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Abstract. Analogous to Kingman'’s Poisson Counts, power law counts
are defined. Further, these are used to obtain the maximum likelihood
estimator of the scale parameter of a power law process. Comparison of
this estimator is done with those obtained by using other sampling
schemes. Also, cost comparisons are done under the assumption of equal
asymptotic variances under different sampling schemes.
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1. Introduction

The study of various point processes has been dealt with by many
authors. Cox and Lewis (1966) have discussed in detail the classical
inference problems in point processes along with applications. Cox and
Isham (1980) study random collection of point occurrences from the
theoretical point of view though they do not consider the development of
techniques for the statistical analysis of the data from such processes. Cox
(1970) contains a systematic study of the theory of renewal processes.
Billingsley (1961) deals with the problems related to the statistical inference
for Markov processes. Basawa and Prakasa Rao (1980) contains a vast
study of various stochastic processes and their inference problems. Kingman
(1963) has introduced the concept of Poisson Sampling (PS) and has
proved that the stochastic structure of a process is completely determined
by the distribution of the Poisson Counts associated with it. Basawa (1974)
has suggested three sampling schemes for the maximum likelihood estimation
of the parameters of a renewal and a Markov renewal process using PS.
Schuh and Tweedie (1979) have given numerical evidence to show that in
certain instances sampling at random time points is more advantageous
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than sampling at fixed time points. McDunnough and Wolfson (1980)
compare fixed versus random sampling for estimating the parameters of a
Poisson process and a pure birth process. Using the variance-covariance
matrix and the cost factor, Baba (1982) has made a detailed comparison of
the estimators of the parameters of M/ M/1 queue obtained from PS with
those obtained from complete observations.

It has been established that a non-homogeneous Poisson process with
power law rate function, as described by Ascher (1981) serves as a good
model for reliability growth. Even though this process is also known as the
Weibull process, this can lead to confusion as indicated in Ascher (1981).
Therefore in this article we refer to such a process as a power law process.
Several applications of this process are given in Bain (1978). If instead of
the time points of the events, the recorded data is the number of events in
the specified intervals, one could use the PS. However, as it is shown in
Section 3, the solution of the likelihood equation requires iterative proce-
dures in this case. Hence the technique of power law (PL) counts is
developed. The corresponding likelihood equation has an explicit analytic
solution. In Section 2, power law process (PLP) sampling scheme is
defined and the probability distributions of ‘PL Counts’ are derived. In
Section 3, under various sampling schemes, solutions to the likelihood
equations and in turn the maximum likelihood estimators are obtained.
The estimators are compared in Section 4. The criterion used for comparison
is the ‘asymptotic variance’ and the ‘cost analysis’. In the last section, we
give a numerical example to illustrate the usage of PLP sampling scheme
of Type I

2. PL counts

DEFINITION 2.1. Power law process (PLP): A PLP denoted by
PL(#, B) with scale parameter 6 and shape parameter f is a non-homoge-
neous Poisson process with intensity

B

un=§wum”h (B,0>0), 1=0.

DEFINITION 2.2. Power law count process: Let t = {Ty, T1, T3,...} be
the sequence of random variables where T, indicates the time point of the
n-th transition in a discrete state point process {X(¢), ¢ = 0}. Assume that
{X(1), t = 0} makes only finitely many transitions in any finite time interval.
Let ¢ = (T¢, Ti, T4,...) be a random sequence corresponding to a PL(y, §),
where 7’ is independent of 7. Let N, = number of transitions in a stochastic
process {X(), t = 0} during (7s-1, T+, and N7 = number of transitions in
PL(y, B) during the n-th interval (T,-1, Tx], n =1, To= T¢=0. Nu, N={Np,
n=1, 2,...} and N*={N% n=1, 2,...} are a PL-count, the PL-count
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process and the dual count process, respectively. Further, it is assumed that
for each m, n, T # Ty, so that N determines N* uniquely and vice-versa.

DEFINITION 2.3. PLP sampling: The data obtained by recording the
observations on a PL-count process is referred to as PLP sampling.

Next we obtain the distribution of the PL-count process. Let 7 and 7’
be as mentioned earlier where 7’ is independent of 7. Using the properties
of a PL process it may be seen that

2.1 Pr[N*=k;j=1,2,...n]

e T heTh — T (TE - TE )
AT AR ’

:Er

where k(n) =k, + k2 + - + ko, Pr[-] is the probability of ‘> and E:[-]
denotes the expectation with respect to the joint distribution of Tj,
Ts,..., Tu. Since for every m, T, has absolutely continuous distribution,
T = T, with probability zero for any m and n. Thus the sequence N*
determines the sequence N with probability one, so that (2.1) enables us to
compute the distribution of the PL-count process N.

In the following discussion {X(¢), # = 0} is considered as PL(4, f) with
6 unknown and f known. We note that using time-transformation y = ¢”,
the process PL(0, f) may be studied as a homogeneous Poisson process
(HPP). However, usage of PS for this HPP gives rise to likelihood
equation (3.6) derived later.

THEOREM 2.1. Let 1=(Ti, To,...) be a sequence corresponding to
PL(, B), 0 unknown, f known and ©’ = (Ti, T},...) a sequence corresponding
to PL(y, B), which is independent of t. Then

[A] {N% n= 1} are independent and identically distributed (iid) as
(2.2) Pr[N¥=kl=pqd", (k=0,1,.;n=12,.),

[B] {Nn, n=1}areiid as
(2.3) Pr[N.=k]=¢qp", (k=0,1,..n=1,2..),

(€]

(2.4) Pr[NT+N’§+...+N’,"‘=m]=(k+%—l)pkqm’

(m=0,1,..:k=1,2,..),

and
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[D]

(2.5) Pr[Ni + N+ -+ Nk =m] = (k + ;nq - l) e

where p =" 10" + y*yand g =1 - p.
PROOF. 1 =(T), T,...) being a sequence corresponding to PL(G, f),
the joint probability density function of (71, T,...) as given by Bain (1978)

is,

(2.6) fT[vT}\---\Tn(ZI, 32,..., tn) — (ﬁ/a)ne“(b./g)ﬂ[ t tze'n" tn ]ﬁ'l ’

O=t<n< <t <oo.
From (2.1) and (2.6),

Pr[N¥=k;j=1,2,...,n]

_ p[ et - Tk - Ty
= I ;ﬁ(n)kl!__,kn!

ﬂ C 3 i X " .
:( n k') ﬂk(n)gnﬂfo fO fO fO tllg (tg_t/f) “‘(tﬁ-tﬁ-l)
[1k!)y
1=

. {exp [ - tf,’(-z)l,,r + %)” (it ) N dtdty - dt

1

Substituting 1{=x;, i=1, 2,...,n and simplifying the above expression
reduces to

Oy Ikt + ) T 3 [( SN ICORIEVES )]

It is seen from Feller (1978) that

P Bkin)
___r6 _ 4

ki
s

Pr[N¥=k;j=1,2,...,n]

where p and ¢ are defined as above. Thus N¥ are iid as Pr[N¥ = k] = (pq"),
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(k=0,1,..;n=1,2,.), hence [A] follows.
N?%, N3%,...,N% being k independent and identically distributed geo-

k
metric random variables, );1 N* has a negative binomial distribution as
given in [C]. Proofs of [B] and [D] would be parallel to the above.

3. Sampling schemes

For a PL(4, §), @ unknown and § known, estimation of @ is considered
under the following sampling schemes.

[11 Fixed number of events

Under this sampling scheme, it is assumed that the given PL process is
observed till n events occur. The sample, thus, consists of (t1, t2,..., )
where ¢; is the time point of the occurrence of the j-th event; j=1, 2,.... n.
The likelihood of the sample is given by

G.1) L= (/)’/9)"e“’"/"’”(f{1 ti)‘g"‘/o”“’“>, 0<h<tr<<ty<oo.

Then 6: = t,/n'”, is the solution to dIn L,/d8 = 0. Further, it may be
verified that 9° In L,/d6%|s < 0; thus &, is the maximum likelihood estimator
(mle). The asymptotic variance (Billingsley (1961)) of #; is

N

[II1 Random number of events

For fixed time 7, the stochastic process is observed in the interval
[0, T]. Thus the number of events is a random variable that depends on 7,
say n(T).

We note {n(T) = 0} is equivalent to {T; > T}, where T is the time of
occurrence of the first event in PL(6, §). Now Pr[n(T) = 0]=Pr[T1 > T] =
exp ( — (T/6)%), which is negligible for large values of T, for all 6, § < 0.
We assume that T is sufficiently large, so that the sample (11, fa,..., tu1) is
realized. Hence the likelihood is

ey (1) )B-1
gD T0 {1111 ti}
i

[m_ gﬂn(T) . O<tl<"'<tn(1‘)<T<°°.

Solving 4 In L,/38 = 0, the mle is

(3.3) Ou=T/[n(T)]”, and
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(3.4) asy Var (9u) = 0" 1(B*T%) .

Remark. To test the null hypothesis that (71, f2,..., 1) is from an
HPP the desirable least value of n(T) is three (Cox and Lewis (1966), pp.
45-51) at 5% level of significance. However, the test is valid for all
nT)=1.

[III} Poisson sampling

The notion of PS has been explained in detail by Kingman (1963),
Basawa (1974) and Baba (1982). Let ©’ = (T4, T3,...) be a Poisson sequence
of known intensity .. We observe the given PL process till w Poisson
events occur. The sample, thus, consists of @ Poisson counts (n1, na,..., nw).
The corresponding likelihood is

(3.5)  Pr[Ni=ni, N2 =n,..., No = nu]
- L,

3

:(ff;%ﬁEEFLQQQ(-U“%ZﬂHMﬁU)-n)+j—1]

¥ ATy -iTy -
Xfo o (TP AT @) v 0 g

where n(j)=m+m+--+n;j=12,.,0. Now,

alnLu

(3.6) = { - Bn(@)/0} + — 1nf ¢ TP ATpupn@ 0=l gy

If B # 1, as mentioned in Section 1, to solve the likelihood equation (3.6)
one has to use numerical methods.

[IV] PLP sampling of Type I

The sample, according to this scheme consists of @ PL-counts (n,
n,..., Nw). Note that, from (2.5), for fixed w,

Pr [ $n=0 ] = (@10 + ") .

Thus, for large values of w, the samples having each n;= 0 occur with
negligible probability. Hence for a large value of  the likelihood is

Lo=Pr[Ni=n;;j=1,2,...,0].

Using (2.3), we get
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dinl, po (mw)+ w)po*”’
o 0 @+yH

3.7

where n(w) = éull ni. Solving d In L,/d6 = 0, the mle is

3.8 é [ @ ]”ﬂ that n(w) = 0)
. =l—1, ) .

(3.8) wv=lo @) (we assume that n(

Then, using (2.5),

@ +y") 6

3.9 asy Var (bv) = P

[V] PLP sampling of Type II

In PLP sampling of Type 1I, the number of events to be observed in
PL(#, p), say w, is fixed. Hence the number of events to be observed in the
dual count process are random. Thus, the likelihood is

Lo=Pt[N}=n;;j=1,2,...,0].
Using (2.2) in the above likelihood

dinLo _ fn(w) (n(w)+ w)po’’
H 0 0+

where n(w) = ig ni. Solving 4 In L,/d6 = 0, the mle is,

(3.10) byv=y [”—(a‘:i) ]W.

Using (2.4) in the asymptotic variance formula, we get

~ (6* + yH9*
(3.11) asy Var (6v) = weﬂﬂz .
[VI] Periodic sampling scheme

We observe the given PL process at fixed time points {a, 2a,..., naj,
a >0, and count the number of events in ((j — 1)a, ja]; j= 1, 2,...,n where
‘@’ is a preselected positive real number. Thus, the sample consists of
{x(0, a), x(a, 2a),..., x((n — 1)a, na)} where x((j — 1)a, ja) denotes the number
of events in ((j— Da, jal; j=1, 2,...,n. It may be shown that, the
probability of non-occurrence of any event in (0, na] is negligible for large
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values of n. Hence for a large value of n, the likelihood is,

L, = Pr[X(0,a) = ki, X(a,2a) = ks,..., X((n — 1)a, na) = k]
_ exp (— na/6)’a™ "2 ~ 11* [0 - (n - DT
& Bk(n) ’
(fer)e

Solving d In L,/38 = 0, the mle is

A na

(3.12) 0V1=ﬁ€(—n)‘]—1/—,g .

Following a similar procedure as in the previous sampling schemes, we

get
. Bﬂ+2
(3.13) asy Var (6w) = W .

4. Comparison

In this section, we compare the estimator obtained by PLP sampling
of Type I (sampling scheme [1V]) with those obtained by sampling schemes
[1], [11] and [VI] as regards (1) asymptotic variance and (2) cost factor.

The sampling scheme [IV] would be better than the sampling scheme
[1] in the sense of asymptotic variance if

4.1 w=n[l+@/9".

Similarly, sampling scheme [IV] would be better than sampling schemes
[11] and [VI] in the sense of asymptotic variance if

1 1
42 wz(———+—-)T”,
4.2) 7
and
(4.3) w>(—l—+—]—)(na)“
. = gﬂ ylf s

respectively. The above inequalities are obtained by using (3.2), (3.4) and
(3.13).

To answer, when the sampling scheme [IV] would be better costwise
than the other sampling schemes viz. [I], [II] and [VI], the following
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assumptions are made.
[i] The parameters of the sampling schemes are chosen in such a

way that all of them have the same asymptotic variance.

[iil] Co = per unit observation cost by sampling scheme [I].

[iii] C; = observation cost per unit time by sampling scheme [II].

[iv] C; = per unit observation cost by sampling scheme [IV].

[v] Cs = observation cost per unit time by sampling scheme [VI].

Then using inequalities (4.1), (4.2) and (4.3), we get

44) S+ e,

o Salldeb))
and

D

For specified values of y, f, Ci and C; if the preliminary investigations
suggest that most likely @ is less than 8, (6o is known), then the economical
advantage of using PLP sampling scheme of Type I may be decided using
the equations (4.4) to (4.6). To illustrate this fact in Table 2 we have given
the maximum feasible values of C,/ Ci for different values of # when =2,
T=1fory=0.1,0.5,1, 1.5 and 2.

For instance, if § =6 and y = 0.5 the corresponding ‘table value’ 0.25
indicates that, the PLP sampling scheme is economically better than the
complete observation in (0, T') if Cz/ C is less than 0.25.

5. Example

An example given below illustrates the usage of PLP sampling scheme
of Type II.

Observations were simulated from PL(8, f), where 6=2.778 and
f=0.5. These values were selected, because, Crow (1974) had used these
values to illustrate the mle method for PL process. The number of events
of PL(y, ) between the successive events of PL(8, ) were collected until a
predetermined number, @ of events in PL(6, ) occurred. Data were
simulated for y = 0.8, 1.5, 2.0, 3.0 and » = 25.

To obtain the mles, §, under the above sampling scheme, 15 samples
were generated from each PL(y, f). These estimates along with their
sampling variances are given in Table 1.
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Table 1. mie of 6 using PLP sampling scheme of Type IT1*.

¥ 0.8 L5 2.0 30
0 . L776213 2.074860 2.466933 1.855680
Var (f) 0.179920 0.417476 0.836035 0.772777

*Based on 15 samples with true value of = 2.778.

Table 2. Maximum feasible values of Co/C, (f=2, T=1).

y\@ 1 2 3 4 5 6 7 8 9 10 11 12

01 001 o0t 01 01 01 01 01 0 01 01 .01 .01
0.5 20 24 24 25 25 25 25 25 25 25 2% 25
106 50 80 9 94 9 97 98 98 99 99 99 9
1.5 69 144 180 197 206 211 215 217 219 220 220 220
2 8 2 276 320 344 360 369 376 381 383 383 394
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