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Abstract. We prove that non resonant isochronous symplectic maps in a neighborhood
of an elliptic fixed point are stable for exponentially long times with the inverse of the
distance from the fixed point. In the proof we make use of the majorant series method
together with an idea for optimizing remainder estimates first applied to Hamiltonian
problems by Nekhoroshev.
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1. Introduction

The stability analysis of motions in a neighborhood of an equilibrium point is
very relevant in many branches of physics such as celestial mechanics, accelerators
theory and classical statistical mechanics.

The first positive general result for quasi integrable Hamiltonian systems is the
celebrated Kolmogorov-Arnold-Moser (KAM) theorem [1,2,3] which, in the case
of systems with n = 2 degrees of freedom insures stability for all times in any
region bounded by a preserved two-dimensional torus. However for systems with
n > 3 degrees of freedom the existence of preserved T" tori does not imply any
stability result. In fact, as the resonant set is connected and dense in phase space,
arbitrarily close to any initial condition there are orbits which can get very close to
any point on the constant energy manifold by moving along resonances (topological
instability).

This complex diffusive phenomenon was first pointed out by Arnold [4] who
gave an explicit example and found that the time needed for this diffusion was
exponentially long with the small perturbative parameter. Later a general theorem
[5] was proved by Nekhoroshev who analized the perturbation theory for quasi
integrable Hamiltonians of the form H(j,¢,¢) = Ho(j) + eV (4, ), where (j,p) €
R™ x T™ are action-angle variables, ¢ is the (small) perturbation parameter and Hy
is a non isochronous integrable Hamiltonian. By partitioning the phase space into
resonant and non-resonant blocks and combining resonant and non-resonant finite
order perturbation theory with suitable remainder estimates, Nekhoroshev proved
stability for finite but exponentially long times on an open set of initial conditions.
More precisely he showed that | I(t)—I(0) |< €%, for times | t |< exp(eo/e)?, where
a, €9 and b are positive real numbers.
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A similar result had already been obtained 20 years before by J.E. Littlewood [6]
in the study of the equilateral configuration in the restricted three body problem.
About this exponentially long stability time his comment is : “while not eternity,
this is a considerable slice of it”.

Results of this form can be relevant for physics and celestial mechanics [7] :
clearly the relevant time scale for the stability of the Solar system is not longer
than the estimated age of the universe.

Nekhoroshev analysis simplifies when restricted to perturbed isochronous sys-
tems [8,9,10,11]. In this case one deals with Birkhoff perturbation series and the
remainder estimates are AV (N!)?e"™, where A and a are positive constants and N
denotes the truncation order. The asymptotic character of the series is evident and
at the optimal truncation order N & ¢!/ /e one obtains an exponentially small
remainder which implies an exponentially long stability time.

In the present work we extend this result to isochronous symplectic maps of
R??, The motivation is twofold : on one side there are important physical systems
which are naturally modelled by maps, on the other side maps are slightly more
general than flows and there are relevant technical differences, so that something
new can be learned analyzing them. As J. Palis and J.C. Yoccoz have proved [12]
in full generality for smooth diffeomorphisms of compact boundaryless manifolds,
there exists a large class of maps with trivial “centralizer”, that is these maps do
not embed in smooth flows as their time one map. Therefore the transposition of
results from Hamiltonian flows to symplectic maps is not immediate.

Symplectic maps frequently appear in theoretical physics, applied physics and
celestial mechanics [13,14,15,16]. They are obviously more convenient than flows
for any numerical experiment and occur as the natural models to describe the
magnetic lattice of a particle accelerator [17,18,19,20,21] or the magnetic surfaces
in the toroidal machines for the controlled thermonuclear fusion [22,23,24,25].

In the present work we consider a symplectic map of R?? in the neighborhood
of an elliptic fixed point and analyze the asymptotic properties of the Birkhoff
series [26,27], using the majorant series method of Cauchy. Such a method was
first succesfully used by Moser [28] to prove the convergence of the Birkhoff series
which bring to normal form an area preserving map in the neighborhood of a
hyperbolic fixed point.

In the elliptic case we consider, the precise mechanism which determines the di-
vergence of the series is not precisely known, even though some heuristic arguments
have been given for area preserving maps [29,30,31]. Here we find that our majo-
rant series satisfies a functional equation, which seems to be at the origin of the
N! growth of the power series coefficients, even if the small divisors contribution
is absent. Indeed the same majorant series can be used also to study the normal
forms of analytic maps of C" in the resonant case [32] where no divisors occur if
n=1.

The generating function g(z) of the majorant series satisfies the following functional
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equation
3g(z) = g(g(z)) +2" +22  ¢(0)=0,4'(0)=¢"(0)=1 zeR (L1)

whose analyticity properties are presently investigated and seem to imply the pres-
ence of a fractal natural boundary [33]. A complete understanding of the analyticity
of g(z) could be the first step towards understanding the analyticity structure of
the true symplectic transformation which leads to the Birkhoff normal forms.

Future work will consist in sharpening the estimates, possibly with a computer
assisted proof, in order to compare them with numerical experiments for maps of
R* where the diffusion can be observed. The extension to the resonant case will also
be considered : the extension of the present estimates to the resonant normal forms
is straightforward, while the construction of the interpolating hamiltonian and the
corresponding remainder estimates are needed to obtain the stability estimate and
require a further non-negligible technical effort.

The present work is organized as follows :

In section 2 we introduce our notations and the equation which formally conju-
gates a symplectic, isochronous map with its normal form. In section 3 we estimate
the growth of the Birkhoff series. In section 4 we estimate the remainder and in the
last section we estimate the iterated remainder, obtaining a bound to the stability
time.

2. Notations, statement of the main result. Formal solution
of the conjugacy equations

2.1. THE MAP
Consider a map in R?¢, d > 1, defined by

' = fl¢,p)

¢ =g(q,p), @1

where (¢,p) € R? x R? and f, g are real analytic functions with values in R%. We
assume that the origin is a fixed point f(0,0) = ¢(0,0) = 0 and that the map is
symplectic, namely the following condition is satisfied

F(q,p)J Flg,p) =J (22)

where the jacobian matrix F(g,p) and the matrix J are defined by

Fla,p) = ___ggzg I= (_Ofn I(?) (23)

where I, is the n X n identity matrix.
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2. 2. COMPLEX COORDINATES

According to Birkhoff we introduce the complex coordinates zp = qx + ip, k =

1,...,d and their canonical conjugates wiy = z; = qr — ipx and define 2z =
(z15-..,24) and w = (wy,...,wq).

We consider also the complex functions Fy = fi + igx and their conjugates Gy =
fi —igx for k = 1,...,d. Since the coordinates g, p are real one is interested only

in the w = z* subspace of C?? where one has G = F*, namely the map (F,G) as
a map in C2?¢ leaves this subspace invariant.
Assuming that the origin is an elliptic fixed point, the map F' can be written as

+o0
d = F(z,2%) = (2 + ) _[Fln(2,2")) (2.4)
n=2
The following notation has been used : e = diag(e™1,...,e'wd),
ez = (e“izq,...,e"4zy) and [F]n(z,2*) denotes the projection of F on the

subspace of homogenuous polynomials of degree n.
In the space C? we use the following norm

lell = max =]z e C? (2.5)

and the corresponding sphere ||z]| < r is indeed a polydisk.

Given any map G : C?¢ — C¢ holomorphic on some closed polydisk D, : =
{(z,w) € C*¢| ||lz]| < r,|lw|]| < r } with G = (G4,...,G4), G(0) = 0, we write its
Taylor series as

G(z,w) = Z Gy zFrwk2. k“ Lkea (2.6)

kEN?24

where Gk € C? ,Gx = (GL,...,G{).
Its projection on the subsapce of homogeneous polynomials of order n and of order
< N respectively are denoted with

[Cla(z,w) = Y Guzbrwpr 2wl n>1,
kit+--tkag=n
N
[Glen =Y [Gla, N >1. (2.7)
n=1

The same notation is used for the projections of holomorphic maps of C2¢ with
values in C.
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2. 3. DIOPHANTINE CONDITION

We assume the linear part of the map (2.4) to be non-resonant (k -w = 0andk €
Z? = k = 0) and furthermore we require that the frequencies w satisfy a Diophan-
tine condition, i.e. for some constants v > 0 and 1 > d one has

le“ — 1] > 471k|™" for all k € Z¢\ {0} (2.8)

where k| = E?:l |k;|. Without loss of generality, in the sequel we will assume that
v > 1.

2. 4. NORMAL FORMS

We say that the map G is a normal form of degree 1 if

G(e™z,e7"2*) = e G(z,27) . (2.9)

If w is non resonant and the map is symplectic, (2.9) implies that G is the direct

product of rotations in the planes z1,...,24 with variable real frequencies 2 =
Q(zz*) = Q|z11%,..., |2al?) such that I [dpr = IQN*/Bp; with p; = z;2] for
j,k=1,...,d. As a consequence

G(z,2*) = ) | (2.10)

We shall denote with II; the projector on non-resonant normal forms of degree 1. If
G is not in normal form then if k € N2¢, [k| = n, and G, are the Taylor coefficients
of its j-th component, 1 < j < d, we have

: I if kg = kam for m # j and kyj_y = kg + 1 ;
o,e) = Gk, I Kogm—1 2m J 2j—1 27 3 211
(LGl { 0, otherwise. ( )

We say that a map G is in normal form of degree 0 if
G(e™z,e72*) = G(z,2%) . (2.12)

If w is non resonant, the projector Il on the non-resonant normal form of degree
0, acts on a generic map G according to :

(oG, = {Gf; if kzm-1 = kym for all 1 <m < d; (2.13)

0 otherwise.
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2. 5. NORMS
For any map G analytic in the polydisk D, with a Taylor expansion G = Y ~7 | [G].

we consider the following norms [34,35,36]

MG allr = =r > Gl

ki+-+kog=n, ki 20

+oo +o0
1671 = = NG Tallr™ = D NG Tall (2.14)
n=1 n=1
C = J
Gl : = Jpax, G- -

The given symplectic map (2.4) is assumed to be holomorphic in a polydisk D,
for some rp. With a simple scaling of the variables z — z/rp we obtain a new map
analytic in the unit polydisk. Scaling with some r < rp the following conditions
can always be fulfilled

IFhh =1 N[Fl2ll <37 "y 1< 1

2.15
HFlali <1, n>2. ( )

2. 6. MAIN RESULT

Under assumptions (2.8) and (2.15) the following exponential estimate for the sta-
bility of the orbits under iteration of the map F is obtained.

THEOREM . Let p. = 2/(497), and p < pu(3e)~ O+ If ||20]| < p/2 and
21 = F(zi_1,2]_y), t € Z,t > 1, then ||z,]| < (1 + 35)p for all t < T, where

1
TP e | 22N (22N
T—S\/;exp[ 5 (p) J (2.16)

2.7. OUTLINE OF THE PROOF

The proof of the theorem consists of four steps.

First (section 2) one considers the formal solution of the functional equation con-
necting the given map with its normal form. The existence of a symplectic solution
was proved in reference [27].

In the second step (section 3) the norms of the homogeneous polynomials defin-
ing the conjugation function and the normal forms are estimated up to a given
truncation order N using Cauchy’s method.

In the third step (section 4) a bound is given for the norm of remainder of the
functional equation in a disc D,.

In the fourth and last step (section 5) the iterations of the map are considered and
related to the iterations of the normal form through an “iterated remainder” whose
norm is estimated. The optimization in N of the remainder norm in D,/ and the
requirement that it is also smaller than r/2 gives the final Nekhoroshev estimate
once the result 1s tranformed back from the normal coordinates to the initial ones.
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2. 8. THE FUNCTIONAL EQUATION

The key point of the proof is the transformation through a change of coordinates
close to the identity

2= 8(,¢") = C+ S [#1a(C, ¢ (217)

n>2

of the given map F' to a new map which is still symplectic but in normal form
(' =U(, ") = ¢, (2.18)

The obvious reason is that the iterations of (2.18) are trivial. Formally the problem
is solved by the functional equation

F(2(C,¢*), @%((,C7)) = (MM, 7 M)y (2.19)

Since no analytic solutions are known to exist in a neighbourhood of the origin we
replace ¢ and €2 with polynomials of order < N, namely with [®]<n and [Q]<n,
which are determined by requiring that the functional equation is still satisfied up
to order N. As a consequence we replace (2.19) with

[Fol[®lcn —[®levoe™s¥ |, =0 2<n<N, (2:20)

where we have adopted the compact notation (Fo®)((,(*) = F(®((,(*), ®*((, (*))
and (® o e*)((, (*) = B((e™ S (*e~ )Y, For n > N the functional equa-
tion is no longer satisfied and one is left with a remainder Ry which is a sum of
polynomials of degree > N + 1

Ry :=Fo[®)cn — [®]<p oelMen (2.21)
For n < N, let us introduce the linear operator A defined by
A[®], = [B]n 0 €™ — €™ 0 [®], (2.22)
and notice that the relation between U and [Q]<y is

(Ul = [1sr(],. (2.23)

It is convenient to remark that the null space of A is the space of normal form of
degree 1 and for later convenience we write explicitly that

I [Uln = [U)a, (2.24)
M, A[®], = 0. (2.25)
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2. 9. THE RECURRENCE

We can extract an explicit recurrence from equation (2.20) according to
[Uln + A[®]n = [S]a, (2.26)
where [S),, is defined by
(Sl = [Fo[@l<n — [@lan 0 W) + AlO]n + U, (227)

and manifestly depends only on [F)i, [®]x and [U]; with 1 <k <n -1
The solution of the recurrence is obtained by projecting the equation (2.26) on
the subspace of normal forms of degree 1 and its complement according to

[U]n = I11[S]n (2.28)
Al = T11;)[®@]n = (1 = II1)(S]n, (2.29)

The linear operator A, (which commutes with II;) can now be inverted since its
null space is the space of normal forms and we write

(1 - Hl)[é]n = A_l(l - Hl)[s]n : (2'30)

The explicit expression of the r.h.s. reads

!

(A‘l(l - Hl)[Sj]n)(C,C') — Z [ei(wl(kz—kz)+-~+wa(ku_1—ku)) _ ein]—l
kyitetkgg=n
S’I{zf‘z;k’ - ~z:""1z;k“ 1<5<d
(2.31)

where in the sum ¥’ the coefficients for which the square bracket vanishes, namely
kl = kz, ey k2j—1 = kzj + 1, ey k2d—l = kzd, are excluded.

2.10. SIMPLECTICITY

We notice that the normal form components of the transformation II,[®], are
undetermined and at the same time the recurrence does not garantee that [®}<n
and [U)<y are symplectic, namely that equation (2.2) is satisfied up to order N.
For area preserving maps d = 1, one can determine II; [®]<ny by imposing that
the IIy projection of the jacobian of ® vanishes at any order. It is then proved that
[®]<n and [U]<n are symplectic up to order N so that [Q]<y turns out to be real
[27].
For d > 1 the II,; [®|<n is overconstrained and a direct construction is not work-
able. However using a symplectic generator, the existence of a solution II; [®]<,
symplectic up to order N was proved [27]; as a consequence the existence of a nor-
mal form [U)<y symplectic up to order N is also proved, and the reality of [Q}<n
follows.
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Moreover the functional equation (2.19) has a solution (®,U) with U in normal
form according to (2.18) also if we impose that @ verifies a condition weaker than
symplecticity. Actually it is straightforward to see that if the couple (@, U) satisfles
the equation (2.19), the couple (®',U) where we have defined

P == 0@ (2.32)

with Z(¢¢*) real, is also a solution. This is a trivial consequence of the fact that
the maps in normal form commute with all the rotations in the coordinate planes.
It is also possible to prove that in this way we obtain all the possible perturbative
solutions of eq. (2.19).

If the initial transformation ® is symplectic, then one can easily see that the
new trasformation @’ satisfies the Poisson brackets

(27.")=1 j=1.d (2.33)
where

i 9 0 o a
Ch=Lagag ~ aa

(2.34)

We recall that if the functions = satisfy the relations 8Z7/0px = 0=%/8p; with
p; = (¢ for jk=1,... ,d then the transformation ®' is a real symplectic map.

When we replace ® with its expansion up to order N in eq. (2.32) and (2.33)
and project the resulting equations respectively with II; and IIy, observing that
1,89 /8¢ = Oll; ®/9(, we obtain the relations

L[| n = i¢;[E )Nt + L [®]n + ... (2.35)
6 i 6 *1 _
'aznl[q’ ]n + EEHI[Q ]n =
n-1 d 9 ‘ P ' 5 s |
= II —_ Ql] q)*z n _ + 9 @! @*1 . )
02; 3(..,[ laC:[ Int1-t 6(;[ ]’acs[ Jnt1-1
(2.36)

where [E/]y_; is an arbitrary real function. The equation (2.35) means that the
immaginary part of II,[®/]y can be choosen arbitrarily. Then we estimate the
remaining coefficients II; [®/] y by means of eq. (2.36) together with the constraints

0 1 9 *1
oe il@ln = @nl[q» In (2.37) .

which remove completely the freedom left in the choice of the symplectic transfor-
mation ® according to (2.35). This completes the construction of the final pertur-
bative solution of the conjugation equation.



342 ARMANDO BAZZANI ET AL.

3. Estimate of the norm of the Birkhoff
series coeflicients

3.1. PRELIMINARIES

In order to obtain an estimate of the norms ||(1 —1I;)[®],]|; and ||[U]x|l1 forn < N
we use the conjugation equation, namely (2.27), (2.28) and (2.30); in order to
estimate ||II;[®],|| the simplecticity conditions (2.36) and (2.37).

Since the composition of holomorphic functions or polynomials frequently occurs,
we state the following result whose proof is straightforward and is left to the reader.
Let P and Q be two maps : C2?¢ - C¢ holomorphic in a neighborhood of the
origin and such that P(0) = Q(0) = 0; for the composed map @ o P the following
estimate holds

@ o Plalls < D llQLsllx > I[PYmulla - - [Pl Il - (3.1)

mi+...+m,=n

mj>1

In order to bound the r.h.s. of equation (2.31) using the diophantine condition (2.8)
it is convenient to introduce the notation

On = 29(n+1)" (3.2)
so that

max Iei(wl(kl—k2)+...+wd(k2,1_1-k24)) _ eiw_,'l—l < U_n (33)
k4.4 kag=nk; >0 - 2

and consequently from (2.28) and (2.30) we have

101l < 1Sl < oalliSall (3.4)
11 = T)(@alls < SH(STalh- (3.5)

since o, > 1.

3.2. THE INDUCTION

The estimates on the norms of (U], and [®], are obtained with an inductive pro-
cedure. A central role is played by a numeric sequence {u,} which satisfies the
following recursion

n—1
Hn = Z Hs Z Hmy oo fm, - (3.6)
s=2

mi+...+m,=n

mj Zl
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initialized by
p1=p2 =1 (3.7)

Lemma. With the above definitions and assuming that (2.8) and (2.15) are
satisfied, we have

I @)l =1 M@l < Bon)"?un  2<n < A. (3.9)

IWhih =1 [Ulalls < Bon)"?pa  2<n<N (3.8)

Proof. The proof is by induction.
The statement is true for n = 2 since [S]; = [F); and the subspace of normal forms
is empty for polynomials of even degree so that ||[U]2||; = 0 and from (2.16) and
(3.5) one has [|[®]2]|: < 1.
If n > 2 we suppose (3.8) to be satisfied at any lower order namely ||[®]i]lx <
(301)' %y and ||[Uilly < (3on)' "2 for 2 <1 < n < N. Starting from the defini-
tion of [S], (2.27) and using (3.1), we find

Xn = 0n|[[Slalls < anl|[Flallx
+on ) IFLIL > I{@lmi I - [ @]m, Il

mi+...+ms=n

+ Y@l > (Lo TP g M

myit..tm,=n

mj>1

By the inductive hypotesis and using (2.15) we obtain

n—1
Xn S on+o0o, Z Z (301\7)"—28+k(m)um1 e fm, T
s=2 my+...+m,=n
m; >1
n—1
t+0on Z(3UN)S_2/‘3 Z (3UN)n—28+k(m)/~‘1n1 e Pm, S
s=2 mi+...+m,=n (311)
mj >1
n—1
§0n<1+2(30N)("_3)ZN3 Z Hm,y --~Nms) .
8=2

my+..4+m,=n

m;>1



344 ARMANDO BAZZANI ET AL.

In the above equations k(m) denotes the number of indices m; which are equal to
1, since the estimates (3.8) at order 1 and higher orders are different. Taking into
account that 0 < k(m) < s — 1 because of the costraint m; + ... + my, = n, and
using the recurrence (3.6) for the y, we have

Xn S 0n(l+ 2(3‘71‘/)("_3)#")

2 1
< (3 =2 124 — | <u, (n-2)
< (3on) pa g+ G| S pn(30N)

(3.12)
since pn(3an )"~ > 1.

From (3.4) and (3.12) the inequality (3.8) follows.
From (3.5) and (3.12) we obtain [|(1 — II)[®]a[1 < Lpn(30n)("~D). As a con-
sequence in order to show that (3.9) is also satisfied we have to prove that
Iy [®]a]l1 < [Ln(?)O'N)("_Z). This is achieved using the symplecticity conditions
(2.34) and (2.35).

3. 3. SIMPLECTICITY CONDITIONS

Taking the norm of (2.36) and taking into account (2.37) we obtain

n—-1 d

1@alr < [<I>*’]n+1 Jhi 1<i<d (3.13)

st AT

Since II;[®].({ = 0,¢*) = 0 it is not difficult to see that ||%H1[<I>"]n”1 >
[T, [®%]4]1, and eq. (3.13) then reads

n—-1 d

I [@]a 1 < Z Y Un+ 1= D@L [@]n+1—ill

n—1

(3.14)

I(n+ 1= D@ [@]n+1-illx -
=2

Using our induction hypothesis ||[®];]l; < (3on)""2u; for 2 <1 < n — 1 we obtain

n—1
n— n+1-1
I (@]l < d(3on)"2) Mnt1-D Jon )m#n+1—1 (3.15)

=2
In order to obtained the desired result, all that we need to prove is

lpng1-1 < > Hmy -+ Py (3.16)

myi+..+m;=n

m;>1
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which follows immediatly recalling that y; = 1, and

dn+1-10) 1dn+1-10) _1 dn-1) _1 d 1
== <= <= = (3.
3on - 23N+ -2 (NP -2 3(N1)eT <3 (3:17)

where (3.2) has been used and the constraints ¥ > 1, 7 > d have been taken into
account. As a consequence (3.13) and (3.14) yield

n—1
n— 1 n— Hn
L1 [@]nlls < (30w) 252”’ > Hm -ty = (308)" 25 (3.18)
=2 mi+..4+mi=n
ijl

and finally one has
I[@lnll: < I {®lalls + (1 — M)[@lall < Bon)*?pan -
This completes the proof.

3. 4. FINAL ESTIMATES

The bounds which will be used in the next sections depend on estimates on the
ftn. These are considered in the Appendix A. Here we simply report the result

o < (n1)P. (3.19)

We point out that the result (3.19) could be sharpened becouse a numerical analysis
of the sequence shows that u, < C"*(n!). By (3.2) we can write

(Bow)" (P < 63N + 17" NOD < [oy(V 4 1)@+0] " (3.20)

The final estimates can therefore be written as

IUhlli=1 Ul <4™?* 2<n<N (3.21)
el =1 |[®ah <4™? 2<n<N. (3.22)

where
A=6y(N+1)°"  A>2.3 (3.23)

The lower bound to A holds also when 9 + 7 is replaced with 3 + 7; this exponent
would appear in (3.20) if the n! estimate to p,, suggested by numerical evidence
replaces the proved (n!)® bound. The 2 - 3° lower bound to A will systematically
be used, so that the final results will hold under the substitution 9+ 7 — 3 +n
once the n! bound to u, is proved.
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3. 5. INVERSE TRANSFORMATION

Together with the transformation (®]<x one has to consider the inverse transfor-
mation ¥, which exists in a neighbourhood of the origin due to the Inverse Function
Theorem, and is defined by the functional equation

([®]<n 0 T)(2,2%) = 2. (3.24)

From (3.24) we obtain the series solution for ¥ which at order n < 2 reads
h=C [P=—[2: = [[¥Thlh=1 [[¥]:hH <1 (3.25)

and at higher orders gives a recurrence, which, through (3.1) leads to recurrent

inequalities for the norms

I1%nlls < N[®]allx + z—: @ lx > 1@ lln €], Il (3.26)
8=2 mi+..+m,=n
mj>1

setting ||[®].|l1 = 0 if n > N. Therefore using (3.22) we obtain

n-~1

N[l < A2 4+ 4072 > 1) milleee N[, - (3:27)

8=2 mi+...+m,=n

m;>1
It is convenient to scale the norms ||[¥],]|; introducing the sequence y,, defined by
Ll =y =1, ¥l =A"%yn  for n>2 (3.28)

By the same arguments used to prove (3.11) we find that that the sequence y,
satisfies the recurrent inequalities

n—1
1
yn <1+ ) Z Z Ymy oo Ym, with n > 2 (3.29)
8=2 mi+..+m,=n
m;>1

initialized by y; = 1, yo < 1.
We introduce a new sequence {§,} bounding from above the {y,} and defined by
the recursion

=1,

1

N Z Umy - - - Um, forn > 2 (3.30)
2

Qs
iy
]
2 ®

<
3
ft

]

mi+...+m,=n

m; >1
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The sequence {§,} is analyzed in Appendix A where we obtain the result

4
Yn g < 1—42(7"_2) forall n>2. (3.31)

Finally from (3.28) and (3.31) we obtain the desired estimate for ||[¥]n||; which
reads
{H[‘I’]nlll =1, ifn=1,2

3.32
¥l < l—jl{z (TA)"?, withn > 2. ( )

4. Estimate of the remainder norm

According to (2.21) the remainder Ry gives a nonvanishing contribution at orders
n > N + 1 and we can write

[RN]n = [F o[®l<n — [®l<n o0 ei[Q]SNC . for n>N. (4.1)

In order to bound the norm of the remainder we need first to estimate the norms
lS2=ll1 with n < N using the estimates of ||[U].||; obtained for n < N in the
previous section and then bound ||[e~[%<™(],||; for any value of n.

4.1. BOUNDS TO Q2
The definition (2.23) implies that [Q}<y is determined by [U]<n namely

eI CO) S Wiy ((,¢*) + O(CIY)  where j=1,....d, (42)

and the relation can be inverted according to

1+ <[Uj]SN(C<’_C*)8_M —1+ O(ICI”))} (4.3)

(([Q]<n(C- ¢ —w!) =In

where the logarithm is evaluated according to the expansion In(l + z) =
-,

8= 8
The following inequality is obtained by (3.1)

O <Y Y Wil Wl (44)
s=1

my+..+m.=n

m; Zl
where we have taken into account that

[[UjkN(C,C*)e_M _1]

= [T ]as1lly < [[Ulns1lla - (4.5)

G
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Using the estimate (3.21) for |[[U]x[|1, equation (4.4) becomes

1, . (n-1

il <3 Sam= (")
s:l

> A—(-1

. (4.6)
< Am! ; oo 1)1 = (Ae%) ,

’

_1) is the number of terms of the sum E

where the binomial coeflicient (:_1

mi+...+m,=n
(see Appendix A).
By a similar procedure, using (4.6) we find

N I D SN2 00
s=1

mi+..+m,=n

m; >1
"1 n—s fn—1 4.7
SZE(AG%) (:—1)

< ( e%)n_l i (—s_—l_T)T (Ae%)_(a_l) (n—1)*"1 = Br-1
s=1

X

where

B= Aexp{1/(Ae%)+1/A}. (4.8)
From (3.23) it follows that
2-3%<A<B<24 (4.9)

4. 2. REMAINDER ESTIMATES

In order to estimate the remainder ||Ry||, we first notice that

Jlomerd) s [[men] = =]

<B™? for n>2

1
(4.10)
and recall that ||[®].][s = 0 for n > N, so that the following inequality is obtained

1 n-—1

I[BN]allx < 2 I[Esllx > 1@ 1o [[[®]m, 1 + I[ET ]l

mi+...+my=n
mj; >1

+ﬁ|u<1>13u1 > e s el | [l L,

mi+...+m,=n

mj >1

1

(4.11)
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Using the estimates(2.15), (3.22) and (4.10) we obtain, with the same manipulations
used in (3.11)

I[RNall < A""“Tg (Z:ll) +1+ B"'asé (Z: i) +B™?. (4.12)

Recalling that 3°5_0 (*7') = 2"~!, taking (4.9) into account, we find for n ~ 1 >
N2>2
”[RN]nHI S 2n—1 (An—3 + Bn-3) + 1 + Bn-2

2 2 1 1 (4.13)
< n—=2 | % = . Z) « n—2
< (2B) <B+A+2B+2)"(2B)
Then we have immediately
1 - 1 (2Br)NH1 1
PSS n_ . f (4
|Rnllr < 2By (2Br) @B 1-2Br or r < o5 (4.14)

n=N+1

4.3. A NEW REMAINDER

In order to compare the normal form dynamics and the true dynamics the trans-
formation ¥ = [®]Z}, must be applied to both members of the equation

Fo[®]<n = [@]<noellfsn¢ 4 Ry, (4.15)

obtaining
G :=WoFoldlcy=elsNn 4 Ry (4.16)

where Ry is the new remainder defined by
Ry :=Wo ([@lcyoclse s Ry) —woo)eyoeiene.  (a17)

In order to estimate the new remainder we first evaluate the norms of the functions
F, ® and ¥ respectively.

4. 4. SOME ESTIMATES

Using (2.15) we immediatly have
(F[l- < i—r_-; r<re=1, (4.18)

using (3.22) we obtain

2

l@<nlle <7t 7

r<re=1/A (4.19)
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and finally using (3.32) we get

147 , T4
R 1—_7—’:47 r<rg =1/(74). (4.20)

One can notice now that the composition ¥ o Fo[®]< is well defined if we choose

r< gi (4.21)

Indeed from (4.19) it follows

: 1 /8 1 1
lelenl < l#lsmly, < 55 (5 + 55 ) < o (422)

and from (4.18)

1F 0 [@)<n ll- < NFlyergniie S IFllg < g7 <77 (4.23)

We wish also to check that

1

”[@]SNoei[Q]SN(-{—RN <re  with r<o. (4.24)

In fact using (4.14) and (4.22) we have

|1@1<w o v et Ry < ielenlly + 1R
RIVE IS S I N AT
8B \9 9B 4B27\9 — 8B

Al

(4.25)

where we have used N > 2 and l<n ¢ ” = 1, which is a consequence of the
r

reality of the frequency .

4.5. NORM OF THE NEW REMAINDER

In order to bound Ry we have to use a Cauchy estimate. If f is analytic in D, and
g, h are analytic in D, with r < p then

Rl

provided that ||g||. + ||A||- + € < p. The proof is given in appendix B.
As a consequence letting p = ||[®]<n||- + [|Rn||- and choosing still r < 1/(9B) we
have p < 1/(8B), see (4.25), and consequently

- 1
BNl < S8l pr el Bel- (4.27)
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Since we must have p +¢ < rg = 1/(7A) we choose

<—1—+—1—~—15—<—}—<—1—— (4.28)
~ 112B =112B "8B 112B “ 7B 74 Y '

A straightforward calculation using (4.20) gives

<18

Ilore < Il 55 < 1155

(4.29)

Finally from (4.27), (4.29) and (4.9),(4.13) we obtain the estimate of || Ry /|-

1 Bnls < 18] Rylls < —o 2

<15 7(213r)N+1 < (4ArNFL (4.30)

5. The Nekhoroshev’s Estimate

5.1. ITERATED REMAINDERS

Here we first write a recurrence for the remainders of the map iterated t < T times.
Iterating once the function G defined by (4.16) we obtain

GoG= (ei[mSNC + RN> ) (ei[Q]SN( + RN) - ezi[Q]SNC
+ [(ei[Q]gNC) o (ei[ﬂlgnc + RN) _ (ei[Q]ch) o (ei[Q]gzvc)] + (5.1)

4 [RN o (ei[Q]SNC n RN)] = e2%n ¢ 4 RN (2)

where Ry(2) is the sum of the two terms between square brackets. By induction
we easily have

G — o) o g = (e“[“]SN( n RN(t)) o (ei[Q]SNC n RN) _

: N (5.2)

= D len e 4 Ry(t+1)

where we define the remainder after ¢t + 1 iterations as

I%N(t + 1) — [(eti[Q]SNc) ° (ei[Q]gNC +RN> . (eit[Q]5N<> ° (ei[Q]SNC)]
. . . (5.3)
+ [RN(t) o (e'[Q]SN( +RN)} .
Since Ry is defined in a disc D, with r < 1/(9B) and a fortiori for
1 1
L < — .

"=184 = 9B’ (5:4)
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the next remainders will be defined in smaller domains, namely Ry(t) will be
defined in D,,_, where r; is a decreasing sequence on which we require that, for
instance, rr = r/2.

As a consequence we can choose

T rt
Tty — 5 =7

57 =" g (5.5)

To="7, Ty =T — rr =

N =3

r
ET, een Tt =

We use now the Cauchy estimates (4.26) in order to evaluate the norm of Ry(t).
The norm of the first term in (5.3) is bounded by

o) o (s s ) < () e

1 i 5 rit+e+ ”RN ‘Tt >
< Lpeen e Bl = PR TN

Tt

Of course we must impose that r; + ||Ry|lr, +& < re—1. A possibility is to choose,

taking into account (4.30)

M—1—T A A ri_1—T

=TI Rl < Rull < (4APVH < LT

With this condition the Lh.s. of equation (5.6) is bounded by 2r;_;/(rie; —
ri)|[Rn|l-. By (5.5) we have also

(5.7)

|Bn(t) o (6@ ¢+ Ru) | < URNONripayy,, S IBNDlres  (58)
Combining the last results finally we obtain

~ Teo ~ ~
1B (t+ Dllr, < 2| Rnllr + [ Ry(Dllr._, =
t—1 =Tt (5.9)

=227 —t + Dl|&nl- + |Rx Bl
The recurrent inequalities are immediatly solved and one obtains

- 1 t(t-1 . .
1Rn (s <[5+ 7+ -0 = 52| o, <alRm), (520

for2<t<T.

5. 2. MINIMIZATION OF THE REMAINDERS

The optimization is obtained by choosing for any fixed r satisfying (5.4) a truncation
order N = N which makes the remaninder ||Ry||, minimum. For this purpose it is
convenient to rewrite (|Ry||- as follows; recalling (4.30) and (3.23)

]N-{-l

el < FN,r) = (44750 = | 2V 4 2007 N2 (511)
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where we have defined

1
x = . 12
T 51 (5.12)
The inequality (5.4) now reads
r 2
<z —9-n, .
o~ 9(N+ 1) (5.13)

The minimum of f(N,r) is obtained for N = N where

1
} *\ T
n=1 (r—) -1 (5.14)

€ r

and the corresponding value of f is

= _ 1 /re 9-:-—71
f(¥,r) = exp [—(9 )= () ] (5.15)
We observe that writing (5.14) as
9+7
L (%) (N 1)~ (5.16)
T

condition (5.13) is trivially satisfyed for any N > 2. Indeed we have only to in-
sure that the minimum effectively occurs for for N > 2. This gives the only true
constraint on r which reads from (5.14)

_ Ty
N>22 = r<o—7F 5.17
- ~ (3e)%tn (5:.17)
5.3. ADDITIONAL CONSTRAINTS
Let us observe now that equation (5.7), which bounds ||[Ry/|- in order that the
compositions occuring in the remainders Ry(t) are well defined, now reads

FND < 7 (5.18)

We should also notice that the image by the map e!?SN ¢ + Ry(t) of a point in
D, /2 is well defined for any ¢ < T and will remain confined in D, if we require
that the norm of the remainder Ry(t) does not exceed r/2. This is essentially the
stability condition which, according to (5.10) can be written

IBN(E)lr,_, <ATZF(N,r) < % = f(N,r)< §;—2 1<t<T  (5.19)

Condition (5.19) fixes the optimal stability time T : ( € Dyjs = (s € D, 1<t < T

T= ,/m - \/gexp[g;n (%)ﬁ] (5.20)
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5. 4. FINAL STABILITY CONDITION

Now for any fixed N the stability condition is fulfilled if any orbit with initial point
z € D,/, remains up to time T in a disc Dy , with p' > p, namely that z; € D,
for t < T. If we consider the image (,...,(t,...,(r of the orbit z,...,2¢,...,27 by
the tranformation ¥, then the previous statement becomes : that ¢ € D, /, implies
¢t €Dy fort <T.

We have seen above how to fix T so that v/ = r. Let us now recall that

Uo FW o [@]cy = e v ¢ 4+ Ry(2) (5.21)
and that
49 p 1
= ||¥ — — )
ICl=1ely < 208 for p< =1y (522)
and also that
145 1 Te
== <I> r < ——— ! < —_— .
el = llenlle < T v for 7S 5o = (523)
Le us choose now
r 49 p .
5= 18 2 r=r (5.24)
which implies
145 1
! !
= < il
Pr=1u’ < (1 + 24) P (5.25)
Introducing the variable
48 2
$ = T = .26
P+ = 419" " 194 (5.26)
the optimal stability time T : z € D,j; = 2 € D(q4 L)p 1 <t < T is obviously
given by
1
7T [p 947 [pe)*H
T=-4/Z — (= .
8\/;exp 2 (p) ] (5.27)
provided that
P (5.28)

Ps (3€)9+

According to (5.4) the choice (5.24) implies p < 32 Lo < =5 7 so that the conditions
to apply (5.22) and (5.23) are obviously satisfyed.

This concludes the proof of the main theorem.
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Appendix A : Proof of (3.19) and (3.31)

Let py = o =1, and p,,, n > 2 be recursively defined by

n—1
Hn = Z Hs Z Hiy - Pk, - (4.1)

=2 ki+.. +k,=nk; 21

Lemma Al Foralln>1
tn < (n1)? (3.19)

Proof. By induction we assume that (3.19) holds for 1 < j < n. First of all we

remark that

k.. k) =(n— . 2
k1+...+k,131?,}1{5k1§...k, ! d=(n—s+1) (42)

In fact this is true if s = 1 and by induction on s

max k!... ksy1' < max (3! max kil k!
k4. tkypi=n s+l = 131'37,_3(‘] ki+..+kg=n~j )
1<k €Sk 1<k <. <k,

< n—j—s+ 1) <(n—s).
< Jax jln—j-s+DI<(n—s)

On the other hand the number card(s,n) of terms in the sum 3, . ., _ is
given by the binomial coefficient

(21)=-Tosa (43

as follows immediately by inductionon 1 < s <n:
card(s + 1,n) = Ecard(s n—j)= le_:s(n“j —1) = (n—l)
’ ; ’ ; s—1 s )
1=1 1=1
From (A2) and (A3) follows that

o <3 (s 3 (k) ... (k1) < i(s!)a (’S‘: ;)((n —s+ 1))
s=2 =2

kit.tks=nki>1

=(n-1)! z—:(s!(n —s+1))s(n—s+1)

so that (3.19) is proved if one shows that for all n > 3

i(s!(n —s+1Ns(n—s+1) < (n)?n. (A4)

8=2
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As sl(n —s+1)! ,2 < s <n-—1 has its maximum for s = 2 one has
sln—s+1)! <2(n-1)! (A5)

while the sum Y"7) s(n — s + 1) can be explicitly computed

n—1

Zs(n—s+1):g—[(n—l)(n+4)—6]. (A6)
By (A5) and (A6) we finally obtain

i(s!(n — s+ 1)N)2s(n—s+1) < (2(n - 1)!)2%[(72 —1)(n+4)-6] < (n!)?n

8=2

for all n > 3, i.e. (A4). This completes the proof of the lemma.

We now consider the sequence recursively defined by
n
f1=1,0.=) > Ok, ... Gk, forn>2 (AT)
=2 ki+..+k,=n,k;>1
Lemma A2 Foralln>1
Jn < =771, (3.31)

Proof. The formal power series
+00
9(z) = > in2", (A8)
n=1
where z € C, solves the functional equation

g(z) = M +z. (49)

1-g(2)
Let w = g(2); w is a root of the quadratic equation w? + z(1 — w) = (1 — w)w from
which one has immediately

14+2— /14 (22 -62)

w=g(z) = 1

The first singularity of g(z) is at z = 3 — 2¢/2 and the series will converge for
instance for [2] < 1 <3 - 2v/2 and using Cauchy’s theorem we have

3
o < n <_ n'
gn <7 nax, lg(2)| £ i
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Appendix B : Proof of (4.26)

Lemma B3 Let f be analytic in the polydisk D, and g, h be analytic in D, with
r < p. Then

1Fo g+ 1) fogl), < Lttt 1M (4.26)

provided that ||g||» + ||h]jr + € < p.

Proof. Let z € D, be fixed and let G(z,t) : = f(t(g(2) + h(2)) + (1 — t)g(2)),
so that

£(a(2) + h(z)) - F(g(2)) = / 4 6z,

By the standard Cauchy theorem for one complex variable we can evaluate the
derivative of G with respect to t by integrating over a small circle around ¢. Fol-
lowing [36] we introduce

Glz,t,5) + = f((t+ se')g(2) + h(2)) + (1 — t ~ s¢'7)g(2))

so that .
borer G(z,t,s)d

2mseit

Fa(2) + h(2)) ~ Fg(2)) = / vt (B1)

If
€

B

S

(B2)

then G(z,t,s) is well defined for all z € D, and its norm as an analytic function of
z is bounded by the norm of f uniformly as (¢,s) vary in [0,1] x [0,27] :

GGty )l < F N nglls Rl +e - (B3)

By taking norms on both sides of (B1) and using (B3) we have

1 2 A . . 1 d
|lf<>(g+h)—fog\|r5/0 /0 dedts||fl|||g||r+uhnr+s A ad

2rs 8

From the definition (B2) of s one finally obtains

g, +nali+e N2l
If o(g+h) = fog|l, < =52 -

Note added in proof. The estimate (3.19) can be actually replaced by p, <
8"~1(n —1)! as proved recently by one of us (A.B.) in an unpublished work. There-
fore the final stability estimate (2.16) can be improved by replacing 9 + n with
3+n.
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