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Starting from the equation of Gor’kov and Eliashberg in a form introduced by
Filenberger, we derive a set of linearized equations for the deviation from the
equilibrium value of the quasiparticle distribution function as well as of the
order parameter. These equations resemble the Boitzmann equation and the
Ginzburg-Landau equation, respectively, and they form a set of coupled
equations. Two different modes can be distinguished, depending on whether the
order parameter changes in magnitude or in phase. The equations are solved
for the case of a stationary quasiparticle injection into a superconductor and
the change in the electrochemical potential of the quasiparticles is calculated.
Furthermore, we treat the problem of a current flowing perpendicular to a
superconducting—normal interface in which a normal current is converted into
a supercurrent, and we calculate the extra resistance of the interface.

1. INTRODUCTION

From the very beginning, the BCS theory! has been successful in the
explanation of dynamic processes such as electromagnetic absorpticn,
attenuation of ultrasound, and, in particular, nuclear spin relaxation. These
(and many related) processes are characterized by the fact that they can be
explained entirely in terms of quasiparticles and that changes in the order
parameter do not need to be taken into account.

Later, many phenomena were found where changes in the order param-
eter play a prominent role. Vortex motion, for instance, is a well-known
example of such a case. Many investigations, both experimental and theoreti-
cal, have been devoted to this subject.* In this connection, the question
arises of how quasiparticles recombine to Cooper pairs; this prablem has
been dealt with.* % Also, the relaxation of the pair density is a related problem,

*We cite here only two of the more recent publications,”*? in which further references may be
found.
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which has been investigated theoretically® and experimentally.” The same
is true as regards nonequilibrium stationary states that are obtained by
application of intense electromagnetic radiation.®® Finally, we mention
the observation>®'? of finite voltage differences in a superconductor. This,
in particular, has stimulated the present work.

The model on which the following calculations are based is a super-
conductor where the electrons interact, mediated by phonons, and where
impurity scattering is large. We will assume that the phonons are in an
equilibrium state of definite temperature, and that the deviations of the
electronic system from equilibrium are so small that a linearized theory is
applicable. This may be so in many cases of practical interest ; it also allows
the classification of various modes. When dealing with specific situations, we
restrict the discussion to the vicinity of the transition temperature. There, we
may easily single out the modes that involve the order parameter since the
characteristic times become infinite at a second-order phase transition.

In Sections 2-4 we present the theory in a form most convenient for the
present purpose (and also, very likely, 1o many others). Essentially, the theory
is based on the work of Eilenberger'® and Eliashberg.'* In Sections 5 and 6
we treat the stationary processes in which injected quasiparticles and a
normal current are converted into a supercurrent. In Section 7 we solve
some simple time-dependent problems and discuss the physical interpreta-
tion of the various quantities and resuits of the theory.

2. THE EILENBERGER EQUATIONS

The approximate momentum independence of the electronic self-
energies allows us to simplify considerably the Gor’kov equations, which
we consider in the modification introduced by Eliashberg.'* It was noted
first by Eilenberger!® (and independently by Larkin and Ovchinnikov'®)
that these equations can be presented in terms of a contracted matrix
Green's function®

G,,(w, )= iné G(w, o'+ %:r — % exp (—ipr’) d°r’ (N

and that this Green’s function is normalized

(GG = (1/T) 8- T (2)
which we have written in a form using the short-hand notation
{AB} . = Ty Alw, 0")B(w", w) (3)

*We follow the notation of Ref. 16. Discrete Matsubara frequencies will be denoted by o, o', etc.
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The resulting equations can be simplified further in the dirty limit
Tz, « 1, which we consider exclusively in the following. Following Usadel,'’
we introduce the angular average

Glow, w';r) = f (dﬂp/4n)(7p(0). w':r) (4)
and obtain the flundamental equation
oty + iU +iZ,, + (1/21)%,G15, Gl o
= D{[V — ieAt;. G[V — ieA%;, G]l} 0 (5)
Here D = »{t,/3 is the diffusion coefficient, 7, is the spin flip time, A is the
vector potential, and #, are the Pauli matrices. The perturbation is denoted
by U, which, for instance, in the case of an electric potential, is given by

e¢ - 1. Furthermore, the electron—phonon interaction contributes the self-
encrgy

=

Lo, o' 1) = inATZ Bi@Glw + @, + ;1) (6)

where
Ble) = f(dﬂ,ﬂn)ﬂ(p Vo) )

is the angular average of the phonon Green’s function normalized such that
B0} = — 1. The dimensionless interaction constant 4 is also known to
measure the mass enhancement.
In a state of equilibrium, the solution of Eqs. (5) and (6) is of the form
G9Yw) = alm)iy + f@)y; T5o) = plo)iy + awh, (8)
where
g = [exp (= ift3)), (9)

and 6 = f(r) has been chosen such that f is real and positive. We will have
f = (0 in most of the cases we consider later. Due to the normalization, we
have o? + % = 1. In a homogeneous superconductor (f = 00) without
paramagnetic impurities, « and [ are of the form

Aow) =A@ + AV Blo) = M@ + A% (10)

where @ = w + ipand A = is.

3. THE LINEARIZED BOLTZMANN EQUATION

In the presence of a perturbation of frequency w,, there is a linear
response

8G = 8Gilo, w — wy); 6L = 6% (m, 0 — o)
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in the Green’s function as well as in the self-energy. In a straightforward
way, one obtains from Egs. (2), (5), and (6) a set of linear, inhomogeneous
equations for these responses.

Since these equations are given in the Matsubara representation, one
must exercise particular care in changing over to the real frequency form.
Letting wy, = —i2 + 0, ® = —iE — i{}/2, we denote the real frequency
quantities by 8G; and 8Z,. According to Eliashberg,'* these quantities
can he written as the sum of a retarded, an advanced, and an anomalous
part as in the following example :*

E-Q2 ..  E+Q72
T — 3Gy tanh ———

Then, the anomalous part of Eq. (6) assumes the following form:

6G, = 6GX tanh + 5G9 (11)

- dE’
58P — il j o [BN(—E + i) — BA(—iE + iF)]

E—-F E -
X [coth 57 tanh ﬁ] 3Gy

EY\ 7! . -
+4. (47‘cosh2 5?) [6X} + 02¢] (12)
where terms of the order Q? have been omitted, since it will be assumed
that the changes evolve sufficiently slowly in time. Furthermore, corrections
of the order /T to the first term of Eq. (12) have been neglected. We empha-
size that in the stationary (but nonequilibrium) case Q — 0, 6%’ depends
only on 5G'. This means that there is a closed set of equations involving
only anomalous quantities.
In many cases, the linearized equations have such a symmetry that it
is advantageous to distinguish two modes:
(T) 0o, Townizs 565 = a,l + brtosnin (13)
(L) U octy,ty; 0G. = agt, + bit,
Since in the complex plane the change in the order parameter is perpendicular
and parallel to its equilibrium value, we will refer to the modes (T) and (L)
as the transverse and longitudinal modes, respectively, A further important
property is that 4’ is an even and 4 is an odd function of energy.

*In principle, a term (3G% + 4G$) should be added to the right-hand side of this equation.
However, there is no use to add such a term in the case of contracted Green’s functions, where
allowance already has to be made for corrections that are necessary to compensate the inter-
change in the order of frequency and momentum integrations. Note that, in the present defini-
tion, the external frequency enters in the symmetric form.
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The normalization provides a definite relation between a; and bg. As
far as the anomalous parts are concerned, this relation assumes the forms

(M) bE = i A5 E)al/ N, (E)

ar_ iz @y g (14)
(L) B = +iZ,(F)a/ A (E)

The quantities 4 and #, are various combinations of x and f. For instance,
AUEY = Heg g — %2, In the following, however, we will assume that
Q15 sufficiently small that it may be neglected in thesc combinations. Then
Ajand #; are the real and imaginary parts of x and f as given in the following
relations:

AUE) + iR (EY = af = —(a})*

AE) + i, (E) = PE = (B

Note that .#; are even and #; are odd functions of the cnergy variable E,
and that .4; is the normalized denstty of states in a superconductor. For
llustration, let us consider the homogeneous case and the case where
1/t = 0. Then Eq. (10) holds, and for energies less than the Debye energy, we
have with sufficient accuracy

ARM = (1 4+ DE +(—N/21,; A, =(1+ 1A (16)

(15

The inclastic collision time 7, is approximately independent of E in the range
|E| < T, which, if A « T, is the range in which we are most interested. Then
the functions .4; and #; take the form shown graphically in Fig. 1.
Considering the definitions(1)and (11), we recognize that — iN{0)(5G,},,
is the change in the quasiparticle density of one spin direction and per unit
energy range. Since, at ¢ = 0, the contribution $N(0)(as — ap1[ — tanh (E/2T)]
has to be considered as being due to the change IN(O)af — a] in the
density of states, we conclude that the anomalous part of (6G,),, is pro-
porticnal to a change df; In the quasiparticle distribution function. Since

Fig 1. A#4(E), the normalized density of
states in a superconductor (solid line),
A3(E) (dashed line), and #,(E) (dotted
fine) as defined by Eqs. (15) for Az, = §.
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N(0).#] is the unperturbed density of states, we have
0fp = ~uf'/AN(E) (rn

We remark that this change is measured relative to the Fermi level of the
cquilibrium state.

From the anomalous part of Eq. (5), one can construct a Bolizmann
equation for the quasiparticle distribution d8fg, which, though it differs in
detail in the transverse and in the longitudinal modes, is of the same general
structure. Due to its importance, we present it here explicitly, replacing —iQ
by &/¢t, in the following form :*

AUEY8fy — K(8f) ~ Py — Qp = hy (18)

Here the contribution of the perturbation Li{[U’. G*'}%| has been denoted
by Pp. The quantity hy is essentially the commutator of the last term of
Eq. (12) proportional to (&R + 5£4) with G*'. Tt will be discussed in the
next section. The collision integral is of the following form

#E — E')
cosh (E/2T) cosh (E'/2T)sinh [(E — E')/2T]

K{6fy= —2=n jdE'

E . E
x H(E, E’)Iicos.h2 7 of, — cosh? i (ng:l (19)

where
ME) = —p(— E) = (id/4m)[BX~ (E) — BN —IiE)] (20)

is the eflective phonon density of states.t The further quantities depend on
the mode, as follows.
{T) Transverse Mode. Here

M NE, E) = ME)NE) + AE)A(E) (21)
and
Q' = —2AAAE) of;

4

i M ifp + ——— = 0A 2
+ divD .#'"V(E,E) {VéfE + AT cosh? (E/3T) } (22)

{L) Longitudinal Mode. 1n this case
AVE, E) = ME)M(E) — ZE)RHE) (23)

*Actually, the term .47 8f carries a factor (1 + 4) originating from renormalization effects. Since
it is not of particular importance, we have dropped this factor.

tIn the Debye model. we have u = A|E|E, such that the inelastic collision time 1, =
[28nl(T2A] L.
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and
oY = div D .#(E, E) Vf, (24)

There are also contributions to Qg quadratically in dA, which are important
if the electromagnetic field amplitude is sufficiently large or if it is applied to a
state with a large static supercurrent velocity. In the latter case. furthermore.
there is a possibility of a coupling between transverse and longitudinal
modes by a contribution to Q7" which is of the form

T div 2D [V + 2eA]N, R, 6f WM

Concerning the properties of the collision integral, we note that it is a sym-
metric operator with respect to the quantity {cosh? (E/2T)] ofy and that it
conserves Lthe parity. Furthermore,j' dE K(9f) = 0. In the case A = 0, K(9/)
becomes equal to the collision integral of the linearized electron—phonon
Boltzmann equation of a normal metal in which the phonon distribution is
fixed to its equilibrium value,

In the longitudinal modc, the stationary Boltzmann equation (18) is
rather of a type one expects; the collision integral KV(8f) has already been
discussed by Bardeen er al.'® The most important feature of the Boltzmann
equation of the transverse mode is that there is the term 2|A| 4,(E}f which
acts as a local source or sink of quasiparticles. However, the total number
of quasiparticles is still conserved, as we will show later.

4, THE LINEARIZED, TIME-DEPENDENT GINZBURG-LANDAU
EQUATION

We derive here an equation of motion for the change A in the order
parameter, which represents, as we shall see, the regular parts of 8G. This
equation and the Boltzmann equation (18) form a coupled system in the
general, nonstationary case (Q # 0).

Considering the regular quantities, we define, for instance,

I SGR_.,  if o>0
G w) = { . ) (25)
P =i if w<0

and obtain the following relation :

OZ" ) = mAT Y. Blor — ) 6Gar)

w’

dE’ —Q ) )
+itA | — Bi Ey-—— " [5GR 3G~
e f-im' (© +1E) o om0 + 008

dr e
+ i fﬁ_B(w + IEY oG (26)
A7i
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Due to the smooth dependence of 52 on the frequency (the range of varia-
tion being given by the Debye enerpy), we may evaluate certain frequency
sums in the same way as in the BCS theory. In Eq. (26), for instance, we
substitute in the first line
TY Blw—w)—~T Y (=1

w’ [m'|<to,.
Furthermore, the integrands in the second and third lines contain factors
which become small at larger energies E’, so that we are allowed to replace
B(w + iE’) there by (— 1) without any restriction.

Thus it is consistent both to put

(620, = —i(l + 4)dA (27)

and also to neglect the diagonal elements of 6Z', if we are not interested in
normalization effects proportional to the factor (1 + 4). Hence Eq. (5)
allows us to express 6G' as a function of SA. Furthermore, this expression
depends on Q only quadratically, which means that we are allowed to
neglect this dependence. In the next step, 66 thus obtained will be inserted
in the self-consistency relation (26); and from the off-diagonal component
one obtains the following equation :*

S
— —F
N(0) 6A* "
where F,, is the Ginzburg-Landau free energy functional, and where the

operation A, A*, A) means linearization with respect to A, A* and A
Furthermore,

g’ff [6A + 2ieyA] = S(A. A%, A) (28)

2ol = BT/ | 4B B o (29)

The real and the imaginary parts of y are connected with the transverse and
lengitudinal modes, respectively. It can be shown that i is transformed by a
gauge transformation in the same way as the electric potential ¢.

Equation (28) is reminiscent of a time-dependent Ginzburg- -Landau
equation, which has been proposed previously by Schmid.’® There the
quantity ¢ was introduced phenomenologically. whereas here it is directly
connected to the change in the quasiparticle distribution.

We proceed to calculate h,, which couples Eq. (18) to Eq. (28). The result
® AHE)

(e i9 (SA(T]
e = I eosh (BT a0
R,(E) .
Al — ______2____ 6 SAL)
E T ITcosn? (E2T)°

*Here we neglect second-order perturbations, as considered. e.g,, in the next section.
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5

Also, we calculate the current density in the linear approximation. As far
as a general expression appropriate to the dirty limit is concerned, we refer
to Ref. 16. The terms arising from retarded and advanced quantitics yicld
the supercurrent density, in which the dependence on (2 can be neglected,
whereas the anomalous parts form the normal current density. Explicitly,
one finds

dj, = A A A)ja, {31)

where j;, is the supercurrent deusity of Ginzburg and Landau: and

‘ | -]
I, = ~ dE . #'NE E)| ———————0A + - V§ 32
e J (& J[4Tcosh2 &) T e fb] 432
Again. we have omitted terms that arise when a static supercurrent is

present. As far as the charge density is concerned, we obtain

3p = 2eN(0) { J dEA(E) of; — e(p} (33)

Note that the Boltzmann equation and the time-dependent Ginzburg—
Landau equation together imply the continuity equation dp + divdj = 0.

5. SHIFT OF THE CHEMICAL POTENTIAL
BY QUASIPARTICLE INJECTION

The methods developed in the preceding sections are applied here Lo a
type of experiment performed first by Clarke'! and discussed by Tinkham
and Clarke.?® A quasiparticle current Iy is injected via a tunnel junction
from a normal metal (N) into a superconductor (5), and creates there a non-
equilibrium quasiparticle distribution. If the area of the junction is sufficiently
large, and if the thickness of the superconductor in the region adjacent to it is
small enough, we can consider this distribution to be spatially uniform, and
neglect any normal current flow in the superconductor. Furthermore, we are
interested in a stalionary situation, which means that the Boltzmann equa-
tion (18)is decoupled from the Ginzburg-Landau equation (28). The converse
of this statement is not true. It follows from the Ginzburg Landau equation
that the quasiparticle distribution causes a supercurrent to flow such that
charge neutrality is maintained.

The change in the quasiparticle distribution is detected by a probe {P)
consisting of a normal metal coupled by a second tunnel junction to the
superconductor. In particular, the voltage Vp is measured that is required to
reduce the current to the probe I, to zero.

The difference in the electrochemical potentials iy — pug = ¢Fy between
normal metal and superconductor shows up in the tunneling Hamiltonian as
an extra time dependence. We start from the following transformation for
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the field operators of normal metal and superconductor:
Wi = exp H H - _zuj,Nj,)r] ¥ 40)
2

% exp [4(}{ - EHJ"NJ"){I exp (—ipjt)
i

= d{nexp (—iwt)
where H is the full Hamiltonian of the decoupled system. We recognize that
the most convenient operators (¢ can be used if allowance is made for an
exira time-dependent factor. As usual, we neglect the momentum dependence
of the transfer matrix element, for which we write Ty, and 7Ty for short. Then,
in the system of notations used, for instance, in connection with Eq. (5), the
tunneling Hamiltonian corresponds to the perturbation

Hy = Hyy + Hyg = Toyexp (—ieVytst) + Tygexp (ieVytst)  (34)

To first order, 1 does not lead to a change in the distribution function
of the superconductor. Hence we retain the second-order contribution, which
arises effectively from the perturbation

U = —inN(0O)H G H g (35)
Since Gy() = 4 sgn m, we have in the Matsubara representation
Ulen, ) = — i Tyg) 2N W(0)

T+ 2)sen(ew — o) — (1 — #)sen (o — 0,)] (36)
where w — o' = w, + w,.. When performing the analytical continuation, we
haveto putw, = —ieVy + Oand w, = ieVy + 0. From this we find that the
inhomogeneous term P, of the Boltzmann equation assumes the form

bl - E + V' E - V
P = ,'rcNN(())l'Ijvs\‘,‘/'t',(E)[tanh——z;—“ — tanh -——E—ﬁil (37)

2T

b —

in the transverse mode, and

i
P = SN {0} Tisl®.41(E)
E E + eV, E —eVy .
X[Ztanhﬁtanhéf‘—tanh”J (38)
in the longitudinal mode. Note that we have normalized | Tyg/? such that it
refers to the unit volume of the superconductor. Hence [, = 2N(0)7 | dE Py,
where ¥” is the volume of the superconductor in which quasiparticles are

injected.
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When calculating the current flowing from the superconductor to the
probe, we encounter the quantities G(t,¢) = —i(f{W* (1)) and G =
it (' Wi2)y. After Fourier transformation, the corrections to the equili-
brium value of G2 can be related to the various parts of 3G as follows :

3GF = HoGR), + FIFENSGE - 8GE], (39)
From this we obtain in linear approximation
1 eV,
= —GBSP | dE AMUF)| ———5 o = + Of,) 40
fe = 4G f 3 ‘)[4Tcosh2 Enm ‘fﬁ] (40)

Here the probe has been assumed to be in equilibrium, and G2 is the normal-
state conductance of the junction between superconductor and probe. We
remark that only the transverse mode contributes to the current.*

A stationary solution of the Boltzmann equation (18) which is in the
transverse mode and spatially uniform (and where the phase € = 0) is
obtained as follows. Integrating this equation with respect to the energy, we
find that

1

WIN (41)

24 | dE A3(E) of, = J dE Py =

From this we conclude that, at a given current, ¢f; becomes arbitrarily
large as A goes to zero. Hence the proper form of P, will be irrelevant in this
limit. An inspection of the Boltzmann equation shows that

B 1 M
T AT cosh (E/2T) 4 (E) + 28t A oE)|

of {42)

1n deriving this relation, we have neglected the contribution AS(E)AS(E") to
A(E, E'), and also we have assumed that the collision rate

1 7[ £ 2zu(E — E)  cosh(E/2T)
Tr

sinh [(E — E')/?T] cosh (E'/ZT)/‘ 1(E) (43)

is not changed appreciably if the factor .4 (E).A4(E') + 2At. AG(E)] 1is
inserted in the integrand. Introducing the integrals

~

Jo=tm) [dEA B 0= () [dEE S, @

where df is given by Eq. (42), we define a relaxation time

e = J 2T (45)

*Furthermore, one can show that the zere-current voltage Ve at {p = 0 should not change
noticeably if the probe hecomes superconducting,
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If A « T, we have J; = 1. Then we obtain from Eq. (40) and Eq. (41)
eVp = 1l /2ZNQYY (46)

This relation agrees with Refs. 11 and 20. A further meaning of ¢, will be
discussed in Section 7.

In a homogeneous superconductor, where 1/7, = 0 and where .4} take
the form shown in Fig. 1, we find

Ty = (/8T )1 + (1/24,)%77 12 (47)

provided that A « 7 and that 7 is independent of E in the range of interest.

The largest contribution to J, comes from the energy range from above A to

several A’s. This is even more the case if paramagnetic impurities are added.

Under this circumstance, .4, can be replaced by 1, and .47 by the expression
AT 1 1

MUE) = ——3; = -+ — 48
2( ) E2+1—2> TS+2I}; ( ]
Strictly, this form is valid only in the gapless case. However, since the center

energy range is of no importance, it also applies to the present sitvation. If
T » A(I'ty)'? (49)

we can put cosh’ (E/2T) = 1 in Eq. (42), and obtain J,, from which we
deduce the following relaxation time:

4T 1,)7 r o\
Rk 71 I PR 50
& nA<2r] ( +2A215) o)

Note that this result includes Eq. (47).

In the case of inelastic phonon scattering, Tinkham2° has obtained the
result 1, = 0.57[A{0)/A(T)]t,, whereas here we have 1, = 0.73[A(0)/A(T)]t;.
The two expressions are rather close, but the ratio 754/t they predict does
not agree so well with measured values of 7,'' and independent measure-
ments of 7,.' However, one should keep in mind that 7, tends to decrease
in an impure metal.*?

We emphasize that the result of this paper is derived rigorously from
the microscopic theory, and there has been no need to make assumptions
onthe interpretation of the relevant guantities. On the other hand, Tinkham’s
identification of states with k > ks and k < &, as particle and hole states,
respectively, is correct only in the normal metal. According o Gor’kov,*?
the particle and the hole states have positive and negative energics, respec-
tively, to which the probabilities «? and v7 are assigned.

‘We mention that another difference in the quasiparticle concept of both
theories should have no influence on the final result. Here the number of
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quasiparticles coincides with that of the electrons, whereas in Ref. 20 their
number is variable and vanishes at T = 0. These two concepts can easily be
related by defining in the latter case a particle and a hole distribution of
positive energy which are connected with the present distribution function as
follows:

THE) = fr: WEY=1—f_; E>0 (51
Evidently,

2N(0) f dE ¥, 8f, = 2N(0) f B 8 £y = 1)
o]

is Tinkham’s branch imbalance Q.

Consider now the case A? « I'/tz. Then 1, = 2T/2A? is independent
of I' and 7, and this result holds if 7, » ;. Furthermore, the quantity
defined by Eq. (29) is, in the transverse mode, equal to the electric potential ¢.
This follows from the form of J,, and also from the condition of approximate
charge neutrality, which means that dp of Eq. (33) is zero. Therefore we con-
clude that the time-dependent Ginzburg-Landau equation of Ref. 19 applies
to the case under consideration.*

6. RESISTIVITY OF A SUPERCONDUCTING NORMAL
INTERFACE

An extra resistance arises when a current passes perpendicularly an
interface where a normal metal and a superconductor are in metallic con-
tact.'®12 Since the current may be assumed to be steady, all time derivatives
vanish in the Boltzmann equation. The electromagnetic potentials, being
proportional (o ¢ and A, also disappear.

However. the presence of an electric potential becomes manifest as a
boundary condition for the distribution 8/ in the normal metal. There we
have —K(éf) = D V2f,. This homogeneous equation has a solution of the
form &fy = [4Tcosh? (E/2T)] 'y, V?n = 0. Evidently, the charge density
is zero if # = e@. Therefore we require that in the normal metal

|

L S
fe 4T cosh® (E/2T)

ep; V=10 (52)

If there is a proximity effect, this boundary condition holds in a region far off
the interface. In the following, we assume that the superconductor and the
normal metal occupy the hall-spaces x > 0and x < 0, respectively, and that

*This result reduces the range of applicability of the model considered in Ref. 23, where the case
A « I' « T has been studied without taking into account inelastic phonon scattering.
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the current is flowing in the x direction. Then in the normal metal ¢ =
—Eyx + ¢,.

Since by Eq. (52), df; is an even function, the response of the supercon-
ductor is in the transverse mode. Hence

KTf) = QF = —2ANE) oy + D MTNEEY S of, (5
where we have used Eq. (22) for @, which holds since there is no super-
current (§ = A = 0) in the unperturbed state. This equation is similar in
structure to one discussed in the preceding section and the second term of
Q" plays here the role of P{T' there. Therefore, close to the transition tempera-
ture, the energy dependence of Jf; is the same as the one given by Eq. (42).
From this, we deduce the following differential equation for the quantity #:

HTEE d M
4Tcosh? (E/2T) dx N, + 2At 4, |

d
28J5n = Do f dE (54)

In the above expression, .45(E) has, for energies sufficiently large as
compared to A, the same asymptotic behavior as it has in the case of electron
scattering at paramagnetic impurities, as we will show below. Furthermore,
it will be assumed that 45(E) can be replaced by an expression of the form
(48) in the whole energy range. Even if there is locally an energy gap, this
assumption can be justified by the fact that the center energy range contributes
less to the integral J,. Then we may substitute 1/7; for 2AJ,, where 14 is
given by Eq. (50). As far as the integral on the right-hand side of Eq. (54) is
concerned, we realize that, if inequality (49) is satisfied, the region A(I't;)}/? <
E < T contributes most to this integral. There, 4] = 1, 4, = 0, and we
obtain for Eq. (54) the following form:

(1/tgin = Dy” (55)

where " = d?n/dx>.

In equilibrium, the spatial dependence of the order parameter can be
found from the Ginzburg-Landau equation. Close to the transition tempera-
ture, where the coherence length &, is large, we may assume that A vanishes
continuously at the interface. Hence,

Ax) = {A(T) tanh (x/21%¢g)  if x>0

: (56)
0 otherwise

Now, from Egs. (2) and (5), it follows that

OB ~ Aa = 1D(BJay, a2+ p2=1 (57)
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where o = alw; x), etc, and where (neglecting renormalization), & = o +
(1/27y) sgn w. Consider the case |wl » A, such that x = sgn w. Then fis given
by

= QD)7 [ dv exp = IaLD) s — 11AG)

A DA

+ —_—
| 207

= (58)
We perform the analytical continuation w — —J/E + ( and, considering
Eq. (48), we realize that the identification I = 1/27, — DA"/2A can be made.

For convenience, the dimensionless variabler = x/2Y/2&, is introduced.
Thus Eq. {55) assumes the form

(59)

) 1+ B?cosh?t 112
i = A(lanh? z)[ o8 } i

sinh®r + A*C*(1 + B*cosh? 1)

where 4 = [r%/14((3))"*(T.xp) " ¥?; B = (2/1.76m)[A(0)/A(T)]A4; and C =
L3t

At x = 0, the distribution df and its derivative are continuous. Hence
Do/Ey = —n{0)/4/(0). On the other hand, we have to require n — 0 as x — 20.
This fixes the ratio ¢y/E, = w,, which is the thickness of a slab of normal
metal having a resistance equal to the extra resistance R, of the interface.
Therefore

Wy = Re/pN = _H(O)/”I(O] (60)

where p,, is the specific resistivity of the normal metal.

Approximate solutions of Eq. (59) may be found in various limiting
cases. We have also integrated this equation numerically. In a rather large
temperature range, say 0.005 < (7, — T)/T, £ 0.2, we found that w, can be
represented as follows :

we= LigOUT. — TV/T] " (61)
where 1. and p depend on A as follows:

A 0.05 0.25 1.0 3.0
7 0.38 0.38 0.37 0.46
L 25 7.0 3.0 1.5

Roughly, the values 4 = 0.25 (T, = 3.8K; 1, =3 x 107 "Wsec) and 4 =
LO(T, = 7.2 K; 7, = 107 ' sec) might be appropriate to tin and lead,
respectively. We recognize that for 4 < | the value of the exponent p is
approximately constant.
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On the other hand, if 4 is sufficiently large, or if (T, — T)/T, is very small,
Eq. (59) assumes the form*

ii = C™'(tanh? t)y (62)

This equation can be solved exactly in terms of hypergeometric functions;
in particular n(0)/r(0) is given by a combination of T functions. It turns out
that

w, = 1.2185,(T) (63)

Hence, we have the exponent p = 0.5 in this limit.

As far as the experimental results are concerned, we found in analyzing
the data'? that p varies in the range 0.2-0.5. In the most recent results, p = 0.22
and 0.36 for pure lead and for lead with 3.5 per cent bismuth, respectively.

There are several reasons that may explain this lack of agreement.
First, the experimental results depend critically on the preparation of the
junction, since there is a tendency for the formation of an oxide layer.
Second, the theoretical results have been derived under rather restrictive
assumptions. These are: dirty limit, neglect of proximity effect, inequality
(49). Further, the values for the exponent p are comparatively small, such
that even small side effects may produce a noticeable change in its relative
magnitude. It should be noted, however, that the exponents of the present
theory agree better with the experimental resuits than the exponent p = 5/6
that Pippard et al.!? obtained from a phenomenological theory.

We will discuss shortly the experiments done by Yu and Mercereau,*®
who measured the electric potential ¢ in the superconductor a distance X
off the interface. Using e¢ = #. we may calculate ¢ on the basis of Eq. (59).
Again, we find in a rather broad temperature range that ¢ oc (T, — T)/T.] "
Forinstance,for 4 = 1. wefindx = 0.6and 1.1for X/&;, (T = 0) = 5and 20,
respectively. Though the experiment demonstrates convincingly the existence
of an electric field in a superconductor, the measured quantity depends on
several parameters, such that a reasonable quantitative interpretation is
difficult.

The equation (28) involving the order parameter is, in the transverse
mode, equivalent to the equation of continuity and hence it allows us to
determine the supercurrent, which increases as the quasiparticle current
decreases. At this point we wish to emphasize the peculiar fact that the
supercurrent is stationary in spite of the presence of an electric field. In a
phenomenological way, one may say that the electrochemical potential of
the Cooper pair is constant though the electric potential varies in space.

*Observing that 5 is equal to e¢r (if A « T'), we can derive this form also from the equations given
in Ref. 19.
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7. DISCUSSION AND CONCLUSION

Rather 1o elucidate the meaning of the various quantities introduced
in the preceding sections than for reasons of practical application, we
investigate the time-dependent relaxation of a perturbance in a homo-
gencous superconductor. Anticipating some results of the following dis-
cussion, we consider the change in the distribution function as due to changes
in the electrochemical potential dup and in the temperature 4T of the quasi-
particles, which depend on energy, space. and time. In particular

Sug = [4T cosh® (E/2T)) 67"

(64)
8Ty = [4T*E" Y cosh? (E/2T)] 6f

‘Considering the relation (32) for the normal current, we recognize that
—JdA + (1/e)Vug is the electrochemical field driving the quasiparticle of a
given energy level, as it should be. As far as the quantity iy of Eq. (29) is
concerned, we note that ey = Juu. provided that dp is independent of E {and
A « T). Quite generally, the real part of ey has the meaning of an average
electrochemical potential of the levels in the range |E} < A. For an illustra-
tion, consider the distribution of Eq. (42), where du,, being constant in the
range |E| > A, drops to very small values for energies near the center. Thus
¥ = ¢/2A1, is very small. The reason for this behavior is that in the center
energy range, quasiparticles are converted rapidly into Cooper pairs, i.e.,
into a state where éu = 0, and vice versa.

On the other hand, when 3T, = 8T is constant, we obtain, from Eq. (29),
2iey = —(8/m)8T. Then from the Ginzburg-Landau equation (28) it
follows that the magnitude of A changes by an amount that one expects
from a static change 6T in temperature.

(T) Consider Eqgs. (28) and (29). In a transverse mode that is homo-
geneous we oblain first

SA = —i(8T/m) de’A’E(E’) e (63)

and then we substitute this relation by means of Eq. (30} in the Boltzmann
equation (18). Thus we obtain

AEVS, = KTGF) — 28060E) 8 + —AAE) | 4B BN e (66)

Since [ dE #(E) = zA, it follows from Eq. (66) that [ dE A5(E)éf, = 0.
Another property of this equation is that there exists a stationary solution
where df is of the type (64) with du,; = &y Then it follows from Eq. (65) that
the order parameter rotates uniformly in the complex plane. Putting A +
SA = Ae '® we find indeed 6 = 2 5.
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Consider now the decay of a distribution df given initially by Eq. (42).
It differs from the stationary solution discussed above in that a fraction of
quasiparticles of about A/T is missing from the center region |E| < A.
Hence quasiparticles will be scattered in from the outer region at a rate of the
order (A/T)- 1/7,. As a consequence, the stationary distribution found above
is reached in a time roughly given by 1.

Such reasoning applies only to a homogeneous superconductor that is
strictly closed. In a real situation, however, the superconductor is most
probably part of an open system. For illustration, consider the system of
Section 5. In this case, the electrochemical potential of the Cooper pairs is
kept at zero reference level. This means that A = 0, and that the last term of
Eq. (66) vanishes. Then an initial disturbance of the form (42) will decay with
the characteristic time given by Eq. (50), which is 1" = (4/n)Tt,/A in the
situation (l/t;, = 0) considered here. Such a behavior follows from the
arguments used in Section 5 in calculating the distribution J§f; and the
relaxation time.

(L) In the longitudinal and homogencous mode, Eq. (28) assumes the

form ,
, 773y A+,

—aA + de RAENV S = — 4 2T A (67)

Since the decay time is of the order 1,(T/A), the time derivative can be

neglected. Proceeding in the same way as above, we obtain the following

Boltzmann equation *
, 4n2T? 1
AUE) 8f, = K™W(8f
(E) o AT 7((3)A% 4T cosh? (E/2T)

RAE) [ dE RAE) o, (68)

Due to the large factor T2/A%, the time derivative of the last term dominates
the other one. Assuming that df; oc #,(E)/.45(E) cosh? (E/2T), we recognize
that in the limit 1/At, « 1, only the scattering out term of K'™ is important.
Then the decay time is given byt

Tg (69)

B~

7

7¢03)

Though the processes are fairly different, the relaxation times of the trans-

verse and of the longitudinal modes are remarkably close. Characteristic to

*Note that there is no stationary mode of Eq. (68) with §T; = &T. since the phonon temperature
is kept fixed.

+This relaxation time was derived first in Rel. 6, where a different method was used. Note that in
Ref. 6 there is a misprint such that a factor 8/7((3) is missing in the final result.
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both is the divergence o l/A for T -+ 1. At the phase transition, quite
generally, a divergence should occur for any mode in which the order
parameter is involved essentially.

The transverse mode can be excited by electron injection in a tunneling
experiment or by driving a current in the direction of a spatial change of the
order parameter. Essentially, these are processes that tend to change the
particle density. The longitudinal mode is generally associated with a
change in the quasiparticle energy. Therefore it is excited by most perturba-
tions. A superposition of a dc and an ac current, for instance, has been
proposed in Ref. 6; this method has been used by Peters and Meissner’
successfully in measuring t{. Irradiation of the sample by electromagnetic
waves provides other means of excitation. In the case of stationary irradia-
tion, the distribution function obeys the equation

W,
0= K™ + 0

4N{Op

E E—v

- W v — 7
X {I:tanh 5T tanh 5T ] HYNE E— v+ (v 1)]} (70)

where the strength of the electromagnetic field of frequency v is such that the
power W, would be dissipated in a corresponding normal metal. Such an
equation, and in particular its generalization, which includes all nonlinear
contributions, has been derived and investigated by Eliashberg'*?® and
Eliashberg and co-workers.®-2¢ Several interesting experiments® have been
done in this direction, without, however, comparing the results with the
theory just mentioned. Apparently without knowledge of the previous
theoretical work, some authors®” have treated the same subject on a semi-
microscopic basis.

The earliest investigation on the conversion of quasiparticles in Cooper
pairs was that of Ginsberg and Schrieffer.*® They termed a process that
changes quasiparticles into pairs a recombination process, and it has been
thought that it is identical to a transition of a guasiparticle from a state
above the gap to one below it. Now, in a normal metal, this last process
corresponds to the recombination of a particle with a hole. Clearly, in just
half of the electron—phonon collisions the electrons cross the Fermi surface,
and hence the recombination time thus defined is equal to 2z at the transition
temperature, which is certainly not the recombination time of quasiparticles
to Cooper pairs.*

*Since the word recombination has been used in such a definitc way in the past, we avoid this
term as much as possible. We do not exclude the possibility that for temperatures T < A, the
times calculated will agree within an order of magnitude with experiment. On the other hand,

it will be difficult to separate thermalization and order parameter relaxation processes sufficient-
ly at these low temperatures.
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At this point, one should caution against identifying too strictly the
quasiparticles as defined here with “normal™ electrons, The number of
quasiparticies and the number of Cooper pairs, which one expects to be
proportional 1o |A?|, are nol always correlated. In the transverse mode, the
latier quantity is constant, although the number ol quasiparticles may change.
The situation is reversed in the longitudinal mode. On the other hand, in the
transverse mode a quasiparticle current may vanish and emerge at the same
place as a supercurrent.

In conclusion, it can be said that the formalism developed here provides
the most convenient tool for the investigation of linear nonstationary
processes in superconductors in which inelastic collisions play an important
role.
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