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Abstract. Applying the theory of Lyapunov exponents for nonsmooth dynamical systems, chaotic motions and 
strange attractors are found in the case of a cracked rotor. To detect the crack and establish a clear relation between 
shaft cracks in turbo rotors and induced phenomena in vibrations measured in bearings, a model-based method is 
applied. Based on a fictitious model of the time behaviour of the nonlinearities, a state observer of an extended 
dynamical system is designed resulting in estimates of the nonlinear effects. 
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1. Introduction 

In this paper the nonlinear dynamics of a cracked rotating shaft is investigated. The nonlinear 
effects are caused by the crack, which is described by changing stiffness coefficients, so the 
system becomes one that is parametrically excited and nonlinear (with discontinuities caused 
by transitions between motion without crack and motion with crack). 

It is well known that nonsmooth systems can exhibit different types of motion, even 
chaotic behaviour. Engineering problems of this type where chaos was found numerically 
and/or experimentally are, for example: a rotor touching a boundary, cf. Szczygielski [ 1], 
Bajkowski and MUller [2]; a vibrating beam with an amplitude-constraining stop, cf. Moon 
and Shaw [3]; rattling gear drives, cf. Pfeiffer, [4]; dynamics of railway vehicles in De Pater 
[5, 6], Meijaard [7]; dynamics of a section of a drillstring, cf. Jansen [8]; a constrained pipe 
conveying fluid, cf. Paidoussis and Moon [9]; oscillations of structures due to dry friction, cf. 
Popp and Stelter [10], Stelter [11]; and a cracked Laval rotor, cf. Fritzen [12]. 

Unfortunately, these systems cannot be directly analyzed by methods which require certain 
smoothness assumptions on the nonlinear functions involved. Therefore, it is shown that a 
generalized method can be applied if some care is devoted to the handling of the discontinuities, 
cf. M[iller et  al. [13], 

A detailed study of the vibrational behaviour of a cracked rotating shaft is an important 
problem for engineers working in the area of machine dynamics. Recent investigations of 
oscillations induced by cracks have been shown that beside the well-known limit cycle 
behaviour, chaotic motions are also possible, depending on the system parameters, i.e. crack 
depth or damping coefficients, cf. Fritzen [12], S6ffker et  al. [14]. Also the authors developed 
in [15] a new concept of the analysis and of the fault detection of cracked rotors which are 
improved in this paper including a model based calculation of Lyapunov exponents and a 
different fault detection fault model. 

It is very difficult to conclude the existence of a shaft crack, because there is no clear 
relation between the crack and the caused phenomena. In this way the main problem is to 
establish a clear and unambiguous relation between the crack and the caused phenomena. 
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The classical methods consist of measurements taken of oil temperatures in bearings or 
control of the vibration peaks with regard to maximum allowed values. Also, coastdown- 
measurements are done (Zimmer and Bently [16]). For all these ways the experience of the 
machine operator is very important, because none of the classical methods provides an obvious 
statement about the crack. 

The modem methods for failure detection are called Vibration Monitoring Systems (VMS). 
For these, FFT- and Cepstrum Analysis are done, and also statistical methods and/or pattern 
recognition are used (Peter [ 17]; Ericsson, [18]). These methods have a great potential, because 
it is possible to use them without dismounting any part of the machine or even stopping the 
machine. 

There are a lot of crack models, but the typical effect of the crack is already described 
by the simplest one. This typical behaviour is the breathing of the crack, and is modelled 
by the 'Hinge-Mechanism' of Gasch [19]. Henry and Okah-Avae [20] considered the non- 
linear mechanism of a breathing crack with different elasticities for open and closed crack, 
described in body-fixed rotating coordinates. Mayes and Davies [21] correlated some exper- 
imental results with their theoretical background and suggested a method for calculating the 
changing stiffness due to a crack. Grabowski and Mahrenholtz [22] used modal formulations 
to investigate the vibrational behaviour of realistic cracked rotor systems. They developed a 
crack mechanism and used it in their dynamic rotor model. Bently [23, 24] and Muszynska 
[25] investigated the dynamics of cracked systems by the development of both demonstration 
rigs and practicable crack detection systems based on their own theoretical work. Currently, 
the vibrations of cracked rotors and the detection of cracks are active fields of research, e.g., 
Schmalhorst [26], Wauer [27] and Papadopoulos and Dimarogonas [28, 29]. 

Here, the new method [14, 15, 30] based on the theory of disturbance rejection control, 
extended for nonlinear systems and applied to a turbo rotor, is presented. In this way the 
crack is interpreted as an external disturbance. Due to the theory of estimating unknown 
disturbances of a dynamic system, simple measurements of displacements and/or velocities 

- obtained from simulation or experiment - are used to generate additional time signals by 
state observers to obtain estimates of the non-linear effects. The state observer is based on 
the known part of the vibration system and a linear fictitious model approximating the crack. 
Calculating the relative crack compliance as the ratio of additional compliance caused by the 
crack and undamaged compliance, a clear statement is possible about the opening and closing, 
and therefore for the existence of the crack, and about the crack depth. In opposite to [15] 
here the simulated signals are corrupted by noise to approximate closely real rotor systems. 

This paper is organized as follows. The general equations of motion and crack phenomena 
will be presented in Section 2. In Section 3 a linearization of nonsmooth dynamical systems 
and transition conditions and its application to the rotor as a lumped-mass-model of 7 beam 
elements and 16 degrees of freedom, behaviour of the system depending on the parameter, 
chaotic motion and strange attractors are presented. Section 4 is related to the crack detection 
method by state observers (pole assignment and Riccati observer) in the case of turbo rotors. 
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2.  E q u a t i o n s  o f  M o t i o n  

The nonlinear equations of motion for the rotating cracked shaft are described by 

M2 + (D + G)z  + K z  = f(t) + Nnh(z( t ) ,  t) 

with 
z, z, 
M 

D ,  G 

K 

f(t) 
N~ 

: displacement vector and its time derivatives of order n, 
: mass matrix, 
: matrices of damping and gyroscopic effects, 
: stiffness matrix, 
: vector of unbalances, 
: input matrix of nonlinearities, and 

h (z (t), t) : vector of nonlinearities caused by the crack• 

(1) 

h={ 
with 

h c h c r  ( z  (t) ,  t) 

The vector h (z (t), t) contains the specific forces caused by the crack• To consider the crack 
influence in the equations of motion (1) a crack model is needed in the way that it describes the 
change in stiffness and/or damping coefficients, e.g., by a crack element stiffness or damping 
matrix. Usual crack models (Gasch, [19]; Schmalhorst, [26]) use the change in stiffness 
coefficients, according to equations (2)-(4) as: 

0 : in the case of no crack or closed crack 

[01 . .0i  hT~h~(~(t),t)  0i+1+~, . .0n] T (2) • . : in the case of open crack 

--- K~[zi . .  • zi+~] T, (3) 

all  "• •  ale,~ 

Ke = • ".. ' J with aij : a f t ,  (4) 

aen l " ' "  a e n e n  

where K~ represents a general additional crack stiffness matrix of order e,~. Therefore the 
nonlinear crack behaviour is described by a piecewise linear characteristic where the switching 
depends on the system state. 

In the literature (Wauer, [27]) a lot of crack models are mentioned, which am very sensitive, 
especially the FEM-crack model of Schmalhorst [26]. But the typical behaviour of the crack, 
the 'breathing' of the crack under weight influence, is already described by the very simple 
model of Gasch [19]. The crack model of Gasch, Figure 1, is described in the rotating 
coordinate system by 

The compliance h in the crack direction ~ will be increased with an additional compliance 
ha in case of an open crack, which depends on the crack depth. The relative crack compliance 
hr as the ratio 

ha 
h~ = --ff (6) 
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.. / 

Fig. 1. Illustration of crack model of Gasch [ 19]. 

is established by experimental investigations of Mayes and Davies [31] for different crack 
depths. For very small cracks the values are approximated. The opening-condition of the crack 
can be formulated via the curvature at the crack position (4 ', ~ i), or approximately via the 
displacements near the crack (~i-e,~, ~/+e,) 

~ i >  2 , or X = X i = ~ i -  2 > 0 (7) 

where en = 2 and X is the opening condition for the crack. 
Using the transformation matrix 

[ cos(f~t +/3) sin(f~t + /3 ) ]  
T = _ sin(fit +/3) cos(f~t +/3) (8) 

the element-stiffness-matrix Ke (~ (t), t) for a discretized model like an MBS-formulation in 
the inertial coordinate system looks like 

- h r  [ sinZ(f~t +/3) 
Ke = h(1 + hr) [ sin(f~t +/3) cos(f~t +/3) 

sin(f~t +/3) cos(f~t +/3) ] 
cos/(f t +/3)  J (9) 

where Ke depends on the opening condition (7) for the crack and on time, so the system in 
the inertial coordinates becomes a nonlinear and parametrically excited one, 

3. Behaviour of the Cracked Rotor 

There exist several quantitative and qualitative measures for the characterization of the sys- 
tem behaviour (attractors), e.g., phase plane plots, Poincar6 sections, FFT-analysis, different 
kinds of dimensions and entropies (Lichtenberg and Lieberman [32], Moon [33]). Lyapunov 
exponents are chosen here to classify the system behaviour. As is well known, Lyapunov 
exponents measure the exponential rates of divergence or convergence of neighbouring tra- 
jectories associated with an attractor of a system (Oseledec [34], Eckmann and Ruelle [35], 
Haken [36]). For periodic attractors one obtains only negative and zero exponents indicating 
convergence to a highly predictable motion, whereas a chaotic system will exhibit at least 
one positive exponent. A positive exponent is significant because it gives an indication of the 
rate at which one loses the ability to predict the system response. This is closely tied to the 
property of sensitive dependence on initial conditions which is present in chaotic systems. 
Therefore, one way to determine if a system is behaving in a chaotic manner is to calculate 
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the Lyapunov exponents. The calculation of Lyapunov exponents is well developed, and a 
lot of references are available on this subject (Wolf et al. [37], Shimida and Nagashima [38], 
Benettin et aL [39]). 

Usually the calculation of the exponents is performed considering an observed trajectory 
x(t), which can be considered as a solution of a certain dynamical system 

= f ( x )  (lO) 

defined in an n-dimensional phase space, where f E C 1 is a differentiable vector function. On 
the other hand, the time evolution of a tangent vector 6x in a tangent space at x(t) is represented 
by linearizing equation (10) over the trajectory of the original nonlinear equations, 

5± = F( t )  5x (11) 

where 

F ( t ) _  Ox TOf x(t)  (12) 

is the Jacobian of f. The spectrum of Lyapunov exponents cri for given starting position is 

~ri = lim -1 In 116x(t)l] (13) 

There are n Lyapunov exponents in the spectrum of an attractor on an n-dimensional 
dynamical system. 

The algorithms [37, 38, 39] for computing Lyapunov exponents are directly applicable for 
smooth dynamical systems, but not in the case of mechanical systems with discontinuities [1- 
12]. For this aspect it is shown that a general method can be applied to compute the exponents, 
if some care is taken to the handling of the discontinuities. The linearized equations have to 
be supplemented with transition function conditions, and these allow one to determine the 
spectrum of Lyapunov exponents in the case of nonlinear systems with discontinuities, cf. 
M~iller et al. [13]. 

3. I. THE LINEARIZED EQUATIONS AND TRANSITION EQUATIONS 

In the case of a cracked rotor the following kinds of motion are possible: 

(a) Motion without crack ('closed' crack, i.e. if X < 0 in equation (7)): The equations of 
motion can be rewritten in a state space form as 

( t o ) _ < t < t l  : ± = f l ( x ) ,  f l ( x ) = A x + b ( t ) ,  x ( t o ) = x o  (14) 

where x denotes the state vector, A is the system matrix, b represents the vector of 
excitation functions, and tl is the time for the switching point of the crack (X = 0). 

(b) The transition from motion without crack to motion with crack, at time t = tl, 

t~ : x i ( x )  = O. (15) 
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The transition condition at Xi can be rewritten as 

X(t l+ )  = g ( X ( t l - ) )  (16) 

where tl+, t l -  are the right and the left limits at time tl,  respectively, and g(x) are the 
transition conditions. 

(c) Motion with crack ('open' crack (Xi > 0) in equation (7)): The equations of motion are 
as follows: 

(tl)  < t : X~'~ f2(x),  X(tl)  = X(t l+) ,  

f2(x) = A x + b(t)  + N n(x ( t ) ,  t) (17) 

where N is the input matrix of nonlinearities, and n(x(t),t) is the vector of nonlinear 
functions. 

The equations of motion are piecewise smooth and a unique smooth solution exists on each 
interval between transitions. 

For the numerical calculations, the linearized equations are needed. In the case of the 
'closed' crack the linearized equations follow directly from (14) as 

to < t < tl " 62~ = F l ( t )~x ,  5x(t0) = 5xo, F l ( t )  = 0fl (18) 
- o - ~  ,,(t)" 

In the case of the 'open' crack the linearized equations follow as 

tl < t • 5± = F2(t)Sx,  5x(tl)  = 5x+, F2(t) = 0f21 (19) 
0x T Ix(t)" 

The transition from the one to the other case has to be considered within the linearization 
procedure, too, leading to linearized transition conditions [13]. According to [?] in case of 
transition from (14, 18) to (17, 19), (Xi = 0, at time t = tl): 

{ -x } 
t~X+ ~--- -- (~(X_)  + [ ( ~ ( x _ ) f l ( X _  ) -- f2 (x+) l  H ( x _ ) f l ( x _  ) t~x_, (20) 

5x_ = 6x(t~_), (21) 

where 

ri( , ,_)  

G(x) 

tSx_ 

5x+ 

_ O x i  7" c T (22) 
~XX X -  • 

0g 
= Ox  T = E - transition matrix, (23) 

: end state for t = t l -  (24) 

: end state for t = tl+. (25) 

(26) 
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I 

Fig. 2. Simple rotor. 

A 

3.2. EXAMPLE 

The rotor used for theoretical investigations and simulations is described by the following 
assumptions, cf. Figure 2: 

Rotor as a lumped-mass-model: 7 beam elements, length l = 600mm;  radius r -- 
140 ram; frequency f2 = 100 7r rad/s;  eccentricity e m =  0.02 ram; stiffness of bearings 
ks = 750 kN/mm; damping as D = O~moa M + fl~oa K ,  a~oa = O, fl~oa = 0.00001; 
number of degrees of freedom n = 16; number of nonlinearities f = 2; number of 
measurements m = 8 ( measurements only in bearings as displacements and their 
velocities ). 
The system matrices are given in the Appendix. 

In this case the crack indicator Xi is defined as 

= C x  

where 

c T = [0 0 

sin ¢ 

1 1 
0 0 - ~ c o s ¢  - ~ s i n ¢  cos¢  

-  cos¢ 1 • • • 0,], 
- ~ sin ¢ 022~mes 

(27) 

¢ = f2t +/3. (28) 

The transition conditions (16) and the transition matrix (23) are: 

g(x)  = E x  

G(x )  = E. 

Using (20), the following transitions for the linearized equations at t -- tx are: 
1. In the case 'closed' ~ 'open' crack: 

(29) 

(30) 

5x+ = 5x_ - S x _ - -  
cTSx_ 

c T A x _  ' 
(31) 

2. in the case 'open' --+ 'closed' crack: 
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Fig. 3. The greatest Lyapunov exponent-function of relative crack compliance for constant damping coefficient 
/3~od = 0.00001 (calculated after Wolf et al. [37]). 

6x+ = 5x_ + S x _  
cT 6x_ 

c T A x _  ' 
(32) 

where 

sij = O, i, j = 1,2, ..., 32, except 

s23,7 = - k  cos2(f~t +/3) 

s23,8 = - k  cos(f~t +/3) sin(~2t +/3) 

824,7 ---- - - k  sin(f/t +/3) cos(f2t +/3) 

824,8 = - k  sin2(~2t +/3). 

The Lyapunov exponents were calculated by making use of the algorithms given in [37]. To 
implement this procedure, the nonlinear equations of motion are integrated for some post- 
transient initial conditions (here 32 differential equations). Simultaneously, the linearized 
equations of motion are integrated for 2n different initial conditions, (here 32 x 32 --- 1024 
differential equations), defining an arbitrarily oriented frame of 2n orthonormal vectors. 
Because of the order of the system, (32 + 1024), only the greatest Lyapunov exponent al was 
calculated as a function of relative crack compliance hr. The results are shown in Figure 3. 

To characterize the dynamic behaviour of the system besides Lyapunov exponents, Poincar6 
maps, phase plane plots, time responses and power spectra are used. The Poincar6 maps 
presented in this work are defined at t = 0 (mod (27r/f~)), where f~ is the frequency of the 
parametric excitations. As the crack coefficient h~ is varied, different types of motion are 
observed, Figures 4, 4a, and 4j show phase plane plots, Poincar6 sections, time histories and 
power spectrum for the ultrasubharmonic motion of order 3/2 (points 1, hr = 0 .095,  and 
10, h~ = 0.115, in Figure 3, respectively). For certain regions in the parameter space, as the 
parameter h~ is varied, the periodic motions become unstable and bifurcate, giving rise to 
stable quasiperiodic motions. The Poincar6 map of a quasiperiodic motion is a closed curve in 
the phase plane, and are shown in Figures 4c and 4f (points 3, h~ -= 0.099 and 6, h~ = 0.1032, 
in Figure 3, respectively). The transition from quasiperiodic motion to chaotic motion have 
been marked by appearance of fractal-like torus in phase space (Muntean and Moon [40]), 
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and is shown in Figures 4b and 4c, respectively (point 2, hr=0.097, and point 4, hr=0.102, in 
Figure 3). For certain values of h~ these quasiperiodic motions become unstable and bifurcate, 
giving rise to chaotic motions, Figure 4h (hT =0.108 and point 8 in Figure 3). And finally 
Figures 4e, 4g, and 4i show different types of subharmonic motion of the order 1/5, 1/4 and 
1/2, respectively (points 5, hr = O. 103, 7, hr = 0.1037, and 9, h~ = 0.111, in Figure 3). It is 
also interesting to examine the effect of the damping. For a constant crack depth, hr = 0.102, 
we can obtain periodic, quasi-periodic, fractal-like toms or chaotic motions, Figure 5. 

4. State Observers for Reconstruction of Nonlinear Effects 

4.1. TI4E METHOD 

Usual crack detection methods are based on signal analysis. As information only vibration 
signals are used. Further information about the mechanical system and about the fault we are 
looking for are not necessary. The method suggested in this paper is an observer-based method, 
so further information is needed besides the measurable signals, e.g., the mechanical model 
of the rotor and the characteristics about the typical behaviour of the crack. The principal way 
with a first application of this observer based method is taken in S6ffker et al. [ 14]. 

Applying state space notation, equation (1) is described by 

5c : A x  + b(t)  + Nn(x ( t ) ) ,  

y = Cx.  (33) 

Here x denotes the 2n-dimensional state vector (consisting of displacement and velocity 
variables), A is the 2n x 2n system matrix, and b represents the 2n-dimensional vector 
of control inputs and/or excitation functions. The 2n x f matrix N is the input matrix of 
the nonlinearities into the linear dynamical system. The vector n(x( t ) ,  t) characterizes the 
f-dimensional  vector of nonlinear functions. The m-dimensional vector y represents the 
measurements via the m x 2n-dimensional matrix of measurements C. It is assumed that the 
system parameters (A, N,  C) as well as the input and output time signals (b, y) are known. 
The task is to reconstruct the unknown nonlinearities (here the external disturbance forces of 
the crack) 

n(x( t ) ,  t)) ~ fi(2(t))  (34) 

by applying state observers. 

4.2. THE STATE OBSERVER 

For consideration of external disturbances, the state space vector will be extended by a 
fictitious disturbance vector v(t) ,  

n(×(t)) Uv(t), 

+(t) = Fv(t) + Gb(t), (35) 
dim v = s, 

to describe approximately the time behaviour of the nonlinearities. The model matrices F, G 
and H must be chosen in accordance with the technical background about the system. Here 
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N H  couples the fictitious model (35) to the whole system. The matrices are of N [2n, f], H 
[f, (rnt" f)], F[rnt • f, rnt" f], rnl = 2, order. 

In this way the external forces caused by the crack are reconstructed by the estimates of 
the disturbance vector v(t). An approximation seems to be a disadvantage, but on the other 
hand this flexibility and robustness 'against' different crack models for simulations of real 
crack behaviour would in practice characterize this new crack detection method. 

Applying (35), the extended system is obtained with the new system matrix Ae, 

[ 5~(t) N H  f( t )  ] = [ A  I o r I Ix(t) Iv ( t ) ]  + [ G I  b(t)'  

A~ 

] y(t)  = [ C  0]  v(t)  " (36) 

This extended system (36) with the new system matrix Ae could be observed by the extended 
state space observer if the system is completely observable (Luenberger [41]). This requires a 
suitable choice of matrices F, G and H and measurements. The observability of the undam- 
aged turbo rotor with bearings as a linear mechanical system normally is given because of 
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non-existent decoupled sub-systems. To guarantee the complete observability of the extended 
system (36), the following condition must be fulfilled: 

AI2n-A - N H  1 
rank 0 A I , - F  

C 0 

with m > s, (s _> 

= 2n + s, (37) 

f) ;  this means that there must be equal or more measurements than 
nonlinearities. The number of approximated nonlinearities mainly depends on the degrees of 
freedom of the used crack model in equation (4). 

The observer essentially consists of a simulated model with a correction feedback of the 
estimation error between real and simulated measurements, 

v(t)  = , - L v C  r , l i t ( t )  + G b +  Lv (y +w) '  (38) 

L 
where w represents state measurement noise. The noise vector w is assumed to be a zero- 
mean, white random sequence whose covariance is represented by R w  as follows: R w  = 
E{wwT}: positive semidefinite symmetric matrix. 

The dynamical behaviour of the observer is expressed by the system matrix Ao. Using 
an identity observer, different methods can be used like pole-placement or linear-quadratic 
optimal observer, etc. The asymptotic stability of the observer can be guaranteed by a suitable 
design of the gain-matrices Lx, Lv. For a successful estimation the observer has to be asymp- 
totically stable and usually the eigenvalues should be on the left side of those of the observed 
system A. Furthermore the design should consider that only approximations instead of the 
nonlinearities are used. 

According to the presented method the choice of the fictitious model (35) is being effected. 
Therefore the fictitious model makes sense: 

~)l = O, (39) 

'b2 = O, (40) 

i.e. H = 0 a (41) 

[o o] F = , v = (42) 
V2 

hi (Z/+l (t), t) = nl (x2i+l (t), t) ~ c~vl (t) (43) 

h2(z~+2(t), t) = n2(x2i+2(t), t) ~ av2(t). (44) 

The reconstruction of the characteristic relative crack compliance hr, cf. eq. (6), can be 
done by simple calculations using the matrix T (8), the estimated disturbance forces ~31,2 (43, 
44), displacements at crack position (a?2i+l,2i+l) (38) and phase information ft. 
The gain matrices Lx and Lv can be chosen by: 

• pole assignment methods, 
• Riccati observer, which fulfills the following requirements: 
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A e P  + P A e  T - p C T R - 1 C P  + Q = o .  (45) 

Since using approximations instead of the real nonlinearities, the weighting matrices R and 
Q must be chosen specifically. For this the weighting Q of the measurements is splitted up 
into three blocks, like 

qlIn 0 0 ] 
Q =  0 q2In 0 . (46) 

0 0 q3Ir~,.f 

The weighting matrix R in equation (38) is 

R = r Ira. (47) 

4.3. CRACK DETECTION BY STATE OBSERVERS 

Crack detection by state observers means a procedure with three steps: 
1. Estimation of crack forces 9(t)  via the extended state space observer. 
2. Recalculating the coefficients of Ke (~ (t),  t) (4) or e.g., hchcr (z (t)) (3) for each time 

step and representing them in a favourable manner, e.g., dividing by the nominal values 
of the undamaged case. Therefore phase information is useful. 

3. Consideration of noise measurements and stochastical errors. 
The numerical values were chosen to generate measurement signals with 40, 26 and 20 dB 
signal to noise (S/N) ratio. Figures 6 and 7 show the mechanical forces Fn in the horizontal 
direction and relative crack compliance hr for crack depth tr = 10%, where tr = t_ t - crack 

T ~ 

depth and r - radius of the rotor at crack position. In Figure 6 results are shown using pole 
assignment method and in Figure 7 using Riccati observer with ql = 1, q2 -- 1, q3 --- 109 and 
r = 0.001. 

In both cases it was noticed that elements of the gain matrices Lz and Lv were too large, so 
the observer became sensitive with respect to noisy measurements. Therefore we have applied 
Riccati observer with ql = q2 = 1, q3 = 300 and r = 0.01. The effects of the measurement 
noise on the estimated 'crack forces' in the horizontal direction are shown in Figures 8, 9, and 
10, for the relative crack depths tr = 0, 10 and 20% respectively. 

The observer estimates the signal very well, only in a few points the dynamics of the 
observer cannot follow the real simulated signal. The external signal only exists if the crack 
opens, and the maximal values depend on the crack depth. Using this estimation and the 
estimation about the displacements, the normally unknown ratio hr = -~ in (6) can be 
recalculated, Figure 11. As a function of time this ratio describes the variable compliance or 
stiffness depending on the phase angle in the rotating coordinate system. Hence it will be a 
clear indicator for cracks. Here the opening and closing of the crack is shown very clearly 
and unambiguously. For both crack depths it is very clear to see opening and closing of the 
crack in the crack model of Gasch. In contrast to this the calculations of the undamaged rotor 
results in a ratio about 0.001. 

5. Summary and Conclusions 

This work investigates the nonlinear dynamics of a cracked rotor. Due to the crack, which 
causes a change in stiffness coefficients, the system becomes a parameter excited and nonlinear 



Ca) 

Chaotic Motions and Fault Detection 247 

6o 

63 t , l ~  

I 
T 

5). 1 

(b} 

h 
r 

p 

O . 0  ! 
1 . 5  

?2 
Time (s) 

f 
. 6  

Fig. 6. (a): Reconstructed crack forces ~32 at the crack position (t~ = 10%), (b): recalculated relative crack 
compliance h~; using pole assignment method, (****** simulation r e s u l t , -  reconstruction/recalculation). 

one (with discontinuities caused by transition between motion with closed crack and motion 
with open crack). To examine the behaviour of the system beside phase plane plots, Poincar6 
maps, time histories and power spectrum, the linearized equations of motion and transition 
conditions were obtained and the greatest Lyapunov exponent was calculated. Depending on 
the relative crack compliance hr, we can obtain different types of motions: sub- or ultrasub- 
harmonic, quasiperiodic, fractal-like torus or chaotic ones. 

A detailed study of the vibrational behaviour of a cracked rotating shaft is an important 
problem for engineers working in the area of the dynamics of machines, and an early warning 
can considerably extend the durability of those expensive machines, increasing their reliability 
at the same time. Therefore a new observer-based method has been developed and applied to a 
turbo-rotor. This method gives a clear relation between shaft cracks and caused phenomena in 
vibrations measured in bearings. Simulations have been done, showing the theoretical success 
of this method, especially for reconstructing disturbance forces as inner forces caused by a 
crack. Calculating the relative crack compliance as the ratio of additional compliance caused 
by the crack and undamaged compliance, a clear statement about the opening and closing, and 
therefore for the existence of the crack, and about the crack depth is possible. Theoretically it 
has been shown that it is possible to detect a crack with very small stiffness changes which 
corresponds to a crack depth of 10 % of the radius of the rotor. The results are nearly the 
same if noise measurements are considered. To what extent this success can be transferred 
into practice has to be analyzed by further investigations and experiments. 
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Fig. 7. (a): Reconstructed crack forces ~32 at the crack position (t~ = 10%), (b): recalculated relative crack 
compliance h~; using Riccati observer, q~ = q2 ----- 1, q3 = 109, 1- -:- 0 .001 ,  ( * * * * * *  simulation result, 
reconstruction/recalculation). 
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Appendix 

The matrices used in Equations (1) and (5) are as follows, 

M • Mass matrix of  order (16 x 16), 

M = d i a g [ 2  m m 2 ]  7 m  . . . . . .  m 
2 

12 times 

(48) 

where m = 7r r 21 ~, 0 :-  7860 k9/ 'm 3, 
K : Stiffness matrix of  order (16 x 16), 
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Fig. 8. Reconstructed crack forces ~32 at the crack position (t~ = 0%, 10%, and 20% respectively), (a): w = 0, (b) 
with 40 dB S/N ratio in measurements; using Riccati observer, q~ = q2 = 1, q3 = 300, r = 0.01. 

D . 

f : 

K = 

- k l  0 k3 0 0 0 . . . . . . . . .  0 

0 kl 0 k3 0 0 . . . . . . . . .  0 

k3 0 k2 0 k3 0 . . . . . . . . .  0 

0 k 3 0 k 2 0 k3 . . . . . . . . .  0 

0 . . . . . . . . .  k3 0 k2 0 k3 0 

0 . . . . . . . . .  0 k3 0 k2 0 k3 
0 . . . . . . . . .  0 0 k3 0 kl 0 

0 . . . . . . . . .  0 0 0 k 3 0 k I 

w h e r e k = 1 2 E J / l  3, E =  2.1 
kl = k + ks, k2 = 2 k, 

D a m p i n g  mat r ix  o f  o rder  (16 x 

• 105 N / m m  2, 

k3 = - k ,  
16), 

D = gmo,t • K ,  /3mo,~ = 0 .00001,  

Vector  o f  u n b a l a n c e s  o f  o rder  (16 x 1), 

ks = 7.5 • 105 N / m m ,  

(49) 

(50) 

f 2 i = O ,  i = 1 , 2 , . . . , 8 ,  excep t  



250 P. C. Mailer et al. 

1 

F (N) 
n 

-i 

F 
n 

6O 

(tO iI 
0 

-6o 

lj [A..A 
I V 

IA 
V VI 

F 
n 

250 

(N) 

-250 

.5 1 .6 

r\A A 
.... v I 

. 5  1 . 6  
Time (s) Time (s) 

(a) (b) 

Fig. 9. Reconstructed crack forces ~32 at the crack position (tr = 0%, 10%, and 20% respectively), (a): w _= 0, 
(b) with 26 dB S/N ratio in measurements; using Riccati observer, ql = q2 = 1, q3 -- 300, r -- 0.01. 

f l  = f15 = - m 9/2 ,  

f3  = f5  = f7  = f9  = f13 = f15 = - r a g ,  

f l l  = - m g + em f~z mez sin(~2 t + /3 ) ,  

f12 = em ~2 mex sin(f~ t + / 3  - 90°),  

where m~x = 7 m - the mass of  eccentricity,/3 = 0 °, 

Nn  " Matrix of  nonlinearities of  order (16 × 2), 

h . 

7~n71 = nn82 = 1~ 

the remaining elements are zero, 
Vector of  the crack forces of  order (2 x 1), 
in the case of  the 'closed' crack, i.e. if X <- 0 in Eq. (7), than h = 0. 
in the case of  the 'open' crack, i.e. if X > 0 in Eq. (7), 
or in the inertial coordinate frame 

(51) 

(52) 

z7 cos(~Zt + / 3 )  + z8 sin(fZ t + / 3 )  

[(Z5 q- Z9) COS(~ t + / 3 )  + (Z6 + Zl0) sin(f~ t +/3)]  

> 2 
(53) 
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Fig, 10. Reconstructed crack forces ~32 at the crack position (t, = 0%, 10%, and 20% respectively), (a): w - 0, 
(b) with 20 dB S/N ratio in measurements; using Riccati observer, ql = q2 -- 1, q3 - - - -  300, r - - - -  0.01. 

then the elements of  the (2 x 1) vector h are as follows: 

hi 

h2 

k2 hr 
I-z7  cos2(~2 t + #)  - zs sin(~2 t + #)  cos(f~ t + #)J 1 + h~' 

k2 h, 
I -z8  s in2(~ t + #)  - z7 sin(f~ t + #)  cos(f2 t + #)] 1 + h , '  

all other elements are zero, 

A • The system matrix of  order (32 x 32), 

[o 
A = _ M _ I K  _ M _ I D  , 

b • Vector of  excitation of  order (32 × 1), 

(54) 

(55) 

(56) 
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Fig, 11. Recalculated relative crack compliance h~ using Ricatti observer, ql = q2 = 1, q3 = 300, r = 0.01; 
at the crack position, (a) t~ = 0%, (b) t~ = 10%, and (c) tT = 20%, for different S/N ratio in measurement, 
respectively 40, 26 and 20 dB. 

.6  

N : Matrix of  nonlinearities of  order (32 x 2), 

[o]  
N = - M  - 1 N n  ' 

n : Vector of  nonlinear functions of  order (2 x 1), 
in the case of  the 'c losed'  crack n = O, 
in the case of  the 'open '  crack, 

(57) 

C . 

k2 hr 
nt  = [ - x 7  cos2(f~ t + /3 )  - x8 sin(f~ t + /3 )  cos(f~ t +/3)]  1 + h r '  

ka hr 
n2 = [ - x 8  sina(f~ t + /3 )  - x7 sin(f~ t + /3 )  cos(f~ t +/3)]  1 + h r '  

Measurement  matrix of  order (8 × 32), 

cij = O, i = 1 , 2 , . . . , 8 ,  j = 1 , 2 , . . . , 3 2 ,  except  

C l l  = C22 = C3,15 ~--- C4,16 ~ C5,17 = C6,18 -~- C7,31 = {28,32 ~ l .  

(58) 

(59) 
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