupach (1982) in an analysis which demonstrated the connection between 
the Markov chain procedure and the Langevin equation. Finally, Ley (1982) incor- 
porated detailed info~ation about the structure of the lon~tud~al component of 
turbulence into the model, and so was able to model explicitly the vertical momentum 
flux. 

Application of the statistical-trajectory technique to the problem of dispersion 
throughout the entire depth of the planetary boundary layer (PBL) has been limited by 
the lack of observations on the vertical variation of the required parameters. Lamb 
(1978) avoided this difllculty by using wind and turbulence fields generated by 
Deardofls boundary-layer turbulence model, to study dispersion from elevated sources 
in the convective PBL. Reid and Crabbe (1980) and Reid (1981) modelled dispersion 
in the neutral PBL, but adopted profiles of mean and turbulent wind speeds that were 
more appropriate to the surface layer. Better profile isolation is presently becoming 
available from analyses of the data collected during boundary-layer experiments con- 
ducted in Australia (Clarke, 1970; Clarke et al., 1971) and in the United States 
(Readings et al., 1974). Hanna (1980) has made use of this information in a Markov 
chain model to determine the effect of release height on dispersion in the unstable PBL 
over downwind distances on the order of the mixed-layer depth. 

It is the purpose of the present paper to use a Markov chain model to investigate 
vertical dispersion in the neutral PBL for downwind distances up to 10 km from 
continuous, elevated point sources. The model predictions will be compared with 
observations, where they exist, and shown to be physically realistic. The effects on 
dispersion of systematic variations in release height, surface roughness and the meteoro- 
logical variables will be studied and discussed. 

2. Description of the Model 

The present model is similar to those described by Reid (1979), Wilson et al. (1981a, b) 
and Legg and Raupach (1982). In each simulation, trajectories of air parcels released 
from the source are tracked through the atmosphere by inte~ating the Lagrangian 
equations: 

dX 
- = u(z, t) = E(z) + u’(z, t) , 
dt 

(14 
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dz 
- = w(z, t) = W(z) + WI (ii t) , 
dt 

in a coordinate system in which the x-axis is parallel to the mean wind direction and 
the z-axis is directed vertically upward. ii and J are the mean wind speeds in the x and 
z directions respectively, and are assumed to be given functions of z. U’ and w’ are the 
fluctuating components of the wind and are calculated in a manner to be described 
below. No motion is allowed in the direction perpendicular to the x-axis in the horizontal 
plane, so that the results represent either point co~ccntrations due to an infinite line 
source, or crosswind inte~at~ concentration due to a point source. Trajectories are 
abandoned once they pass beyond the greatest downwind distance of interest. Trajec- 
tories are forced to undergo perfect refLection at z = z,, where z, is the surface roughness 
length; if a trajectory hes below z, at the end of a time step, it is relocated an equal 
distance above z,, and the sign of its vertical velocity reversed. 

Following Smith (1968) and Legg and Raupach (1982), the vertical velocity w at time 
t + At is generated from the velocity at some previous time t through a Markov chain 
expression: 

where F is a random number, chosen by standard numerical techniques, from a 
Gaussian dist~butio~ with zero mean and unit variance. o, is the standard deviation 
in Eulerian vertical velocity, which will be assumed to equal the Lagrangian standard 
deviation. R, is the Lagrangian autocorrelation coefficient of vertical velocity at lag time 
At: 

JL(AO = 
w’(t)w’(t + At) 

2 
w 

where the overbar denotes an ensemble average. The final term on the right of 
Equation (2) accounts for the vertical pressure gradient which arises when o, is a 
function of height. Hanna (1979) has shown, through an analysis of tetroon trajectories, 
that the Markov hypothesis provides an accurate description of turbu&nt Lagrangian 
wind speeds in the PBL. 

In the limit A$ -+ 0, R, takes on an exponential form 

R,(At) = exp( - At/TLw) (3) 

where TL,, the Lagrangian integral time scale for vertical fluctuations, is given by 

co 

T = Lw 
s 

R,(z) dz . 
0 

Expression (3) was used in the present calculations; it is attractive from a theoretical 
point of view (Term&es, 1979), and fits the observed data fairly well ofanna, 1981a). 
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Time-dependent values of the longitudinal velocity fluctuation U’ were generated from 
a modified Markov relation: 

sft f At) = KY(~) + yq 

u’(t + At) = s(t + AL) -I- ,Ow’(t I- At). (4) 

Here, cr, 0, and y are coefficients to be determined, q is a random variate with zero mean 
and unit variance, and s is a dummy recursive variable. This formulation difFers from 
that of Ley (1982) in that the wi component is not included in the recursive part of 
Equation (4). This variation was found to be necessary in the present model, in which 
R, (the Lagrangian autocorrelation coefficient for u’) is assumed to be much larger than 
R, near the ground. In such cases, inclusion of the w’ term recursively would allow the 
~u~tuating horizontal velocities to build up to large values along those trajectories near 
the outer edges of the plume, which by their nature are characterized by large vertical 
velocities of uniform sign over a major part of their history. The result would be 
artificially large (or small) concentrations, as would become evident if a mass balance 
were calculated. 

Expressions for ct, @, and y can be deduced by a~~ly~g the following conditions: 
(i) The Lagrangian aut~o~e~at~on coefficient for U’ is given by 

u’ (c)u’ (t + At) 

where rr, is the standard deviation in Iongitudinal velocity, 
(ii) The normalized covarianee of the ~on~tudina1 and vertical vefoeity Au&rations 

takes on a given functional form: 

u’ (c)w’ (c) -~ = 24 = r(z) 
% %J % %J 

where u+ is the friction velocity. 
(iii) The turbulent energy is conserved: 

u12(c) = ti , 

A~~l~~~ these conditions, we obtain: 

o! = (RcR, - rZR,)j(l - r2) 

y = rr,[(l - a”) (1 - ?)]“2. 

The Ion~tu~na~ velocity ~~ctuations have a relatively small effect on the model 
predictions; for a typical simulation from an eievated source, their inclusion increased 
z and a, (integrated statistics of the vertical concentration profiles, defined in 
Equations (6) and (8) below) by less than 5% at all downwind distances, with the 
greatest effects occurring within 2 or 3 km of the source. 
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In routine application of the statistics-traje~to~ model, the atmosphere was divided 
into cells of length Ax and height AZ. The length of time spent by each trajectory in each 
cell was recorded when the trajectory was calculated. If the time spent in cell i by 
trajectory j is denoted as Ti,, then the concentration x in cell i is given by (Lamb et al., 
1979): 

where Q is the release rate and NT the total number of trajectories followed. Confidence 
in this statistical estimate will be greatest for large values of 

values that can be achieved either by increasing NT or by expanding the cell dimensions. 
Neither of these alternatives is particularly attractive, since an increase in NT results in 
an increase in computer time, while an increase in Ax or AZ reduces the resolution of 
the model. In practice, the cells are allowed to expand in size with downwind distance, 
so that the expected change in concentration across the extent of the cell at a given value 
of x was limited to a few percent. The number of trajectories required to produce 
statistically steady results was then determined by examining the trends in intermediate 
values of xi. Typically, between 3000 and 5000 trajectories were necessary to obtain 
convergence. 

The size of the time step used in the integration of Equation (1) determines the scale 
of dispersion that can be studied by the statistical-trajectory technique. Hall (1975) has 
shown that it is necessary to have 

At 6 TL,, (5) 

in order to model realistically the dispersion process near the ground. Since TLw is a 
function of height in the atmosphere, a convenient way to ensure conformity with 
Equation (5) at all levels is to set At/T=, = constant $ 1. Such a formulation has an 
additional advantage. We shall see in the next section that, near the ground, TL, N Z/U* 
and &2/8z N u*/z. Thus if At is propo~ion~ to TL,, it will also be propo~on~ to 
(&/a~) _ ‘, the time scale of changes in mean velocity in the vertical, assuring uniform 
accuracy in the finite-difference solution of Equation (1) at all levels. 

A series of simulations carried out using the present model has shown that the 
predicted values do converge as At/TLw is decreased. The calculations discussed below 
were obtained with At/T=, = 0.1, a value which produces results within about 4% of 
those obtained in the limit as At/TLw approaches zero, and which is reasonably economi- 
cal in terms of computer time. 

Vertical concentration profiles, calculated using the model described above, were 
characterized by statistics such as the mass mean height, the profile standard deviation, 
and the equivalent Gaussian standard deviation, defined respectively by 
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rJ&) = [M*/M,) - PI”2 ) (7) 

CJJX) = [M*/M,) - PI”2 (8) 

where H is the release height and it4, is the n-th moment of the concentration profile 
about the surface: 

m 

M,(x) = 
s 

x(x, z)z” dz . (9) 
0 

Note that o,, as defined in Equation (8), is the standard deviation of mass in a plume 
that is normally distributed about the level H. 

3. The Model Atmosphere 

Implementation of the model described above requires detailed knowledge of the mean 
and turbulent structure of the PBL. This is both a strength and a weakness of the 
statistical-trajectory technique: it makes maximum use of observational data, but 
requires information that is not always available, The profiles of U, u*, o,,,, o,, TL,, and 
TLu (the Lagrangian time scale for longitudinal velocity) used in the present model are 
based on the best information currently available, and are discussed in turn below. 

3.1. U PROFILE 

An analytical expression proposed by Long (1974) was adopted for the mean wind 
profile. Long’s expression, which is based on the boundary-layer similarity theory of 
Csanady (1967) and Gill (1967), takes the form 

U(z) - u, 1 
= i [ln@/a,) + a,(12 - a:) + a,(P4 - a;)] 

u*o 
(10) 

where a subscript 0 indicates evaluation of z = 0. The parameter k is von Karman’s 
constant, here taken equal to 0.4. The non-dimensional height 1 = fi/~*~ has been scaled 
in terms of the depth h of the neutral PBL: 

h = a,u*,/f 

where f is the Coriolis parameter. U, is the longitudinal component of the geostrophic 
velocity, and is given, together with the transverse component V,, by the so-called 
resistance laws: 

V, = - Aue.,/k . (11) 

Here A and B are supposedly universal constants under neutral conditions, but published 



estimates of their vahtes vary widely. We shall adopt A = 5.0 and B = 1.0, ~~s~~te~t 
with the recom~e~da~ons of Arya (1975) and Clarke and Hess (1974). 

Specification of Equation (10) is completed by determining the constants o2 and a,, 
which can be found from the boundary conditions (Long, 1974): 

a2 = 6@/4 - B - lna,)/a: , 

3.2. u* PRoFXLE 

The vertical profile of u* is also taken from Long (1974), who integrated the equation 
of motion in the longitudinal direction to obtain 

The co~st~ts b, and b, were found Corn app~~c~t~on of the aids co~~t~o~s to be: 

Note that for small z, Equation (12) reduces to 

as required near the ground ~P~o~s~~~ 1973) The ~eha~our of u* at upper kveIs is also 
correctiy described by Equation (IZ), which predicts ~~~~) = 0. 

3.3. 0, PlKxxE 

Surface-layer similarity theory predicts that o, at ground level is proportional to u*c in 
neutral conditions; here we shall assume 

a,, = 1*3u+,, (141 

adopting the p~opo~on~~ty constant r~omme~ded by Panofsky etai. (f977). 
~e~urements by Yo~oy~a (3971) (reported by P~ofs~y~ 1973), and an analysis by 
~ojs~p (1982) of the spectra oboes during the ~~~eso~ bounds-Iayer experi- 
ment> suggest that Equation (14) continues to bald up to heigfrts of at least OS h, if the 
ground-level values CT,+,~ and u*, are replaced by locat values: 



~Qun~-l~el values @&+,a arid @s@ are replaced by Iocal values: 

q,(2) = 1. *J?&(z) 1 blffl 

For the present ca.lculations, Equation (15) was assumed to hold throughout the depth 
of the PBL. 

The value of the ~~~po~~on~~ty constant c is not well known. On the basis of the 
available observational data, Hunt and Weber (1979) suggest c = 0.25 5 0.12. A similar 
value, c = 0.24, is obtained by requiring that the length scales for the transport of mass 
and momentum bc equal under neutral conditions, Other investigators using the statis- 
tical-trajectory t~c~~~que have traditio~~l~ adopt4 a c-value that results in the best 
fit between model ~~~~~t~o~s md field ob~va~~~s~ This approach has yielded values 
ruing from 0*24 QLeu, 19X2) to 0.4 (R&d, 1979; wi.lsm isad*, 138fC)% 

The manhour d Tf& above the surface lays was deduct from Qbse~ra~o~s of the 
fiertical vefncieyl Spe&mm at t2%ese he$&. The ~~erj~ time scale TE, is p~~~~al 
to .4m,~ (Pasq~~l~ 1974; Harm& 1923la& whefe Jqn, is the eyelets at which ibe 
~~~th~c vertical. w&city spectrum attains its ~a~~~~~ vaiue. FL,” is therefore also 
proportional to X,,/G if the hypothesis of Way and Pasquill(1959) relating Lagraugiau 
and Eulerian time scales is accepted. Observations of A,, discussed by Hanna (1968), 
Pasquill(1974), Wmser and Muller (1977) and Grossman (1982) suggest that the linezti 
increase in T,*. with a is not maintained above the surface layer; rather, TL,v nmt 
increase more sk~ly heron am3 eventually beconx: u&km or decrease with height. 
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were for the most part elevated, the dispersion measurements themselves were made at 
ground level, so that it is not clear at what height these TL, values should be applied. 
The values quoted by Hanna (1979, 1981a) were derived from the Lagrangian auto- 
correlograms formed from direct measurements of the position of neutrally buoyant 
balloons. The direct measurements might overestimate the neutral value of TL, to some 
degree, since they were obtained under unstable conditions. The values shown in Table I 
are reasonably consistent with the hypothesis that T,-, N 100 s, independent of height 
above 300 m in neutral conditions. 

TABLE I 
Observations and estimates of TLw above the surface layer 

Observer Height of measurement 
64 

Stability 

Draxler (1976) 

Neumann ( 1978) 

Hanna (1979) 
Las Vegas data 
Idaho Falls data 

Hanna (1981a) 

elevates sources (46- 152 m) 

surface and elevated sources (108 m) 

400-500 
mid PBL 

300 
700 

stable 60 
unstable 300 

neutral 70 

daytime conditions 57 
unstable 163 

unstable 70 
unstable 90 

Hanna (1981b) has recently suggested that the functional dependence of TL, upon 
height can be described analytically by 

where d is a constant. Profile (17) increases monotonically with height, asymptotically 
approaching a value of c/(df) at great heights. This asymptotic value is independent of 
uyo, in agreement with observations by Hanna (1968). A value d = 40 ensures that 
T L, N 100 s at great heights if c = 0.4. Although the observational evidence for these 
values is not conclusive, it will be shown in Section 4 that they produce results in good 
agreement with diffusion measurements. 

3.6. TL, PROFILE 

In the absence of direct measurements, information on the TLu profile must come from 
the available observations of the vertical variation of the longitudinal velocity spectrum. 
The data summary presented by Pasquill (1974), and the analyses of the Minnesota 
observations by Kaimal et al. (1976) and Hojstrup (1982), indicate that the shape and 
scale of the u-spectrum change only slowly with height in the neutral PBL. The ratio 
4,,,i4,,,,,, where L, is the peak wavelength in the u-spectrum, is approximately 10 near 
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the ground and unity at upper levels, where the spectra of all three velocity components 
take on the same shape. Accordingly, we adopt a profile 

T,+- (1 -,-4009, 

fd 

which ensures that TL, shows little height dependence throughout most of the PBL, with 
T L, N 10 TL, near the ground and TL, = TL, at great heights. 

4. Comparison of Model Pr~i~tions with Observations 

There exist very few direct observations of vertical dispersion against which to compare 
the model predictions. Dispersion in the surface layer was well-documented in the 
Project Prairie Grass (PPG) experiments (Barad, 1958; Haugen, 1959), and these 
results will be used to verify the predictions of the model near the ground. At greater 
heights, the model results will be compared with the observations from an elevated 
source obtained by Hogstrom (1964) in Sweden. 

The PPG experiments were carried out in Nebraska at latitude 42” N over flat, 
uniform terrain characterized by z. = 0.8 cm. Vertical concentration profiles were 
measured 100 m downwind from a continuous point source of sulphur dioxide, located 
at a height of 0.46 m. The profiles obtained under neutral conditions were characterized 
by Z = 3.5 m (Nieuwstadt and van Ulden, 19’78) and cr, = 4.5 m (Pasquill, 1974), where 

Data listed by van Ulden (1978) indicate a mean value Use = 0.41 m s-r for the 
near-neutral runs (runs for which (L 1 > 150 m, where L is the Monin-Obukhov length). 

u~.x/Q 
Fig. 1. Observed (discrete points} and predicted (continuous curves) verticai concentration dist~bution 

under neutral conditions at Project Prairie Grass for three values of the parameter c. d = 40. 
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The mean cross-wind integrated concentration profile observed at PPG under neutral 
conditions is compared with the model predictions in Figure 1 for three values of the 
parameter c. In these calculations, d was set equal to 40, although the results are not 
sensitive to the precise value of this parameter. The value c = 0.4 provides a good overall 
fit to the observed profile, as concluded previously by Wilson et al. (198 lc), and allows 
for a slight loss of SO, at the surface through dry deposition. 

With c = 0.4, the predicted values of Z and om are 4.15 and 5.50 m, respectively, some 
20% higher than the observations. This discrepancy cannot be considered significant, 
however, since variations of this size can resuft from only minor changes in profile shape. 
In addition, the observed profiles were defined by relatively few obse~ations at upper 
levels, which are the levels to which dete~inations of Z and a, are most sensitive. 

HiSgstrom’s (1964) study was carried out at a latitude of 59” N at Agesta, Sweden, 
over rolling forested terrain characterized by z0 = 0.59 m. A series of 30-s smoke pnffs, 
released sequentially from a height of 50 m, was photographed to yield estimates of the 
standard deviation of material within each puff, and the standard deviation of the 
displacement about the puff centres. These two measurements were then combined to 
give the total spread of material. Although these results are based on a quasi-instanta- 
neous source, the analysis of Hunt and Weber (1979) indicates that they may be applied 
with little error to a continuous source. 

The comp~ison of Hogstrom’s neutral observations with model predictions is shown 
in terms of a, in Figure 2, with c = 0.4, u*e = 0.51 m s-l (as indicated by wind profile 
measurements at the site), and three different values of d. Good agreement is obtained 
with d = 40, a value consistent with the observations of TL, discussed in the previous 
section. 

0 200 400 600 000 cc 

DOWNWIND DISTANCE(m) 

Fig. 2. Observed (discrete points) and predicted (continuous curves) variation of 0; with downwind 
distance under neutral conditions at Agesta, Sweden, for three values of the parameter d. c = 0.4. 

The statistical-trajectory model therefore appears able to simulate realistically vertical 
dispersion in the lower level of the neutral PBL. In the following section, the model will 
be extended to determine the characteristics of dispersion throu~out the PBL as a 
function of z,, Ei, and utO, for downwind distances up to 10 km from the source. 
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5. PBL Simulations 

In each PBL simulation, At/TL, and a, were assigned values of 0.1 and 0.2, respectively. 
A run out to 10 km typically required about 15 min of CPU time on a CDC 6600 
computer. 

The numerical predictions for o, will first be compared with three standard curves 
that are commonly used to estimate 0,. These curves were not used in the previous 
section to calibrate the TLw profile, or to verify the model predictions, since they were 
deduced indirectly from ground-level concentrations measurements and the principle of 
conservation of mass. The values of H, zO, u*e, and f used in the simulations were 
chosen to agree with the values observed at the sites where the standard curves were 
developed. 

10-l I IO 

DOWNWIND DISTANCE (km) 

Fig. 3. Comparison of Brookhaven a, curves (solid lines) with the model predictions (dashed line) for 
neutral conditions, with H = 100 m, z0 = 1 m,f = 9.5 x lo- 5 s- 1 and u*,, = 0.63 m s - ‘. The letters denote 

Brookhaven stability class. 

Figure 3 shows the comparison with the Brookhaven curves (Singer and Smith, 1966), 
assuming H = 100 m, z. = 1 m, z4*o = 0.63 m SK’, andf= 9.5 x 10e5 SK’. The agree- 
ment with the neutral (class C) curve is as good as can be expected given that the 
Brookhaven results are expressed as power laws. The comparison with Briggs’ (1974) 
curves is shown in Figure 4. Although Briggs’ curves are based for the most part on 
diffusion experiments from ground-level sources, a value H = 25 m was adopted here 
(together with z. = 0.03 m, Use = 0.45 m s- ’ and f = 1.15 x 10e4); smaller values of 
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H require considerably greater amounts of computer time. Despite this difference, the 
calculated o, curve agrees quite well with Briggs’ neutral (Pasquill class D) curve, apart 
from an over-estimation of about 20% close to the source. This discrepancy is similar 
in magnitude to that found between observed and predicted o, values in the PPG 
simulation. 

IL--L--J 
10-I I IO 

DOWNWIND DISTANCE (km) 

Fig. 4. Comparison of Brig& CJ= curves (solid lines) with the model predictions (dashed line) for neutral 
conditions, with H = 25 m, z,, = 0.03 m, f= 1.15 x 10W4 s-‘, and UQ = 0.45 m s ‘. The letters denote 

Pasquill stability class. 

-------__ ----_ 

STABLE 
I I 4 I I I I b t 11 

0 I 2 3 4 5 6 7 8 9 IO 
DOWNWIND DISTANCE (km) 

Fig. 5. Comparison of Draxler’s function f, (solid lines) with the model predictions (dashed line), with 
H= lOOm, z,=O.lm, f= 1.11 x 10m4s-‘, and u+,, = 0.5 m SK’. In the numerical analysis, c+ was 

evaluated at z = H. 
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The final comparison is with the formulation for oZ developed by Draxler (1976), who 
assumed that 

(18) 

where fi is a universal function and T is the travel time of an air parcel from the source 
to downwind distance X. Figure 5 shows the comparison betwen Draxler’s expressions 
for f2 for elevated releases and the left-hand side of Equation (18), evaluated from the 
numerical calculations at the release height assuming z, = 0.1 m, H = 100 m, 
m. = 0.5 m s- ‘, and f = 1.11 x 10 - 4 s - I. The results are presented in terms of down- 
wind distance rather than travel time, where it has been assumed that the two variables 
are related through the mean wind speed at the release height (8.72 m s - ’ for this 
simulation). The numerical curve strikes a reasonable balance between Draxler’s stable 
and unstable results. 

The good agreement between the model predictions for crZ and the standard curves 
indicates that the trajectory model provides a realistic simulation of dispersion in the 
neutral PBL over a wide range of release heights and surface roughnesses. The predic- 
tions of the model under systematic variations in H, u*e, and z, will now be examined. 

The dependence of the dispersion process on release height is shown in Figure 6, in 
which 3, cr,, and x0/Q (the normalized ground-level concentration) are shown as 
functions of downwind distance for four different values of H, with z,, and us0 fixed at 
0.1 m and 0.5 m s - ‘, respectively. The effects of release height on Z and x0/Q are 
pronounced near the source, but diminish farther downwind as the plume is mixed 
through a deeper layer. The dispersion parameter a; decreases slightly with H at all 

---_ (a) 
---_ 

200- 
-----_ 

? 
IN 

- H=50m 
-.-.- Hs,OOm - 
--- H-250m 

I 2 3 4 5 6 7 8 3 IO 
DOWNWIND DiSTANCE(km) 

Fig. 6. Variation with downwind distance and release height of(a (b) CT,; and(c) normalized ground-level 
concentration.z,=O.lm,S= 1.11 x 10-4s-‘andu*,=0.5ms~‘. 
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downw~d distances. This result is to be expected with the present model, in which o+ 
decreases away from the ground, and is in agreement with the qualitative discussion 
given by Hanna (1980). However, the reverse effect is apparent in two experimental 
studies that have addressed this question. Vogt et al. (1978) report that measurements 
taken within 10 km of the source under neutral conditions indicated a slight increase 
in o, as H was increased from 50 to 100 m. The a, values used in their study were 
deduced from ground-level concentration measurements, however, so that the small 
differences between these findings and the present results are probably not significant. 
Doran et al. (1978) also report an increase in a, with H, in this case a 50% increase at 
a down~~d distance of 400 m as H was increased from 25 to 55 m. Rowever, the o, 
values used in that study were again deduced indirectly, and in addition were obtained 
under stable conditions; they may not be relevant to the present discussion, therefore. 

The effect of friction velocity on Z, cz,, and x0/Q is shown in Figure 7, in which H and 
z0 have been set equal to 50 and 0.1 m, respectively. In the present model, the ratio s,,,/ii, 
and therefore the rate of growth of the plume, increase with u*,,. In contrast, an increase 
in Use leads to a decrease in TL, and a consequent reduction in the plume spread. The 
net effect of these two processes is an increase in 2 and cr, with u*,,, as shown in Figure 7, 

Fig. 7. Variatian with downwind distance and friction velocity of(a)?;(b) CT=,; and(c) no~~~~alized grwnd- 
level concentration. z, = 0.1 III, H = 50x11, and f= 1.11 x 10e4s-‘. 

together with a shift in the location of the maximum ground-level concentration to 
smaller downwind distances. Smaller values of u+~ lead to lower wind speeds 
throughout the PBL, and so to smaller volumes of air in which a contaminant can be 
diluted. The result is a decrease in x,/Q with increased ti*er as shown in Figure 7(c). 

The dependence of 5 cr,, and x,,@ upon surface roughness is examined in Figure 8, 
in which H has been set to 50 m. In these simulations, the geostophic velocity U, was 
held constant at 12 m s-‘, and a separate value of r+, was calculated from 
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Fig. 8. Variation with downwind distance and surface roughness of (a) 2; (b) 0;; and (c) normalized 
ground-level concentration. H = 50m,f= 1.11 x 10e4 s-l and UX,, = 0.41,0.50, and 0.63 m s-‘, respec- 

tively, for the simulations with z. = 0.01, 0.1, and 1 m. 

Eq~~ation (11) for each vatue of z, . fn this way, the results can be inte~ret~ in terms 
of rfrspersion in a given large-scale ibw which passes OYer terrain of varyhg surface 
roughness, and which comes i&o ~~~~b~~rn with each surface in turn. With this 
convention, an increase in z, leads to an increase in the ratio r~Jtj, and enhanced 
dispersion at all downwind distances, accompanied by a shift in the location of the 
maximum ground-level concentration to smaller distances. The increase in the maximum 
of x0/Q with zO arises from the fact that, in the model, larger values of z. are associated 
with smaller wind speeds throughout the lower levels of the PBL. 

The dependence of q upon z, is frequently expressed through the relation a, - z-6, 
so that p can be evaluated from 

P = hl ~~~~~=~~~~z~~z~~ 
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of p are shown in Figure 9, in which the lower and upper curves were determined using 
paired z,, values of 0.01 and 0.1 m, and 0.1 and 1 m, respectively. Very close to the 
source, p takes on relatively large values independent of z,,. At larger downwind 
distances, p decreases at a rate which is dependent upon zO; the larger values ofp are 
associated with the rougher surfaces. These findings are in agreement with the experi- 
mental values of p discussed by Pasquill (1975). 

Theaumerical values of rrZ are compared in Figure 10 with the curves of Smith (1972) 
and Hosker (1974), which are explicit functions of zO. Although there is general agree- 
ment between the two sets of curves, there are signilicant differences also. They each 
show essentially the same dependence on z,, at small and intermediate values of zO, while 
the present results show a stronger dependence of a, on z0 over rough surfaces. For 
z,, I 0.1, the present values of a, exceed the Smith-Hosker values at small downwind 
distances, while the reverse is true at greater distances. For z, = 1 m, the present values 
of oZ are larger than the Smith-Hosker values at all distances, although the shape of the 
two curves is similar. It is not unreasonable that the two sets of curves differ in 
magnitude near the source, since the Smith-Hosker curves apply to releases near the 
ground, while a value H = 50 m was adopted for the numerical calculations. However, 
the sense of the difference in magnitude is opposite to what might have been expected, 
and the difference does not become small at larger downwind distances, as it would if 
it were due entirely to an inappropriate choice for H. 

DOWNWIND DISTANCE (km) 

Fig. 10. Comparison of the Smith-Hosker a, curves (solid lines) with the model predictions (dashed lines) 
forthreevaluesofz,.H=50m,f= 1.11 x 10-4s~‘,UG=20ms-‘,andu+,=0.65,0.80,and0.99ms~’, 

respectively, for simulations with r, - 0.01, 0.1, and 1 m. 

It should be noted that the results shown in Figure 10 were obtained with 
U, = 20 m s - ‘. The smaller values of U, used in the simulations previously discussed 
lead to much poorer agreement between the 2 sets of curves. The Smith-Hosker curves 
therefore appear to give the best results when applied under conditions of strong winds. 

An attempt was made to organize the predicted values of a, in terms of Draxler’s 
(1976) theory as represented by Equation (18). The parameter values used in the 
simulations that were run for this analysis are given in Table II. Application of 
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TABLE If 
Parameter values fur the simulations presented in Figures I1 and I2 

Simulation 

0 
1 
2 
3 
4 
5 
6 
7 
& 
9 

% 
gs-1) 

C&o H f 
m (m s-l) (ml @-‘I 

0.01 12.0 0.41 50 1.11 x 1o-4 
0.1 i2.0 0.5 25 1.11 x 10-4 
0.1 6.9 0.3 50 1.11 x 10-O 
0.1 12.0 0.5 50 1.11 x 10-d 
a.1 12.5 0.5 50 7.21 x 10-5 
0.x f I.7 0.5 5a 1.41 x tO-d 
O*f 20.0 0.8 50 1.11 x Ia-4 
a.1 12,o a.5 Ia0 l.II x Ia-4 
a.1 12.0 0.5 250 I.11 x 10-4 
2.0 12.0 0.63 50 Lii x 1a-4 

Equation (18) in a field of vertically inhomogeneous turbulence is made difficult by the 
need to characterize the spread of the plume in terms of turbulence measurements made 
at a single height. There are two obvious choices for this height, Hand 2, with Z perhaps 
being the more natural since this is the level at which the bulk of the plume resides. A 
plot of a&q,) versus T/TLwt in which G+, 2i and r&w have been evaluated at 2, is shown 
in Figure f 1. tiis seaiing is quite ei%ective in or~~zj~g the data, es~~~~ at the I 
down~nd distances where Z becomes ess~ntja~~~ independent of 2%. A~thongb it does 
not appear possible to produce an entirely un&ersJ curve through scalmg according to 

Fig. 11, Variatiovl OF a&+) with T/TLw. CT+, ii, and rAW have been evaluated at z = %. The curves are 
depicted by numbers which correspond to the simulations listed in Table II. 

Equation (183, the scatter evident in Figure 11 is impressively smalI considering the wide 
range of parameter values which the data represent. The small scatter also suggests that 
rela~5nships~ swb as Equation (IS), which assume the existence of a horno~~e~~s 
t~b~en~e field, can be app%ed to vertical ~s~ers~o~ in the a~os~here if the release 
ffccurs above the region of stronges% gradients in the mean and turbulent parameters. 
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Fig. 12. Variation of ~J(xu+,) with fu+. o,++ has been evaluated at z = H. The curves are depicted by 
numbers which correspond to the simulations listed in Table II. The solid line corresponds to 

Equation (19). 

It is unlikely that estimates of Z or T,., will be available in most practical situations 
where a value of o, is required. A simpler form of Equation (18) 

was investigated in analogy with an expression suggested by Pasquill (1976) for the 
horizontal dispersion parameter oY, but this scaling leads to scatter that is too great to 
make the results particularly useful, On the other hand, Figure 12 shows that the 
predictions collapse into a universal curve when the data are scaled according to 

where C? = fx/u*,, and a+ is evaluated at z = H. The curve drawn through the data points 
has the form 

0, 1 -= (19) 
X0+ 1 + 14.7($cQ.69 

Equation (19) provides a simple means for the reliable prediction of o, over a wide range 
of values of H, z, and the meteorological parameters. Estimates of o,(H) and ueo can 
be obtained fairly easily by direct measurements, or indirectly from routine meteoro- 
logical observations (Draxler, 1979). 

6. Conclusions 

The results of the previous section indicate that the statistical-trajectory model can 
simulate realistically vertical dispersion in the neutral PBL within 10 km of elevated 
point sources. This in turn implies that the profiles adopted here for a, and TLw are also 
realistic, to a height of at least 500 m. The statistical-trajectory model is therefore 
available, as an alternative to the more traditional dispersion models, to investigate 
complex problems of atmospheric diffusion in the PBL. 



The main ~o~~lusjons to emerge f&m the present study are added Mow: 
(i) At a.8 downwind distances, o, decrertses slightly with an increase in release height. 
(ii) Larger v&es of t+, result in huger values of Z and u,, and a reduction in 

ground-level concentrations. 
(iii) An increase in z, leads to enhanced dispersion at all downwind distances. Over 

rough surfaces, the present model predicts a stronger dependence of a, on zO than do 
the 0; curves of Smith (1972) and Wosker (1974). The latter curves appear to apply best 
to strong-wind conditions, 

(iv) ~ela~o~ships valid in a field of homogen~us t~~~~e cm be appear to 
verkkal aspersion in the a~osphe~ if the release occurs above the 
~adie~ts in the mesa and tur~~~e~t ~~~~ers. frr a Vicky ~~ho~~~~us atmoa- 
pbere9 the spread of a p&me caz~ be ~~~a~t~~~ reasonably weff by &al statistics of 
turbulence if the statistics are measured at a height Z(x). 

{v) Scaling in terms of flu eo, a measure af the depth of the neutral PBL, and in terms 
of O&H), the standard deviation in elevation angle measured at the release height, leads 
to a universal curve (Equatian (19)) which provides accurate estimates of a, over a wide 
range of values of H, z. and the meteorological parameters, 
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