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Abstract

The linear theory of elastic materials with voids is considered. Some basic theorems concerning the existence
and uniqueness of solution, the reciprocity relations and the variational characterization of the solution are
presented.

1. Introduction

In [1], Nunziato and Cowin gave a nonlinear theory of elastic materials with voids. The
intended applications of the theory are to geological material like rock and soils and to
manufactured porous materials.

The linear theory of elastic materials with voids was established by Cowin and
Nunziato [2]. In this paper we consider the linear theory of elastic materials with voids
and establish some basic theorems concerning the existence and uniqueness of solution,
the reciprocity relations and the variational characterization of the solution.

2. Basic equations

We refer the motion of the continuum to a fixed system of rectangular Cartesian axes
Ox, (k=1,2,3). We shall employ the usual summation and differentiation conven-
tions: Latin subscripts (unless otherwise specified) are understood to range over the
integers (1, 2, 3); summation over repeated subscripts is implied and subscripts pre-
ceded by a comma denote partial differentiation with respect to the corresponding
Cartesian coordinate.

Let B be a regular region of three-dimensional space occupied by an elastic material
with voids. Let B be the interior of B. We call 3B the boundary of B, and designate by
n; the components of the outward unit normal to 9B.

Let u; denote the components of the displacement vector field. Then the compo-
nents of the infinitesimal strain field are given by

elj=%(ui,j+uj,i)' (2.1)

We denote by ¢ the change in volume fraction from the reference volume fraction [2].
We consider an elastic material with voids which possesses a reference configuration in
which the volume fraction is constant.
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The constitutive equations for the linear theory of elastic materials with voids are [2]
t,;=C s+ D@+ B o,

ijrstrs

h,=A,9 ;+Dge. +bo, (2.2)

rsi I'S
g=—ép— Be;; — bio,;,

where f;; are the components of the stress tensor, k; are the components of the
equilibrated stress vector, g is the intrinsic equilibrated body force and C, ., D, 4, 4,;,

B;,, b;, § are characteristic coefficients of the material. We have assumed that g does
not depend on ¢. Obviously, this restriction involves only the quasi-static or dynamic
theory. The results presented in Section 4 for the dynamic theory can be easily
extended to the case when g depends on ¢. The material coefficients obey the
symmetry relations

Ci'rs=Crsl —Clr:’ Bi'=B'i’
J J J J J (2.3)

A,=A,, D,=D

ijr jire

The equations of motion governing a continuum with voids are the balance of linear
momentum

tj,-,j+pf,.=pi2i, (2.4)
and the balance of equilibrated force
pkp="h,,+g+pf. (2.5)

Here f; are the components of the body force vector, p is the density in the reference
configuration, k is the equilibrated inertia and ¢ is the extrinsic equilibrated body
force.

Let us consider the subsets =, (i=1,...,4) of 3B such that £, U2, =3, U3, = 9B,

2, N2, =3,NnZX,=0 We consider the followmg boundary conditions
u,=u, on I,Xx|[0,1), =tm,=1 on 2Z,X[0, 1),
p=¢ on 32,X[0,¢), h=hn,=h on Z,X[0,1,),

(2.6)

where #,, 7,, @, h are prescribed functions and ¢, is some instant that may be infinite.
To the system of field equations we adjoin the boundary condltlons (2.6) and the
initial conditions

ui(x’o)__.u?(x)’ ai('x’o):U?(x)’ (P(x’0)=q)0(x)’
¢(x,0)=ry(x), x€B,

where u?, v, @,, v, are prescribed functions.

(2.7)

3. Equilibrium theory

In the case of equilibrium the equations (2.4) and (2.5) become

L+ efi=0, (3.1)
and

h;;+g+pl=0, (3.2)
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respectively. The basic equations of elastostatics are: the equilibrium equations (3.1)
and (3.2); the constitutive equations (2.2); the geometrical equations (2.1). To the
system of field equations we add the boundary conditions (2.6) where the boundary
data are independent of time.

Let us consider the body subjected to two different systems of loadings L{® =
(f®, 2@, @l {0 g k) (a=1,2) and the corresponding states C'“=
{ul®, @', el?, 10, h{¥, g}, We introduce the notations

(o) — ,(a) (a) _ (o)

19=1Pn;, h=h{"n,. (3.3)
Let us prove the following reciprocal theorem.
THEOREM 3.1: If an elastic material with voids is subjected to two different systems of

loadings L'® (a =1, 2), then between the corresponding states C'® there is the following
relation

/Bp(f'_(1>ulg2)+ £ V@) dx +fz>3(t"(1)u’(2)+ hVp®)dx

= fB o(fPu® + £@gV)dx + fa B( 1Pu® + hPpM)dx. (3.4)

PrOOF: On the basis of the relations (2.3), from (2.2) we get
(ti(}) - D'jkq)f}() - Bij(p(l))ei(jz') = (ti(jz') - Dijkq)ﬁ() - Bij‘P(z))ei(}),

i
(K"~ D, e~ b9 )P = (hP = D, e — b,9?) gD,
(89 + 890+ Be + 5,9 )o® = — (87 + 89 + Be+ bg? ) o
Adding up these relations we obtain
t’(})e’(j?) + hgl)q)fl?)_ g(l)(p(Z) = tl(j?)el(}) + hgz)q)f}) _ g(2)q)(1). (3.5)

If we introduce the notation
Ig= fB (10 + n(eP — g@eP)dx, (a, B=1,2), (3.6)

then, from (3.5), we have
I,=1,. (3.7)
By using the relations (2.1), (3.1)-(3.3) and the divergence theorem, we obtain

I,= j; B(t,ia)u,@/’) + h@e®)dx + fB (£OulP + £ )dx. (3.8)

From (3.7) and (3.8) we obtain (3.4). Using Theorem 3.1 we can obtain relations of
Somigliana type.

« Let us note that if we take LM = {f, ¢, @, i, ¢ h} and CO =
{u;, @, €5 t;;» by, g}, then, from (3.6) and (2.2), we obtain

L, =fB(tijeij+hi¢,i_g¢)dx=2_/;de’ (3.9)
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where

3G )8 st 2£‘P2 + %Aij(P,iq).j + Bij(Peij + Dijkeijq’,k + bi‘P‘P,i (3-10)

ijrs©ij

is the potential energy density associated with strain and void volume distortion. The
relation (3.8) becomes

I =f (tiu,+hw)dx-+fp(ﬁui+/q>)dx. (3.11)
o8B B
Thus, from (3.9) and (3.11) we obtain
2/ de=f (tiu;+ ho)dx +/p(f,u,-+/<p)dx. (3.12)
B 28 B

This relations leads to the following uniqueness theorem.

THEOREM 3.2: Suppose that the potential energy density is a positive definite form. Then
any two solutions of the problem are equal modulo a rigid displacement. Moreover, if Z,
is non-empty, then the mixed problem has at most one solution.

Proor: Let {u;, 9, €, L), hy, g} and { Tq(a) € ,J, h,,g} be solutions of the
boundary value problem, and let u? P =@ — , 8% =g — g. According to
the linearity of the problem {u?, ¢°, e, o t(; h,g } 1s a solut1on corresponding to
f,=0, £=0. Moreover t’u + h%° =0 on 3B. We conclude from (3.12) that

f Wodx =0, (3.13)

B

where W? is the potential energy density correspondmg to e and ¢°. Since W0 is

positive definite quadratic form, from (3.13) we obtain e = O ¢’ =0 and therefore
ul=al+e ;. b'x,, =0, (3.14)

where a? and b? are arbitrary constants. If =, is non-empty we obtain u’ =0, ¢° =0
in B.
The field equations of the static theory can be written in the form

Au=f, (3.15)
where u = (u;, u,, u3)=(u,;, ¢), f=(pf;, p£) and Au has the components

Au= _(ijrs rs+Duk(Pk+Bu(p)

Aju=— (D,s,u,S+Aijq;,j+b,-<p) + B, u;, ;+bp,+fp. (3.16)

If a=(a,, a,, a,, a,) and b= (b,, b,, b;, b,) are two vectors, then we will denote by
ab the scalar product ab=7Y?_,a,b,.
If we introduce the notations

u=(u®, ¢®), v=(u?, ¢?), (3.17)
t(u)=1L, r(u)=hD, p(u)=(1,(u), h(w)),

then the relation (3.4) can be expressed as

fB(uAv—vAu)dx=j;B(vp(u)—up(v))dx. (3.18)
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From (3.18) we conclude that in the case of homogeneous boundary conditions the
operator A is symmetric. Moreover, in this case (3.12) becomes

/BuAudx = 2[Bde. (3.19)

Let us study the existence of the solution of the equation (3.15) with the boundary
condition

p(u)=0 on 0B. (3.20)

We assume that the domain B is C*-smooth [3] and the body forces and the
coefficients of the material belong to C*. We consider only a “C*-theory” but it is
possible to get a classical solution of the problem for more general domains and more
general assumptions of regularity for the above functions (see [3,4]). In what follows we
establish an existence theorem using results from [3]. We assume that W is a positive
definite quadratic form, so that

2W > c(e,.je,j +o,p,+ (pz), ¢ >0 (c=const.). (3.21)

To prove existence of the solution of the boundary value problem (3.15), (3.20), as in
[3], we consider the system

Au+qu=f, (3.22)

where ¢ is an arbitrarily fixed positive constant. First we consider the boundary value
problem (3.22), (3.20). Using (3.19) it follows [3, p. 62] that the inequality to be proven
in this case is the following

2/ Wdx + qf u’dx > ¢ u]ﬁ, ¢o > 0 (¢, = const.) (3.23)
B B

for any u < Hy(B). H,(B) is the Hilbert function space obtained by the functional
completion of C'(B) with respect to the scalar product

(u, v)=stuDSvdx, (s=0,1).
B

Using (3.21) one easily sees that the inequality (3.23) is implied by the following
inequality

2
'/;;(e,-je,.j +,p,+ q)z)dx +/;3u2dx > cifluli, ¢ >0 (¢ =const.). (3.24)
Using the second Korn’s inequality we can write
Leijeijdx +L(u(1))2dx > cyf|lu® [If, ¢, >0 (¢, =const.), (3.25)
where u® = (u;, 0). If we denote u® = (0, 0, 0, ¢) we have
[ (@04 9?)dx + [ (u@)dx> @], (3.26)
B B
From (3.25), (3.26) follows (3.23). Thus, the boundary value problem (3.22), (3.20) has

only one solution which is C* in B. The differential operator is formally self-adjoint,
so that a C* solution in B of the system

Au+qu—Au=f, (3.27)
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with the boundary condition (3.20) exists when and only when

_/;;fu*dx =0,

where u* is any solution belonging to C* of the problem (3.27), (3.20) with f=0. In
the case when A =g the only C* solution of the homogeneous system is (3.14). Thus
we have the following theorem of existence.

THEOREM 3.3: The boundary value problem (3.15), (3.20) has solutions belonging to
C*(B) if and only if

Lpf,.dx=0, Lpeijkxjfkdx=0. (3.28)

In the above relations e, is the alternating symbol. It is easy to show that in the case
of the inhomogeneous condition p(u)=(i,, &) on 9B, the conditions (3.28) are
replaced by

fpf,.dx +f fdx=0
B o8 (3.29)
./Bpeijkxjfkdx +j;Beijkxjfkdx =0.
We say that S = {u,, P, €55 L h,, glisa kmematlcally admissible state if
(i) u,€C*(B), 9&C’ (B), u,e CI(B), ¢ C\(B),
(i) the functions u;, @, e, ¢, h,, g satisfy the equations (2.1), (2.2) and the boundary

conditions imposed on =, and Z,. We have the following theorem of minimum
potential energy.

THEOREM 3.4: Let K denote the set of all kinematically admissible states, and let A be the
functional on K defined by

A(S)=_/;3de——/Bp(f,.u,.—i—fq))dx—fE t~iu,.dx—f2 hedx,

for every S={u, @, e, t;;, h;, g} €K, where W is given by (3.10). Let S be the
solution of the mixed problem. Then

A(S*) < A(S),
for every S € K, and equality holds only if S = S* modulo a rigid displacement.

The proof of this theorem can be made by the procedure used in the classical theory of
elasticity [5].

4. The dynamic theory

Let f be a function of position and time defined on B X[0, t,). We say that fe C*"

if
0x;0x;...09x, \ 9¢”
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exists and is continuous on B X0, ty) for m=0,1,....M; n=0,1,...,N,and m+n
< max(M, N). We introduce the notion of admissible state S = {u;, ¢, ¢;;, t;;, h;, g}
by which we mean an ordered array of functions u,, @, e,;, #;;, h;, g defined on
B x[0,1,) with the following properties

12 12 10 1,0 0.0 =
u,eC*, @eC”, e,€C’, heC”, gl e;=e; I,;=1,.

Clearly, the set of all admissible states is a vector space provided we define addition
and scalar multiplication in the natural manner S+ 8" ={u; + u},...,g+g'}, AS=
{Au;,...,Ag}. By a solution of the mixed problem we mean an admissible state which
satisfies the field equations (2.1), (2.2), (2.4), (2.5), the boundary conditions (2.6) and
the initial condition (2.7). The uniqueness of the solution has been established in [2]. In
what follows we derive the reciprocal theorem and variational theorems of Gurtin type
[7]. First, we will present an alternative formulation of the boundary-initial-value
problem. Let « and v be functions defined on B X[0, ¢,), continuous on [0, #,) with
respect to time ¢ for each x € B. We denote by u * v the convolution of u and v

[u* v](x, t)=ftu(x, t—1)o(x, 7)dr.
0
Let us introduce the notations

v()=t, E=p(y=fi+ ] +u]), (4.1)
G=ply* £+ k(+9)]. |

Following [6,7] one can prove the following theorem.

THEOREM 4.1: The functions u;, @, t
initial conditions (2.7) if and only if

y*t, ,+F=pu, y* (h;;+g)+G=pkeo. (4.2)

h;, g satisfy the equations (2.4), (2.5) and the

ij

This theorem enables us to give an alternate formulation of the boundary-initial-value
problem in which the initial conditions are incorporated into the field equations. Thus,
the admissible state S is a solution of the boundary-initial-value problem if and only if
S satisfies the equations (2.1), (2.2), (4.2) and the boundary conditions (2.6).

Let us consider two systems of loadings L'® = {f(®, ¢ g(® f@ gl
R, 42 XD gl p(®1 (a=1,2) and the two corresponding solutions S(® =

{u(®, @), el {0, p{®, ¢(¥} We introduce the notations -

F@=p(y* £+ n 4 4%@)  G@=ply /<a>+k(w(ga>+¢gﬂ>]_

THEOREM 4.2: If an elastic solid is subjected to two systems of loading L'® (a =1, 2),
then between the corresponding solutions S‘® there is the following reciprocity relation

fB[F"(D * 4@+ GO x (P(Z)]dx_*',/;BY * [1D 4@+ B % g®]dx

=f [E(Z’ * uM+ GP x qJ(l)]dx +f Y * [t,@) * u®+ h® x m(l)]dx. (4.3)
B B
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ProOF. We will use the method given in [8,9]. On the basis of the relations (2.3), from
(2.2) we get
tf(}) x* e,-(,2~)+ A x @@ — g« PP = ti(jz) * e,-(})"‘ K % g~ g® & gV, (4.4)
If we introduce the notations
Lp= [y« [t » e+ 0 9 =g » gP]ax, (43)
then from (4.4) we have
I, =1,. (4.6)
Using (2.1) and (4.2) we obtain
v [,;jq) * e;(f)+ R % B — g(® 4 qD(B)]
=y (1P 2 uP) =y o e Py o (K ),
—yx (hf”;)+g(“)) * @B
=y * (,}jq) x ulP + hi » <P(B))’,»+ E@ 5 yB) 4 GO 5 o
—puf"‘) * ul(B)_ pk(p(") * (P(B), (4_7)

so that

Ia/z=f(Fi(“) s P+ GO x gP)dx
B

+ [y (1 % u® 4 b w gP)dx
B

— [ o(uf® * uP + kg™ « o®)dx. (4.8)
B

From (4.6) and (4.8) we obtain the relation (4.3).
By using (2.1) and (2.2), the equations (4.2) can be expressed in terms of displace-
ment and volume fraction. The resulting equations can be written in the form
Lu=F,
where u = (u,, ¢), F=(F,, G) and the components of the operator L can be found
easily. The relation (4.3) becomes

L(U*Lu—u* L‘v)dx=j;B-y* [v* p(u)—u+* p(v)]dx.

We conclude that in the case of homogeneous boundary conditions the operator L is
symmetric in convolution. Let us denote by D; the domain of the definition of the
operator L. Following [10,11] we have the following variational theorem.

THEOREM 4.3: Let M C D, be the set of all admissible vectors u which satisfy the
homogeneous boundary conditions, and for each t € [0, t,) define the functional T,{-} on
M by

T {u) =fB(u * Lu—2u * F)(x, t)dx, (4.9)
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for every u € M. Then

8T, {u}=0, r€][0,1y),
at u€ M if and only if u is a solution of the boundary-initial-value problem with
homogeneous boundary conditions.

With the help of (2.2), (4.5) and (4.8) we can express the functional [,{-} in the
form

L {u} =j;7 * (Cijrsur,s *u, ;+2Du vt A0 v

+ép *x @+ 2bp,; * ¢+2B u;  * <p)dx

+fp(u,-*u,-+k<p*<p)dx—2fp(fi*ui+/*<p)dx. (4.10)
B B

The following variational theorem fully characterizes the solution of the mixed
problem.

THEOREM 4.4: Let M be the set of all admissible states, and for each t €0, t) define the
functional Q,{-} on M by

Q:{S} =~/1-?{Y * (%Cijrsers * eij+Dijkeij * q),k+%Aijq'>,i *Q,
+3ép + ¢+bo, * @+ B e, * ‘P)—Y * (tij *e ,th *og,
—g* ‘P)_(Y * 5;5,;"*'}:;) * “i-[Y * (hi,i+g)+G] * @

+3p(u, *u,+ko* <p)}dx+f Yy *1, * ftidx+f y*(t;,— 1) *udx
3, s,

+/y*h*¢dx+fy*(h—7z)*q>dx. (4.11)
=, 24

Then

8Q,{S}=0 over A,:€]0,1,), (4.12)
at an admissible process S if and only if S is a solution of the mixed problem.
PrOOF: Let S' = {u], ¢, ¢/;, 1/, h], g’} EA from which it follows that § +AS' €4

for every real A. Then (4.12), together with (2.3), the divergence theorem and the
properties of the convolution, implies

6S'91{S} =j;?{y * [(Cijrsers+Dijs(p,s+Bijq)_ tlj) * e;}
+(Aij(p,j+ D, e + bo— hi) * @)
+(§<P+Bijeij+bi¢,i+g) * ‘P"*‘%(“i,j"‘ u;;— 2eij) * 1
_(Y * tji,j+E_pui) * u,f—[y * (hi,i+g)+G_pk(P] * q)'}dx

+f 'y*(ft,-—ui)*t,fdx+f vy (¢, — %) * uldx
s, s,

+f y*(g—g)=* t,-’dx+f y*(h—h)*@dx, t€][0, toj. (4.13)
s, s,
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If S is a solution of the mixed problem then (4.13) implies (4.12). As in [7] we can
prove that the “only if” part is also true.
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