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Abstract. Changes in the joint distribution of influence functions for the
mean vector and the covariance matrix are examined when the true
probability distribution is contaminated. In particular, the formulas for
influence functions of the first and second moments with respect to the
above joint distribution are obtained and used to derive reasonable test
statistics for multivariate normality. The formulas are extended by using
the joint distribution of score functions for population parameters. An
application of the extended formulas to the usual linear regression
analysis leads to a measure of multivariate skewness which can be used to
reduce the effect of non-normality of the response variable. Also, some
relationship between the extended formulas and goodness-of-fit statistics
is discussed and used to derive test statistics for multivariate normality.
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1. Introduction

Many of the standard multivariate statistical methods depend on the
assumption of multivariate normality. Thus, in analyzing multivariate data,
we often face the problem of detecting influential observations which may
affect the estimation of the mean vector and the covariance matrix. Let F
be an underlying p-variate distribution function with mean vector u’ =
(u1,...,4p) and covariance matrix X = (oy), i, j=1,...,p. An influential
observation X’ = (Xi,..., Xp), which may have a possible effect on the
estimation of x4 and X, is detected by the influence functions for x# and Z,
that is,

(L) IFCG) =lim (u(F) — w(F))je=X—p,

and
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(12 IFX;2) =lim (Z(F) - Z(F)/e=(X - (X —p) = T,

respectively, where F'= (1 — ¢)F + &dx (0 <& < 1) is a mixture distribution
function constructed in terms of F and a discrete distribution with a unit
mass at X (see Radhakrishnan and Kshirsagar (1981)).

If we take F to be multivariate normal, then a well-known diagnostic
tool for checking the distribution of IF(X; u) (or some function of IF(X;2))
is Healy’s (1968) x* probability plot based on (X — )X '(X — w). This
method is closely related to Wilks’ (1963) outlier detection procedure,
which examines the distribution of the influence function about the
determinant of X. The influence function is defined by

(1.3) IF(X; | Z1) = [(X — w27 (X - p) - p]| 2]

(again see Radhakrishnan and Kshirsagar (1981)). Wilks (1963) examined
the ratio statistic IF(X; |2])/|Z], that is,

(1.4) RXIZN=(X-wZ'(X-w-p.

The second moment of R(X;|X|) was used by Mardia (1970) to derive his
measure of multivariate kurtosis f2,, for testing multivariate normality.

On the other hand, a necessary and sufficient condition for multivariate
normality is independence of the sample mean vector and the sample
covariance matrix (see Section 15.24 in Stuart and Ord (1987)). This means
that IF(X;u) and IF(X;ZX) are independent, whenever F is multivariate
normal. Therefore, in order to investigate possible departures from multi-
variate normality for influential observations, it is natural to examine the
structure of the joint distribution of IF(X;u) and IF(X;ZX) when the
distribution of an influential observation X, say H, is different from F.

In the following section, we first evaluate the first and second moments
of the joint distribution of IF(X;u) and IF(X;ZX) under the contaminated
distribution H=(1 —n)F+nG (0<n<1), where G is an unknown p-
variate distribution. Then, we derive influence functions for the first and
second moments in the joint distribution of IF(X;u) and IF(X;ZX). By
using these influence functions, we give some interpretations of various
non-null configurations of the y’ probability plot, which are due to
outliers, heteroscedasticity of variance, or non-normality. This consideration
of the x° probability plot for non-normality gives us an idea about the basic
relations of IF(X; ) and IF(X;2), which enables us to introduce two types
of measures of dependence for checking multivariate normality. A simulation
study in 2-dimensional non-normal models shows that the two measures
have good powers in comparison to other related test statistics.

In Section 3, the above basic relations are extended by using score
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functions for population parameters. An application of the extended
relations to the usual linear regression analysis leads to a measure of
multivariate skewness tr (S;) (see Isogai (19834)) which enables us to
choose an experimental design so as to reduce the effect of non-normality
of the response variable. Finally, some relationship between the extended
relations and goodness-of-fit statistics is discussed and used to derive
typical test statistics for multivariate normality.

2. Use of influence functions IF(X; u) and IF(X; X)

Let us first examine the first two moments of IF(X; u) and IF(X; X).
Here we assume that the distribution H of an influential observation X is
expressed as H=(1 —q)F+nG with 0 <y <1 and some p-variate non-
normal or normal distribution G with mean vector v =(vi,...,v,) and
covariance matrix ¥ = (y;), i,j=1,...,p. We hereafter assume in this
section that the distribution F is p-variate normal. Put

2.1) w=IFX;Wy=X—-u,
and
2.2) w=vec(IF(X; X)) =vec{(X — (X —pny -2},

here, the vec operator on a given p X ¢ matrix A constructs a pg x 1
column vector by stacking the g column vectors of A consecutively. In
other words, if the matrix A4 is given by A = (a1: az::-+: a,), where each a; is
a p X 1 column vector, then vec (A) is defined by

vec (A) = (ai, a3,...,4a9) .

Also put

2.3) w=(“‘).

uz

The expectation of the (p + p’)-dimensional random vector w with
respect to the distribution H is

(2.4)  Eu(w)= (1 —n)Er(w) + nEs(w)

Ec;(ul))= ( vV—pu ),

= nka(w) =7 ( Ec(u2) vec {¥ — Z+ (v — m)(v — p)'}

(because Er(w)=0), where by subscripts F, G and H we denote distri-
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butions under which their moments are calculated. Also the covariance
matrix of w under H may be expressed as

(2.5) varg(w) = Eg{(w — Eg(W))(w — Ex(w))’}
= varr(w) + g varg(w) — varp(w)]

+n(1 — MLEc(w) — Er(W))[Ec(w) — Er(w)]' .
We need the following lemma to write the formula of varg(w) explicitly.

LEMMA 2.1. For matrices A of order q X r, B of order r x s and C of
order s X t, we have

(2.6) vec [ABC] = (C'® A) vec[B],

where the symbol K denotes the Kronecker product of matrices (for
details, see Rao (1973), Section 1b.8).

First we give the formula for varg(w). Partition

varg(ui)  covg(u, uz) )

(2.7) varg(w) = ( covg(uz, u1)  varg(u)

where

2.8) varg(u)) = ¥,
2.9) cove(t, uz2) = cove(uz, ui)
=4+ ¥PQUv-wW+(-wWR®Y,

and

(210) varg(u)=T'+4Q(v-wW+v-wRA4+4 Qv —un)
tO- W RA+YRQ—pw)v—py
H-W - QFP+(v-pQ¥YR(v—uy
+O0- W RYR(—n;

we now describe the matrices 4 and 7. In particular, we put Eg[(X — V)
vee {(X — VWX — v) — ¥}] = 4 = (Js), which is a p x p* matrix given by
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K1z
K131
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Ki12
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Kip2
Kiip
Ki2p
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K231
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K222
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Next, we put Eg[vec {(X — V) (X —v) — P}vec{(X - WX —-Vv) - ¥}V]=TI=
(ys)), which is a p* x p® matrix given by

011,11
021,11

Opi,11
(2.12) TI'=

Olp,11

Opp, 11

In (2.11) and (2.12),

011,21
021,21

Op1,21

O1p,21
Opp,21

O11,p2
021,p2

apl,p2

O1p,p2

Opp.p2

J11,p1
021,p1

Opl,p1

O1p,p1

Opp.pl

‘

g11,12
021,12

Opl1,12

Jip,12

Opp,12

011,22
021,22

Op1,22

O1p,22

Opp,22

Oi,1p Oi1,2p
O21,1p 021,2p

Op1,1p Op1,2p ***

Oip,1ip Olp2p ***

.

Opp.ip  Opp,2p

Gij,im = Kijim + WilWjm + YimWj1 ,

O1l.pp
021,1p

Opl.pp

Olp.pp

Opp.pp
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and x;;; and ki1, denote the 3rd and 4th order multivariate cumulants of G,
respectively. We note in addition that

Os=k; for s=i and t=j+({-1)p,

Vst = Gijim  fOr =i+(-Dp and t=/+(m-1)p.

In terms of Kronecker products and a p* x p’ permutation matrix 7, I can
be rewritten as follows:

(2.13) Fr=KY+¥YQ¥V+T¥QRY¥):

here K is a p’ x p* matrix whose elements are the 4th order cumulants
Kijim, and the permutation matrix 7 is given by

Enw En En - Ep
T=|F2 E»n E, - E;]|,
Ep, Eyp Ep - Ep

with p X p matrices E;;’s whose (i, j) element is | and the other elements are
zero. Note that the permutation matrix 7 has the following properties: (1)
T=T and T’ =1, the identity matrix of order p* and (2) T vec (A)=
vec (A’) for an arbitrary p X p matrix A4.

For the formula of varr(w), we need only replace v and ¥ in the
formula of varg(w) by x4 and Z, respectively, and set the 3rd and 4th order
multivariate cumulants equal to zero. Then

(2.14) varp(ui) = X,  coVe(u, uz) = covr(ui, u2)’ =0,
and
(2.15) varr(i)) = 2 R 2+ T(Z ® X),

where T denotes the p’ x p* permutation matrix defined above.

2.1 Influence functions of the moments of IF(X; ) and IF(X; X))

From the above results we can easily evaluate the influence functions
of the moments Er(w) and varr(w) of the influence functions IF(X; 4) and
IF(X; ). They are given by

(2.16) IF(G; Er(w)) = Es(w) ,

and
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(2.17) IF(G; varp(w)) = varg(w) — varr(w) + Eg(W)Eg(w)’ .

By utilizing these formulas we may investigate the first two moments
of R(X; |Z]) in (1.4). Recall that

R(X;121) = tr Z7H(X — pu)(X - py — Z}
=vec (7)Y vec {(X — u)( X — p) — Z} = vec (Z Vus .
So, we have
En[R(X; |Z1)] = vec (Z'Y En(us) ,
varg(R(X; | Z))) = vec (Z7') varu(u) vec (Z7)) .
The influence functions of the first two moments of R(X;|ZX|) are thus
(2.18)  IF(G; Ef[R(X; | Z|)]) = vec (27"Y Es(w2) ,
and
(2.19) IF(G; varr(R(X; | Z]))) = vec (Z7'Y{ vare(u2) — varr(uz)
+ Eg(u2)Ec(u2)'} vee (271 .
We next evaluate (2.18) and (2.19) in some special cases:
Case 1. (location shift problem) ¥ =2, Fand G are normal.

IF[G; Ef(R(X; | Z))] = (v~ Z ' (v - ) ,
IF[G; vars(R(X; | Z1)] = 4(v — )27 (v — )
+[ - Z v -l
Case 2. (variance discrepancy problem) v =y, Fand G are normal.
IF[G; Ex(R(X;|Z)] = tr (PZ)-p,
IF[G; varr(R(X; | Z|))] = 2 tr (27 ¥Z7'¥) - p]
+[tr (PZ7) - pI.

Case 3. (non-normal case) v=yu, Y=2, F is normal and G is
non-normal.

IF[G; Er(R(X; |2|)] =0,
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IF[G; varr(R(X; | Z]))] = vec (Z'YK™ vec (£71)
= 2 2 ? 2 Uijalmxijlm .
[ ) m

We focus now on Case 3, in which the value of IF[G; vars(R(X; | Z|))]
is equivalent to Mardia’s (1970) measure of multivariate kurtosis f,,.
Under the conditions of Case 3, (2.17) can be rewritten as

varg[ R(X; |1 21)] = vars[ R(X; | 2])] + IF[G; vars(R(X; | 21))] ,
or equivalently,
varg[IF(X; | Z1)] = varf[IF(X; | 21)] + TF[G; vars(IF(X; | 21))] .

This relation well explains the character of ., as a diagnostic tool in using
Healy’s (1968) y* plot under normality, and also suggests some ways to
define measures of testing multivariate normality. That is, under the
assumption that y=v, ¥=2, F is normal and G is non-normal, from
(2.17) we have the basic relation

(2.20) varg(w) = varr(w) + IF(G; vareg(w)) .

By using varg(w) in (2.20) we shall define measures for assessing multi-
variate normality.

2.2 Measures of dependence

Under the assumption that G is a p-variate non-normal distribution
with mean vector 4 and covariance matrix X, we shall consider the problem
of evaluating the magnitude of the correlation between the random vectors
u and w» in w; recall that zero-correlation between u, and u; is a necessary
condition for assuring multivariate normality.

Two types of measures of dependence Dum and Dmax are introduced.
Do is defined as the sum of canonical correlations between u; and w»,
namely,

(2.21) Dym =tr (274" 4’),

where I’ denotes a generalized inverse of Moore-Penrose type (see Rao
(1973), Section 1b.5). In the case of the 4th order multivariate cumulants
Kijim being all zero, we have Dgm = (1/2)1,p, where I' = (1/4)(I + T) and
B, is a measure of multivariate skewness introduced by Mardia (1970).
Dqn is invariant under the affine transformation of the random vector
X — QX +r, where Q is an arbitrary p X p nonsingular constant matrix
and r is an arbitrary p X 1 constant vector. This invariance property can be



INFLUENCE FUNCTIONS FOR TESTING NORMALITY 177

easily shown by noting that under the transformation X — QX + r, the
random vector w = (u{, u3) is transformed to

5 oaolli)
0 O®QNw/’

For a given random sample X1, Xa,..., X, of size n, a sample version
Dum of Dam is defined by replacing the population cumulants by the
corresponding k-statistics. Under normality, (n/3)Dwm has the same
asymptotic distribution of x* with p(p + 1)(p + 2)/6 degrees of freedom as
that of Mardia’s (n/6)b1,p.

The object of the other measure of dependence Dmax is to examine the
correlation between u; and w; by using ¢’X, a linear combination of the
random vector X, where @’ = (ai,...,a,) is a p X 1 scalar vector. Dpay is
defined by

B [ covel(@us, (@ @ a)u)}
(2.22) Drax = max varg(a'u:) vare((@’ @ a')uz) -

Here we carry out the maximization in a under the condition that
varg(@’u1) = 1. Then Dm. may be rewritten as

_ [a4(a ® o)’
(223) Diax = m%x (a' ® a’)r(a ® a)
[ IDIPX a,-a,-aﬂcijz] :
= max L !

b
a Z Z ; pX aia;Q1amKijim + 2
i m

under ’Za = 1.

In the case of the fth order ;nultivariate cumulants xiji» being all zero,
we have Dmax = (1/2)b1, where b is a measure of multivariate skewness as
defined by Malkovich and Afifi (1973).

Clearly, Dmax is also affine invariant, and for a random sample of size
n, a sample version Dmax Of Dumax is defined similarly as in the case of Dyum.
It is difficult to calculate the sampling distribution of Dy exactly, but a
simulation study is feasible.

2.3 Monte Carlo study

In this section we shall examine some finite sample properties of Dym
and Duax for various non-normal models with dimension p = 2. For the
non-normal models, we consider the following two component normal
mixture models, which were studied earlier in Isogai (1983b):



178 TAKAFUMI ISOGAI

(M1) (1 — )Na(0, I) + TN, ('"),sz(l ')]
[\ m r 1
withl>n>0,1>r> -1,m=0,
(M2) a n)N2(0,12)+nN2_(m),s( o 14

withl>n>0,1>r=0,m=0,

where Nx(u,2) in (M1) and (M2) denotes the density function of a 2-
dimensional normal distribution Ny(u,2).

By specifying the values of 4 parameters 7, r, m and s* in each of the
above mixture models, we have the following non-normal cases:

(s) 7m=.25 m=3, §=3, 1>r>-1 with (M1) ,
(s2) mn=.25 m=3, §=3, 1>r=0 with (M2) ,
kl) 7=.25 m=0, =3, 1>r=0 with (M1) (or (M2)),

Table 1. 5% level power of Dyum and Duax and other related measures with sample size n = 30.

Measures

Dsum Dmax b 1.2 ﬁnznx b‘l‘

Non-normal cases

sy ==25 r=-9 7% 80% 68% S51% 62%
$£=3 -—-5 66 8 66 40 6l
m=73 =00 59 8 6 35 60

= 5 52 84 S8 40 62
= 9 8 8 0 81 64

(s2) m=.25 r=00 59 8 6 35 59
=3 5 59 81 61 40 63
m=3 = 9 64 8 62 66 63

(k) n=.25 r=00 14 16 23 12 2
$=3 r= 5 14 16 2 12 2
m=0 r= 9 6 15 2 15 19

k2 =1 7=.25 9 8 10 6 8
m=0 w=.50 15 15 19 13 19
r=9 w=.5 24 25 3320 32

k) n=.50 r=-9 42 4 7 35 5
sS=1 r=-.5 15 19 4 13 3
m=3 r=00 7 9 2 5 2

r= 5 4 12 7 16 6
r= 9 8 60 9 8 37

(kd) =25 m=1 36 25 36 32 30

5= m=2 46 49 54 4l 48
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(k2) 7=.25,50,.75 m=0, =1, r=.9 with(Ml),
k3) ==.50, m=3, s=1, 1>r>-1 with (M1) ,
(k4) 7w=.25 m=12 =3, r=-29 with (M1) .

First, with respect to each of Dum and Dmaix, 5000 samples of size n
(= 30, 50) were drawn from a 2-dimensional normal N(0, ;). The empirical
5% points were obtained from the corresponding order statistics of Dy
and Diax.

Next, with Dyum and Diax, 1000 samples of the same size as above were
drawn from each of non-normal cases. The empirical power was calculated
by the proportion of samples falling in the 5% empirical critical region.

The results for the non-normal cases are given in Tables 1 and 2,
where for purposes of comparison we also reprint the simulation results of
the measures bi,; and b} and Az, taken from Isogai (19835) (for details
concerning the measure Az, see Cox and Small (1978)). Obviously, Dum
and Dy« seem to have good power compared to the other measures; in
practice, we would recommend the use of Dan.

Table 2. 5% level power of Dum and Duax and other related measures with sample size n = 50.

Measures

Dsum Dmax b 1,2 ﬁrﬁu b‘l‘

Non-normal cases

(1) =#=25 r=-9 95% 96% 92% 76% 88%
$=3 =-5 95 97 91 64 88
m=3 =00 95 97 8 54 88
= 5 93 98 8 62 90
r= 9 97 98 9% 97 93
(s2) n=.25 00 95 97 8 54 88
$=3 = .5 94 98 8 63 90
m=13 = 9 94 97 8 90 91
k) =25 r=00 19 20 29 16 29
$£=3 = 5 16 18 27 16 28
m=0 = 9 17 17 2% 2 27
k2) =1 =25 9 8 9 8 10
m=0 7=.50 17 15 2 16 23
r=9 =75 26 24 40 27 42
(k3) 7=.50 r=-9 53 44 12 46 7
$£=1 =-5 20 18 5 17 4
m=3 r=00 7 8 1 5 2

r= 5 23 17 11 26 9
r=.9 98 81 90 98 68

k4 n=.25 m=1 59 40 57 54 44
$£=3 m=2 77 75 80 61 T2




180 TAKAFUMI ISOGAI

3. Use of a score function

The definitions of the influence functions IF(X; ¢) and IF(X;2) with
respect to the population moments 4 and X can be easily extended by
incorporation of the log likelihood of an influential observation X. Suppose
that the true distribution F has a density f(x) belonging to the family of
densities {f(x,0); 8 € 6, O is an appropriate subset in some Euclidean
space} (say &), with the densities f(x, ) being sufficiently regular, and
that the density f(x) is indexed by 6 =6, € ©. Also suppose that a
contaminate component G has a density g(x) which may or may not belong
to the family 7.

Then we can define a quasi-influence function for the population
parameter 6 = 6, by using its score function as

3.1 QIF(X; 6o) = :—0 log f(X,8)|e-0, .

This definition (3.1) is obviously a generalization of (1.1) and (1.2). The
formulas corresponding to (2.16) and (2.17) can be written as

3.2) EG[QIF(X, 60)] = IF[ G; Ea{QIF(X, 60)}],
and
3.3) varg(QIF(X, 60)) + Ec[QIF(X, 60)) Ec{QIF(X, 60)]

= vara(QIF(X, 60)) + IF[ G; vars(QIF(X, 65))] .

In the following we shall apply formulas (3.2) and (3.3) to the usual
regression analysis with some parametric families, and derive test statistics
for muitivariate normality.

3.1 Application to regression analysis

Using the concept of a quasi-influence function, we here consider an
application to the usual linear regression analysis. The model is represented
by

(3.4 yi=zif+e, i=12..n,

where z} = (za, za,..., Zig) is a ¢ X 1 vector of known constants corresponding
to the i-th level of a g-dimensional regression vector z’ = (z1, 2a,...,2g), yi 18
the i-th observation of the response variable y, § is a g x 1 vector of
unknown parameters, and e; is a random variable, typically called the error
term, with E(e;) = 0 and var (e) = ¢° (i= 1,..., n).
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In matrix notation the model becomes
(3.5) Y=2Zf+e,

where Y = ()1,...,¥n), € =(e1,...,ex) and Z is an n x g matrix of rank g
whose i-th row vector is z.. Usually, we assume that the distribution F of
the error vector e is an n-variate normal Ny(0, ¢*7). Then, the least squares
estimator of f, denoted by f, is given by

(3.6) p=(Zz2)'zY,
and f is distributed as N8, c*(Z’Z)"") under F.

From the density N8, 6*(Z’Z)™") of f, quasi-influence functions of 8
and ¢ are obtained as

3.7) QIF(Y; ) =(Z’Z) B~ B)=Z(Y - Zp) = Ze,
and
(3.8) QIF(Y;d) = (B - B (Z'Z) B - B — g0’

=eZ(Z'Z)'Z'e — qo* .

Under the normality assumption QIF(Y: 8) and QIF(Y;”) are independent.
Thus, when the normality of the error vector e is violated, we may use
formulas (3.2) and (3.3) to evaluate the mutual dependence between
QIF(Y; B) and QIF(Y:d”).

Suppose that under a contaminate component G the error vector e has
Es(e) = 0, varg(e) = ¢°I and the 3rd and 4th order multivariate cumulants
kij1 and Kijim, i, j, I, m=1, 2,...,n. By applying formulas (2.8), (2.9) and
(2.10) to QIF(Y: B) (say i) and QIF(Y: ¢?) (say &), we have

(3.9) varg(ih) = d*(Z2'2),

(3.10) covg(t, iia) = Z'4 vec (V) ,

(3.11) varg(ih) = vec (VY[K™ + (6’ ® (¢’ 1) + T(c*]) Q (6*I)] vec (V) ,
where we put

(3.12) V=(w)=2(ZZ)'7,

and 4 is an n x n’* matrix of ki;’s, K" is an n* x n* matrix of im’s, Tis an
n*x n’ permutation matrix, and 4, K “ and T have the same structures as
those defined in Section 2.
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From (2.21), a measure of dependence Dreg is defined as

cove (i, th){ vare(ih)} ' cove(d, i)
varg(il)
_ vec (V)YA'VA4 vec (V)
o[ vec (VYK™ vec (V) + 2q(6D)*]

(3.13) Dreg =

Note that Dgreg is invariant under the linear transformation Z — ZQ with a
q X ¢ nonsingular matrix Q.

To simplify the expression (3.13) of Drgg, we consider the case where
the e/’s, the elements of the error vector e, are independently and identically
distributed under G. Then the 3rd and 4th order multivariate cumulants x;;;
and k;jim of e are

Kiit = K222 = *** = Knnn (say x3) ,

Kiji=0 (otherwise) ,
and

Kiinn = K222 = *** = Knnnn~ (SQY K1) ,

Kijim =0 (otherwise) .

Under this condition Drgg is reduced to

(9’
(3.149) Drgec = [0y + 2q]

where we put y; = K;/(az)m, 2 = K4/ (07),

(3.15) Us = }n:l 2"31 Vii0ijUjj
i=1j=

and

(3.16) ox= 3 (i)'

We remark that vk corresponds to the quantity m introduced by Box and
Watson (1962); and, to use Drec in practice we must estimate y; and y: by
appropriate residuals. Here we shall consider how to choose an experi-
mental design which would reduce the dependence between QIF(Y; ) and
QIF(Y; ¢*) under non-normality.
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n
From the facts that 1 =2v;=0, iz,l vii=¢q and vk=vs=0, and that
Drec is continuous in both vk and vs, we may infer that Drgc is bounded.
If y1 and y, are known, we may choose the design Z, which minimizes
Drgc. But y; and y; are usually unknown, and so instead of using Drec
directly, we shall deal with a quantity which dominates Drgg.
From the fact that ¢*/n < vx < g, we have

(3.17) Drec = max Drec

s/ [(§'[n)y2 + 291 for  p.>0,
(sy))/[gy: + 291"

The factor vs is essential to reduce max Dreg.
Ug

To examine the structure of the factor vs, we further assume that the
g-dimensional regression vector z is divided into one constant term and the
g — 1 (say p)-dimensional regression vector x, that is, z’=(1,x’) with
g =1+ p. Then the i-th level of the regression vector z is represented as
zi=(1, xi), i=1,...,n in terms of the i-th level of the p-dimensional
regression vector Xx.

Following the method of Box and Watson (1962), in which they
derived a measure of kurtosis Cx, we have

1 p'+2p(n-1) .\ (n—2)

(3.18) wvs= —+ I }j:)J: b b K ki ke k™

n(n—1)* n-1) 7

where i, ', j, j’, I and I’ range from 1 to p, k;; and ki;; are, respectively, the
2nd and 3rd order k-statistics based on n observed regression vectors xi,
X2,..., Xn, and we set (kij) = (ki)™

Here we put

(3.19) Sx=ZZ ; >J:, P> K ki ke puk” .

Sx is a sample version for a measure of multivariate skewness tr (S,)
introduced by Isogai (19834), which is nonnegative and invariant under the
affine transformation of the regression vector x — Qx +r with a pxp
nonsingular matrix Q and a p x 1 vector r. Thus, if we can choose an
experimental design which makes Sx =0, that is, if we select n design
vectors xi,..., X» to have zero multivariate skewness in the sense of tr (S2),
we would reduce Dreg, or at least we can ensure that max Dreg is of the
same order n " as vs.
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3.2 Index of goodness-of-fit

In this section we remark that under certain circumstances formulas
(3.2) and (3.3) reduce to Fisher’s information, which may be used to
evaluate a discrepancy between different distributions. Also, by using
Fisher’s information measure we may derive some indices of goodness-of-
fit and test statistics for multivariate normality.

Now let us consider the case where the contaminate component G
belongs to the family & and its density g(x) is specified by some 6 € 8, but
we have little knowledge of its shape. As the first step, from (3.2) it is
reasonable to examine the behavior of Es[QIF(X,8)] as 6 tends to 6.
Under appropriate regularity conditions, we have Es[QIF(X, 6)] =0, and
)

(3.20) —a%- Eo[QIF(X, 80)]|6-6,

is meaningful. The quantity (3.20) is usually equal to vars(QIF(X, 6)) and
denotes the Fisher’s information matrix, which is an additive component of
the right hand of (3.3). Therefore, we can use the quantity (3.20) as a

measure to evaluate the discrepancy between G and F.
A measure of the discrepancy D(F, G) is defined by

(3.21) D(F,G) = a_aé Es[QIF(X, 8o)]|6-0,
= vare,(QIF(X, 60)) .
Here, we give some examples in the following.
Example 1. F={(1-0)f(x)+0g(x);0<8<1}.

g(X))
f&x 0

(3.22) D(F,G)= varp(

which is called the mean square contingency.

Example 2. F ={f(x)"%g(x)’/ C(8); C(6) = f F(x)’g(x)’dx and 0 <
8 < 1}. Then

200 )

(3.23) D(F,G) = varp( log 00

Remark. In Examples 1 and 2, let the density f(x) be a p-variate
normal with zero mean vector, and covariance matrix I, the identity matrix
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P
of order p: therefore, f(x) can be expressed as f(x) = 1131 a(x;) with a(x)

denoting the density of the univariate standard normal distribution. Also,
let the density g(x) be a p-variate non-normal, with zero mean vector and
covariance matrix I,, which has a Gram-Charlier Type A series expansion.
That is, suppose that g(x) may be formally expanded as

p r (3 D
g(x)= { 11:11 a(x) } X [ 1+ Krneer, ( ;1;11 H:(x:) )/(r.!rz!--- rp!)
" (4) b
+ E Krrer, tI:II Hr,(Xz) (r]!rz!"' rp!) R
where X’ and X" denote the summations with r;, i=1,...,p over the sets
P p
{(r1, r2,0051p); 21 re=0, r’s are integers} and [(rl,..., r); El ro=4,

r=0, r’s are integers}, respectively, k..., and k't.,, are the 3rd and 4th
order multivariate cumulants, respectively, and »; denotes the degree of the
Chebyshev-Hermite polynomial H,(-) with the corresponding random variables,
and H/(x) is defined by H.(x) = {( — d/dx) a(x)}/ a(x). Then we have

(3.29) D(F,G)=(3)"'Brp + @) tr (K2),

where f1, is Mardia’s (1970) measure of multivariate skewness and tr (K3)
is a measure of multivariate kurtosis introduced by Isogai (1983a).

Example 3. % ={f(x,0); f(x) is a p-variate normal with mean
vector ¢ and covariance matrix X and f(x, 8) is defined by

f(x,0)=C(u, Z,0)" exp [~ 2" ||x — ulI*™]
with
1 = ull = {(x =y Z7(x = w32,
Cu, £, 6) = [ exp [~ 27" l1x — ull*Jdx

0 belongs to some open interval © such that C(u, X, #) exists}. Thus f(x) is
specified by 8 = 0. Then we have

(3.25) D(F, G) =16 " varp(|| X — ull* log || X — p||?) .

The random variable || X — /1112 log || X — #|)? is a multivariate version of a
test statistic Z”log Z* (Z is a standard normal variate) introduced by
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Spiegelhalter (1983) to examine normality against symmetric families.
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