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Abstract. Bayes-empiric Bayes estimation of the parameter of certain
one parameter discrete exponential families based on orthogonal poly-
nomials on an interval (g, b) is introduced. The resulting estimator is
shown to be asymptotically optimal. The application of this method to
three special distributions, the binomial, Poisson and negative binomial,
is discussed.
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1. Introduction

The Bayesian approach to estimation of a parameter 8 involves
choosing an estimator 8* which minimizes the Bayes risk. By using Bayes
theorem it is shown that this estimator (see Bickel and Doksum (1977)) is
given by

LD

(1.1 0% = ,
[p(x10)dG(6)

where G(0) is the (prior) distribution function of # and p(x|6) is the
conditional probability law of the random variable X given 6. Usually
p(x|0) is assumed to be known and G(f) is assumed to belong to a
parametric family whose parameters are chosen by the investigator on the
basis of the past experience.
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102 G. G. WALTER AND G. G. HAMEDANI

In the empiric Bayes procedure, due principally to Robbins (1963), the
prior distribution function G(6) is not known but must be estimated from
a sample X1, Xa,..., Xy of X. This estimate is then used, together with (1.1)
and the next observation X+ to obtain an estimate of @y., the value of 6
which led to this observation. This last estimate should converge to 8* in
mean square as N — . In this case it is called asymptotically optimal.

Deely and Lindley (1981) observed that empiric Bayes methods are not
truly Bayesian and proposed a procedure for combining Bayes and empiric
Bayes methods. In this work we shall study an alternative procedure doing
the same task. It is an extension of the method introduced in Walter and
Hamedani (1987) for estimation of the binomial parameter. We shall
consider here, discrete exponential families with a single parameter.

We suppose first that Xi, X3,..., Xn, Xn+:1 form an i.i.d. sample of the
mixture

(1.2) p(x) =[p(x|0)g(6)d6 ,

where @ has the unknown “true” absolutely continuous distribution with
density function g(6). An initial prior approximation go(6) to g(f) based
on subjective knowledge of an element from a conjugate family is made.
Then a weight function w(8) is formed from go(#) and any factors in
p(x|8) which are independent of x. Orthogonal polynomials px(6) based on
w(f) are constructed. These px(f) are then used to estimate g(8) by
functions of the form

(1.3) &n(0) = X apu(0)0(6)

where d; depends on the sample X1, Xa,..., Xn. The §n(8) are in turn used
to obtain estimates pm(x) of p(x) from (1.2) and estimates of O+ from
(1.1) when Xn+1 = x. For m = 0, we have exactly the Bayes estimate, while
for larger values of m we have progressively less smooth estimators pn(x).

We shall show that the resulting §» and p» are integrated mean square
consistent with respect to an appropriate weight function and the estimate
of O+, is asymptotically optimal.

These methods differ considerably from the previously proposed
methods for estimating the prior density function. The methods of Choi
and Bulgren (1968), Deely and Kruse (1968), Blum and Susaria (1977),
Tortorella and O’Bryan (1979) were all based on step function estimation,
while those of Berry and Christensen (1979) were based on Dirichlet
processes. O’Bryan and Walter (1979) used Fourier transform methods.

In the next section we shall consider the Bayes-empiric Bayes estima-
tion in the case of discrete exponential families with a single parameter. In
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this case there is a natural conjugate family from which we choose our
initial prior go(#). The application of this method to three special distribu-
tions, the binomial, Poisson, and negative binomial is discussed in the last
section. In two of these cases one encounters a standard type of orthogonal
polynomials.

2. General formulation

In this section we shall deal with discrete random variables whose
probability functions are members of a one parameter natural exponential
family. We shall change the parameterization to enable us to construct an
orthogonal system of polynomials in the new parameter. We begin with the
natural form for the one parameter exponential family,

@.1 p(x|d) =[exp {¢T(x) + d(¢) + S()}a(x)

where A is a discrete set in R”Y with indicator function L, ¢ is the
parameter which is assumed to be real and d(¢), T(x), S(x) are real-valued
functions. The statistic 7(x) is sufficient for ¢ when p(x|¢) has this form
(see Bickel and Doksum (1977)). Most standard discrete distributions
including the binomial, Poisson, negative binomial, are of this form.

Such exponential families have natural conjugate families with two
parameters whose probability density function is given by

2.2 nlap(d) = [ exp {da + d(¢)BYs(d)/ w(a,f)

where a and f are the parameters, ¥(a, f) is a normalizing factor, and @ is
a subset of R (see Bickel and Doksum (1977)). By Theorem 2.3.1 of Bickel
and Doksum (1977), the probability function of Y = T(X), the natural
sufficient statistics, which we assume to take integer values, is given by

p(y1¢) =[exp {¢y + d(¢) + S*V}Le (),

where A* is the image of A under T and S*(p) = In {Zixea: r-ne’ ™} if
y € A* and 0 otherwise. We now change the parameterization in p(y|¢) by
setting 8 = exp {¢}; and noting that 4 belongs to a finite or infinite interval
(a, b). Then we have
(2.3) p(y18) = 6" exp {d(n 0)} exp {S*(»)}a*(»)

=080 () e () -

The conjugate prior probability density function of  would have the form
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(2.4) awp(0) = 8°E (0)16(6)/ y* (e, B)

where € is the interval (g, b).
The form (2.3) was already considered by Maritz (1970) who used it to
obtain an estimate for the Bayes rule in terms of the marginal distribution,

o) =cNfy+ D/ f).

This is a form of a representation suggested by Robbins (1955). However,
such representations suffer from “jumpiness” as was observed in Berger
(1985), and must be smoothed. Our procedure will not only provide an
estimator based on the marginal distribution but will also allow the user to
specify the degree of smoothness desired.

A pure Bayesian approach would involve estimation of # under the
hypothesis that it has a “measure of uncertainty” given by the prior
probability density (2.4). For each fixed y, the posterior probability density
function of 6 would be proportional to the product of (2.3) and (2.4) and
would again be a member of the conjugate family. We assume that a
Bayesian has chosen a and f in some way and let go(6) = 7,5 (8). This
could be done either by using prior knowledge or by treating their
estimation as a parametric empiric Bayes problem and using a portion of
the data for this purpose.

After a and B have been chosen, perhaps both zero in the non-
informative case, we “improve” the estimation by using additional data.
This data is used in conjunction with appropriate orthogonal polynomials
on (a,b). The orthogonality is with respect to the weight function w(6)
where

(2.5) w(0) = 0°E7*1(0)16(6) .

b
We need also to assume that fa 0"w(8)dl exists forn=0,1,2,... .
Now we define the bpolynomials {pn} in a standard way; we let
po(8) = 1/ ho, where 43 = | w(8)d6, and

pi®={ 0[] tou@wi@rao ||

b
where A is the normalizing factor needed to make fa pr(B)w(9)db = 1. This

is the familiar Gram-Schmidt orthogonalization procedure and may be
continued to all positive integers. In this way we obtain a sequence

po(8), pr(8),...,pa(0),... ,
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such that p,(0) is a polynomial of degree n which is orthogonal to pm(6)
for n # m and in fact if g(#) is any polynomial of degree m < n, then

I 4@pa@w @)t =0.

The assumption that the prior distribution has a density will ensure that
the above procedure does not terminate.
The expansion of any function h(f) € L}(w; (a, b)) is the series

Sapn0),
where
b
ax={ h(@)pu(@)w(B)db .

This series converges in the sense of L*(w; (a, b)) by Bessel’s inequality and
in fact converges to h(8) provided (a,b) is a finite interval (see Szegd
(1967), p. 44). The polynomials p,(@) satisfy a three term recurrence
formula

(2.6)  pn(0) = (Ar8 + B)pn-1(0) — Cuapn-2(0), n=2,3,4,..,
as do all orthogonal polynomials (see Szegd (1967), p. 42).

2.1 Auxiliary formulae
We are interested in estimating the prior distribution, which we
assume to have a density g(6), from a sample of the mixture f(y)

@7 10 =1 p(r16)e(6)d8
= 0 [ OO wO)w(6)do
= o) [, PhOW©)do .

The density g(8) may not always be identifiable. Any function h(6)
which is orthogonal to all polynomials with exponents in A* will map into
the zero function in (2.7). In particular, if A* is a finite set, then any
polynomial all of whose terms have degree greater than the largest integer
in A*, will have this property.

Hence we cannot recover an arbitrary g(6) from the knowledge of /()
but must restrict the choice in some way.
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If A* is finite, then the maximum number of linearly independent f(y)
equals the cardinality of 4*, and hence we must restrict 4(6) to a finite
dimensional subspace of L*(w; (a, b)). We shall suppose A* ={0,1,2,...,n}
for simplicity. The restriction on h(#) will then be that it belongs to the
space spanned by po(8), p1(0),...,pn(8), i.e.,

(2.8) h(8) = % axpe(0) .

In this case f(y) will become

(2.9) f) = Zak(y).
where
(2.10) h(y) zfabﬂya(y)pk(ﬁ)w(ﬁ)dﬂ, k=0,1,...n.

Clearly the /() are linearly independent and therefore the ax are uniquely
determined by f(y). Thus, given f() in this form, we may find the solution
h(0) by using the coefficients from (2.9) in (2.8).

If A* is infinite, no finite linear combination of the px will give all
possible f(») in (2.7). We shall again assume that 4* is a set of contiguous
integers {0, 1,2,... }. There now is no problem with identifiability if (a, b) is
a bounded interval, since in this case, the px are complete in L}(w; (a, b))
(Szegd (1967), p. 40). That is, if #,(0) and h2(f) are both in this space and
both map into the same f(y), then all the expansion coefficients of 4, and
h, with respect to the pi are the same. Therefore, h; — h is orthogonal to
all the pr and hence equals zero almost everywhere.

If the interval (a,b) is unbounded, it may be that the p; are not
complete. In this case we must again restrict h(f) to a subspace of LX(w;
(a, b)). Now, however, we take limits of finite linear combinations of the px;
i.e., we take the topological rather than algebraic span of our set of
polynomials as the allowable set of h(0).

In each of these cases we solve equation (2.7) for a unique h(8)
satisfying the appropriate restriction given on f(y). Our procedure will
involve first estimating the coefficients in (2.9) and showing the two sides
are equal (n could be o). Then, A(8) given by (2.8) is the unique solution.

We shall obtain the ax by using a biorthogonal sequence (/(»), Ax(}))
satisfying

ZDA(Y) =0 -
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We first observe that in both the finite and infinite case with complete set
{pt}, (2.9) holds for some choice of ax«. However, in the case of an
unbounded interval in which { p«} is not necessarily complete, we must add
this as one of our hypotheses.

The A«(y) may be obtained from the orthogonal polynomials by the
formula (see below)

(2.11) Ae(y) = p(0) (Pla (»)) .

Then we find that Ax(y) = 0 for k < y and therefore

H0) = 2, £al (M)

y=0j=0

k k
2aj ZLi(VA(y) = ax.
y=1

J

In many calculations it is easier to use other formulae for /x and .
The /x may also be given in terms of the coefficients of px(#) or in terms of
the recurrence formula (2.6). Indeed from (2.6) we have

212 4] 080 ()pii(O)w(B)db

= (i ()/a(y + D) [ " a(y + DperO)w(B)d
= (A0 ()] 7y + D ( + 1)

=06 ()Pr(6) ~ Bupi-1(0) + Cepra (@)} w(O)d8
= h(y) = Bele-1(y) + Cide-2(p) .

The corresponding recurrence formula for the A; is given by using
(2.11) and is

(2.13) (Aka(y — D/ a(P)D-1(y — 1)
= k(¥) = Bidk-1(y) + Cedi-2(y) .

Since p«(6) is a polynomial of degree k, it has the form
k
p(0) = Z ant
y=0

and hence
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k

(2.14) (y) = Z awipy+j0 ()

where y; is the j-th moment of w(#), while

(2.15) A(y) = aiy/ 0(y) -

To show that the two are biorthogonal we calculate

EA00) = ZHOMO)

L oy
=5 50 fa & pr(6)w(6)dbo (y)

- fab y:éo ajyeypk(e)w (9)d0
=f,,be(9)pk(9)w(e)do = ;.

2.2 Estimation
In the pure Bayesian case the posterior estimate of § would be

b +
| o e(e@e©)a8 __o()  fOot)

@216  6*= _
[#oni@r@a Ut 1)

In the empiric Bayes case one estimates g(f) (or the resulting f(»))
from a sqmple Y1, Ya,..., Yn and then uses this estimate of g to obtain an
estimate # from another observation Yy.1. Thus (2.16) would become

.00 fOot+D
(2.17) 0= o+ 1) . IO Yvai=y,
in the empiric Bayes formulation.

Berger (1985) has objected to this estimator when fis fv, the empiric
distribution, because of the “jumpiness” of §. However, we shall use
smoother estimates based on polynomial expansion of fy in terms of the
I(y). This will also enable us to estimate other Bayesian outputs such as
the posterior variance or posterior confidence intervals by the same method
and thus meet another of Berger’s objections.

We begin by choosing « and § as indicated previously and we then
define the weight of (2.5). This results in a preliminary Bayesian estimate of
f given by (2.16) in which
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(2.18) go(0) = Cpo(O)w(8)/<(0) ,

where C is a positive constant. This estimate is independent of the sample
Y1, Ya,..., Y~ and uses only the value of Yn+: = y. The sample is then used
to estimate the expansion coefficients of h(6) = g(6)/6°¢*(6) with respect
to the orthogonal polynomials p«(8),

2.19) a=[ hOPOW(O)d8 = [ g(O)pe(O)E(O)d0 .

These coefficients a; are estimated by

N

SA(Y), k=0,12,...,

=
(2.20) ==

which gives as an estimator of g(6)

.21 En(0) = EapOW®)/E0), m=0,1,2,..,
and of f(y)
(2.22) fn) = Bad(y), m=0,1,2,....

For m=0, (2.21) is the same as (2.18) while as m increases, the
estimator becomes progressively less smooth. For m = n, the size of A* in
the finite case, the estimator of f(y) is exactly the empiric distribution. If
A* is infinite the estimator approaches the empiric distribution as N — oo,

2.3 Asymptrotic optimality

We now assume that the discrete set A* consists of successive integers
0,1,2,...,n where n is finite or infinite. We cannot quite do so without loss
of generality, that is, without losing the parametric form of our family
given by (2.3). We also assume that ¢ < 1 < b and that ¢(y) is a probability
function, merely by shifting the origin in (2.3) which we can do without
loss of generality.

We first observe that di is an unbiased estimator of ax, the expansion
coefficient of h(0)

Ela) = £ (Y] = S0/ 0) = ar,

and that the variance of 4 is
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2.23) El - ] = $ 3070y - &
. ak ak - Ny=0 k y y N
=G

=N

where Ci = max Ai(y). Our estimate of the prior density function (2.21)

may be expressed as

(2.24) gn(0) = hn(B)W(8)/E(6)
where
(2.25) Fm(6) = kﬁodk P(0) .

Hence the mean square error of A,(f) is
- m 2 [ 2
(2.26)  E[(An(9) — h(0))'] = E [ 2, (@~ a))p(6) ] * [ (2 8P ]
m m £ 2
= kZ:Opi(ﬁ) = Elx ~ a)’] + [ k}n:Hakpk(ﬁ)] ,

and the integrated mean square error with respect to w(@) is simply

2.27) | EL(hn(0) - h(@) 10(0)d8
< éo fab pi(O)w(6)db éfo —%— + hi k:%‘,ﬂai

_p2|m & - 2
—ho(Nk§0Ck+k=§n:+lak)'

If we assume that 1 € L*(w; (a, b)) and (a, b) is finite, then

(=]

2
2 ai—0 as m-— oo,
k=m+1

Hence if m is chosen sufficiently large to make . z 1a;2c<c/2, and the
=m+

sample size N then chosen large enough to make the first term in (2.27) less
than ¢/2, then the integrated mean square error can be made less than e.
We observe that N depends on m and as m tends to infinity so does N to
assure the convergence of (2.27).



BEB ESTIMATION FOR EXPONENTIAL FAMILIES 111

This procedure works if there are an infinite number of elements in A*
since dx is defined for every integer. However, if A* has only 7 + 1 points,
then dx = 0 for k> n since Ax = 0 in that case. Thus g, =g, for all m=n
and (2.27) holds only for m < n. We therefore require in this case that 4(8)
be a polynomial of degree < n.

A similar assumption will be made in the case of an infinite interval
(a, b) since then the system { p,} is not necessarily complete.

We summarize the various assumptions we have made:

ASSUMPTIONS 2.1.

(1) The conditional probability p(y|6) belongs to a discrete family
of the form

p(¥10) =6"¢(0)a(y),
where y=0,1,...,n; n=card A* <oo; € (a,b); and &(f) and o(y) are

positive measurable functions.
(i) A conjugate prior density of the form

nap(8) ~ 0°¢(0),

has been found.
(iii) The integrals

[oeer @yao,

exist for all integers k =0, 1,....
(iv) The true prior density

g(0) = h(0)0°¢(9),

is such that A(8) is in the closure in L*(w; (a, b)) of the space spanned by
po(0),p1(0)...., pn(6), n = card A*.

We can now restate the results of the above calculations as:
THEOREM 2.1. Let Assumptions 2.1 hold. Then
b
[ El8n(6) ~ @6 #(0)db~0 a5 m—co,

where §m(0) is the estimate (see (2.21)) of the true prior density g(0) based
on a sample of size N(m) with common probability function f(y), y € A*
(see (2.7)). Furthermore, N(m) — o as m — oo,
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COROLLARY 2.1. Let Y3, Y,,..., Yy be as in Theorem 2.1, and let 6,
be given by

ab)’

) 1 y+1
b= [ o) 0 U(y)é(g)gm(ﬁ)del

where the subscript (a, b) denotes the restriction to (a, b) of the preceding
expression. Then as m — « (and hence N — =),

E[(Bn—6*1~0
i.e., Om is asymptotically optimal.
PROOF. We observe that

a((;(i)l) )2 E [( fm}‘:)(;)l) ) f(;(;)l) )]

o) yp_ 2 ; _ y
=885 | 7 | BV + =10+ 1)

y+1)
+( 7'O)

(2.28) E[(Bn—- 6% < (

1) ELRO) -0 |,
where 0 <y < 1. Since
Q29)  EVal) ~ SOV = E| [} 000 (®) - s@)e @8
< { [ 670 (yw(0)as }Wz
SEINCEORORICT AN

which converges to 0, we have E[(8, — 8*)"] — 0 as m — oo,
The same considerations lead to:

COROLLARY 2.2. Let Y, Ys,..., YN be as in Theorem 2.1, and let
V= Exon[(0 — 6*)] be the posterior variance, Let V., be given by

b

)

Pn= [ 5 [0-6n oya(y)f(e)gm(e)dol
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then if b < oo,
E[(Pn—-V)]—=0 as m—co.

If A(0) is in the algebraic span of the polynomials po,p1,..., pm, the
problem reduces to a parametric one with m + 3 parameters. In this case
we have:

COROLLARY 2.3. Let Y1, Y,..., Yy be as in Theorem 2.1, let h(8) be
a polynomial of fixed degree m, then

I} Elgn@) - @0 @0 =0 57 ).

2.4 Non-informative prior

If as frequently happens the Bayesian is unwilling or unable to choose
a and f, but is equally happy with all choices, then the prior go(6) becomes
a constant. This of course will be improper if (a, b) is an infinite interval.
However, the empiric Bayes part of our analysis is still valid in this case.
Indeed, the weight function for our orthogonal polynomials is just

w(f)=¢@) =e*™?,

where y(¢) is the cumulant generating function on (a, b) and may be given
by (Morris (1982))

¥(¢) = In §e¢y0 ()= Z#a(y).

Hence w'(8) = yg‘.oﬂy a(y).

Morris (1982), constructed polynomials in y and u = y’(¢) which are
orthogonal with respect to the weight (exp {¢y — w(¢)}a(»). In some cases
these can be modified to correspond to the orthogonal polynomials we
have used. However, since w(#) is not in general a polynomial function,
this does not always work.

It should also be remarked that since w™'(6) is given by a power series,
our family of distributions is also a power series family and results on
identifiability for such families can be used (see Patil ez al. (1975)).

3. Some examples

In this section we consider particular instances of discrete distributions
whose probability functions can be put in the form of an exponential
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family. This will include the binomial, Poisson, negative binomial distribu-
tions. In the case of the binomial we use the traditional parameterization
rather than converting to the form of the last section; since the latter form
will lead to non-standard orthogonal polynomials which would of course
be less desirable.

3.1 Binomial distribution

This has been studied in Walter and Hamedani (1987). The conditional
probability function is

6D PO =BwO=("]Ea-0r" x=0,1n,
with conjugate prior given by the Beta density

(3.2)  nepn@ =0°(1-6)/B(a,p), 0<0<1, af>-1.

The associated orthogonal polynomials are the well-known Jacobi poly-
nomials p{**(8) satisfying the Rodrigues formula

) - 4. R
pé )<9>=m‘(a“(Ti)o—)fd—ef{e ‘-0, k=0,1,2,...

They are orthogonal with respect to the weight function
w(8) = 0°(1 — )" .

In Walter and Hamedani (1987) it was shown that the estimator

~

n-1 =

13
|, 6B.-1(x, 8)gn(6)d0
fo1(®) o
is asymptotically optimal in the sense that
E[(n-1— 0%-1)"1—~0 as N-—oo,
where 67, is the Bayes rule for the conditional probabilities given by
B,_(x,8). For large n, the difference is negligible. The necessity of using

n— 1 instead of n can be avoided if the prior distribution is assumed to
have a density of the form

nan(0) = g(0)8°(1 - 6)°
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where g(8) is a polynomial of degree n or less, as was assumed in Theorem
2.1.

Alternatively one could use the parameterization of the last section
which in the binomial case would be

and

n X YA ]
B(x.0)=p(=10)=( ") @y + o).
However, as was mentioned before, this would lead to non-standard
orthogonal polynomials.

3.2 Poisson distribution

Compound Poisson distributions were studied in Tucker (1963) and in
Walter (1985), in the latter case from a point of view similar to that
considered in this work. The conditional probability function is already in
the form of Section 2,

(3.3) p(x|0)=0%"x, x=0,12,...,

and the conjugate prior is given by the Gamma density function
(3.4) nap(0) = 0% I (a,f), 0<f<eo.
Hence the weight function for the orthogonal polynomials is
3.5) w(@) = 0% =[(B+ )01 P 1B+ 1)°.

This is the weight function for a well-known family of orthogonal poly-
nomials, the Laguerre polynomials Li((8 + 1)8) where

aeq

n
k!

(3.6) Li(n) = D¥e ™), k=0,1,2,...
In this case we have

3.7) K0y = % Li(B + DO)w(6)do
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_ [ Lk
- 0 x!(ﬂ + l)x+a+l ”

c T(x+a+1) (x)’

:(_ 1) X!(B+ 1)x+a+1

from equation (2.3) in Walter (1985). The orthogonal polynomials are not
normalized, but can be made so by using

(3.8) P = [LLI(B + DOPw(6)do

_ I'(a+1) (k+a

—W K ), k=0,1,2,...,

again from Walter (1985). The biorthogonal functions 4{*” are particularly
simple in this case. Indeed we have

(@.6) @ _, _pk[(XTQ
(3.9) E7(x)) G =(—-1) (k+a)’
and hence
m 5Pm) 1P
(3.10) 2, Cwh T = onk

Thus, if we normalize the polynomial by dividing by C{*”, we find that

(3.11) 2P0y = 1P (my) P, k<m.

Thus, the estimator for the prior density
g(0) = éﬂakb‘l((ﬂ + 198%™ cP |

is of the form

(3.12) §m(0) = kgoékLZ((ﬁ + l)g)eae-ﬂﬁ/ Clga.ﬂ) )
where

1 ¥, .
(3 13) dk = —]—v— igl A’E ,ﬂ)(Xi) ,
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based on the sample Xi, X,..., X» from a distribution with probability
function

© " _
S0 =], — e'gO)db.

Our general theory tells us that 0“’e”"g,,.(0) is integrated mean square
consistent with weight (3.5) and that

_ "0 e 5, (0)d8
(3.14) 0m=max{f° fg() 0},
Jm(x)
is asymptotically optimal.

3.3 Negative binomial distribution
The conditional probability function in this case has the form

(3.15) p(x|0)=(r+);_l)0x(l-0)', x=0,1,2,..,

in which (1 — 6) corresponds to the probability of success and (3.15) gives
the probability that x failures occur before the r-th success. In this
interpretation r is a fixed positive integer and 6 is the parameter. The
conjugate prior family is again a Beta family

n@s(@) =0°(1 - 0)’/B(a,f), 0<6<1, af> -1.
However, the weight function for the orthogonal polynomials will be
w(f) = 6°(1 - 6)"",
which again leads to the Jacobi polynomials, in this case

{p"%0)} .

Hence /*” is given by

(3.16) KP = ( T ; 1 ) 0" (9)0°(1 — 6)**"df

_(r+x-—1
B X

k 1 jtx+a +r
)onak,-fo 07 (1 — 9P a9
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:(r+x—l) ko T(+x+ta+DI(B+r+1)
x JAY T(G+x+a+Btr+2)

Since this is exactly the setting of Section 2, we may choose AP by

r+x-1
1) = { aanx/(C% ), x<k,
0, x>k,

and find that
k
(3.17) Z A kP (x)
_f Cmp(ﬂ+r a)(g)plﬁﬂ+r,a)(0)0a(l _ Bf'i'rdg
= Ckémkdliﬂ”’m .

The normalizing factor d¥ 9 (see Szegd (1967)) is given by

Tk+B+r+DIk+a+1)
TTh+ ODIk+a+f+r+ DQk+a+f+r+1)’

(3.18) di¥"?=

This may be combined with A{*” by taking
C = l/d}}ﬂﬂ,a} ,

to obtain the desired biorthogonality. Thus the estimator for the prior
density is

(3.19) én(0) = Eakp Fr0)0°(1 — 6)*

where, given a sample Xi, X>,..., Xy from
r+x-— x R
=l (" ea-oreea.

we take

a 1 N akX(
(3.20) = WZW

This g is integrated mean square consistent with weight 87°(1 ~ ) * and
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the empiric Bayes posterior estimate of §, the restriction to [0, 1] of

folﬂ"”(”i"‘)(l — ) gn(0)d6
- Jn(%) ’

(3.21) B

is asymptotically optimal.
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