CONFORMAL GEOMETRY OF THE
KEPLER ORBIT SPACE

JOSE F. CARINENA
Depto. de Fisica Tebrica, Universidad de Zaragoza, 50009 Zaragoza, Spain

CARLOS LOPEZ
Mathematics Department, University of California at Berkeley,
CA 94720, Berkeley, US.A. *
and

MARIANO A. DEL OLMO and MARIANO SANTANDER
Depto. de Fisica Teérica, Universidad de Valladolid, 47011 Valladolid, Spain

(Received 30 January, 1991; accepted 17 June, 1991)

Abstract. We present here a group theoretical analysis of the structure of the space (2 of orbits in
the classical (plane) Kepler problem, and relate it to the description of the Kepler orbits as curves
in configuration and in velocity spaces. A Minkowskian parametrization in £ is introduced which
allows us a clear description of many aspects of this problem. In particular, this parametrization
suggests us the introduction in Q of a Lorentzian metric, whose conformal group SO(3, 2) contains
a seven-dimensional subgroup which is induced by point transformations in the configuration space
X. A SO(2,1) subgroup of this group still acts transitively on X', which is thus identified as
a homogeneous space for SO(2, 1); each regular Kepler orbit is the trace of a one-dimensional
subgroup whose canonical parameter autoratically equals to the classical anomalies. These results
are somehow a configuration space analogous of the geometrical structure of the Kepler problem in
the velocity space previously known.

Key words: Two body problem, conformal geometry.

1. Introduction

It is known since Hamilton’s work [1] that the hodographs of the orbits of Kepler
problem, i.e., the graphs of the velocity vector dx/dt, are either circles, for orbits of
negative energy, or portion of circles, otherwise. Gyorgyi [2], Moser {3], Osipov
[41, Belbruno [5], and Milnor [7] gave a very interesting geometric interpretation of
this fact. The set Vg of velocity vectors v such that v.v > 2F, for a fixed energy
E, can be endowed with a Riemannian structure given by the length element
di2 ; = 4/[(v* — 2E)?] dv*. This metric has constant curvature K = —2F, and
its geodesics are the hodographs of the Kepler problem for this energy. Then, for
elliptic orbits (£ < 0) the manifold has a spherical geometry, in the parabolic
case (of null energy) ), is an Euclidean plane, and for hyperbolic orbits (E' > 0)
the manifold Vg is a hyperbolic plane. In either case, the arc-length along the
geodesics equals to the classical eccentric (resp., parabolic, hyperbolic) anomalies.
It is also remarkable that these anomalies are proportional to the “fictitious time”

* On leave from Depto. de Fisica Tedrica, Universidad Complutense de Madrid, 28040 Madrid,
Spain

Celestial Mechanics and Dynamical Astronomy 52: 307-343, 1991.
© 1991 Kluwer Academic Publishers. Printed in the Netherlands.



308 JOSE CARINENA ET AL,

s = [ dt/ |x(t) |, called Levi-Civita parameter, which plays an important role in
the regularization problem for singular orbits [3].

Once the energy E has been fixed, we can associate a geodesic in the manifold
Ve with each Kepler orbit of energy F. In this way the space $2g of the Kepler
orbits of energy F is identified with the space of the geodesics of Vg. The group of
the corresponding geometry (either SO(3), E(2) or SO(2, 1) respectively) acts in
anatural way on this space. It is to be remarked that these groups act on the velocity
space as point transformations and they are not dynamical symmetries in the usual
sense. This association allows us to understand the connection between the Kepler
motion and the geodesic flow on spaces of a constant curvature, a relation that has
been very often used.

However, there is no similar picture for the Kepler orbits in the configuration
space X, and the only obvious point transformations in A’ mapping Kepler orbits
into Kepler orbits are Euclidean rotations and homotheties; only the first subgroup
maps orbits of energy F into orbits of energy E.

In this work we introduce two groups G., G,,, of local point transformations in the
space (2 of all Kepler orbits, both isomorphic to the conformal group of the (2 + 1)
dimensional Minkowski space. Each one of these groups has subgroups acting
as point transformations in either the configuration space and the velocity space.
Starting from G, and restricting to the submanifold of orbits with constant energy
E we recover all the previously known results on the SO(3)/E(2)/S0(2,1)
homogeneous space structure for the sets Vg or Qg. New results are obtained from
G. which restore, even in this classical context, a remarkable symmetry between
configuration and velocity spaces.

In Section 2 we present the Kepler problem, in order to unify notation and to
introduce some concepts.

Section 3 is devoted to describe the Kepler problem in velocity space. We briefly
review some details of Milnor’s description, where some very nice properties of
the geometry of the Kepler problem appear. As the hodographs are circles, we
consider there the space of all circles and derive from them the metrics in Q.

Next, Section 4 studies the space of all plane Kepler orbits. A particular
parametrization, called Minkowskian, is introduced and used thoroughly to ex-
hibit in a clear descriptive way the structure of this space. All collision orbits fit
naturally into this description as “points at infinity” and the remaining singular
orbits complete the scheme.

Once a metric in the space of all orbits has been defined, we study in Section
5 the groups of isometries and conformal transformations C, of this metric. This
conformal group includes a seven dimensional subgroup of transformations in the
orbit space that are induced by point transformations in the configuration space,
some of which are not evident at a first sight. This subgroup is isomorphic to the
2 + 1 Poincaré group extended with dilations. By analyzing this construction, the
configuration space X’ for the Kepler problem appears as a homogeneous space for
S0(2,1),obtained by taking the quotient by a one-dimensional parabolic subgroup.
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The action of SO(2,1) on X is transitive but not primitive, and therefore there is
neither any invariant Riemannian metric in X’ nor a unique invariant connection.
Instead, there is a whole one-parameter family of invariant connections T(),
and Kepler orbits are the auto-paralell lines of this family of connections. For
each Kepler orbit, there is a one-parameter subgroup of point transformations
in the configuration space X’ mapping the orbit into itself, and the canonical
parameter for this one-parameter subgroup equals to the anomaly (eccentric /
parabolic / hyperbolic) along the orbit. This has some interest, as it shows some
group theoretical meaning of these parameters, long known as the “best” parameters
in the Kepler problem and in connection with the regularization for collision orbits
[3]. As far as we know, these groups of point transformations on the Kepler
configuration space are new and they provide a configuration space counterpart
for the groups arising in the Moser-Osipov-Belbruno-Milnor (MOBM) approach
in velocity space. We complete this study by an independent computation of all
possible sprays [8] (second order differential equation vector fields) in X', invariant
under SO(2, 1), with the result that only for the family corresponding to parabolic
orbits the connection comes from a metric in configuration space.

In Section 6 we introduce another different construction, which leads to a new
group C,. In the same way as some subgroups of C, are related to transformation
groups in configuration space, here some subgroups of C, are related to point
transformation groups in velocity space; in particular the groups in the MOBM
approach are recovered when one restricts to the subgroups of C, mapping the
submanifolds of constant energy onto themselves.

Finally, some remarks and comments, as well as an outlook for future work is
presented in Section 7.

2. The Kepler Problem in Configuration Space

The motion of a point of mass m in a conservative field with potential
V(r) = —(k/r) is called the Kepler problem. Here k is a positive constant,
and with no loss of generality we shall only consider the case m = 1. The motion
takes place in a plane because the force is central. It is well known that the problem
can be split into a geometrical part (determination of the Kepler orbits) and a
non-geometrical one (time evolution along the orbit). The orbits of this problem
are generically non-degenerate conics with a focus at the centre of attraction. The
general equation of non-degenerate conics in polar coordinates (r, ), with the
origin at the centre of atraction is:
. P _ P
1+ecos(§ —¢) 1+ ezcos60+eysing’

2.

where p > 0 is the semi-latus rectum, e = (e;,ey) and e =|e|€ [0,00) is the
eccentricity of the conic.

As it is well known, if 0 < e < 1 the conic is an ellipse reducing to a circle
when e = 0, for e = 1 the conic is a parabola, and when e > 1 the conic is a
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hyperbola (see Figure 1a). The angle ¢ corresponds to the direction of the point
on the conic closest to the origin (periastron). For e # 1, the semiaxis lengths are
given by

a=—1|—p—|2—, g 2.2)
| 1-¢| |1—e?|

When the conic is an ellipse or a parabola, the Kepler orbit coincides with
the conic, but when it is a hyperbola, it is only one of the two branches of the
hyperbola, (the branch nearest to the origin) which we shall refer to as the Kepler
branch. From the mechanical point of view, each Kepler orbit has some associated
constants of the motion as the energy E, the angular momentum L (here scalar,
so that positive as well negative values are allowed) and the Laplace-Runge-Lenz
vector R [9, 10], which is a vector pointing out from the origin of coordinates to
the periastron. The (vector) angular momentum L is orthogonal to the plane of the
motion. For every non degenerate conic there are two possible senses of motion
along the conic, and hence two different Kepler orbits with opposite values of L,
related with p by L? = kp.

A practical way to describe at the conic level the fact that there are two Kepler
orbits for each non-degenerate conic is to allow for negative values of p. So the
conic (2.1) (as a point set in configuration space) is either described by the triplet
(p, e, d) (with p > 0) orby (—p, e, ¢ + 7). As to the associated Kepler orbit, when
the angular momentum is positive we shall match it to the triplet (p, e, ¢) with
p > 0, and when angular momentum is negative we shall match it to the triplet
(—p, e, ¢ + m). From now on we shall allow negative values for p by following the
preceding convention.

The energy E is related with the geometrical parameters of the orbit, eccentricity
and semi-latus rectum by

k k(1 — %)
E=—e—=_2"°%) ¢ <e<l1
% 277] or 0<e<
E=0 for e=1
_i_&ez_;l_)_ for >1 (2.3)
2 2]p] 7o '

where a is the focal semi-axis of the ellipse or the hyperbola respectively. Some-
times a different convention amounting to have positive a for elliptical orbits and
negative a for hyperbolic orbits has been used [11]. Kepler orbits with the same
energy have also the same value of the focal semi-axis. Formulas (2.3) and the
expression for the angular momentum can be written in a more compact form

2 _
E= 1“-(2%)71—), L =sign (p)VE[ P ]. 24)
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The Laplace-Runge-Lenz vector R lies in the plane of the orbit, points to the
periastron, and its length is ke, namely R = sign (p) (ke cos ¢, kesin ¢). It does
not depend on the sense of motion along the orbit. The four constants E, L, R, R,
are not functionally independent but they are related by

2
R’ = (1 + 2—%) k* = k* + 2EI?, @2.5)
and therefore 2EL? = —k?(1 — €?). Notice that the Kepler problem is the classical
example of the so-called super-integrable systems [12].
The energy can take values in the real line R. Once a value F of the energy
is fixed, the ranks of the (scalar) angular momentum L and of the modulus R of
R are given in the following table:

0<exl1 e = e>1
(E <0) (E=0) (E>0)
k k
[_ﬁ,ﬁ] (—OO,+OO) (—00’+OO)
R [0, +k) k (k, 4+00)

Note that R= 0 if and only if the orbit is circular (e = 0).
Another constant of motion which will appear later is

o=2E (2.6)

From the former expressions the relationship of C with the geometrical parameters
of the orbit is, for F # 0,
21
c=2 = = sign (e — l)bl_z‘
Hence the orbits of the family with constant value of C are ellipses with the same
value of the non-focal semiaxis for C < 0, parabolas for C = 0, and hyperbolas
with the same value of the non-focal semiaxis for C > 0.

From now on, Q will denote the set of all (plane) Kepler orbits and Q< the
subsets of all regular orbits, Q* = QF U, the sign in the superscripts meaning
the positive or negative orientation of the orbit, L > O or L < 0 respectively. They
are three-dimensional manifolds. A subindex like E in Qg will always mean the
suEmanifold of all orbits of energy E, with the obvious meaning for symbols like
QF.

In addition to all the regular orbits (characterized by L # 0), there are non-
regular orbits, obtained as limits of regular orbits when some of their geometrical
and/or physical parameters tend to particular values. From the point of view of

Q.7)
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configuration space, there are two kind of non-regular orbits: the collision orbits
(L = 0 and finite F), and a set of more singular orbits, characterized by values of £
and/or L equal to 00, whose consideration is required for reasons of mathematical
convenience, although they are of course highly non-physical. We wam the reader
that usually only regular and collision orbits are considered at all.

Let us first describe the collision orbits. In order to allow a continuous variation
of Kepler orbits of fixed energy E as L — 0 it is natural to adopt the so called
Reflection Convention [13, 7]: If an orbit has L = O (x and dx/dt are linearly
dependent for some initial time tp), the particle falls towards the origin and when
it hits this point, x(t) is reflected back along the same half-line. The reflection
convention allows us to discuss the problem of identification between half-lines
through the origin as (degenerate) conics and collision Kepler orbits. Fix E to some
value (say E' < 0) and let L — 0 from positive values; the Kepler ellipse of fixed
semiaxis a flattens out and tends towards a straight line segment with lenght 24 and
one end at the origin (collision “elliptic” orbits). The same construction holds for
E =0 and E > 0 collision orbits, where parabolas or hyperbolas flatten out and
tend towards a semi-infinite half-line with one end at origin (collision parabolic
and hyperbolic orbits). Hence each half-line through the origin corresponds to an
infinite family, parametrized by E, of collision orbits. For E' # 0 these orbits are
limits of orbits of fixed a when b — 0.

The remaining singular orbits fall into the following classes:

1. Circular orbit at the origin. This is a single orbit, which arises, for instance, as
the limit of circular orbits when a = b tend towards 0. It has energy E = —o00,
and angular momentum L = 0; as a curve in configuration space it reduces to
a single point at the origin.

2. Circular orbits at infinity. These are two single orbits, limits of circular orbits
when a¢ = b tends towards co. For these orbits £ = 0 and L = Fo0; they
correspond to a circle of infinite radius.

3. Hyperbolic “angle” orbits. When a and b tend towards O with fixed b/a, the
Kepler branch of hyperbolic orbits tends to two half-asymptotes, making an
angle with vertex at the origin. Formally such conics have a finite e > 1, but
E = oo and L = Q. There is one such orbit for each oriented angle with vertex
at the origin (a half-asymptote marked as in and the other as ouf); note that this
includes the case where the half-asymptotes are colinear.

4. Hyperbolic “straight” orbits. When b — oo, but ae — a is constant, the Kepler
branch of hyperbolas tends towards a straight line not passing through the
origin but at a finite distance of it. Formally these orbits have e = 00, E = 00
and L = %o0.

From the point of view of configuration space, these are the relevant classes of
singular orbits; note that we have considered the circular orbit at the origin as a
single orbit, though formally we could have considered as being different all the
limits of ellipses when a — 0, b — O while b/a is fixed. In a similar way, we could
consider other formal limits, in particular of parabolic and hyperbolic orbits “at
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Fig. 1. a) Geometrical elements of elliptical and hyperbolical Kepler orbits in configuration space X
b) The hodographs for the same orbits in the velocity space V.
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infinity” in configuration space in addition to the single “circular orbit at infinity”.
A more explicit and detailed description of the structure of all regular, collision
and singular orbits is in progress and will appear in a forthcoming paper.

3. The Kepler Problem in Velocity Space

As explained in the Introduction, the hodographs of regular motions in the Kepler’s
problem, i.e., graphs of the velocity vector dx/dt, are either circles (for negative
energy) or arcs of circles (for zero or positive energy). These circles degenerate into
straight lines through the origin in velocity space for collision orbits (see [7] for
a detailed description). Before entering into the nice geometrical structure hidden
behind these velocity circles we shall give an explicit description. Let us start with
regular orbits. As t varies, the velocity vector dx/dt, moves along a circle, which
together with its orientation, determines a Kepler orbit in a unique way (Figure 1b).

Notice that two orbits differing only in the sense of motion have associated the
same velocity circle, traversed with different orientations. Consider first regular
orbits with L > 0, and let us introduce cartesian coordinates (v, vy ) in the velocity
plane, so that vﬁ + v% +2gvz +2 fvy+c = Ois the equation of a circle centred at the
point (—g, — f) and with a radius 7 = /g% + f% — c. Let us remark that in order to
the parameters £, g and ¢ represent a circle they must satisfy g> + f2 — ¢ > 0 and
therefore circles are represented by points under the paraboloid ¢ = g + f2 in the
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space of triplets (g, f, ¢) (see e.g. [14]). In this open set, (g, f, ¢) gives a coordinate
system for the space of circles of a given orientation, which are in a one-to-one
correspondence with the set of regular orbits of a given sign of L. Using simple
trigonometry the angle a between two circles is given by

1
= — 2 2 - - :
cos & 27‘1T2[ 9192 +2f1fr — a1 —c2, (3.1

and therefore the angle do between two neighbouring circles can be written as
do* = r_l“[(f2 — c)dg* + (¢* — o)df*-
%ch+ gdgdc+ fdf de — 2gf df dg]. (3.2)
The angle between two neighbouring circles with the same value of the parameter
cis

do = 5 [(f2 ~ dg? + (¢ — )df? — 20 df dg]. 33)

The ratio @ will be called the eccentricity of the circle with respect to the
origin; the reason for that denomination is, of course, that it equals to the value of
the eccentricity of the corresponding Kepler orbit in configuration space.

The relation between (g, f, ¢) and the parameters of the Kepler orbit in config-
uration space and with the constants of motion is

*

(9, f) = sign (p) liﬁ(esinqﬁ, —ecos ¢) = |12 |

2 _
C___k(e 1)=2E
|p|
k
T:\/E|p|=m, (34,

where R* is the dual vector (in the plane) to R, R* = (R, —R.).

Conversely, for the orbits associated to the velocity circle (g, f, ¢), the values
of the energy, angular momentum, Laplace-Runge-Lenz vector and the constant C
in (2.6) are:

(4
E=3
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W(_f,g)

c(g® + f2 - ¢)

Let us denote by Cp; the circle of radius /2 | E | and centered at the origin. It
is clear from (3.4) and (3.5) that for £ < 0 the velocity circles intersect Cg in two
diametrically opposite points, they pass through the origin for E = 0, and they are
orthogonal to the circle Cg for E > 0 . Notice that for positive energy the centre
of the velocity circle lie outside of the circle Cg, and that the possible velocity
vectors satisfy v2 > 2E, so the hodograph point moves along the part of the circle
external to Cg.

There is a completely similar description for regular orbits with L < 0, so there
is a one-to-one correspondence between regular Kepler orbits and oriented circles
in velocity plane V.

Hodographs of collision orbits are straight lines passing through the origin in
the velocity space. They fit neatly in the former scheme: for each value of energy E
there are two (oriented) straight lines through the origin that automatically satisfy
the corresponding requirement (cutting the circle Cg in antipodal points for E < 0,
passing through the origin for £ = 0 and cutting orthogonally the circle Cg for
E > 0). Moser [3] gave a picture of the space of all elliptic orbits of a fixed
energy. The idea for such a construction is implicit in the previous description, as
for a fixed negative energy (say E), a stereographic projection of a 2-sphere of
radius /2 | E | placed in 3-dimensional Euclidean space into its equatorial plane
(identified to the velocity plane), carries great circles of the 2-sphere precisely into
velocity circles (or straight lines through the origin) associated with Kepler orbits
for energy E.

Following Osipov {4], and Belbruno (5, 6], Milnor [7] pointed out that an
essentially similar construction could be performed for parabolic and hyperbolic
orbits of fixed energy. For hyperbolic orbits with energy E, the irllvelted velocity

vectors W = (v/v2), varies over the interior of the circle |w |< 55 and in terms

of w the hodographs of Kepler problem are arcs of circles orthogonal to the
circle | w |= \7%? and interior to it. The Lobachevski plane can be realized as

the (space-like) 2-pseudosphere of “radius” ﬁ placed in a Minkowskian three-

dimensional space. A stereographic projection into the two-dimensional Euclidean
plane passing through the origin (again identified to the inverted velocity plane)
carries the geodesics of the 2-pseudosphere (Lobachevski plane) precisely into
velocity circles (or straight lines through the origin) associated with Kepler orbits
with energy E. For E' = 0, the space of inverted velocity vectors has the structure
of an Euclidean plane, because circles through the origin are carried onto straight
lines (geodesics of the Euclidean plane) by the inversion w = (v/v?).
For these three cases, the metrics have the standard Riemmanian form

R=

(3.5)
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w2

(1+ (—2E)w?)?

dlf, B =

and in terms of coordinates v,

, 4 dv?
dly g = 2 2EF"
The space 2 of all Kepler’s orbits of energy E can therefore be identified with the
set of oriented geodesics of the manifold Vg; both spaces are dual in the geometric
sense [15, 16]. The groups of isometries of the metric di2 5 (SO(3), E(2), SO(2,1)
respectively) maps geodesics into geodesics and therefore acts also on g. If the
distance between two geodesics (as points in {2g) is defined as the angle between
the geodesics (as oriented lines in V), this distance comes from a metric, and the
group (SO(3), E(2), SO(2, 1)) also acts in Qg as isometries. As dlf,, g is conformal
to the euclidean metric, the angle between geodesics computed in Vg coincides
with the euclidean angle (3.3). In terms of a new coordinate system (e, ¢) in QE
(Sec. 2.1), we obtain for the “dual” metrics the following results:

i) £ < 0. The metric induced on Qg, i.e., dual of dl?,, g is described in each
“half” QF by

1
ds?|gs = = ezdez +eddg?, O<e<l. (3.6)

This metric is definite positive and has positive constant curvature. We will call
this metric cospheric because the manifold Qg is dual to Vg, whose geometry is
spherical for E < 0. Note that these coordinates cover only 1, but the same
expresions also hold when the coordinates (e, ¢) for the set of orbits of energy E
with opposite orientation (as given in 2.1) are used.

ii) E > 0. The induced metric is now the cohyperbolic one:

1
d32|9§ = —5— 1d62 — e?d¢?, l<e. 3.7

&2
This metric has signature (+, —) and positive constant curvature. In this case the
manifolds Qg are dual to Vg, whose geometry is hyperbolic.

4. The Space of All Kepler Orbits

Let us first consider the regular orbits (L # 0) as curves in configuration space.
These orbits lie on non-degenerate conics, whose equation can be written in the
form

1
—=Z+Xcosf+Ysind. @.n

~
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where Z = 1/p, (X,Y") = (ez/p, ey/p). Note that p # 0, but with the conventions
given in Section 2, p can have negative values. Henceforth each regular orbit
can be parametrized by a point (Z, X,Y) in R®. The admisible range of Z is
(—00,0) U (0, 00) while the ranges of X and Y are (—o0, 00) so the domain of
regular orbits is R*> — { Z = 0}; each half-space Z > 0 or Z < 0 corresponds
to orbits in QT or Q™ respectively. For reasons to be discussed later we shall call
Minkowskian such parametrization. It is easy to obtain the expressions for the
constants of motion in terms of this parametrization

p_ _KZ-X*-Y?)
- 21 2]
. k
L =sign (Z) TZ]
R = ksign (Z) (g, %) . 4.2)

The couple of orbits with different orientations corresponding to the same conic
are characterized by (Z, X,Y) and (—Z, X,Y), and thus the change of direction
of motion along the conic is represented by the reflection in the plane Z = 0 in the
model. This Minkowskian parametrization allows us to display in a simple way
many interesting geometric properties of the space of orbits. The first question is:
given a point (Z, X,Y), (Z # 0) in Q, how can we find its Kepler orbit as a curve
in configuration space?. Let us identify the configuration space X’ with cartesian
coordinates (x,y) with the plane z = 0 of an auxiliar three dimensional space
R3(z, x,y). Writing the equation (4.1) in the form

1=Zr+Xz+Yy 4.3)

(with z = rcosf,y = rsinf and therefore 22 + y? = %), (4.3) appears as the
solution of the system of equations

Zz+Xz+Yy=1

2=+ 4.4)

and hence the curve corresponding to (4.3) is the projection on the Oxy plane, along
the Oz axis, of the intersection of the plane (4.4a) with the cone (4.4b). Notice that
the plane (4.4a) is the polar plane (with respect to the quadric z%+22+y? = 1) of the
point of coordinates (Z, X, Y') in the auxiliar space. Hence we obtain the following
simple geometrical construction relating the point (Z, X,Y) in QF (L # 0) with
the corresponding Kepler orbit:

Let us consider in R3(z, x,y) the plane with characteristic vector (Z,X,Y)
through the point of coordinates 72+—)};—+—7; (Z,X,Y). Its intersection with the
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% (Z,XY)
— <
] Y

Fig. 2. Relation between the Kepler orbit as a conic in configuration space and as a point (Z, X,Y)
in the space of orbits §2. The plane is the polar of the point (Z, X, Y'); its intersection with the cone,
projected on the OXY plane gives the Kepler orbit.

cone 22 — x* — y* = O is a conic whose (x,y) projection is the configuration space
Kepler orbit (Z, X,Y') (Figure 2).

Indeed, it can be checked by direct calculation that the curves obtained by
following this procedure are conics in the plane (xz, y) with focus at the origin, and
that they exhaust all regular Kepler orbits.

The converse is the following: From the Kepler orbit (the configuration space
being identified with the plane (, ) as before), lift it to the cone 2% — 2 —y? = 0.
This gives a curve which is contained in some plane whose polar point (respect
to the cuadric 22 + x* + y* = 1) is on the line through the origin and normal (in
euclidean sense) to the plane; if d is the distance from the plane to the origin, the
polar point is at a distance d' = 1/d. The coordinates (z, z,y) of this polar point
are the Minkowskian coordinates (Z, X, Y') of the Kepler orbit.

It follows clearly from this construction (and also from (4.2a)) that points in the
interior of the cone correspond to elliptical orbits, while those on the cone describe
parabolas and exterior points represent hyperbolic orbits. Notice that either the
polar plane associated to the point (Z, X, Y') has no intersection with the opposite
sheet of the cone (corresponding to the “opposite” sign of Z), or the intersection
with the opposite sheet of the cone corresponds to the non-Keplerian branch of
the hyperbola. On the other side, if a Kepler orbit has coordinates (Z, X, Y'), with
Z > 0, the point (—Z, X, Y') corresponds to the Kepler orbit on the same conic but
with opposite orientation, so the polar planes of points (Z, X,Y) and (-Z, X,Y)
are related by a reflection in the plane Z = 0. After that discussion, the name of
Minkowskian parametrization appears more natural.

In terms of this Minkowskian parametrization the submanifolds Q% of regular
orbits with constantenergy E are characterized according to (4.2), by the equations:

EZ
=z sign (Z) =e. 4.5)

E 2
<Z+ez) —X2-V?=
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Fig. 3. (a) The submanifolds Qi of constant energy in the orbit space. (b) A section Y = 0 showing
how the submanifolds Qi depend on E. All energies are measured in k units.

The first equation involves € and F only through its product, and for E # O, this
equation is that of a two-sheet hyperboloid centred at the point with coordinates
(-<E,0,0), and vertices at (—2£Z,0,0) and (0,0,0). Each sheet of this hyper-
boloid is completely contained in a half-space Z < 0 or Z > 0, so taking into
account the second equation, the upper sheet of the hyperboloid corresponds to Q7
while the lower one corresponds to Q” 5. For E' = 0, these hyperboloids reduce
to a cone with vertex at (0,0,0), whose sheets will be called Qf and €. This
structure is depicted in Figure 3.

We can make use of this construction in order to give a geometric character-
ization of the submanifolds QE, Q5. Orbits with fixed E correspond to points
(Z,X,Y) satisfying (4.5). By using the relation between points (Z, X,Y’) and
Kepler orbits as curves in the configuration space, it is easy to translate (4.5) into a
condition on the planes (polar planes of points (Z, X, Y')) whose intersection with
the cone Z2 — X? — Y? = 0 gives the Kepler orbit through OZ projection on the
OXY plane. The result is that these polar planes are always tangent to a paraboloid
inscribed in this cone. The easiest way to proof this is to note that rotational in-
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variance allows simplification by cons1der1ng only points with ¥ = (. Let us first
consider E < 0, so for Z > 0 (orbits in Q7 &), equation (4.5) reads:

| E |) 2_y2 (l E |)
Z-—) -X=-Y=|—] . 4.6
(z-2 2 @.6)
The intersection of (4.6) with the plane Y = 0 is a hyperbola

7= %’ (1 + cosh ) X = I—‘Zz-' sinh y, @.7

and the intersection with Y = 0 of the corresponding polar planes are given by the
equations

| E|
k

The envelope of such a family is obtained by eliminating the parameter y between
the preceding equation and the one obtained by derivation of it with respect to the
parameter:

[Z(1 + coshy) + X sinhx] = 1. 4.8)

(Z sinh x + X cosh x) =
From this the parametric equation of the envelope is:
k cosh x k sinh x
| E'| (1+coshy) | E | (1+coshy) “9)

By elimination of x and restoring Y, we obtain that all the planes polar to points

in QF; are tangent to

_|E]
2k

—(X*+ Y3+ _k_ (4.10)

Z= AE]

This is a paraboloid inscribed in the cone Z? = X2+ Y2, and the point of tangency
varies over the portion of the paraboloid with v X2 + Y7 < lf[ (see Figure 4). For
E > (0and L > 0, the same procedure leads to the paraboloid

Z=-£(X*+Y? - £, @.11)

but now VX% +Y? > TFT' Orbits with L < 0 give the portions of paraboloids
obtained from the preceding one by areflectionin the O XY plane, and finally, when
E = 0 the orbits correspond to intersections of the cone with planes orthogonal to
its generatrices. These results appear without further comments and ascribed to A.
B. Givental” in a book by Amold [17]. The same kind of construction also leads to
descriptions for the set of all orbits with fixed angular momentum, orbits that pass
through a point, etc., some of which are also reported in [17].

For instance, the set of orbits of fixed angular momentum L is a plane parallel to
the OXY -plane, Z = sign (L)(k/L?). The submanifolds of orbits with constant
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Z

Fig. 4. Planes tangent to the paraboloids (4.10) and (4.11) give, by intersection with the cone and
projection on the OXY plane all Kepler orbits of energies E' and — E. In particular, planes tangent
to the paraboloid along the circle of contact with the cone give the collision orbits.

value of C = 2E/I?, to be denoted by O, are described by the equation Z% —
X% - Y? = —C, and therefore they coincide for C # 0, with the family of one
and two-sheet hyperboloids centred at (0,0, 0), and with the cone € for C = 0.

Let us now consider the set of all Kepler orbits passing through a point P in the
configuration space, say with polar coordinates (rg, 6p). With the parametrization
(4.1), Z, X, Y must satisfy either of the two equations

1
= Z + X cosfy + Y sin by, (4.12a)
0

_1?(; =7 — X cosfy — Y sinfy, (4.12b)
which are the equations of two planes in the (Z, X,Y') space, to be called respec-
tively ITp™, and TI,™; both planes are related by a reflection in the (X,Y) plane
and their intersection yp is a straight line in the plane Z = 0, which is the polar
of the point P (relative to X? 4+ Y2 = 1), with the configuration space identified
to the plane (X,Y")). It is easy to see by direct calculation that the points in TIp+
with Z < O (resp. in ITp~ with Z > 0) correspond to hyperbolas whose Keplerian
branch does not pass through P (while the other branch pass through P), and we
obtain (Figure 5a):

The Kepler orbits passing through a point P in configuration space lie on a
wedge made up from two half-planes whose intersection is a straigth line vp.



322 JOSE CARINENA ET AL.

-,
“ee
e,
-,

T T T N

(a) (b)

Fig. 5. (a) The “wedge” of all Kepler orbits through a fixed point P in configuration space. Each
half-plane contains all orbits of a given orientation, and the intersection of each half-plane with the
cone contains the parabolic orbits, which separate the elliptic orbits (in the interior of the cone)
from the hyperbolic orbits (outside the cone). (b) All Kepler orbits through two fixed proper points
in configuration space. Each half-line moves from the hyperbolic straight orbit vp U vg, through
hyperbolic orbits, to a parabolic orbit (in the intersection with the cone), then to elliptical orbits,
and crossing again another parabolic orbit, to hyperbolic orbits towards the hyperbolical angle orbit
which corresponds to the point “at infinity” along the line.

The Kepler orbits passing through two points P and Q in the configuration
space lie on the intersection of the two wedges of P and of QJ; the intersection
consists of a “vertical” angle, made with two half lines meeting in a single point
vp N g on the plane Z = O (see Figure 5b).

It is easy to see that not every (affine) half-plane appears as associated to a point
in configuration space; in order to the plane AZ + BX + CY = D represents
such a set of orbits its coefficients have to be related by A2 — B> — C? = 0. And
not every half straight line in the orbit space 2 corresponds a family of orbits
through two points P, @) in configuration space. In fact, let us consider two orbits
(Z1, X1, Y1) and (Z3, X3, Y2). The straight line determined by them is given by

YA _ Y-T" _ X -Xi
-2 Ya-Y X-Xy

or in terms of the one-parameter family of planes defining the line (for Y, — Y] # 0)
A2 -N)(X - X1) ~ (X2 - Xa)(Y - )|+

+p[(Y2 —YI)(Z - Z1) = (Z2 - Z))(Y - 11)] =0.
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The points of intersections of orbits (Z;, X1,Y);) and (Z;, X3, Y2) will corre-
spond to planes in this family satisfying the above-mentioned relation that in our
case turns out to be

WYz - Y1)+ MKz = X1) + (22 = Z1)) = (Y2 - V)2
For i = 1, the discriminant of this binomial expression in A is
D=4V -2 - X1 + (Y2 — Yi)? — (Z2 — Z1)?] (4.13)

and thus,
1. If D > O there exist two intersection points.
2. If D = 0 the orbits are tangent.
3. If D < O there is no intersection of the two orbits.
It turns out to be extremely useful to endow the space (Z, X,Y') with a flat
Lorentzian metric, given by

do? = dZ* — dX? — dY? (4.14)

When rephrased in terms of do?, all the former results become very clear. Elliptic
orbits are interior to the “light-cone” of the origin, parabolic orbits lie on the
light-cone and hyperbolic orbits are in the exterior of the cone. The submanifolds
of constant C' are Minkowski spheres centered at the origin, the submanifolds of
constant L are space-like planes orthogonal to the Z axis, and the submanifolds
of constant £ and L < 0 or L > 0 are the sheets of the Minkowski (space-like)
spheres centered at points on the Z axis. The condition A> ~ B2 — C* = 0 on
the coefficients of the plane representing orbits through some fixed point P in
configuration space means that the plane is isotropic, whereas the straight (half)
lines corresponding to orbits through two points P and @) are always space-like
lines that meet the ligth-cone of the origin.

The meaning of the Lorentzian character of the metric is that, according to
the classification in (4.13), two near Kepler orbits can fall into three different
categories:

1. they intersect at some point P,

2. they are tangent or

3. they do not intersect at all.
These three alternatives correspond respectively to do* < 0, do* = 0, do? > 0.
Hence a particle (a space-craft) moving in a Kepler potential will stay in a fixed
Kepler orbit until the engines are powered, and then the family of its instantaneous
osculating Kepler orbits will describe a curve in the orbit space which is generically
space-like, being only null for the case of an impulse along the instantaneous
direction of motion; this curve cannot be time-like.

Collision Kepler orbits (L = 0) and singular orbits fit neatly into the scheme
of this “Minkowski space of Kepler orbits” and provide a concrete realization of a
compactification of this space (compare [18]). Let us first remark that collision and
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singular orbits are characterized either by L = 0 or by infinite values of the energy
and/or angular momentum. Therefore, one could expect thatin the (Z, X, Y') space
they are either “at infinity” (as L = 0 implies Z = +00), or in the plane Z = 0,
where the two half-spaces of regular orbits meet.

Regular orbits with energy E lies on (4.5), and if we let L — 0 (say from
positive values), while keeping fixed the parameter ¢ which controls the direction
of the periastron of the orbit, the representative point in the space (Z, X, Y’) goes
to the infinity (with Z > 0) along one branch of a “vertical” hyperbola contained
in (4.5). It is only natural to associate the limit orbit to the point “at infinity”” along
the asymptote, which is an isotropic line. We have a different asymptote for each
value of the energy, so we obtain a whole R of points “at infinity” along isotropic
directions with fixed ¢, and all them correspond to collision Kepler orbits. We
could also have obtained the same collision orbits as limits of orbits with fixed
energy and L < 0, as L — 0 from negative values which gives another “cylinder
at infinity along isotropic lines” on the Z < 0 half of isotropic lines. Of course,
these two cylinders must be identified via a reflection in the XY plane, because on
the ground of the Reflection Convention, there is only one Kepler orbit for each £
and on each half-line through the origin in X'. Collision orbits are in a one-to-one
correspondence with these points “at infinity along isotropic lines” in the space
(Z,X,Y) (Figure 6).

The remaining singular orbits are unphysical, but from the mathematical point
of view fit very comfortably in the same scheme. For instance, the circular orbit at
the origin in X’ correspond to the “point at infinity” along time-like lines; there are
two such points (limits Z — oo and Z — —oo, which must however be identified)
so we get a single “point at infinity”” on time-like lines through the origin. Similarly,
each hyperbolic angle orbit is the single “point at infinity” along a space-like line
through the origin. Notice that for all these orbits, Z = $o00.

The remaining singular orbits are the hyperbolic straight orbits. As they have
L = *o00, we could expect that there Z = 0, and indeed for Z = 0, (4.1) is the
equation of a straight line. Thus, the plane Z = O that separates the two half-
spaces of regular orbits contains the hyperbolic straight orbits; equation (4.2) is
even formally correct for it gives the infinite values for £ and L characteristic of
these orbits. There is a detail worth of notice here: each point (0, X,Y’) must be
associated to two Kepler orbits, differing by the direction along its straight line, so
really we must imagine the “plane” Z = 0 as two disconnected copies of R?, each
one in the boundary of the set of orbits with a given orientation. For our purposes,
the (unphysical) identification of this pair of (also highly unphysical) orbits tumns
out to be adequate. Finally, the two circular orbits at infinity corresponds to the two
“copies” of the point (0,0,0) in €.

The readers can try to see by themselves that the geometrical construction
linking the point (Z, X,Y’) to the Kepler orbit as a curve in configuration space
still works for all the non-regular orbits, giving always the degenerate conic on
which the Kepler orbit lies. Actually, all the geometrical descriptions which have
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Fig. 6. A schematical diagram of the submanifolds of collision and singular orbits as points “at
infinity” and on each side of the plane Z = 0 in R*(Z, X,Y). The circular orbit at the origin
appears as the point at infinity along time-like directions. Collision orbits are the points at infinity
along isotropic directions, while hyperbolic angle orbits are the points at infinity along space-like
directions. Orbits on Z = 0 are the hyperbolic straight orbits. The complete space 2 is obtained by
glueing two similar halves with identification of the pair of points at infinity which correspond to
each L = 0 non-regular orbit.

been stated only for regular orbits extend very naturally to include the singular
orbits. For instance, the edge of the “wedge” of Kepler orbits passing through P
corresponds to the hyperbolic straight orbits, lying on all straight lines through P
in configuration space. The “vertical angle” of Kepler orbits through two points
in configuration space includes, in the point yp N 7g, two hyperbolical straight
orbits (on the straight line from P to @ and from Q to P in X) and also two
hyperbolic angle orbits for the points “at infinity” along the two half lines. We do
not devote here more room to this description, which will be considered in more
detail elsewhere.

5. The Conformal Group C,

There are various transformation groups of isometries or conformal transformations
asssociated to the metric do? = dZ? — dX? — dY? in , namely
1. A “Lorentz group” L, of the metric (proper ortochronous linear isometries),
isomorphic to the connected component of the identity of SO(2,1).
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2. A “Poincaré group” P, of the metric (proper ortochronous affine isometries),
which includes translations and is isomorphic to the semidirect product R*® L.
3. A “Weyl group” W,, obtained by adjoining dilations to P, [19]. The new
transformations are not isometries, but only conformal transformations.
4. The full conformal group C. of the metric, isomorphic to SO(3,2).
Note that the three groups L., P, and W, act globally in 2, while C, acts only
as a local transformation group.
In this section we shall study these transformation groups, and in particular their
relationship to some groups of transformations in the configuration space X'
The standard form of the conformal group action on Minkowski space is [20]

d 8
J=-Yor+ X5 (5.1)
LD 8 Y 8
Ki=-X7 2% K="V 2%

3 9 8
Py = =37’ Py = 3% Pz-——5)7

9 d 9

D=Zg+Xpu Y50

0 0 0
— (72 2 2 — _
Co=—(Z*+X +Y?%) o 22X 5% 22Y o
- 9 2 x2_yy 0 0
Cl_2ZXaZ+(Z + X Y)6X+2XY8Y
_ ) 0 2 w2 w2, O
02_2ZY—8Z+2XY8—X+(Z -X +Y)——3y.

The subgroup L. is generated by J, K, K; and P, includes these generators
and also Py, Py, P.The group W,, which contains P, as well as the extra generator
D, being an affine-linear subgroup of C., maps planes into planes. In view of the
previous geometrical description, this subgroup can be expected to be induced by
point transformations in the configuration space /X, and as we will see next, this is
indeed the case.

In terms of polar coordinates (r,8) in X (identified to R — {0 }), or (q,6)
where ¢ = 1/r, the equation of the regular Kepler orbit parametrized by (Z, X,Y')
is, respectively:

1
" Z+Xcosf+Ysinf

T

g=2Z+ Xcosf+Ysin6. (5.2)
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Let us start by asking whether some of the transformations in C. are induced
by point transformations in the configuration space X. The criterion for this is the
following: Let

5(q,0; 2, X,Y)=Z+ Xcosf+Ysinf—qg=0 (5.3)

be the equation of an orbit in configuration space (for fixed Z, X, Y); alternatively
(5.3) could be looked at as the equation of the set of orbits through a fixed point
in configuration space. A one parameter group exp (Ae) of point transformations
in the configuration space, generated by A, induces a one-parameter group of
transformations, say exp (Ae) in the space of orbits if it maps Kepler orbits into
Kepler orbits, this is, if there exists a function A(q, 0; Z, X, Y'; €) such that

E(expAe(q,0); Z,X,Y) = Mq,0; Z,X,Y; €)=(q, 0;exp Ae(Z, X, Y))

because the zero set of the function Z(exp (A¢)(q,0); Z, X,Y) transforms in the
zero set of Z(q, 0; exp (Ae)(Z, X,Y')). Taking the derivative at ¢ = 0, we obtain

AZ _ AE = AE, (5.4)
where A = (d/de)A(g,0; Z, X,Y; €)|._,- More explicitly, a vector field in 2,

) ) 9
A=d?(Z,X,Y) 55 + X (2,X.Y) gz +a" (Z,X,V) 5

can be considered as induced from an infinitesimal transformation in configuration
space if there exists an infinitesimal generator

9 4 8
in X and a function A(q, 8; Z, X, Y’) such that (5.4) holds.

Furthermore, in this case the geometric interpretation already tell us that the
subgroup of C. for which these equations have solutions includes as generators at
least J, Ky, K,, Pi, P, P and D. An explicit study of the equations confirms
this, and also shows that (5.4) cannot be satisfied for any generator A linearly
independent of this set. The corresponding generators in configuration space are
given by

A=ad’(q,0

0 9 0 0 0
I=>, Py=—, P =sinf—, D=q—
g Fo=3p Pi= cusH@q, Py smﬂaq, 950’
3] 0 . .0 0
K] = (ICOSH-a—— +sm9%, Kz = QSIHO% —COS9'8—9. (55)

Hence the (2 + 1) Weyl group W, (which acts in the standard way in ) also
acts in a non-standard way as a transitive group of point transformations in the
configuration space X’ of the Kepler problem. The Lorentz subgroup £, acts on 2
in a non-transitive way, but transitively on the submanifolds ©¢, 2% — X2 — Y% =
—C, which corresponds to Kepler orbits with a fixed value of C = %}L; By
exponentiation of (5.5) we obtain this action as:
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exp(aJ)(r,8) = (r,0 + )
exp(xKz)(r,0) = (r(cosh x + sinh x cos §),6')
exp(xKy)(r,0) = (r(cosh x + sinh x sin §),6") (5.6)

where ¢’ and 6" are functions of x and 0, given respectively by
, sin ¢ S , _ sinhx + cosh x cos ¢

ing = = 5.7
Sin cosh x + sinh y cos §’ ¢ cosh x + sinh x cos § (5.78)
and
) sinh x + cosh x sin § cosf
0" = 6" = 5.
st coshy + sinh x sin 6’ cos cosh x + sinh y sin 6’ (5.70)

This action is not primitive [21] (as § = const. gives an invariant foliation), and
the fundamental vector ficlds are

0
X;=-—
AT
d ., 0
Xy, = —TCOS@-B—T + smﬁ(%-
0 0
Xy, = —rsinﬂ—a—; — COoS 6%, (5.8a)
and in coordinates (g, 6) these expressions become
0
X;=——
Y
0 9
Xy, = 00— +sinf—
K, = qCOS 3q + sin 20
. .0 0
Xy, = qsmﬁa—q — oS 0%. (5.8b)
Notice that there are three different strata for the action of £, in {2 according to
the sign of C:
1. The strata C' < 0 includes all elliptical Kepler orbits. For a fixed value, say
C = —«?, the Kepler ellipses have the same non-focal semiaxis, and all

possible eccentricities e < 1. As a representative in ©¢ we can choose a circle
q = K.

2. If C = 0 the eccentricity is e = 1, i.e., the conics in this stratum are all
parabolas and a convenient representative is ¢ = 1 + cos 6.

3. For C > 0, the Kepler branches of hyperbolas appear; as a particular repre-
sentative for fixed C = x? we can choose the hyperbola ¢ = £(1 + v/2 cosf).



KEPLER ORBIT SPACE 329

The point to be remarked now is that for each fixed value of C, the Kepler
orbits in ©¢ determine a two-parameter family of conics in X, and we can ask
whether they can be considered as the geodesic curves of a connection in X and if
so, whether this connection is the Levi-Civita connection defined by a Riemannian
metric in X. Therefore we now investigate whether a second order differential
equation vector field T' of the spray type [8] exists such that its integral curves are
the given family of curves.

A method for the determination of such sprays for each family consists on
elliminating (Z, X,Y") in terms of g, v4, 6 and vy by making use of the total time
derivative of the equations of the generic conic in the family. We prefer a different
procedure and we will study each case separately.

5.1. C = 0 ORBITS. (PARABOLAS)

Take now the two-dimensional family of Kepler orbits O (i.e., £ = 0, and hence
parabolic orbits). Let ¢ = (1/p)(1 + egcosf + ey sin 9) be the general equation
of such a conic depending on two parameters (here €2 + ey = 1). Note that the
basic fundamental vector fields of the action of SO(2 1) are given in (5.8b), so
any fundamental vector field X can be written as a linear combination of them.
Then, there must exist coefficients az, ax and ay such that

+ay[qsm9£ —cos 9

0 0
+aX[qcos0 + sin 0— 3 80]

5 5 0] (5.9)

8
X =az(~ 39>

and the requirement of X to be tangent to the conic £ = 0 is XZ|z_, = 0, i.e,,
explicitly:

az(—egsinf + e, cosB) + axles + cos ] + ay[ey +sin 0] =0,
and as this must be true for any angle 6, we obtain

ax = —azey ay = azég.

Any vector field X tangent to the given conic is therefore proportional to

Xo = q(— eycos9+ew3m9)—a— — (1 +eysinf + ez cosf) 0

B4 50 (5.10a)

or from (5.8b)
Xo=X;— enyl + ezsz. (5.10b)

We can now look for local coordinates adapted to the vector field X, (see e.g., [8]
p. 153). We choose the family of parabolas
_ 1+4cosf

S (5.11)
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where the eccentricity vector points in the positive Oz-direction, namely e; = 1
and e, = 0; any other parabola can be obtained from (5.11) by some rotation
around the origin. The vector field tangent to these orbits is:

Xo=X;+Xg,. (5.12)
We are now looking for local “adapted” coordinates s; and s, such that

Xps1 =1, Xps2 =0. (5.13)
This leads to a system of partial differential equations

7] 7]
qsin98iql —(1 -4—cos9)5'(),0—1 =1
. ,082 ds;3
qsmﬂEI——(1+cos9)—(;)?=0, (5.14)

to be solved by the method of the characteristics. In particular, a solution of the
system is given by

= [—Y _ _ _nf
= 1+cosf 2
q
=1 5.15
52 1+cosd (5.15)

As the result is independent of p, the same parameter s; is appropriate for all conics
in this family. A parametric description of the orbits based on the natural parameter
h = s is given by

2
q(h) = T
6(h) = —2arctan h. (5.16)

Now, taking time derivatives twice in each expression of (5.16) and eliminating
p and h it is easy to check that

. 3¢ —¢%
. g6
6= qT (5.17)
from which we obtain the expression for the spray giving rise to the parabolic orbits
9 9  3I—q*; & | weve O
=0 =y, — tvg— + —L_~ 8= 4 00 7 1
va dq MFTR 29  Ovg + g Ovg 6.18)

It is notewhorthy that the natural parameter h = s; (5.15a) is but the so-called
parabolic anomaly which is the analog for E = 0 of the better known eccentric
anomaly.
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5.2. C < 0 ORBITS. (ELLIPSES)

Let C = —k% < 0. Here as E < 0 we have e < 1. The equation of a Kepler
orbit in the family of fixed C depends on two independent parameters e, e, (with
ezt + eyt < 1), and is

g = —— (1 + eycos0 + e, sin6). (5.19)

(1-¢€)
A vector field X as in (5.9) is tangent to such an elliptical orbit if
az(—ezsinf + e, cosf) + ax(ez + cosf) + ay(ey +sinfd) =0
and this leads to

ax = —Qz€y, ay = @zé€qg,
so the general solution for X is proportional to

1
X_= —————[XJ - eyXK1 + emez]. (5.20)

Y(1-¢€)

As X_ generates a compact subgroup, the factor (—1153 has been introduced
—e

in (5.20) in order to get a range from zero to 2 for the natural parameter in a
complete turn. Coordinates adapted to this vector field are found in a similar way
to the former case. Specializing the calculations to the family of orbits with e, = 0,
they have to be determined from the system of partial differential equations

., 051 ds17 _
[qesmﬁa—q — (1 + ecosb) —] =1

(1—e?) 06
d
qesinHa—S;—(leecosH)%:O. (5.21)
The equation determining s; leads to
do dSl (5.22)

"1+ ecosd - /(1 _62)’

and therefore s; is given (up to an additive constant) by

81_ 1—e 9
tan 5 = 1+etanz. (5.23)
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Notice that (5.23) is the very well known expression for the eccentric anomaly,
which appears here as a group theoretical parameter which describes the unfolding
of a Kepler conic as the orbit (in the group theoretical sense) of a point in configura-
tion space under the one-parameter subgroup generated by X_. The same happens
in the parabolic and hyperbolic orbits. We stress the fact that these anomalies,
whose role in this problem is well known, appear here with a group theoretical
meaning.

The computation of the spray giving rise to these elliptic orbits is made up
similarly to the preceding case. In terms of the natural parameter { = s; the orbits

are written
/1+e 3
l—eumZ]

[1—e 1+tan?}

and by elimination of the parameters e and ¢, by taking time derivatives, and after
a tedious computation we will arrive to

6(¢) = —2arctan

“ 20 1 2 . 2
j=9 i= L (32 ) 2L (5.25)
q 2\ ¢ 2 ¢
or in other words, the spray is given by
_ 0 wpvg O
P(C —nz) o -~ Y970 Y
“5g T30 " ¢ v
1 3”3 2 + K’Z ’U% 3 (5 26
2 T T ey =

5.3. C > 0 ORBITS. (HYPERBOLAS)

The complete discussion is very similar to the preceding one. In this case the
adapted coordinate s is given by:

51 je—1 0

and also equals to the hyperbolic anomaly. The spray, not very surprisingly, turns
out to be

_ d
r(O=r") =y, — 4 vp— + E(T —qup) — 5 — |5 (5:28)

8  vgup 0 |1 302 . K2vg| 8
a0 q Ovg 2 g | Ovy
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The one-parameter subgroups mapping a given Kepler orbit (Z, X,Y) into
itself can also be found in a more systematic way. The vector field Xz x y) must
be the generator of the isotopy group of the point (Z, X,Y) in Q, so this point
must be a zero of the vector field X7 x y) = vX; + Mk, + pXk,. Taking into
account the explicit expressions for the fundamental vector fields in €2,

g 0
Xr="Yox +Xoy
o) 0
Xy, Xa_z + ZB_X
0 0
Xy, =Yy + 25 (5.29)
we obtain
AX +pY =02 —vY = pZ+vX =0, (5.30)

and the general solution for this system gives a vector field proportional to
Xz xy)=2X; —YXk + XXk, (5.31)

which has (5.10) and (5.20) as particular cases.

The family of sprays T{C) whose geodesics are the Kepler orbits can also be
found by a direct computation of the more general geodesic spray in X’ invariant
under the action (5.6) of L. To find this more general invariant spray, let us lift
the action (5.6) to a new action on the tangent bundle 7'(R* — {0}); the complete
lifts of the fundamental vector fields (5.6) are given by

e _9

T
X5 ——rcosﬂi—l—smGE—(v cosf — rsmHv) 9 + cos v

KT ar a6 7 " dv, " Bve

0 0 0

Xe — —rsing 2 _ 9 (v sind—

% rsm@ar 008989 (v, sin 6 rcos@vg)avr -i-sm@w;8 ”

(5.32)

The invariance condition for the spray I' is expressed by
(X5, 1) = AT
X5, ,T] = uT, (5.33)

with ) and p arbitrary functions, because [X%,,T] = vT is a consequence of the
previous ones. Let us assume that the field T is locally expressed as
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17} d 0
= 'u,»—a——+v980+f +g8'v

where f and g are functions of , 8, v, vg, quadratic in the velocities. Then the first
invariance condition (5.33) means that f and g do not depend on 8, and A vanishes
because of

9f 9,09 9
90 dv, ~ 80 vy
In a similar way the invariance under X7 leads to ¢ = 0, and to

[XCJ’ F] =

9y 9y 9y _
ra—-}— " 3o, v089+g_0

)
—vg 8vgr - '092 =0
of of oaf 2 _
rw +vravr Vg s —f+rve =0
—Tg / +rg=0. (5.34)
O,

The general solution for the first pair of equations (5.34), taking into account that
f and g must be quadratic in the velocities is

g= —UOT + vgl(rvg),

where [ is an homogeneous function of degree one, and as a consequence of the
regularity conditions we get:

9= —9"—:)1 + arvg?, (5.35)

with a some real number. Analogously, the quadratic solution of the second sub-
system is

, 1
f= ;—T + arv.vg + (-2—7‘ + br3) vg?, (5.36)

where b is a real number.
Therefore the expression of the spray field I" depends on two parameters, a and
b, and is given by

d 7] vt 1
ab _, 9 9 (v 1 3, 2
T vr8r+w<‘99+[2r +arvrvg+(2r+br )fvg]xc%r
_[YeYr _ 2] O
[ "~ — arvp ] 5o (5.372)
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and in the coordinates induced by ¢ and 6,

3 d 3 a g b d
ab _, 7 el P24 2 N (T 2 —
T =vg, T o5 + [2q”q PR 3+ q)W ] x Bv,
VgV @ ] O
+[_ + 2o, ]_ (5.37b)
qg g J10vg

This is the most general spray invariant under the action (5.6), and the family ()
is included as the particular case ¢ = 0,b = C.
8Mogeover since the coefficients of the connection T'*® in the local basis

{8_’ %} are given in the general case by (5.37b), we see that the non-zero
COI%pOl’lentS of the conection are
3 a g b
Th=-g Th=Th=-7, Th=5+5 (5.382)
1 a

F%z = F%l = _E’ F%z = “E' (5.38b)
From (5.38), the curvature tensor

R, = 8., — O4T%, — T§,T% + Tl (5.39)
can be computed; for instance

b 2
Rjyp = 0Ty, — &, — D5 T + T5T,, = ol + 4%7 (5.40)

Another interesting point is whether or not the sprays '€ (.., (5.37) for
a = 0) are Riemannian or Lagrangian. To start with, the spray T'*? is easily seen
to be geodesic, and can be considered as a Riemannian connection for the metric

1 1
ds® = — dg* + - df?, (5.41)
q q
or in other words, the Euler-Lagrange equations for the Lagrangian
1 1.
Lo=—¢*+-6* (5.42)
q q

are the equations of the geodesics for the spray T'%°. But all the other sprays in
the family are neither Riemannian nor Lagrangian, i.e., associated to a regular
Lagrangian L ([8], Chapter 13). To see it, take into account the preceding result
for the case ¢ = b = 0; in the general case the Lagrangian wouldbe L = Lo+ bL;
and then the Euler-Lagrangian equations for L; are

d <8L1) 8L,  bf? d (aLl) dL,

i\ 55 — 25 = 0. (5.43)

3 ¢ dt

EY)
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The second equation tell us that there exists a function f(6, ¢, ¢) such that L; =
=29, and then the first Euler-Lagrange equation becomes

58
d(8f g\ Of ;b
at \093") " 369¢" = ¢

(5.44)

and this equation has no solution for f when b # 0. The proof of the non existence
of a Lagrangian L for the spray (5.37b) with a = 0 but b # 0 can also be carried
out in a much more geometric way, using for instance the theory developed by
Klein [22].

Returning to (5.5), we have there a local group in the configuration space, map-
ping Kepler orbits into Kepler orbits. Some of these transformations correspond to
non-complete vector fields, and a proper discussion requires the explicit introduc-
tion of a compactification of X. Our main purpose here has been only to discuss
the group £ which is the configuration space analogue of the groups involved in
the MOBM construction. We do not enter in a deeper study of the action of the
Weyl group in the configuration space given in (5.5).

6. The Conformal Group C,

In the former section we introduced a SO(3,2) group acting on the space of orbits
(2, which has a subgroup of transformations W, induced by point transformations
in configuration space. In particular, on each submanifold ©¢ of all orbits with a
fixed value of C, the subgroup of SO(3,2) mapping O¢ into itself is a SO(2,1)
subgroup (the “Lorentz subgroup” £.), and ©¢ appears as a homogeneous space
for SO(2,1). Furthermore, as this subgroup L. is contained in W,, its action is
induced by a group of point transformations in the configuration space X. As a
homogeneous space for SO(2, 1), X is identified to the quotient space of SO(2, 1)
by a parabolic subgroup; this action is not primitive, but has a one-parameter
family of invariant connections, T©), and all Kepler orbits of fixed C, as curves
in configuration space, are but the autoparalell lines of the connection I'(©).

All this bears some analogies with the results referred in Section 1, where for
each value of the energy FE there is a group of point transformations in the velocity
space Vg which also induces an action on the set Qg of all Kepler orbits with
energy E. So both spaces Vg and (g are homogeneous spaces for the groups
SO(3)/E(2)/SO(2,1), according to the sign of E.

In view of the results in Section 5, it is natural to ask whether these groups of
transformations appear as subgroups of a larger group in the orbit space. The first
obvious idea is to look for these groups as subgroups of C. induced by point trans-
formations in the velocity space V. But a detailed study shows that the subgroups
of C. mapping each submanifold 2 into itself do not provide the MOBM groups
when acting on Qg and, even more generally, that they are not induced by point
transformations in Vg.
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Symmetry between configuration and velocity spaces in our problem could be
restored by considering another group of transformations, to be called C,, in the
space of all orbits. As an abstract group C, is also a SO(3,2) group, though the
action on (2 is different. We only give a statement of the results; in some aspects
the ideas are very similar to those in Sect. 5, but there are also some important
differences, in particular as the orbits with £ = 0 and the non-regular orbits fit into
this new scheme in a different way.

Let us first introduce a new parameter ¢ defined by

Z2-X?-V? 1-¢%
= = . 6.1
£ Vi 2 (6.1)

In terms of £ the energy can be rewritten as

¢ —k|&], if O<e<l1
E:—sign(l_ez>k§= 6.2)
klE], if 1<e.

The focal semiaxis is ¢ = 21£ . The triplet (¢, ez, ey ) is a good coordinate system
in the set of all regular orbits with E s 0, and it can be used to introduce there
another coordinate system ((, x, v) defined by

£ fex ey
= ,X = ,U = , for E<0, (0O<e<l),
¢ \/1—62X 1—¢2 V1 —¢? ( )
3 e éey
= s = , U= s f()r E>O, 1<e . 6.3
C=Tm= X~ TF o (1<e) (63)

The new coordinates are related inside the cone Z2 — X% — Y2 = 0 to the old ones
by:

V72 X2 _Y2
Cxv) = =777 — GXY). (6.4)

It is easy to derive from this that Z> — X? — Y% = 4¢?(¢? — x*® — v*). This, and
similar relations which holds outside the cone, show that all the regular Kepler
orbits with E < 0 (resp. > 0) have ¢(Z — x2 — v? > 0 (resp. < 0). The equations
of the submanifolds Qg are:

. E?
E <0, E = —sign (£)kE, (z—xz—v2=ﬁ
2

E >0, E =sign (£)k€, gz—xhvz:——E—. 6.5)
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We now introduce an auxiliar Minkowski space, R>(, x, v) with the flat metric
ds? = d¢? — dx* — dv?, and we identify the open subsets Qgo, and Qg0 in
 with respectively the interior and the exterior of the cone by means of (6.3). In
particular, the submanifolds Qg (E # 0), appear as Minkowski’s spheres (space-
like for E < O and time-like for E' > 0) of the auxiliar Minkowski space. We remark
that when considered as a metric in £, ds? is only defined in the open subset Q2 E#0s
and when trying to extend it to {2g—o, the metric becomes necessarily singular. We
shall see next how the conformal group of the metric ds® acting in the standard
way in the auxiliar Minkowski space (¢, x, v), contains, as subgroups mapping
the submanifolds Qg (E # 0) into themselves, the groups arising in the MOBM
construction.

The infinitesimal generators, i.e., the fundamental vector fields, are represented
by the same expressions (5.1) with the replacements of (7, X, Y)) by ((; x, v). Since
dilations apply spheres into spheres of the same type (i.e., they conserve the sign
of the energy, E — ¢*E), we can restrict our study to the representative spheres
Q, and Q_¢ (.., (E/k) = %1). The subgroups leaving stable a generic manifold
Qg are conjugate to the corresponding subgroups of €, or £2_¢ by a dilation of
rate | E' | /k.

We shall consider first the case of 2_. Let C,, ¢ denote the subgroup of C,, trans-
forming Q_ into itself. A complete set of vector fields X; suchthat X;; f_| fr = 0,
where fz denotes the function fz = ¢? — x? — v*— sign (E)(E?/k?), is spanned
by

1
J, Ki, Ko, Ai = 5(Ci = P) for i=0,1,2. (6.6)

It is easy to check using the commutation rules that these vector fields gen-
erate a SO(3,1) subgroup, so we have C, g=_r = SO(3,1). Subgroups of
SO(3,1) isomorphic to SO(2,1) and F(2) are generated by J, K;, K, and
J, Ay — K3, —A; + K respectively, while J, A; and A, generate a compact
maximal subgroup isomorphic to SO(3).

When a similar study for E = k and ) is carried out, the subgroup preserving
Q. is generated by

J, K1, K2, B;==(C; + P,) for i=0,1,2, (6.7)

M| —

and the group C, g— is now a group isomorphic to SO(2,2). Another interesting
S0O(2,1) subgroup (see later on) is the one generated by J, B; and B,. Other
S0(1,2) and E(2) subgroups are also contained in C,, p—j = SO(2,2).

The relation with the groups of isometries of the metrics (3.6) and (3.7) in
Section 3 becomes much more transparent in terms of parameters (£, e, ¢):
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— 2d¢2), if 0<e<l
ds? = (6.8)
£ 1 2, 2,2
g - ([ 4+ Pdg?), i 1<

while the expresions for the basic fundamental vector fields of C, in these coordi-

nates are forQ < e < 1
d

= __ 6.9
J 3 (6.92)
. 0 sing 9
T _ 2 el A
K = —cos (1 e)8e+ e 5
0 cos¢ 0
Ky, = —sing(l—e )Be e 94
rr 3 —3. 0
P() ——-,1_—?5—6 l—e 7‘5—‘
e O 1—-¢%0 vV1—e? 8
Pl‘cos¢———,_1_82§ cos ¢ 5;—%— na¢ o %
) e 0 V1—¢? 8 V1-er 8
P, = sin p———=-— —sin¢ — —Cos¢ -
V1—eZor Oe 0¢
0
D—T‘E
1 \/l—ez 0
Co=—

\/1—_—6 8r r Oe

vi-—
r——cos¢\/1—e r——rs in ¢ e o

Cl—cosqS\/_z 8¢>
ST — 2
Cz=sin¢>\/l—e_—~_e2 sm¢\/1—e2r—+rco p— 1-e¢ 88¢’
andforl <e
7]
J=— 8¢ (6.9b)

K1 = —cos¢ (e — 1)% + SH;¢~88—¢
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K, =sing (e — 1)% - C":"sa%

Py=— 1 ?;z—e\/ez lr—a—

Vet —10r de
—COS ¢ —=—— 9 cos¢————3—+ in p——— -19
© \/7 10r r Je er 03¢
P2=—sinq5—e——2 — sin g———— ———cos
Ve —10r r e er 3(/5
b3j
D—Tg;
rr 9 Vet —139
Co=— — —e —
ez —10r r  Oe
C) =cos¢ =7 ——cos¢\/62 r——rsmq’; _8%
e —
C, =sin¢ r——sm¢Ve2 1r——rcos¢ 19

Ve 7 _1 e 0¢

The restriction of these vector fields and of the metric to the submanifolds Qg is
very simple because a constant E implies either 0 < e < 1 or 1 < e, and reduces
there to a constant . Thus, up to a global sign (— for0 < e < 1, and + for 1 < e),

E2
= 1
ds?lg, = iT—f—ez- ( T de* + ezd¢2> . (6.10)

For every fixed value of E the subgroup C, g leaves conformally invariant the
metric (6.10). Coming back to the particular case of {2, we have the following
results:

i) Case Q_:

All the elements of C, g—_ act by conformal transformations of the metric
(6.10). In particular, the elements of the subgroup SO(3) generated by J, A;, A,
while being conformal transformations of (6.10), are also isometries of the follow-
ing metric (of course conformal to (6.10))

1
ds* = = de* + e?d¢?, O<e<]l. (6.11)

1 —

This can be easily checked by calculating the Killing vectors of the metric (6.11)
and comparing with the restrictions to £ = const. of (6.9a/b). This metric coincides
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with (3.6), and therefore the action of SO(3) on the submanifold Q- coincides
with the action in the MOBM construction. The relation with the standard spherical
metric which has the expresion ds2,, = d6*+sin’ § d¢* in geographical coordinates
is made through the coordinate change e = sin 6. Points onto the equatorial circle
correspond to collision orbits; the model automaticaly regularizes collision orbits,
as it was the case for the model based on the group C, and its subgroups.

The other subgroups SO(2, 1), and E(2) act by conformal transformations of
the metric ds?. Eventually, we can remark that the usual dynamical group for the
negative energy orbits of the two-dimensional Kepler problem is SO(2, 1).

i) Case :

The discussion is quite similar to the above case and here the subgroup SO(2, 1)
generated by J, %(Cz + P;), i = 1,2, acts by isometries of the metric conformal to
(6.10),

1
e -1
The metric (6.12) coincides with the cohyperbolic metric (3.7), and therefore
the action of this subgroup SO(2,1) is the same as the action in the MOBM

construction. Other subgroups SO(1,2) and E(2) actby conformal transformations
of the metric.

ds* = de? — e2d¢?, l<e. (6.12)

7. Summary and Outlook

The dynamical symmetry of the Kepler problem has been known since a long time.
The groups SO(2,1), E(2) and SO(3) are the conventional dynamical symmetry
groups for the plane case. In this paper, however, we adopt a different point of
view, and completely disregard the problem of time evolution along the orbit. By
considering only the description of the space of orbits, we get some sort of new
“symmetry groups” for this classical problem.

In particular, a group-theoretical interpretation of the structure of the space 2
of all orbits is carried out. We introduce a Lorentzian metric do? in €, and then we
consider its conformal group C.. A seven-dimensional subgroup of C, is induced by
a group of local point transformations in the configuration space X' In particular,
a SO(2,1) subgroup acts transitively on X; the traces of its one-dimensional
subgroups are the Kepler orbits and the classical anomalies appear as the canonical
parameters of the group action for regular orbits.

All these results closely paralell the Moser-Osipov-Belbruno-Milnor construc-
tion in velocity space Vg. For a fixed value £ > 0 (resp. E = 0, F < 0), Vg
is also a homogeneous space of the group SO(2, 1) (resp. E(2), SO(3)). Starting
with the group of conformal transformations C,, of the metric ds? in Q, we recover
completely the MOBM construction.

For constant energy the invariant metric in Vg induces a metric in {2g. The
distance between near orbits is equal to the angle between hodographs. In our
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construction the metric do? has not a direct meaning, but its use gives a clear
image of global structure of the set of all orbits and of many other aspects of the
problem. Any motion in a Kepler potential follows a curve in {2 which is always
space-like or isotropic for the metric do®. The minimal energy orbital transfer
between two circular orbits (Hohmann transfer) corresponds to the extreme case of
a isotropic curve in €2 connecting the two orbits. However, there is no any simple
general relation of the metric do® with the minimal energy expense for an orbital
maneouver.

Consider a space-craft in orbit; in order to modify its trajectory it shoots a jet
of gas out. Let assume that the velocity of emission of the gas from the space-craft
relative to this one has a constant value c. In the reference frame of the space-craft
the total linear momentum after the gas ejection is py &~ mA v+c Am, where A
v is the variation of the space-craft velocity.

Taking into account that the initial momentum is zero, we see that cAm = m | A
v]. Then, the energy lost in the processis E & }Am ¢ ~ Imec | Av | and therefore
proportional to | A v|. Therefore, a reasonable “metric” for orbits can be defined
as the modulus of the difference of velocities at the intersection point. When
integrated along a path, this should give a measure of the energy employed in the
orbital change. It is not difficult to obtain the expression for this “metric” in terms
of the parameters (F, e, ¢)

1
dshp = dv? +?df? = — dE” + v}df =

— %[(1 + eZE_Z ! (%2 — E)?)dE?+

2 2

(5 - B) (5 dBde +de* + &dg?) |

where v; is the velocity on the orbit (E, e, @) at the point of intersection with the
orvit (E + dE, e + de, ¢ + d¢) and [ is the angle of intersection. However, this
“metric” in the orbit space is not Riemannian, but of Finsler type, and therefore
does not coincide with do?.

The interpretation of the metric do is also related with the study of the action
of the (2 + 1) “Poincaré” group on the configuration space. In terms of the space
of orbits, this group acts as isometries of do?. Another point worth mentioning
is the concrete model of a compactification of the Minkowski space obtained for
the set of all Kepler orbits. The natural parameters for the Kepler evolution are
the anomalies, which regularize the collision orbits. As the anomalies appear here
with a group theoretical meaning, the description in this paper includes also very
smoothly the non-regular orbits.

A last point worthing notice is that the structure of homogeneous space of
the configuration space X’ provides a physical realization of a SO(2, 1) geometry
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which is not of Cayley-Klein type. The same SO(2, 1) geometry (the Lorentz group
action on the light cone) describes light propagation in a plane (i.e., transformation
properties of both frecuency and direction), and is a kind of contraction of the
Lobachevski geometry “around the infinity” (See also [23]). We intend to study
this geometry and its different physical realizations in a subsequent paper.
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