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Abstract. The weld magnification factor method has been widely used in the determination of the stress intensity factor 
(SIF) for weld-toe cracks in welded structural components. Weld magnification factors Mk are normally derived from 
two-dimensional crack models with fillet weld profiles to take account of the effect of weld-notch stress concentration 
at the deepest point of the crack front. This paper presents a detailed three-dimensional analysis of weld-toe surface 
cracks in fillet welded T-butt joint models using the finite element method. Effects of the weld notch and the welded 
attachment stiffness on the SIFs of the weld-toe surface cracks have been studied quantitatively. Weld magnification 
factors applying to the whole surface crack fronts have been estimated. Numerical results show two contradictory effects; 
that the effect of weld notch increases S1F values throughout the shallow surface crack fronts which are in the region 
of notch stress concentration, while the effect of local structural constraint reduces the SIF values. The increase in the 
SIF values mainly depends upon the relative crack front depth and the decrease in the SIF values mainly depends upon 
the crack shape aspect ratio for a specific weld profile. Both effects on the weld magnification factors can be estimated 
separately. A simple approach for deriving the weld magnification factors for various weld-toe surface crack problems 
is proposed for engineering applications. 

I. Introduction 

Surface cracks often occur in the welded joints of many engineering structures. The practical 
analysis of such cracks is of major importance in fatigue and fracture assessments. The joints 
have complex local geometries which result in a complex stress system at the weld toe, 
including a localised notch region with high stress gradients. This effect increases the stress 
intensity factor (SIF) value. The welded attachment contributes an additional local constraint, 
which tends to reduce the SIF value. Both effects apply to the whole front of the weld-toe 
surface cracks. 

Although such surface cracks are practical engineering defects, the three-dimensional (3D) 
geometries are difficult to model. This has restricted comprehensive analysis to simple surface 
cracks in either fiat plate models or plain cylinder models. The weld notch effect has previously 
been analysed using two-dimensional (2D) edge crack models with fillet weld profiles. This 
approach gives a conservative estimation for the stress and SIF at the deepest point of the 
surfrace crack front. It meets the requirement of conventional fatigue prediction methods, by 
which predictions of the fatigue crack growth are based on the SIF value at the deepest point of 
the crack front only. However, some experimental observations of fatigue surface crack growth 
at welded intersections indicate that the advance of the crack front at the surface weld notch 
region may be faster than that through the plate thickness. This implies that the notch stress 
concentration has a significant effect on the shallow section of the surface crack front. Therefore, 
3D modelling of surface cracks is necessary to give realistic SIF predictions for integrity 
assessments. 
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A detailed 3D linear elastic fracture mechanics analysis of relatively shallow surface cracks in 
a welded joint model has been carried out using the finite element (FE) method. The present 
study leads to an advanced understanding of the weld-notch effect on surface cracks and 
provides improved results for engineering applications. 

2. Weld magnification factor method 

Maddox [1] suggested a well magnification factor representing the weld-notch effect on SIF 
values of weld-toe cracks. The magnification factor Mk was defined as 

K~ 
= ( 1 )  

in which K~ is the mode-I SIF and the superscripts t and p refer to the welded T joint model and 
the plain plate model respectively. The cracked joints have usually been modelled by an 
edge-cracked plate with a transverse non-load-carrying fillet weld. The magnification factor 
quantifies an increase in the SIF value due to the weld notch stress concentration [1, 2]. 

The weld notch effect has been extensively investigated. Many quantitative studies have been 
based on the edge crack models and most published data used in engineering applications refers 
to the 2D analyses, such as those by Maddox [1], Smith and Hurworth [3], Niu and Glinka [4] 
and Thurbeck and Burdekin [5]. Limited 3D data has been published by Straalen et al. [6], 
Dijkstra et al. [7], Bell [-8] and Fu et al. [9]. Methodologies for the assessment of surface defects 
in welded joints, such as those proposed in the British Standard Published Document PD 6493 
[2], are usually based on the superposition of simple plate and cylinder crack SIF solutions and 
weld magnification factors. These methodologies assume that the weld notch effect, determined 
from the 2D analysis of an edge crack model, can be applied as a simple multiple to the 3D 
crack front SIF distributions, such as those published by Newman and Raju [10]. 

The 2D data is relevant to the deepest point on the crack front only. In an edge crack model, 
the weld notch affects the crack tip stress intensity and the effect reduces as the crack length 
increases through the thickness. This results in the following Mk equation [-2]: 

Mkta)= C ~ , (1.0~<Mk<<,Kc), (2) 

in which a and T refer to the crack depth and the thickness of the cracked plate respectively, the 
coefficient C and the exponent/3 are geometric constants depending on the weld details, such as 
weld angle, weld-toe radius and ratio of the attachment thickness to the plate thickness etc., the 
subscript (a) denotes the deepest point of the surface crack front, and Kc is the stress 
concentration factor for the specific weld geometry. The limiting value of Kc is justified, since the 
nominal value of an equivalent stress applied to the edge crack face converges to the stress 
concentration factor as the crack depth decreases. Similarly, the MR factor that applies to the 
free surface point of the crack front has been suggested to be equal to the K~ value, because the 
depth of a surface crack front reduces to zero [2]. The effect of the surface crack shape has been 
ignored. The 2D studies have shown that the weld effect which increases the SIF values reduces 
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Fig. 1. Geometries of (a) the semi-elliptical surface crack in a finite plate and (b) the fillet welded T-butt joint with a 
weld-toe surface crack. 

to zero as the crack depth increases to about 20-30 percent of the plate thickness [2]. It implies 
that the weld correction only applies to the "shallow cracks', which are in the local region of 
weld notch stress concentration. 

SIF results from limited 3D FE analyses indicate that the weld magnification effect at the 
free-surface position is dependent of the crack aspect ratio [6-9]. Higher aspect ratios, such as 
a/c = 1.0, imply a relatively short crack length along the weld intersection coupled with a higher 
structural constraint from the remaining part of the intersection. Pang [11] suggested an 
empirical Mk function for the free-surface crack tip as below 

(° ) Mk(c) ---- Mk(,) + 1.15 -9'74("/r), for -~ ~< 0.15 , (3) 

where the subscript (c) refers to the weld-toe crack tip. However, this equation remains as a 
function of maximum crack depth only. Based on 3D FE results and an engineering ap- 
proximation, Fu et al. [9] suggested a formula for the Mk factor equation 

where q~ is crack front parametric angle, as defined in Fig. la. 

(4) 

3. Finite element modelling of surface cracks 

Detailed 3D linear elastic FE analyses of semi-elliptical surface cracks in a plain plate model and 
a fillet welded T-butt joint model have been carried out. The joint model, as shown in Fig. lb, is 
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subjected to uniaxial tension and pure bending loads. This model represents a simplified global 
but detailed local weld geometry of cracked joints in engineering structures. A 45 ° weld angle 
with a sharp notch at the weld toe has been considered in the present study. The 45 ° angle 
represents an average value for those considered in most 2D studies; which show the effect of the 
weld angle on the M, factor value is not significant [4]. The sharp notch-root represents the 
most severe weld-toe geometry. Other information on the geometric variables of the welded 
joint model is given in Fig. lb. This joint model introduces a notch stress concentration and the 
load-free attachment provides a non-symmetric local stiffness on one side of the surface crack. 

Cracks with aspect ratios a/c = 0.2, 0.4 and 1.0, with maximum depth/plate thickness ratios 
a/T = 0.5, 0.10, 0.15, 0.20 and 0.40 have been analysed. In addition, edge cracks in the welded 
T-butt plates have also been considered to provide results for the limiting crack aspect ratio 
a/c = 0. These crack models represent extreme and intermediate surface crack shapes. In order 
to determine the Mk factors, surface cracks in plain plates have also been analysed. The FE 
models of the cracked plain plates were obtained by removing the FE mesh of the welded 
attachment from the FE models of the cracked joints. The plate width (W) was selected to be at 
least 5 times the surface crack length (2c) in all models. These dimensions are based on studies 
by Newman and Raju [12], which demonstrate that for W/2c >/5, the SIF solution for a 
semi-elliptical crack in finite width plate is approximately unaffected. 

FE meshes constructed using 20-node hexahedral and 15-node pentahedral isoparametric 3D 
solid elements for the surface crack models and 8-node quadrilateral 2D plane strain elements 
for the edge crack model were generated. Semi-elliptical cracks were modelled by mapping 
semi-circular crack front meshes onto a semi-ellipse. The crack tip was modelled using a focused 
mesh of collapsed elements, with ¼ point node shifting to generate the r-1/2 singularity, as 
proposed by Barsoum [13]. Following the preliminary 3D FE modelling of the surface cracks 
[9], refined element meshes were considered, which consist of approximately 8,800 nodes of 
nearly 2,000 3D solid elements. A typical 3D FE mesh used in the analyses is shown in Fig. 2. 

Stress analysis was carried out using ABAQUS FE computer software [14]. SIF values were 
determined by converting the energy release rate results, obtained using the virtual crack 
extension (VCE) method [15], assuming the following relationship 

EG (for the free surface point in plate models), 
Kzl = EG(1 - v2) -1 (otherwise), (5) 

where E and v are Young's modulus and Poisson's ratio of the material, and G is the strain 
energy release rate. In the present study, E = 206.8 GPa and v = 0.3. 

SIF results obtained from the FE analyses are presented in non-dimensional form as 

Ku c 'T ' (a  = K u  c'T'C/) a i T  , ( i=t ,b) ,  (6) 

in which the subscripts t and b refer to tension and bending conditions respectively, ~r t and ~r b are 
the tension stress and the maximum bending stress, and (I) is the complete elliptic integral of the 
second kind, defined by 

(ID = COS 2 0 + sin 2 0 dO, 0 < - ~< 1 . 

d o  c 
(7) 
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Fig. 2. Typical 3D finite element mesh for the semi-circular weld-toe surface crack model. 

For the edge crack models, the normalised SIF is defined by 

(8) 

Mode-II and mode-III singularities exist due to the lack of symmetry on the crack plane in the 
T-butt joint models, and the intensities of the mode-II and the mode-III singularity are 
dependent on the crack front depth. The G values estimated may include these intensities. 
However, the crack models considered in the present study are dominated by mode-I 
singularity, and the VCE calculation is relevant to a mode-I crack increment. Therefore, the SIF 
results determined using (5) are regarded as mode-I SIF values. The effectiveness of this 
approximation is assessed using 2D and 3D crack models in the following sections. 

4. Stress intensity factor results 

4.1. SIF results for the edge crack models 

Edge cracked T-butt joint models with a crack depth a/T ranging from 0.01 to 0.40, have been 
analysed. This models an extended crack shape, a/c -~ 0, which represents the limit of the ratio 
a/c as c >~ a. In this case, the SIF at the deepest point of the crack front is unaffected by the 
crack shape. 
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Mode-I and mode-II SIF values were determined using the relationship between the SIF and 
the relevant crack face opening displacements (CFOD) near the crack tips. Numerical results of 
the CFOD values were corrected using a compensation method [16], and the mode-I SIF 
results were compared with the SIF values approximated from the VCE results. 

The results, shown in Fig. 3, demonstrate that both K~ and K.  values for the welded joint 
model increase rapidly as the crack depth reduces. The SIF values for the joint model converge 
to the SIF values for the plate model as the crack depth a/T  reaches approximately 0.30. This 
shows the significance of the weld-notch effect as the crack front depth is withn the region of 
local stress concentration. Mode-II SIF values obtained are much lower than the mode-I SIF 
values. The mode-I SIF results determined using the CFOD method and the VCE method are 
almost identical. Therefore, effect of the mode-II SIF in the interpretation of the VCE results 
into mode-I SIF values can be ignored. 

4.2. SIF results for the surface crack models 

Semi-elliptical crack shapes are generally assumed in engineering models of fatigue surface 
cracks. The semi-circular crack, a/c = 1.0, represents the opposite limit to the edge crack in the 
study of surface cracks while the semi-elliptical crack shapes a/c = 0.2 and 0.4 are regarded as 
intermediate models. In the 3D analysis, the SIF values have been determined from the VCE 
results. SIF distributions for the cracks in welded T-butt joint and plain plates were predicted 
using identical FE meshes for the cracked plates. 

2,5 
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~ - ~ I 2  t j 

LO ~P Ki. 
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I 
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0 O. t 0.2 0.3 0.4 T 

Fig, 3. Norma]ised SIF values for the edge cracks in the welded T-butt joints (the superscripts t and p refer to the T-butt 
joint and the plain plate models, respectively, and the subscripts t and b refer to tension and bending loads, 
respectively). 
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The SIF results for surface cracks in plain plate models were compared with Raju and 
Newman's FE results [17]. Good agreement was obtained for the SIF results subjected to 
tension load, while up to 15 percent of difference between the present FE results and Newman 
and Raju's empirical SIF equation [10] were obtained for bending load. The maximum 
difference occurs at the free-surface crack tip. It has been claimed that up to 5 percent of 
difference is generally included in the SIF equation and the SIF value predicted for the crack tip 
at free surface intersection will be even higher than FE results [12]. The difference is also 
dependent upon the methods used to derive the SIF value, particularly at the free surface. 
However, the difference does not significantly affect the estimation of the Mk factors, because the 
K~ and the Kf values are related to the same crack tip element mesh and are derived using the 
same method. 

SIF distribution obtained for the surface cracks in the welded T-butt plates confirm the effect 
of the weld-toe notch discussed for edge cracks. Figure 4 shows comparisons of the SIF values at 
the deepest point of the surface crack front in the T-butt joints and the plain plates against the 
maximum crack depth a/T. It demonstrates that the SIF values for semi-elliptical surface cracks 
are bounded by the SIF values for 2D edge cracks and semi-circular surface cracks. The SIF 
values increase rapidly for the shallow cracks in the T-butt joints, as is also shown by the 2D 
analysis. However, the 3D results indicate that the SIF for the T-butt joint model does not 
converge to that for the plain plate model as the crack depth increases, but remains below it. 

Figure 5 shows comparisons of the SIF distributions for the semi-elliptical surface cracks 
a/c = 0.2. It demonstrates that the SIF values increase significantly in the crack front section 
close to the notch root, and otherwise reduce to below the SIF distributions for the plain plate. 

As a sharp notch at the weld-toe has been modelled in the FE analysis, a notch singularity is 
introduced along the remaining uncracked intersection. This increases the singularity order of 
the weld-toe crack tip and disturbs the crack-tip stress field around the weld intersection. 
Consequently, the VCE calculation for the weld-toe crack tip is contour-dependent. The effect is 
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Fig. 4. Comparison of normalised SIF values for the deepest point of the surface crack front in the welded T-butt joints 
and the plain plates subjected to (a) tension and (b) bending. 
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Fig. 5. Comparison of normalised SIF distributions for surface crack front in the welded T-butt joints and the plain 
plates (a/c= 0.2, a/T = 0.05 and 0.40). 

limited to the crack tip close to the weld intersection. Consequently, the SIF values obtained at 
the corner and mid-side nodes nearest the surface were not included in the derivation of the Mk 

factors. A study of the variation in the singularity order for these surface cracks has been carried 
out [16] and details of this study will be published separately. The FE results, excluding surface 
values, are summarized as follows: 

(1) The SIF increases along all sections of the crack front located within the region of the notch 
stress concentration. This includes the whole crack front of the shallow surface cracks and 
shallow sections of the crack front of deeper surface cracks. The increase in SIF decreases to 
zero as the depth of the crack front increases. 

(2) SIF values for the deepest points of the surface crack fronts are lower than the SIF values for 
edge cracks with equivalent depths. This effect reduces as the crack length increases, and is 
zero for the cracks of infinite length. 

The 3D FE results imply two contradictory effects on the SIF distributions. The presence of 
the welded attachment introduces a notch stress concentration and contributes additional 
stiffness to the local constraint. The effect of stress concentration tends to increase SIF values 
depending upon the crack front depth and the effect of local constraint tends to reduce the SIF 
values of finite length cracks depending upon the crack shape aspect ratio. Both effects apply to 
the whole surface crack front. 

The effect of mode-lI and mode-Ill singularities is assessed by comparing the distributions 
of opening, sliding and tearing displacements, obtained from the near-tip locations along 
the surface crack front. Normalised displacement values are compared in Fig. 6. It is shown 
that 

(1) the sliding and tearing mode displacements are much smaller than the opening mode 
displacement and 

(2) distributions of the opening mode displacements for plain plate and welded T-butt joint 
models are consistent with SIF distributions predicted using the VCE method. 
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Fig. 6. Comparison of normalised near tip crack face displacements for surface crack (a/c = 1.0, a /T  = 0.2) in the welded 
T-butt joint (T) and the plain plate (P) subjected to (a) tension and (b) bending. 

This indicates that the effect of mode-II and mode-III singularities on determination of the 
mode-I SIF in the present study can be ignored and the mode-I SIF distributions predicted can 
be considered as representative and realistic. 

5. Weld magnification factors for the weld-toe cracks 

5.1. Mk factors for the edge crack models 

M, factors as a function of the crack depth a/T were determined, as plotted in Fig. 7. A fitted 
M, equation, which applies to the whole range of crack depths affected by the notch stress 
concentration, has been derived using the statistical software, RS/I[18]. The fitted equation 
was based on the smallest residual sum of squares giving the best regression to the function 
assumed. The equations derived for the edge crack models subjected to tension and bending 
a r e  

Mk, = 0.9755 + 1.7261 1.0 + 76.9069 (9) 

( kb ~ = 0.9249 + 2.9014 1.0 + 266.4478 . (10) 

Standard deviations for the above regressions are 0.0126 and 0.0112 respectively. The Mk values 
predicted using the above equations are compared with the FE results, as shown in Fig. 7. 
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Fi 9. 7. Comparison of the Mk factors for the edge crack model, determined using FE results and predicted using the 
fitted functions. 

5.2. M k factors for the surface crack models 

The weld effect on surface cracks has been quantified by comparing the Mk values obtained for 
different crack fronts with the same relative depth, i.e. the Mk results for the surface cracks are 
represented as a function of relative crack front depth y/T which is defined by 

y a 
T-2(sin4" (0 °~<4 )~<90 °) (11) 

as shown in Fig. la. The M k values are plotted against the crack front depth y/T for the 
surface crack shapes a/c = 0.2 and 1.0 in Figs. 8 and 9 respectively. These show that variations 
of the Mk factors for the surface cracks are similar to those for the edge crack models. 
Excluding the FE results for the corner and mid-side nodes nearest the surface which are 
subject to modelling errors, the plots of Mk factors for the surface cracks show a common 
dependence on the relative crack tip depth for a given crack aspect ratio. The plots imply that 
the effect of notch stress concentration reflected in the Mk factors for cracks of a given aspect 
ratio can be approximated as a function depending on the crack front depth y/T only. Mk 
values plotted for the deepest points against the surface crack shape aspect ratio (a/c) in Fig. 
10 imply that the effect of the local constraint on finite length surface cracks can be estimated 
separately. 

5.3. Weld magnification fractor equation 

Based on the engineering judgement, it was assumed that the values of the M k factors increases 
along the crack front to a maximum at the surface, and that the maximum Mk for a specific 
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Fig. 8. Comparison of the Mk factors for semi-elliptical surface cracks (a/c = 0,2~ a/T = 0.05-0.40) determined using FE 
results and predicted using the fitted functions. 

crack depth decreases as the aspect ratio increases. Mk factor equations based on (4) were 

derived by curve fitting results obtained for the range of  crack aspect ratios 0.0 <~ a/c ~< 1.0, and 

crack depth 0.0 < a/T <~ 0.4, as 

f~(1.O) <~ f~ ( a ) ~ <  f , (O.O)= 1.0, (12) 
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results and predicted using the fitted functions. 

and 

f2, , = - 0.0245 + 1.7261 1.0 + 76.9069 ~ sin (13) 

o07 ,+ 901400+ 664478 sin ) -o 9 6 (14) 
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Fig. 10. Weld magnification factors for the deepest point of the surface crack fronts. 

for the weld geometry considered. The value of the function fa(a/c) for intermediate crack shapes 
can be estimated by interpolation of the data given in Table 1. 

The Mda/c, a/T, c~) values predicted using the above functions for the surface crack shapes, 
a/c = 0.2 and 1.0, are compared with the 3D FE results in Figs. 8 and 9. Curves for the f l  (a/c) 
function are plotted in Fig. 11. 

Table 1. f~ (a/c) values for the weld magnification 
factor equation 

f ,  (a/e) 
a/c Tension Bending 

0.00 1.0000 1 . 0 0 0 0  

0.20 0.9219 0.9108 
1.00 0.8860 0.8395 
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Fig. II. The function fl(a/c) vs. the surface crack aspect ratio (a/c). 

The f2(a/T,  (9) functions have been derived using the Mk equations, (9) and (10), for the 
edge crack models. Excluding the FE results at the corner and mid-side nodes nearest 

the surface, the data points shown in Figs. 8 and 9 lead to a conservative Mk approximation 

for crack front in local region close to the notch. Statistical curve fitting data is given in 

Table 2. 
The above approach can be extensively applied to various joint models. An advantage of this 

approach is that the f2 function can be determined from detailed 2D studies taking specific 

weld geometries into account while the f l  function can be derived from limited 3D crack 
modelling for various crack shapes. This improves the existing 2D approach while reducing the 

difficulty of carrying out a large number of detailed 3D analyses for each particular problem 

considered. 

5.4. Modified stress intensity factor distributions for  the surface cracks 

SIF distributions for surface cracks with a common aspect ratio a/c = 0.2 in the welded T-butt  
joint and in the plain plate are compared in Fig. 12. The SIF values for the plain plate models 

were determined using Newman and Raju's SIF equations [10] while the SIF values for the 

Table 2. Deviations of the function fitting regressions for (13) and (14) 

Crack Loading Standard Max upper Max lower 
shape  condition deviation deviation deviation 

0.0 tension 0.0043 0.35 % 0.46 % 
bending 0.0112 1.17% 1.39% 

0.2 tension 0.0457 l 1.92% 4.94% 
bending 0.0524 12.91% 7.18 % 

1.0 tension 0.0426 19.23% 5.81% 
bending 0.0507 16.18% 9.92% 
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Fig. 12. Comparison of the SIF predictions for the semi-elliptical surface crack shape a/c = 0.2, obtained using Newman 
and Raju's SIF equation [10] with and without the weld correction. 

welded T-butt joint models were determined by incorporating the functions in (12)-(14) into 
Newman and Raju's SIF equations. 

The comparison demonstrates the increase in SIF distributions along the shallow surface 
crack front and along the shallow sections of the deep surface cracks, due to the high Mk values. 
This implies that the weld-toe surface cracks will grow faster than those in plain plates during 
the early stage of the fatigue crack growth, and that crack growth along the weld/plate 
intersection wilt occur in preference to growth through-thickness. This is generally consistent 
with experimental crack growth data for welded structures. 
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6. Conclusions 

A detailed 3D LEFM analysis of shallow surface cracks in fillet welded T-butt joints has been 
carried out using the FE method. The effects of the weld notch and attachment stiffness on the 
SIF values of weld-toe surface cracks have been studied. Results and conclusions are sum- 
marised below. 

The FE results indicate that two contradictory effects influence the crack front SIF 
distribution, 

(i) the stress concentration due to the weld-toe notch, and 
(ii) the local structural constraint due to the welded attachment. 

The effect of the stress concentration increases the SIF values of the shallow crack front and is 
dependent on the relative depth of each specific crack front point. The effect of local constraint 
reduces the SIF values for surface cracks with finite lengths, and is dependent on the crack shape 
aspect ratio for a specific weld geometry. These two effects can be treated separately in the 
estimation of the SIF. 

The weld magnification factors for weld-toe surface cracks have been derived. The present 
analysis suggests a simple Mk equation in terms of two separate parts, taking account of the two 
effects respectively. The Mk equation has been derived from detailed 3D FE analysis. It provides 
a practical approach for engineering analysis. 

The SIF distributions predicted for the surface cracks in a weld-toe intersection indicate that 
shallow fatigue surface cracks in weld notch locations will grow preferentially along the weld toe 
intersection, i.e. the crack aspect ratio reduces as the weld-toe surface crack grows through the 
plate thickness. In case of multiple weld-toe cracks, this also implies an enhanced tendency to 
crack coalescence. 
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