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Abstract. A unified treatment is presented here of compounding with the
bivariate Poisson distribution. Exploiting the exponential nature of its
probability generating function, it is shown that the pgf of the compound
distribution is the moment generating function of the compounding random
variable. This relationship leads to rather interesting general results.
Particularly, the development of the conditional distribution is simplified.
Four cases are presented in detail.
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1. Introduction

The bivariate Poisson distribution is defined by the probability generat-
ing function

II(zi, z;) = exp{wi(zi — ) + wa(z2 — 1) + ws(z1z2 — 1)},

where w1, w,, w; are all positive. (See Feller (1957), p. 261.) This distribution
has been widely applied in the literature to describe several real life models.
On the other hand, several authors have examined the problem where wi=14;,
i=1,2,3 with 4, 4, A3 being constants and 7 a random variable characterizing
an ‘individual’ in the population. Such models have been considered among
others by Holgate (1966), Subrahmaniam (1966), Gillings (1974) and Kemp
and Papageorgiou (1982). In each case 7 is assumed to have a distribution of
the discrete or continuous type.

In the present paper, we present a unified development of the distribu-
tions associated with such compounding.
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2. Preliminaries

Let X, Y be jointly distributed with the bivariate Poisson distribution
defined by the (joint) probability generating function

Q.1) I(zi, z2| 1) = exp[rfAi(zi — 1) + Ao(z2 — 1) + A3(z1z2 — 1)}] .

Here 7 is a ‘random’ parameter characterizing an individual in the
population, while 4,, 42, A3 are constants. For example, X and Y could be the
number of accidents observed over two consecutive periods of time. While for
a given individual it is realistic to assume that X and Y are jointly distributed
with the pgf (2.1), their distribution over the whole population will have to
take into consideration the variability in 7. Let g(z) be the probability
distribution of t with the moment generating function M (6). Then the joint
distribution of X and Y has the pgf

(2.2a) I(z1, z2) = ZT g (21, 22| 7) (discrete case) ,
(2.2b) = f g(0)II(z1, z;|t)dr  (continuous case) .

In either case, upon substituting for 77(z1, z2| 7) from (2.1) in (2.2a) or (2.2b) we
have

(2.3) I(z1, z2) = M[A(z1 = 1) + Ja(z2 — 1) + As(ziza — 1)] .

If 1:=0, then (2.1) shows that X and Y are, conditional on z, independent.
However, the joint pgf of X and Y is

(2.4) II(z), z2) = M[Ai(z1 — 1) + Ax(za — 1],

which shows that they are not independent.

3. Probability function and moments: Joint distribution

The joint distribution of (X, Y) is defined by the probability function

(3.1 fis=P{X=r,Y=s}
1 aH-s
= — ————— H ,
ris! 9z10z; (21, 22) 2=2170

while the joint factorial moment, around zero,

e = E[ XV Y]
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1s given by

rt+s

0
3.2 HUirs) = FrE II(z, ) _—

Here X"'=X(X~1)---(X-r+1).
In determining (3.1) and (3.2), we find the following theorem of great use:

THEOREM 3.1. For the joint pgfin (2.3)

s min(r,s) [ r Ky _ ke se
(3 o @,z =8 (k)(k)k!M“"’(u)leTzkl'g‘,

where MY is the j-th derivative of M, and

u= 2z — D+ Azz—- 1D+ /13(2122 -1,
t=r+s, Ti=h+dz, T=7X+4z.

PROOF. Without loss of generality let r>s. Let IT"(zy, z,) represent the
(7, 5)-th partial derivative of I1(z1, z). Then, differentiating (3.3) with respect
to z; yields

Iz, ) = go( 4 ) ( . ) M )T T3 A

+ ,?3; ( 12 ) ( }Z ) KM @T s - T35,

which reduces to

S

(3.4) 5 (

k=0

r+1

X ) ( ]sc ) KM O TR Tk

Differentiating (3.4) with respect to z;, we have

sy (z1, 22)

S +1 42— rk+1 rs—k+
=k§(>(rk )(z)k!M“”’(u)le1Tz“/1'3‘

s (r+
+Z(r 1

P k ) ( }i ) k! M(t+l-k)(u)(r +1- k)Trk T;—k},§+l .

Upon rearranging the terms and changing the order of summation, we have
on the right hand side
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s+ + + 2 - -
(3.5) ;("kl)(Skl)k!M(zzk)(u)TlﬁlkTglkllg’

as was to be proved.
From Theorem 3.1 we have the expressions for the joint probability
function and the factorial moment:

(i) Putting zi=2,=0 in IT""(z,, z,),

s M A5 min(rs) [ r ) -
(3.6) f,s:——n‘ '0,0=-="8 (k)(k)k!M‘ byt |

where y=—(41+4,+43), 6=243/ A1 4a.
If 23=0, then

iy
3.7) for= S MY A = o).

(i) Putting z1=2z>=1 in I1"*(z,, z;),

n(r 5) rist & s
0 (r—©(s—k)'k!’

(3.8) Uirs1 = (At + A3) (A2 + As)

where d=13/(41+43) (A2+43) and y; is the t-th moment of the distribution g(7)
around zero.
If 1;=0,

,ufr,:] = lf).;,uhs .
From (3.8), the correlation between X and Y can be found to be

(A1 + As)(Az + As)a® + pids
[(A1 + A3)20® + pl(A + B)J[(A2 + A3)*0™ + (R + )P

Pxy =

It should be noted that the intrinsic correlation p; defined by
Subrahmaniam (1966) is

pr=23/{(A1 + As)(A2 + A2)}'*

3.1 Examples

Four examples are considered. Some have appeared in the literature.
Appropriate references are given.
(i) Bivariate Negative Binomial

Edwards and Gurland (1961) and Subrahmaniam (1966) have in-
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dependently developed the generalized version of the Bates-Neyman model.
Here 7 is taken to have the two parameter gamma distribution with pdf

g() = ﬁ ! (%)a exp(— % t) , t>0),

and the mgf
m —-a
M@p=(1-— .
0 =(1-21
The joint pgf of X and Y under this model is

(B9 H(z, z)= [l - % Az — D+ (- D)+ As(ziz2 — l)}]'“ .

Since
Dy ﬁ'M( _m )““*')
M) (a) ra (L)
we have
_AAB(a+r+s) Zz_)r’rs B ﬂ)—(ams)
(3.10) Jra = T(a)r!s! “ (1 a

L) (&)
.minz(r,s) k k o

k=0 (r+s+a—l) ’
k

where d=(a/m—7y) A3/ Jih..

For A1=1, A2=a1, A3=0;, this model reduces to Subrahmaniam (1966,
Equation 2.3).
(ii) Bivariate Neyman Type A

Holgate (1966) and Gillings (1974) have considered a bivariate generaliza-
tion of the Neyman Type A distribution. In this case

g =Aetet, 1=01,2,...,
with

M(1) = exp{i(e' - 1)} .
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Hence
B.11) I(z1, z2) = expAlexpfAi(zi — 1) + Aa(z2 — 1) + As(z1izz — 1)} = 1] .
Also, since for r=1,
MY (1) = [exp{A(e' — 1)}][r-th moment of P(Je)],
the joint probability function is seen to be

rqs
142

612 fe=Toentie -0 e (L )( ) ) e

k/\k

- r!s!
where t=13/ 1142, 7,=the r-th raw moment of P(le’) and t=r+s. This agrees

with Gillings (1974).
We note here that the result

M@ = M.,

where #, is the r-th raw moment of P(4e”), seems to characterize the Poisson
distribution.
(iii)  Bivariate Hermite

Kemp and Papageorgiou (1982) have considered

-

1
g = 75-7;; exp A

with the mgf
l
M) = exp(,ut + 5 aztz) .

Since

d' M)
dar

=M@)P(),

where P,(t) is a polynomial of degree r in ¢, we can write the joint probability
function of X and Y as

_ ,11'25 min(r,s}{ r S k
(3.13) fu= 22 M) R ) () P

where =43/ 4142, The pgf corresponding to (3.13) is
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(3.14) II(z1, z2) = exp[ufrdi(zi — 1) + A2(z2 — 1) + As(z122 — 1)}

+ "7 Dz = 1) + Aalz2 — 1) + As(zaza — DY .

The pgf (3.14) has not been derived by Kemp and Papageorgiou (1982) except
as a natural generalization of the univariate case. Here too, as in their paper,
we would obtain the two forms of the bivariate Hermite.
(iv)  Bivariate Poisson-Inverse Gaussian

Holla (1967) has considered a univariate Poisson-Inverse Gaussian
distribution which Sichel (1982) has used for explaining the behaviour of the
customer-buying and word frequency. A bivariate extension of this distribu-
tion is obtained by taking the inverse Gaussian pdf

A )12
80 = (553)"exol- 57

with the parameters A and y, and mgf (see Tweedie (1957), for details):

M) = exp—{l - [1 - 2’” ”2}.

2}, >0,

The joint pgf of X and Y is then

(3.15) I](Z1,22)—Cxp[ {1—[1——(,11[21 1]+ [z — 1]
+ bs[z1z2 — 1])] ”

It can be shown that

Jl Wl \n #Zr—l
Ny = —_11 = — = —_—
(3.16) M7 = exp[ P {1 (l 1 t) }] T

4 Ak 24’
.EOCk(Z) (1 —Tt

2

)-(r-(k+1)/2)

where ¢; is a constant.
The joint probability function can be written as

o o= B e (-2 () ()

2r+25-2k—j-1 2

(res—k) 2u° \lUrts=h)-(j+1)/2)
R G|l - 1 Y ’
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where y=—(Ai+42+43) and d=43/ Aid..
If we consider a univariate Poisson-Inverse Gaussian distribution, the
pgf is seen to be

o -es] 1~ [1- 2o o]

4. Recurrence relations

The joint pgf of (X, Y) can be differentiated with respect to z; and z; to
yield recurrence relations. This is given by:

THEOREM 4.1. Let 11, denote the (r, s)-th partial derivative of II(z,,
23) with respect to z\, z,, respectively. Then for r=1, s>1, and

T

(4.1a) r>s, Hr,s;T2Hr+1s»1+(r—s+l) ..,

(4.1b) r<s, II,J:—?IT,_HH+(s—r+l)'1 I .
2

PROOF. The results (4.1a) and (4.1b) follow directly by induction. For
example, to verify (4.1a) differentiate both sides of this equation with respect
to z; to obtain, for r=s

T A3 A
Iy s = —7:? s +(r— s+ 1) Il 61 + T31 Il sy .

Rearranging the terms on the right hand side we verify (4.1a).

A consequence of the recurrence relations in Theorem 4.1 is the
recurrence relations in the joint probability function f; s and the joint (raw)
factorial moments gfr).

(1) Probability function
Since

Srs = IT,5(0,0)/ ! s! |
we have for r=1, s=1 and

A2 r+1
(4.2a) r=s, frs=—2r frﬂs—1+(r—s+1)—*frs»1,
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/lls

Al
= l) fr—l s

(4.2b) r<s, fis=

These relations facilitate a quick computation of the expected frequencies
for the joint distribution. Also,

A A
“3) fo="s MOW), fos = MOW).

K. Kawamura (1985) has discussed the selection of recurrence relations to get
the probability function in the case of the bivariate Poisson distribution.
(ii) Factorial moments
Let y/ represent the r-th raw moment of the compounding distribution
g(?). Let the (r, s)-th joint raw factorial moment of (X, Y) be
ubs = E[ x! Y[:]] .
Then
plro = pr(hr + 43),
pfost = w2 + A3)° .
Also
plra = Irs(1,1)

Thus for r=1, s=1, and

kit A
44a) r=s, pha= PR —— flsn+ (r—s5s+1) Tt A Hbrs11,
A+ As A3
. = rs] = r—1,s+ + - r-1,s
(44b) r<s, pfs /12+l/l[1 n+(s r+1) l‘u[l]

5. Conditional distribution

Subrahmaniam (1966) has shown that the conditional probability
generating function is given by

5.1 115 (2) = Hx0) (0, 2)/ I z0) (0, 1) .

Here
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Moy = MP () (A + A322)"

where
u=»14 (z1 — 1)+}.2(22— D+ 4 (z1z2 — ).
Hence
M(x)[lzz - (/11 + A+ /13)] Al Az x
2 H x =
62 i@ MY[= (4 + A3)] Mt Mt

or
)< (2) = IL (2) {q + pz}" .

We thus have:

THEOREM 5.1. Let the conditional pg fof (X, Y) for the givenr.v. T be

H(z1,2,|7) = exp[t{Ai(z1 — 1) + A2(z2 — 1) + As(z:22 — D)}],
and let the moment generating function of t© be M(t). Then the conditional
distribution of Y given X=x is the convolution of (i) Y1~ B(x, A3/ (A1+13)) and
(1) Y2, of which the pgf is given by the ratio
MPa(z = 1) = 4 = 23] MP[—(A1 + 13)] .

In the particular cases we study below, the r.v. Y; will be seen to be a
convolution itself. If A;=0, that is, X and Y are conditionally independent,
then the conditional distribution of Y given X=x is that of Y, with the pgf

M iz - 1) = L} MP[-A1] .

Using the expansion

. (x4} o _ ]
M (.!M ) oz - DY,

53y MYhE-D-A-A4l=%

J=0

it is possible to write the pgf of Y> in Theorem 5.1 as

= M"I[= 4 = &) | fhaz = DY
(5.9) ”2(2)2?—:{ M""[[— /11—/133]] }{ 2(zj! : '

=0
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From (5.4) we see that if M(r)=exp (ct), ¢ a constant, then IT(z)=
exp0(z—1); that is Yo~ P(6). On the other hand, if IT,(z)=expf(z—1), then a
necessary condition for this to hold is

M9 (1) ,
W =constant , j=0,1,....

This implies that M(f)=exp (cr). These lead to:

THEOREM 5.2. Let the conditional distribution of (X, Y) given t be
bivariate Poisson. A necessary and sufficient condition for the conditional
distribution of Y given X=x to be the convolution of B(x, p) and P(6) is that
the (compounding) distribution of t be degenerate (at some point c).

The preceding results are exemplified below, for the special cases
introduced above. The study is mainly concerned with the examination of
ID(z2).

5.1 Bivariate negative binomial
From M(f)=(1-pf1)"" we have

L@+ x+)

)y — _ pptat)
M™ (@) =8 @ (1= g™,
or
& {h(z - ny B+ x+j)
@)= J! [1+ (A + )Y (e + x)
=[Q - P,

where Q=1—P, P=f1,/(14+f4:+p4;). Thus the conditional distribution of Y
given X=x is the convolution of

Y.~ B(x,p), Y.~ NB(a+x, P),

where p=A43/(A1+43), P=fA2/(1+pA1+f43). This was arrived at by
Subrahmaniam (1966).

5.2 Bivariate Neyman Type A
Here

M) = expA(e - 1),
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and

M) = M(uiAe))
hence

uAexp(Aaz — A1 — A2 — A3)]
wifAexp(— A1 — A3)]

(5.5 IL(z) = {exp[Ae ™™ () — 1))}

The second term on the right hand side of (5.5) can be simplified using the
expansion for the k-th moment around zero of P(4), as

||M>¢-

ﬂléz AS!k,

where Six is a Stirling number of the second kind. This is defined as

S,k_—l—z( 1)'1(]')"‘.

il j=0

This is Riordan’s representation for u{. See Haight ((1967), p. 6) for details.
Using this representation we can write

(5.6)  wi[hexpi— A — As + Aoz — DI]/ i [A expi— A1 — As}]
- zl o expida(z — 1),
where

A exp{—i(A + A3)} Six
% 4 exp(—i(hi + 1)} i

(5.7) of =

and _ﬁ *)=1. Thus the conditional distribution of Y given X=x is the

convolution of (i) Y1~ B(x, p), (ii) Y>~Neyman Type A with the parameters
Aexp (—A1—As3), A2 and (iii) Y3~ mixture of x P(id) with the weights ot given
by (5.7).

From this, the conditional moments of Y given X=x are

E[Y|X=x]= xp+ A exp(— A — A3) + 4, ’): it
VIY|X = x]= xp(1 — p) + AAfexp(— A1 — )} + A2}
+ A2 Z i + A3 Z it {A 21 (x)] .
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5.3 Bivariate Hermite
As seen from (3.14)

(5.8) H(zy, z2) = CXp[/l{ll(Zl — D+ Az — 1)+ As(z1z2 — 1)}
2

+ % {/11(21 -D+ 12(22 — 1D+ A(zizz — 1)}2] .

Since, for M(f)=exp[ut+(a*t’/2)],
By — yaa
MY (1) = M()o” H* [0t+ o_],

where

[x/2] 1,7
Hiu) = & ——
0 (x =212

a modified Hermite Polynomial defined by Kemp and Kemp ((1965),

Equation 13). Hence

_ MUz = 1) = A = A

69 ) M= 41 = 4]

H,’!‘[ £y oz 1)- o+ ,13)]

H?!‘[% o+ /13)]

The right hand side of equation (5.9) can be written as the product of

212
o' A3

(5.10) exp[{ﬂa2 - ha + e - )+ T (e - 1)2] ,

and
DL ) x-2j
(5.11) ,§) ' (Q+ Pz 7,
where
A
P= 29 , 0=1-P,
% —o(A + 13)
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and

= (r__r;;if—'[ 2 { % —o(h + /13)}2]'f

! [”‘E] r! 2[£ ' 215
= (r—2j)!j![ g o 3)}]

Thus the conditional distribution of Y given X=x is the convolution of (1)
Y\~ B(x, p), (ii) Y2~ Hermite ([ ud:—6°A2(Ai+ A3)], 6*A3/ 2) and (iii) ¥ whichis
a mixture of B(x—2j, P), j=1, 2,...,[x/2]. In particular, the

[x/2]
E[Y|X=x]=xp+{u—0c(h+ i)} + z o (x — 2j)P,
£

where p=243/ (A1 +As), P=226"[{u—0" (Ai+43)}.

The case of A3=0 gives rise to the five parameter Hermite distribution
studied by Kemp and Papageorgiou (1982). In this case the conditional
distribution of Y given X=x reduces to the convolution of ¥> and Y3 alone
with the parameters modified appropriately.

5.4 Bivariate Poisson-Inverse Gaussian
Here ITx(z) is the ratio of the x-th derivatives of

(5.12) M) = exp-j?[ I —[ - 27”2 z]m] ,

evaluated at t=1,(z—1)—A1—4; and 1=~(4,+43). We can write
A A
Mt=(ex —)(ex ——\/5),
() P2, P=
6=1—2ar, a=4’/A. As noted earlier

MWY(g) = e g ( i) 3 e ( 2 )'(1 — 2ar) A
p )=\

where ¢, is a constant. Hence

p
(6.13) () = exp[ 2 (1 + 20 + 2aky)"

R IEe=rril
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»

. { 3 d,[ . 240z - 1) —<x—(r+n/2)}
r=0 Al + 2a: + 2al5)

where

x|~

)'(1 + 2aA; + 2aks)

o

(5.14) d = .
pI ( 7 ) (1 + 2aA; + 2ak;) D

r=0

The first term on the right hand side of (5.13) is the pgf of a univariate
Poisson-Inverse Gaussian distribution compounding P(4;) with IG(u*, 1*)
where

p* = pu/(1+ 2ak + 2aAs)'?, A*=1.

The second term on the right hand side of (5.13) is the mixture of (x+1)
negative binomial distributions with the parameters x—(r+1)/2 and

2/12).2

P =0+ 24k + 2a00)°

Q=1+P.
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