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A new formula for the C-matrix in the Somigliana identity
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Abstract. By making use of a convenient decomposition of the fundamental tractions, a new
formula for the C-matrix in the Somigliana identity for a three- or two-dimensional elastic
isotropic body is derived. This kind of formula is more advantageous for analytical and
computational C-matrix evaluations than the currently well-known formula. A general closed
analytical formula of the C-matrix for the case of any finite number of tangent planes to the
boundary of the body at a non-smooth boundary point, presented in the final section of this paper,
demonstrates the usefulness of the new formula.

AMS(MOS) subject classification: 73C02, 73V 10, 35E05, 45F15.

1. Introduction

One of the interesting classical approaches to deal with boundary value
problems of elasticity is to solve the corresponding boundary integral equation
(BIE) that represents a boundary limiting form of the Somigliana identity. The
boundary element method (BEM), as an effective computational method for
the solution of the BIE, is responsible for a somewhat renewed interest in this
classical approach (cf. [1], [3]).

Usually the boundary limiting form of the Somigliana identity, apart from
other terms, includes, on the one hand an integral in the sense of Cauchy
principal value (CPV) with the fundamental tractions as a strongly singular
integral kernel, and on the other hand a free-term with the coefficient C-matrix
depending on the local characteristic surface (or arc) of the boundary point
with respect to the domain. The Somigliana identity for domains with
piecewise smooth boundaries (forming edges and vertices) was proved by
Hartmann [8]. The closed formula for the C-matrix in the case of plane
elastostatics was given by Ricardella earlier in [10]. The components of the
C-matrix in this formula are simple functions of radius vector components of
the end-points of the corresponding characteristic arc. The formula for the
C-matrix in the case of three-dimensional elastostatics derived in [7], [8]
includes integrals of simple combinations of trigonometric functions over the
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corresponding characteristic surface. Therefore, it is much more cumbersome
to evaluate the C-matrix for three- than for two-dimensional elastostatics. It is,
however, a common practice in BEM implementations to evaluate the sum of
the corresponding C-matrix and the CPV integrals in an indirect manner using
the rigid-body motions (e.g. [3]).

Another approach based on subtraction of Somiglana’s integral, with the
fundamental tractions multiplied by the rigid-body displacements as integrand,
from the Somigliana identity, leads to a regularized boundary limiting form of
this identity free of CPV integrals and free of the C-matrix (e.g. [1] §2.3). The
resulting BEM implementation, however, is in many respects similar to the
more usual approach mentioned above.

There are two obvious reasons why programmers prefer BEM implementa-
tions circumventing direct evaluation of CPV integrals and the C-matrix. The
first is the lack of general effective and accurate algorithms to compute CPV
integrals on non-smooth curves and surfaces. Second, an implementation of the
general procedure to evaluate the C-matrix in three-dimensional elastostatics
using the formula presented in [7], [8], would be very involved.

An accurate and simple algorithm for direct numerical evaluation of CPV
integrals on curves in the BEM framework was first proposed in [5]. Recently
a non-trivial extension of this algorithm in the case of CPV integrals on
surfaces was presented in [6]; and somewhat later, independently by the
present author (see [9]).

Therefore, it is desirable to find a new formula suitable for direct evaluation
of the C-matrix in the case of three-dimensional elastostatics. The main
purpose of this paper is to derive that kind of formula. For completeness’ sake
the same procedure is carried out for plane elastostatics too, but the resultant
formula is only a simpler representation of the well-known formula.

In considering the same asymptotic behaviour of singular terms of the
fundamental solutions in elastostatics and elastodynamics (e.g. [11], [1] §3.5),
it is worth noting that these formulae are directly applicable to the time-
harmonic elastodynamic problem, as well.

The next introductory section collects the necessary definitions and known
results. For brevity’s sake references [7] and [8] are heavily relied upon. The
following section presents fundamental tractions of matrix decomposition into
the sum of the normal derivative of the fundamental solution of the Laplace
equation multiplied by the identity matrix and a term allowing the application
of Stokes’ theorem to transform corresponding integrals over characteristic
surfaces (or arcs) to integrals over its boundary. The corresponding decompo-
sition for the three-dimensional case has been introduced in [4]. The main
results of this paper—sought C-matrix formulae—are derived in the fourth
section. Finally, the analytical closed formula of the C-matrix for a non-smooth
boundary point, with any number of tangent planes, is given. Until now, to the
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author’s knowledge, only the closed analytical C-matrix formula for the case
of at most two tangent planes has been published (e.g. [1], [6]).

2. The Somigliana identity and related concepts

Suppose we have a regular region B < R™, m = 3 (or m = 2) as defined in [8],
which is occupied by a homogeneous linear elastic and isotropic material. Let
x be an arbitrary but hereinafter fixed point on the piecewise smooth boundary
S of the body B. The surface (contour) S is oriented by the field of the unit
outward normal vectors n(y), yeS.

Consider the unit sphere (circle) f<1(x) centred at xeS. The set of all
half-tangents to boundary S at point x cuts out from K (x) a connected
characteristic surface Q(x) (characteristic arc ®(x)) of the boundary point x
relative to B, see [8]. The orientation of the characteristic surface (arc) is
defined by the unit normal vectors n(y), ye(x) (y ew(x)) pointing to the
centre x. As usual, in the two-dimensional case, we can express the unit normal
vector n(y) to w(x) by components of the unit tangent vector t(y) to w(x) as

n(y) = (£,(y), —1,(y)), Yyew(x) (2.1)

We denote 7(x) as the boundary of the characteristic surface (arc).

In the three-dimensional case, the closed contour 7(x) is coherently oriented
with Q(x) by unit tangential vectors ti(y), yey(x) (Fig. 1). The unit outward
normal vector w'(y), to the contour (X) in the surface Q(x), is determined by the

Fig. 1. The characteristic surface configuration at a non-smooth boundary point.
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following vector product:
n’(y) = t'(y) x n(y) yey(x) 22

The integral

Mm=f lds, (2.3)
Q(x)

represents the internal solid angle of the boundary point x relative to B,

The boundary y(x) for the two-dimensional case is formed by two end-points
v, and v, of the open arc w(x) (Fig. 2). We define unit outward normal vectors
to the boundary y(x) in the curve w(x) obviously as

ni = —t(vy), nb=t(v,). 2.4

The absolute value of the angle ¢(x) between vectors r; = r(v,) = v, — x and
r, =r(v,) = v, — X, measured through the region B, is the length of the arc
w(x).

We now state the boundary limiting form of the Somigliana identity, as it
was proved in reference [8]. Let ue C¥B) u C*(B) be a regular solution of
Lame’s differential equation system, with vector field f of body forces per unit
volume in B. Application of the traction differential operator t on the
displacement vector field u gives the corresponding traction vector field t(u)

Fig. 2. The characteristic arc configuration at a non-smooth boundary point.
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S. Then we may write

Cxu(x) = j LUy, x)e(u)y)—T (y, x)u(y)] ds, + J- U@, x)f(y)dv,, (2.5
S B

where Uy, x) is the symmetric matrix of the well-known Kelvin fundamental
displacements (e.g. [17], [3]) and the transposed matrix T(y, x)* of the funda-
mental tractions is given by application of the operator t on columns of the
matrix U(y, x). To be precise, we explicitly describe the elements of the
fundamental tractions matrix

1

Ly, %) = T d(m — Dr(l — v

l:{l — )0, + mr.,.rvj} %
—(1 —2v)(njr’,-—nir‘j):|, (2.6)

where

Lj=1,....m, r(y)=y—Xx,

r, _Or or

r=|r|7 r‘z_l

J r - 6—_)/" ni = ”i()’), El-

= F Mg

0;; is the Kronecker symbol and v is Poisson’s ratio. As immediately follows
from the results presented in [8], the symmetric matrix C(x) can be defined by
the integral

Clx) = L( ) T(y, x)ds, resp. C(x) = f T(y, x)ds,. 2.7

oX)

3. The fundamental tractions decomposition

Let f(y) be an arbitrary smooth function defined in a neighbourhood U of
Q(x) or w(x) (feC'(U)). We define an antisymmetric differential operator D;;
(,j=1,....,m) for yeQ(x) (or yew(x)) as follows:

é
D;;(fNy) = nfy) —g—yfj (y) — ny(y) 55_- (- 3.1



196 V. Manti¢

It is apparent from Stokes’ theorem in three-dimensions that

of
£ dy, = nAY)e i = (¥) ds,
_[.(x) ,kf()’) Y Jﬂ(x) 1(Y)E pc€iju oy, (y) ds,
=f D;(f)y) ds,, (3.2)
Q(x)
where ¢, is the Levi-Civita unit antisymmetric tensor. According to (2.1), the

operator D;; in two-dimensions can be expressed as

a G
Dy(fNy) = &ysti(y) % () = &3 6_{ (y), yew(x). (3.3)
k
Thus,
J:r)(x) Dij(f)(y) dSy = &ij3 [f]:f = '9,',-3(f(V2) - f(V1)) (34)

From now on we shall denote the function h,,(r) defined for r > 0 as follows:

1
;, m=73
h,, (1) | (3.5)
In <—>, m=2
r
By employing notation from (2.6), it is easy to verify that
1
Dij(hm(r)) = o1 (njr_i - nir_j)7
(3.6)
ror 1 . or
Dik <Tkm—1> = rm_l (—()ij + mrv,.r_j) a

After some rearrangements in the right side of (2.6) using relations (3.6), we can
arrive at the following fundamental tractions decomposition:

l . Ch,(r) + 1
2m— V) Y én 4(m — Dr(l —v)

Ty, x) = Dy (P )y, x), (3.7
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where

rkrj

Py, x) = (1 — 2")5kjhm(r) — m (3.8)

m

4. C-Matrix formulae

First, let us examine the three-dimensional case. Apparently the following
integral over a closed contour 7(x) vanishes:

J dy, = 0. (4.1)
(%)

Note that in the foregoing integral over 7(x), we may replace dy, by dr,.
Further, for ye Q(x)

Mz —rr 3= 1. 4.2)
on

Substituting (3.7) into (2.7), and considering relations (4.2), (2.3), (3.2) and
(4.1), yields representations of the C-matrix components as follows:

P(x) | 1
) =0 % = BT ) g S
o(x) | 1
= % TR =) Lo it A 49

where the symmetry of the C-matrix has been employed in the second
equation. The tensor product of two vectors a and b, denoted by a®b,
represents a matrix with the components (a ® b);; = a;b;. Then, the sought
formula for the C-matrix, convenient for analytical and computational evalu-
ations, can be written, in matrix notation, as

_ 9 1
Cx)=——1- rT— Lx) r®(r xdr, (4.4)

with I the unit matrix. Making use dr = t'(y) dy, on y(x), where dy, denotes
differential element of length, we get, in view of relations n(y) = —r(y) for
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yey(x) and (2.2), a most simple formula of the C-matrix in three-dimensional
case

o) 1

= =y

j r®n’dy,. 4.5
7(x)

Notice that the vectors r and n* are orthogonal. Consequently, the trace of their
tensor product vanishes tr(r ® n’) = 0. Hence,

trC(x) =3 ?@. (4.6)
4n

Likewise we shall proceed in two-dimensions. It is clear that for yew(x)
hy(r) = 0 and

M: _rir_zn,- =1 (47)
on

Taking into account (3.4), and symmetry of the C-matrix, we get by substitu-
tion of (3.7) into (2.7) the following representations:

(x) 1 v
= ¢2n 5,.j — [sik3rkrj]v§

4n(l —v)
¢

T 2n ij—4n(1 —v)

G i (x)

[r:€ps rk]:f- (4.8)

From relation (2.1) and from the fact that n(y) = —r(y) for yew(x), we
immediately obtain

t] = 8jk3rk. (4'9)
Then the second relation of (4.8) in matrix notation takes the form
X 1
co =2y re (4.10)

n 4r(l —v)

Using (2.4) we arrive at the resultant formula of the C-matrix in the two-
dimensional case analogous to (4.5)

_ oK) 1 < ,
Co = =y &, O 10
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5. Example

We shall consider the case of n (n > 2) boundary tangent planes at xe S. The
characteristic surface Q(x) takes the shape of a spherical polygon, with an
ordered sequence of vertices v; (i =1,...,n) (see Fig. 3). In addition, the
following vertices are defined v, = v, and v,.,; = v,. An edge of the spherical
polygon €(x) between vertices v; and v, , is formed by an arc y,,,, on the
great circle; which is the intersection of the unit sphere K ,(x) and a plane Tiiv1
tangent to the boundary S at the point xe S. Thus

7%) = U Yot (5.1)
i=1

Making the transition from v; to v, , along the edge y,,. ,, we go in the sense
of the orientation of the contour y(x). We indicate n; ; , , as the outward normal
to the boundary S at the point x defining the plane 7; ., thus m;;4; L7 ;¢ .
It is worthwhile to note that for yey; ;. is

n'(y) = n; ;. (5.2)

The angle «; of the spherical polygon Q(x) at the vertex v, is equal to the
corresponding angle included between two tangent planes 7, _, ; and 7, ;1 (see

Fig. 3. Geometry of a three boundary tangent planes case.
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e.g. [2]). From simple geometrical considerations, we can deduce its following
representation

o, =7+ sgn((n;_;; X my;44).1;) arccos(n; ;.M ;y 1), (5.3)

where r; = r(v;) and the signum function is defined as follows: sgn(x) = —1 for
x <0, sgn(x) =0 for x =0 and sgn(x} = 1 for x > 0. Let us be reminded of
one of the basic relations in spherical geometry (e.g. [2]):

P(x) = i a4, — (n — 2)m. (5.4)
i=1

In consequence of (5.1) and (5.2) we have

J( ) rondy, =) <J r d”,’y> ® vy (5.5)
X i=1 Viien

To simplify the calculation of an integral in the right side of (5.5) we can
consider the following coordinate system with the origin x. It is oriented in
such a way that one axis is orthogonal to the plane x;;,; and another being
the axis of symmetry of the edge ;4. Then we can derive

ﬁ rdy, =(r. —r1) Xm;,. (5.6)

Taking into account (4.5), (5.3), (5.4), (5.5) and (5.6), we directly get a
general closed analytical formula for the C-matrix in the case of n boundary
tangent planes

1 n
C(x) = 4_7_[ <27T + Z sgn((m; _; X ;4 4).1) arCCOS(ni—1.i-“i.i+x)> I
i=1

1

a 8n(1 —v) i=Z1 (Tivr — 1) XM )@ Ny (5.7

In special cases of two or three boundary tangent planes, this formula can be
rewritten and simplified by the reader (cf. [1], [6]).
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