Ann. Inst. Statist. Math.
Vol. 41, No. 1, 149-167 (1989)

ON THE TESTING OF MARGINAL HOMOGENEITY
WITH A ONE-SIDED ALTERNATIVE IN THE ANALYSIS
OF VARIANCE

CHU-IN CHARLES LEE'*, TIMm ROBERTSON?* AND F. T. WRIGHT>*

! Department of Mathematics and Statistics, Memorial University of Newfoundland,
St. John's, Newfoundland, Canada, A1C 557
?Department of Statistics and Actuarial Science, University of Iowa, Towa City, 1A 52242, U.S.A.
*Department of Mathematics and Statistics, University of Missouri-Rolla, Rolla, MO 65401, U.S.A.

(Received October 19, 1987; revised July 18, 1988)

Abstract. We consider a two-factor experiment in which the factors
have the same levels with a natural ordering among the levels. Likelihood
ratio tests for testing equality of the main effects with a one-sided
alternative and for testing the one-sided hypothesis as a null hypothesis
are studied. Closed form expressions for the maximum likelihood esti-
mates under the various hypotheses are obtained. The null hypothesis
distributions for these test statistics are derived.
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1. Introduction

Duality is a powerful tool for solving optimization problems and
Luenberger (1969) contains an excellent discussion of the topic of duality.
The concept of a simple (linear) order and the concept of stochastic
ordering are related via Fenchel duality, as was first pointed out in Barlow
and Brunk (1972). This duality between simple and stochastic orderings is
also discussed in Section 1.7 and Chapters 5 and 6 of Robertson et al.
(1988) and is further explored in order restricted testing problems in
Robertson and Wright (1981, 1982).

In this paper we explore a further manifestation of this type of duality
in an inference problem which has a different character than those discus-
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150 CHU-IN CHARLES LEE ET AL.

sed above. This problem gives an elegant demonstration of the power of
duality for solving optimization problems. We consider a “one-sided”
analysis of a two-factor experiment in which the two factors each have the
same levels and it is assumed that the levels have a natural ordering. For
example, in a study of nutrition for plants, we may wish to compare
fertilizer combinations of nitrogen and potassium at each of several levels.
It is desired to compare the main effects of these two fertilizers on some
variable of interest, when it is believed that the effect of one fertilizer
dominates that of the other.
We assume the following standard parametric model:

(1.D Vir= i +ep, IL,j=1,2,...,k and r=1,2,...,n,

where the ey are assumed to be independent normal random variables with
zero means and common variance, ¢, and g = [#;] is a matrix of unknown
parameters. The main effect for the row (column) factor at level i is

k k
ﬂi+=j§ll/z,-j(u+,-=_21uﬁ) for i=12,...k.
< i

Within this context, we consider two order restricted testing problems. The
first is to test homogeneity of the main effects corresponding to the two
factors, specifically:

(1.2) Ho:/ti+=,u+i, i= 1,2,...,k,

with a one-sided alternative given by
(1.3) H]:j?lﬂj+2j§1ﬂ+j for i=12,.,k.

In the fertilizer example, suppose that both the row effects, x4+, and the
column effects, u.;, are nondecreasing. If the column factor, say potassium,
were believed to have a more pronounced effect on the variable of interest
than the row factor, then one could quantify the difference in the effects of
the two factors by assuming that the values of u.; increase at a faster rate
than do the values of u;.. Since Xu;+ = X4, this difference in effects would
produce more variation in the column effects than in the row effects, and
one quantification of greater dispersion is Schur-majorization. Because the
row and column effects are nondecreasing, this is equivalent to (1.3).

The method used here for developing theory for the restriction (1.3) is
applicable to any “cone restriction” which has (1.2) as a subhypothesis. The
second testing problem we will consider is to test (1.3) as a null hypothesis.

To clarify the meaning of (1.3), we consider some possible configura-
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tions for the main effects. If u; does not depend on i and is nondecreasing
in j, then g+ = pwt/k, psi is nondecreasing with sum .+, and (1.3) holds.
This is the extreme case in which the row factor has no effect on the
variable of interest. With k = 5, suppose that

= —1, ws=1, po=ps=ms=0 and w+=G-3)/3.

In this case, (1.3) holds even though the column factor has no effect except
at its extreme values and the row factor has a linear effect. This is because
there is more dispersion in the us; values than in the u;+ values. With k = 4,
if pr=ps2= -1, pe3=prsa=1 and wi+ = (2i — 5)/3, then (1.3) holds. In
this example, g1+ = g1 = — 1 and p4+ = p+a = 1, but again the u.; have the
greater dispersion.

Of course, Schur-majorization is not the only way to characterize the
concept of “greater dispersion”. However, it is very useful since ¢(x) < ¢(»)
for every Schur-convex function ¢ and y = (y1, y2,..., yx) Which Schur-
majorizes x = (x1, X2,...,X¢). This, in turn, has a number of important
statistical applications (cf. Marshall and Olkin (1979)).

Robertson and Wright (1982), Pukelsheim (1984) and Cohen et al.
(1989) study partial orderings on R* which quantify the concept that one
vector is more dispersed than another. In their terminology, (1.3) says that
the vector (u+1, p+2,..., f+x) is more isotonic than the vector (uis, fa+,..., te+).
They discuss tests of hypotheses involving this restriction for independent
samples from the populations associated with the various parameter values.
However, in the framework considered here, the observations on p;. are
not independent of those on ..

Either of the likelihood ratio tests (LRT’s) considered in this paper can
be carried out under the additional assumption that the parameter matrix,
U, belongs to any one of the following linear models:

the additive model:

Hi=m+a+f,
the interaction model:

pi=m+ai+ B+ (af)y,
the cohort model:

Wi=m+ai+ B+ visjo1,
the Latin square design:

i =m+ o+ B+ Toi,j) + paiy) -
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Additional models include the symmetric interaction model with (af); =
(ap);i as well as any of the above models without diagonal elements or with
diagonal elements ui; = m + v;, since the hypotheses Hy and H, do not
involve the w;. Within any one of these models, the maximum likelihood
estimates (MLE?’s) subject to HM Hy and H M H, can be found by first
finding the MLE’s subject to the model restriction, H, and then making a
simple adjustment for the appropriate hypothesis, Ho or H, (cf. Theorem
3.4). The null hypothesis distributions for the LRT statistics are found by
making simple adjustments in the degrees of freedom for the distributions
associated with the free model.

Fenchel duality is discussed in Section 2 and the remarkably simple
forms of the duals of the subsets of the parameter space corresponding to
H, and H, are derived. Closed form expressions for the estimates subject to
the various restrictions are derived in Section 3 and we partition the sum of
squares and derive distributions of quadratic forms in Section 4.

2. Parameter spaces

The set of unknown parameters, y;, form a k x k matrix which we will
think of as a point in the k*-dimensional Euclidean space, R** and we
denote this point by u = [uy]. If # and v are two such matrices, we define
the usual inner product in R*** by

ko k
=X X pyvi -
i=lj=1
If Cis a closed convex cone in R**, then the Fenchel dual or polar of C is
defined by

2.1 C*={:(v,wp<0forallue C}.

The duals of the subsets of R*** corresponding to the hypotheses Ho and
H, have a remarkably simple structure. Let the symbols Ho and H, also
denote the subsets of R*** corresponding to the hypotheses Ho and H;.

THEOREM 2.1. The dual, He*, of Ho is the set of all matrices v = [vy]
of the form v; = 6; — ; for real numbers 61, 63,..., 6. The dual, H*, of H, is
the set of all matrices v of the form v;j= d;— d; for nondecreasing real
numbers 61 <6, < -+ < di.

PROOF. Define the k matrices o; ¢t=1,2,....,k so that the non-
diagonal entries in the z-th row of o' are 1; the nondiagonal entries in the
t-th column of o' are — 1; and the other entries in o are 0. The linear
space, Ho, can be written
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Ho={ud, wp=0fort=12,... k}.

k
Note that the matrix ;Zx o is identically zero so that it is sufficient to use

only k — 1 constraints in characterizing Ho. Since Ho is a linear space, its
dual H¢* is the orthogonal complement of Ho, and it follows from the
definition of H¢* that H¢ is the set of all linear combinations of &', &,..., .
Thus,

(2.2 He* ={viv;=d;,— 6 for some J,,0,..., 64} .

Now, Ho C H,, so that it follows from (2.1) that H* C H¢* and thus
that matrices in H;* are also of the form [J; — §;]. It remains to show that
01 < d, <.+ < J is the restriction characterizing H*. Using the definition
of o, the set H; is the closed convex cone,

h
(2.3) H1={,u:<t§.1a',,u>20;h=1,2,...,k—1 .

By (2.1), a matrix v is in H{* if and only if it is a linear combination of
k-1

a,a+d..., IZI o with nonpositive coefficients 41, 4s,..., A¢-1. Using Abel’s
= k

method of summation by parts and the fact that tgl o =0,

with Ay = 6, — One1;h = 1,2,..., k — 1. It follows that H;* is the closed convex
cone

(2.4) H1*={v:v,~,~=5,~—6j;(51§523mSék}. O

The sets in (2.2) and (2.4) are not changed if J = (d1,0,...,dk) is
restricted so that XJ; is a fixed value. This observation is useful when
computing the MLE’s of u.

Remark. Hg* and H* can be characterized as follows:

Ho*I{VIVij=5i—5jWith 25,':0},
Hl*={V:Vij=5.‘—5jwith51SézS"'SdkandZJi:O}.
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3. Maximum likelihood estimates

The purpose of this section is to derive the MLE’s for the unknown
parameter matrix, 4, under the restrictions H N Ho and H N H, where H is
any one of the linear models discussed in Section 1. Let y =[y;] be the

n
matrix of sample means ()7,; = ;{ Yirln ) If C is any closed convex cone in

R**_ then the MLE of x subject to the restriction u € C minimizes the sum
of squares

k k

(3.1) 2 X m)

subject to x € C. The solution to (3.1) is the closest point of C to the matrix
y in the least squares sense, and we denote this point by E(y|C). One of
the keys to finding the MLE’s subject to u € HMN Ho and u € HN Hi is the
following theorem together with the Remark at the end of Section 2.
Moreover, this observation implies that both Hi* and Ho" are subsets of
any one of the linear subspaces described in Section 1. The proof of the
following theorem uses the characterization of z = E(y|C) by the condi-
tion, z € C, together with

(3.2) y-z,2=0
and
3.3) (y—z,wy<0 forall weC

(cf. Theorem 1.3.2 in Robertson er al. (1988)). Note that if C is a linear
subspace, then z = E(y|C) is characterized by the two conditions, z € C and

(3.4) (y—2z,wy=0 forall weC.

THEOREM 3.1. If C is a closed convex cone and H is a linear
subspace such that HD C*, then

E(y|HN C)= E(y|H) - E(y|C"),
for all y.

PROOF. Let u= E(y|H) — E(y|C¥*). We verify that u has the three
properties characterizing E(y|H N C). First note that u e H since H is a
linear subspace, E(y|H) € H, and E(y|C*) e C* C H. In order to see that
u e C= C** suppose w € C*. Then
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u, wy =(E(y|H) — E(y|C*),w)
=<y — E(y|C*),wy —<y — E(y|H), w) .

The first inner product is nonpositive by (3.3) and the second is zero by
(3.4). Thus u € HN C. Now consider

(y—u,wy=<(y - E(y|H) + E(y|C"), E(y|H) — E(y|C*))
=(E(y|C*), E(y|H) — E(y|C*))
=<E(E(y|H)|C*), E(y|H) — E(E(y|H)|C*))=0
by (3.4); by Lemma 2.4 in Lee (1975) (or Lemma 2.2 in Raubertas et al.
(1986) which states that if C; and C; are polyhedral cones and C; C C,,

then E(E(y|C2)|Ci) = E(y|C)) if either is a linear subspace) and by (3.2).
Finally, suppose w € H N C and consider

y—uwy =<y = E(y|H) + E(y|C*), w
=(y — E(y|H),w) +<E(y|C*),w»=0,

by (3.4), the definition of C*, and the assumption that w € C. [J

Since Ho* and H{* are subsets of H the projections of y onto H N Hy
and HN H, are determined once E(y| H¢*) and E(y| Hi*) are found.

THEOREM 3.2. Ifyis any matrix, then
E(y|H)s = (yis = y) [ 2K) = (3 — y+)) [ (2K) .

PROOF. Let z;= 8 — &; with &= (yis — y+)/(2k); i=1,2,....k. By
k
Theorem 2.1, z € Hs". Moreover, if w € H¢* with w; = a; — o where _§1 a;=0,
then

k k
Y-zw=2 Z(i-z)wi
k k
= ig:l a,-(y,-+ + y+i) —jgl aj(yj+ + y+j) ]/2 =0.

Thus z = E(y|Hg*) by (3.4). O

Let d = (d1, d,..., di) be defined by
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(3.5) di= (i — ) 2h),  i=1,2... k.

Clearly, E(y|Ho");j = di — d; and
K
(3.6) Zdi=0.

If g=(g1,82...,8«) is any k-dimensional vector, let g* be the isotonic
regression of g whose components are in a nondecreasing order. Specifical-
ly, g* solves

min ié(gi—fi)z, A<h<<fi

(see Section 1.2 of Robertson et al. (1988) for computation algorithms and
properties of g*).

THEOREM 3.3. Ifyis any matrix and if the k-dimensional vector g is
defined by

&= —y)/(2k), =12k,
then E(y|H*) = z with z; = g* — g*.

PROOF. Since gf <g* <--- <g* ze H¥, by Theorem 2.1. Also by
Theorem 1.3.2 of Robertson ez al. (1988),

k
(3.7) Z(ei—gheg* =0
and
(3.8) ié‘(gi“gi*)ﬁfo for fisfis-<fi.

k k
Then (3.7) and (3.8) imply that Elg.- = l_;]gi* =0 and (y —z,2)=0, and if

ue H* with uy=fi—f; and fi<f, < <fx, then (3.8) implies that
{(y — z,up < 0. Thus by (3.2) and (3.3), z= E(y|H¥). [

This theorem implies that the MLE of u subject to the restriction H:*
is given by E(¥| Hi*); = d* — d* where d is given by (3.5).

Let $ be the maximum likelihood estimate of u under H where H is
any one of the linear models described in Section 1. Expressions for p are
well known under any of these models. Combining the above theorems
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yields the following result.

THEOREM 3.4. If is the MLE of u under the linear model H and if
7° and 9" are the MLE’s of u under HN Hy and H N\ Hy, respectively, then

(3.9) $i=EQIHN Ho)y= E(y|H)j — E(J|He)j = P — di + d;
and
(3.10) Pi=E(FIHN H)j= E(|H)y— EG\H¥)y= P — d¥ + d*

where d is given by (3.5) and d* is the isotonic regression of d whose
components are in a monotone nondecreasing order.

4. Distributions of quadratic forms

Consider the matrices o;z = 1,2,...,k defined in Section 2. Clearly,
each of these matrices belongs to H¢* and by assumption H¢* C H. Thus,
since y = E(y|H),

kK k

y (V= 9e;=0, =12k,

which implies that
4.1) Joo—Pu=Ye— Yo, 1=12,..,k.
LEMMA 4.1. The two projections 3° and E(5'| Ho) are equal.
PROOF. Note that
E(5'|Ho) =" - E('| HY)
and using Theorem 3.2
(4.2) E(3'|Ho)y = Py — [(9is = $+) = (s — 91DV (2K) -

However,

k
$he= X,(a— d +d) = o — kd?

k
since ,-; d* = 0. Similarly, p+ = §+; + kd* and substituting into (4.2), we

obtain
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E(P' | Ho)s = Py = (Bie — $+) [ (2K) + (i — §)/(2K) .
By (4.1) and (3.9) this is equal to 7°. O

Now consider the sum of squares,

k k =n
(4.3) PIDIDNTAS i 2 Z S =

=1

=1r
k k n R " 0
+2 2 X X (i~ PPy — Py

i=1j=1r=1
k k 1
tn E'l ,E i — 99" -
The inner product term is equal to

k k
2 2 X G- )0 - )

k k

ko k

=2n iz Z ~ PPy —2n E‘l j§1(ﬁy PiPi

The first term is zero by (3.2) and the second term is equal to
Kok oo Kok

-2n X j§1 (i — Ji)pi—2n X j§l (Pi = Pa) i -

The first term is zero by (3.2) and the second term is zero by Lemma 4.1
together with (3.2). Thus, the inner product term in (4.3) is zero and the
sum of squares is partitioned as follows:

k k n
(4.4) > 5 (- 9= X PARACTES )

=15

+n2 2()’!] )38‘2

Now consider the problem of testing the null hypothesis, H M Ho against
the alternative H N Hi — HN Ho (i.e., HN H, but not HN Hy). If Ao, is
the likelihood ratio and ¢* is known, then the LRT rejects for large values
of Tor = — 2 1n Ap; and by (4.4)

Tor = (n/a”) E E i — 9.

Using the expressions for $' and 7° given in Theorem 3.4



TESTING MARGINAL HOMOGENEITY 159
2 LA 2
Toi=(n/0") X j§l [(di— d) — (d* — d)]

= (2kn/d?) é. (d - d¥y

k
since X (d; — di*) = 0.
Clearly, the random vector d has a multivariate normal distribution. If
H; is true, then the mean vector is zero and the covariance matrix is
o*(I— k™' J)/(2kn) where I is the k x k identity matrix and J is the k x k
matrix with each entry one. Let ui,us,...,ux be independent normal
random variables with zero means and common variance ¢°/(2kn), and let

X
u= _Zl ui/k. The two random vectors d and x= (w1 — U, U2 — U,..., Ux — U)
i<

are identically distributed. Suppose x* is the isotonic regression of x with
nondecreasing components. Then x* = u* — % and the random variable Ty,
has the same distribution as

k
T = (2kn/0”) 2 (i — u)’ .

The distribution of 7% is given by Corollary 2.6 in Robertson and
Wegman (1978), which proves the following theorem.

THEOREM 4.1. If H, is satisfied, then
k
P[To 2 1]= X P(,k)PLxi-1= 1],

where xi is a standard chi-square variable with i degrees of freedom
(x5 = 0) and the P(l, k) are the equal-weights level probabilities given by
Corollary A on p. 81 of Robertson et al. (1988).

Now consider the problem of testing H M H; as a null hypothesis and
again assume o is known. Using (4.1) and Theorem 3.3 one shows that
E(p|H{*) = E(y| H*) and then by Theorem 3.1, we obtain the following
lemma.

LEMMA 4.2. The two projections $' = E(y|HN H,) and E(J| H,) are
equal.

If A1, is the likelihood ratio for testing H N H; against H — H; and
T2 = — 21n A1, then an argument similar to that leading to (4.4) yields
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k k k n .2 5
Tn:[)_: D PUPIPNCTAS ) ]/0
k& R ) k k =n o ul 2
=|nZ }_;l(ytj-yij) +2 X ]}:31 El(yxjr—yxf)(yy‘"ﬁf)] / o
9 kK 12 kk
=(n/o") X (95— 9i)' = (n/0") T T (d* - dF)
k
= (2kn/d") X (dFy,

recall that Xd* = £d; = 0. Modifying the argument given for Theorem 4.1,
the distribution of 71, can be shown to be the same as that of

(2kn/a”) é(u,-* ~u).

The distribution of this random variable under H, is given by the corollary
to Theorem 2.3.1 of Robertson er al. (1988). Moreover, by the first
corollary to Theorem 3.6 of Raubertas et al. (1986), HMN H, is least
favorable within H M H; for this test statistic. Denoting probability with a
mean vector g4, by P.(-), we obtain the following theorem.

THEOREM 4.2, For any real t,

sup Pu[T2=1¢]= sup PufT=t]= 2 P(LK)PLyi- = 1],

pe HN H, pne HN Ho
with P(l,k) as in Theorem 4.1.

o* Unknown. First consider the problem of testing H N H, against
the alternative H M Hy — H (N Hy. If A is the likelihood ratio, then Aq; can
be written as

Aot = (61/G5)"™ ,

where N = k’n, or N = k(k — D)n if the model has no diagonal elements,
and &7 and 62 are the MLE’s of ¢° under HN H; and H N Hy, respectively.
Specifically, applying (4.4) and its analogue developed in the proof of
Theorem 4.2,

(4.5) él/o* = 2 (v — $)*/ (NG?)

11]1

k
[ £ % 20w s+ ] [n

zl_][
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and
(4.6) &3/02—[ 2 2 Z(y.,, P06t + T+ TOI]/N.

The LRT re]ects HN H, for small values of Ao or equivalently for
large values of Egi = 1 — 457", This statistic can be written

T01
Too + T + Z 2 (}’ur 7'l

Ej =

2kn 5 (di — d*)

i=1

= k 5 k , & ko , "
2kn i§l (di— di*) + 2kn El (di*) + El j§1 Z:l (Yir — P4)

This statistic is similar to the two statistics discussed in Theorem 2.3.1 of
Robertson et al. (1988) and Theorem 2.7 of Robertson and Wegman
(1978) While it is not equal to either one, a careful comparison shows that
Eé is the statistic discussed in Theorem 2.7 of Robertson and Wegman
with the roles of Ty and T, interchanged. The term Zl‘. ?. Zr‘.(y,,, $i)*/ o

has a chi-squared distribution with y degrees of freedom, where y depends
on the model, H, of interest. The values of y are well known for the models
considered here. Furthermore by (4.1), this term is independent of 7o and
Ti2. For v=1,2,..., let Q(v) be a sequence of chi-square variables which
are independent of 7o, and 7). (it may be necessary to enlarge the
probability space to construct such a sequence). Define

ES(v) = To/[Tor + T2 + Q)]

and note that Eg 2 Edi(y).

An argument like that given for Theorem 2.3.1 of Robertson et al.
(1988) and Theorems 2.5 and 2.7 of Robertson and Wegman (1978) yields
the null hypothesis distribution of E&O).

THEOREM 4.3. Let v be a positive integer. Under the hypothesis
H N Ho,

_ k
P[EL(v) = 1= X P(LK)P[Bume-n.amoi-n 2 1],

where B s is a Beta random variable having the standard Beta distribution
with parameters a,b and Bo» =0. The level probabilities P(l,k) are the
same as those given in Theorem 4.1.
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It is more convenient to table the critical values for an increasing
function of Foi(v). Define

So(v) = vE ()/[1 — Eai(v)]
and note that So;(v) = vTo1/[T12 + Q(v)]. As v — oo, T12/v converges to zero

at each point in the probability space and Q(v)/v & 1 and thus So:(v) 2 Tu:
as v — oo, Tables | and 2 contain the a = 0.05 and a = 0.01 critical values of

Table 1. Critical values of Sp;(v) with significance level a = 0.05.

k
v
3 4 5 6 7 8 9 10

1 53.026 56.636 58.065 58.957 59.707 60.475 61.263 62.133
2 i4.413 18.706 22.254 25.363 28.201 30.825 33.300 35.653
3 9.652 12.990 15.959 18.696 21.272 23.727 26.084 28.357
4 7.950 10.817 13.434 15.899 18.253 20.527 22.733 24.883
5 7.093 9.684 12.081 14.362 16.564 18.700 20.785 22.831
6 6.580 8.992 11.240 13.393 15.478 17.515 19.507 21.471
7 6.239 8.528 10.669 12.724 14.725 16.681 18.603 20.496
8 5.997 8.194 10.253 12,237 14.169 16.063 17.927 19.767

9 5.817 7.942 9.939 11.865 13.743 15.586 17.402 19.197
10 5.675 7.747 9.692 11.572 13.406 15.206 16.983 18.739

11 5.565 7.589 9.494 11.334 13.131 14.898 16.642 18.364
12 5473 7.461 9.331 11.139 12.904 14.641 16.354 18.051
13 5.397 7.355 9.196 10.975 12.713 14.424 16.113 17.786
14 5.333 7.263 9.080 10.835 12.551 14.238 15,906 17.555
15 5.279 7.186 8.980 10.714 12.410 14.079 15.726 17.358

16 5.231 7.119 8.894 10.610 12.286 13.939 15.568 17.183
17 5.190 7.060 8.818 10.517 12.179 13.814 15.430 17.029
18 5.153 7.007 8.751 10.436 12.084 13.704 15.306 16.893
19 5.121 6.961 8.692 10.363 11.998 13.607 15.195 16.769
20 5.092 6.920 8.638 10.297 11.921 13.519 15.097 16.659
21 5.065 6.882 8.589 10.239 11.851 13.438 15.005 16.557
22 5.042 6.849 8.546 10.186 11.789 13.366 14.924 16.466

23 5.021 6.819 8.506 10.137 11.731 13.300 14.849 16.383
24 5.001 6.790 8.470 10.093 11.679 13.238 14.781 16.307
25 4.984 6.764 8.437 10.052 11.630 13.183 14.717 16.236

26 4.967 6.740 8.406 10,014 11.586 13,131 14,659 16.170
27 4.952 6.719 8.378 9.980 11.544 13.084 14.604 16.110
28 4.939 6.699 8.352 9.947 11.507 13.040 14.554 16.054
29 4.925 6.680 8.327 9.917 11.47 12.999 14.507 16.000
30 4913 6.663 8.304 9.890 11.437 12.959 14.463 15.952

40 4.826 6.537 8.141 9.688 11.198 12.682 14.146 15.594
60 4,742 6.415 7.980 9.489 10.958 12.404 13.827 15.235
120 4.658 6.294 7.821 9.290 10.721 12.125 13.506 14.872
200 4.626 6.246 7.758 9.212 10.627 12014 13.379 14.726

0o 4578 6.175 7.665 9.095 10.485 11.846 13.185 14.505
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So1(v) for k = 3,4,..., 10 and various values of v. With So1 = yE&[[1 - E&),
the ¢ =0.05 and a=0.01 critical values of So: are found in these tables
with v = y. The rows labeled v = o give critical values for To:.

For testing H N H, against H — H,, the likelihood ratio, 41, can be
written

A = (6°/6H"?
where 61 is given in (4.5) and

Table 2. Critical values of So1(v) with significance level @ = 0.01.

k
3 4 5 6 7 8 9 10

1157.754  1104.000 1021.901 947.938  886.871 835.811 795.185 760.493
71.716 86.799 98.204 107.770 116.077 123.541 130.388 136.838
31.517 40.002 47.308 53.954 60.014 65.839 71.246 76.532
21.441 27.538 33.026 38.145 42979 47.603 52.061 56.401
17.188 22.126 26.654 30.930 35.039 38.995 42.850 46.587

14.889 19.155 23.118 26.877 30.490 34.026 37.459 40.856
13.465 17.298 20.864 24.284 27.586 30.801 33.960 37.077
12.506 16.041 19.329 22.496 25.574 28.571 31.503 34418

9 11.815 15.126 18.216 21.192 24.077 26.912 29.692 32.443
10 11.289 14.432 17.371 20.195 22.952 25.648 28.298 30.909

11 10.882 13.893 16.710 19.412 22.056 24.631 27.183 29.701
12 10.562 13.461 16.175 18.787 21.323 23.825 28.280 28.706
13 10.293 13.108 15.736 18.267 20.733 23.149 25.530 27.897
14 10.074 12.809 15.370 17.831 20.235 22.583 24.904 27.195
15 9.885 12.558 15.059 17.465 19.800 22,101 24.372 26.612

16 9.726 12.346 14.790 17.141 19.434 21.686 23912 26.105
17 9.587 12.159 14.558 16.868 19.116 21.323 23.507 25.654
18 9.469 11.995 14.358 16.630 18.836 21.010 23.149 25.268
19 9.362 11.852 14.180 16.415 18.587 20.726 22.830 24.919
20 9.268 11,721 14,020 16.224 18.370 20.474 22.556 24.607

21 9.181 11.607 13.874 16.052 18.169 20.255 22.300 24.325
22 9.105 11.505 13.745 15.902 17.996 20,049 22075 24,070
23 9.038 11.414 13.628 15.761 17.836 19.861 21.866 23.846
S 24 8.971 11.329 13.528 15.631 17.685 19.700 21.680 23.639
25 8.919 11.254 13.431 15.514 17.551 19.541 21.503 23.445

26 8.865 11.181 13.341 15.414 17.423 19.404 21.347 23.269
27 8.813 11.115 13.259 15.316 17.317 19.273 21.199 23.110
28 8.771 11.056 13.181 15.221 17.206 19.153 21.064 22,961
29 8.730 11.001 13.115 15.141 17.112 19.042 20.941 22.814
30 8.690 10.946 13.048 15.061 17.017 18.937 20.824 22.687

40 8.423 10.584 12.589 14.509 16.375 18.197 19.993 21.762
60 8.163 10.232 12.144 13.974 15.747 17.478 19.182 20.855
120 7.913 9.890 11.718 13.457 15.140 16.780 18.388 19.965
200 7.813 9.759 11.550 13.257 14.901 16.505 18.076 19.618
o 7.673 9.565 11.305 12.958 14.550 16,098 17.611 19.096

[ B~ RV R
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2
=X ; r;(ytjr J’y) /N.

The LRT rejects for large values of

El=1— AYN = k k T,
To+ X Z(yw P)la

Table 3. Critical values of S;2(v) with significance level o = 0.05.

k
v
3 4 5 6 7 8 9 10

\ 93.288 140.680 181.647 217.226 248.839 276916 302.320 325.354
2 14.978 19.831 23.710 26.947 29.721 32.151 34.307 36.257
3 8.947 11.376 13.265 14.822 16.136 17.281 18.292 19.200
4 7.068 8.815 10.158 11.252 12.174 12.974 13.674 14.304
5 6.181 7.624 8.724 9.616 10.365 11.012 11.580 12.084
6 5.670 6.943 7.910 8.690 9.343 9.907 10.399 10.839
7 5.339 6.505 7.388 8.096 8.691 9.201 9.648 10.045
8 5.107 6.201 7.024 7.686 8.239 8.713 9.128 9.497
9 4.936 5.978 6.759 7.386 7.908 8.356 8.749 9.097
10 4.806 5.806 6.556 7.156 7.656 8.084 8.459 8.791
11 4.702 5.670 6.395 6.975 7.457 7.871 8.232 8.551
12 4.618 5.561 6.265 6.829 7.297 7.698 8.048 8.358
13 4.549 5.470 6.159 6.708 7.165 7.555 7.896 8.199
14 4.491 5.394 6.069 6.607 7.053 7.436 7.770 8.065
15 4.441 5.330 5.993 6.521 6.960 7.335 7.661 7.952
16 4.398 5.274 5.927 6.447 6.879 7.247 7.569 7.854
17 4.360 5.226 5.870 6.382 6.808 7.171 7.488 7.769
18 4.327 5.183 5.820 6.326 6.746 7.105 7.418 7.695
19 4.299 5.146 5.775 6.276 6.691 7.046 7.355 7.629
20 4.273 5.112 5.736 6.231 6.643 6.994 7.300 7.571
21 4.250 5.082 5.700 6.191 6.599 6.947 7.249 7.518
22 4.229 5.055 5.668 6.156 6.559 6.904 7.205 7.470
23 4.209 5.030 5.639 6.123 6.524 6.866 7.163 7.428
24 4.192 5.008 5.613 6.093 6.491 6.831 7.126 7.388
25 4.176 4.988 5.589 6.066 6.462 6.799 7.093 7.353
26 4.161 4.968 5.666 6.041 6.434 6.769 7.062 7.320
27 4.148 4.951 5.546 6.017 6.409 6.743 7.033 7.290
28 4.136 4.935 5.527 5.997 6.385 6.717 7.007 7.262
29 4.124 4.920 5.510 5.9717 6.364 6.695 6.982 7.237
30 4.114 4.907 5.493 5.959 6.344 6.673 6.959 7.212
40 4.037 4.808 5.377 5.829 6.202 6.520 6.796 7.042
60 3.963 4.712 5.265 5.703 6.063 6.371 6.639 6.876
120 3.891 4.619 5.155 5.579 5.930 6.228 6.487 6.715
200 3.862 4.582 5.113 5.532 5.877 6.172 6.427 6.653

o0 3.820 4.528 5.049 5.460 5.800 6.088 6.339 6.560
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With {Q(v)} defined as before let EX(v) = Tiz/[Tiz + Q(v)] and SIZ(V)
vEL(W)/[1 — E4(v)]. The null hypothesis distribution of EX(v) is given in
the following theorem.

THEOREM 4.4. For v a positive integer
sup PEL()=1]= sup PJIEL(Y) = 1]
Ho

ue HN H, pe HN

Table 4. Critical values of $)2(v) with significance level a = 0.01.

k
3 4 5 6 7 8 9 10

1 2355351 3541.487 4558.026 5460.333  6240.542 6943.212 7597.377 8159.125
2 81.589 106.498 126.494 142,981 157.056 169.546 180.536 190.735
3 31.181 38.689 44.535 49.344 53.366 56.940 60.014 62.798
4 20.183 24.420 27.690 30.348 32.571 34.505 36.206 37.716
5 15.813 18.856 21.172 23.055 24.617 25.983 27.176 28.220
6
7
8

13.536 15.982 17.837 19.336 20.597 21.676 22,610 23.450
12.153 14.270 15.846 17.124 18.195 19.113 19.909 20.622
11.241 13.127 14.536 15.668 16.619 17.421 18.131 18.760
9 10.588 12.315 13.609 14.646 15.502 16.241 16.888 17.464
10 10.103 11.712 12.921 13.883 14.675 15.362 15.967 16.494

11 9.725 11.250 12.387 13.289 14.045 14.688 15.256 15.755
12 9.426 10.883 11.965 12.824 13.547 14.159 14.691 15.163
13 9.182 10.582 11.618 12.453 13.140 13.724 14.237 14.690
14 8.979 10.329 11.340 12.137 12.796 13.365 13.857 14.297
15 8.809 10.124 11.100 11.877 12.515 13.068 13.544 13.967

16 8.665 9.945 10.892 11.652 12.273 12.807 13.277 13.688
17 8.539 9.792 10.720 11.456 12.068 12.587 13.040 13.447
I8 8.426 9.655 10.566 11.292 11.886 12.397 12.842 13.234
19 8.331 9.538 10.434 11.141 11.730 12.230 12.662 13.046
20 8.243 9.436 10.313 11.013 11.587 12.075 12.508 12.886

21 8.168 9.341 10.205 10.893 11.459 11.944 12.365 12.738
22 8.098 9.256 10.114 10.792 11.350 11.826 12.244 12.605
23 8.035 9.180 10.026 10.694 11.245 11.718 12.126 12.490
24 7.979 9.110 9.945 10.608 11.153 11.621 12.022 12.382
25 7.931 9.048 9.877 10.531 11.069 11.532 11.934 12.284

26 7.884 8.991 9.809 10.459 10.997 11.452 11.845 12.198
27 7.838 8.942 9.754 10.394 10.926 11.373 11.770 12.113
28 7.801 8.892 9.695 10.332 10.858 11.307 11.698 12.038
29 7.764 8.847 9.648 10.280 10.800 11.245 11.631 11.967
30 7.728 8.806 9.600 10.226 10.743 11.187 11.570 11.903
40 7.486 8.513 9.268 9.860 10.350 10.772 11.132 11.449
60 7.258 8.234 8.947 9.512 9.977 10.373 10.717 11.019
120 7.037 7.967 8.645 9.182 9.625 9.997 10.321 10.606
200 6.947 7.860 8.528 9.053 9.487 9.850 10.169 10.449

oo 6.822 7.709 8.356 8.865 9.284 9.639 9.946 10.216
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k
= X P(L,K)P[Bupa-1,0np 2 1] .

Because Si2(v) = vT1/ Q(v) £ Ti; as v — oo, it is more convenient to
table critical values for Si2(v). They are given in Tables 3 and 4 for
a=0.05,0.01, k= 3,4,..., 10 and various values of v. Of course, the critical
value for S12 = pEfz/[1 — Ef] can be obtained from these tables with v =y
and the critical values for Ti, are found in the v = oo rows.

The authors have been unable to obtain closed form expressions for
the appropriate weighted /, projections of y onto H N Hp and H N H, for
an unbalanced design, i.e., one with cells having different sample sizes. If
P = (py) is a k X k matrix of multinomial probabilities, then the hypotheses
H, and H, are marginal homogeneity and a stochastic ordering between the
marginal distributions, respectively. Tests of these hypotheses are of
interest in this setting also. However, the restricted MLE’s must be
obtained by iterative techniques (cf. Bishop ez al. (1975)). Weighted /;
projections could provide reasonable approximations for the restricted
MLE’ and one would anticipate that test statistic like those studied here
could be based on these approximations. Further research in this area is
needed.
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