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In this report, the fundamental solution of a mode III displacement 
discontinuity in a rectangular sheet for a dynamic problem is derived and stress 
intensity factors are calculated numerically by the use of the equivalent stress 
method introduced in [1]. 

The controlling equation for a mode IN dynamic problem is 

O2w O2w 1 ~w 

~x----S + - - -  Oy2 c# Ot 2 

where t is the time and c 2 the velocity of elastic shear waves (c22-1x/p, where I.t is 
the shear modulus and p is the density of the material). The Laplace transform of 
(1) is 

~2W* ~2W* 2 * 

Ox----i " + - =  w ,  

where p is the Laplace transform parameter. The general solution of the above 
equation for the half plane y_>0 is 

w'=2fo'Ae~Wcossxds 

(1) 

(2) 

(3) 

where ?2= ¢ ~ 2  and A is an unknown which can be determined by the 
following conditions: 
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w ' ( x , 0 )  = 

A" -k_<x _<k 

0 otherwise 

where A* is the Laplace transform of a displacement discontinuity A(t). 
stresses can be written as 

The shear 

. ~'~faK~7 ÷~ 
~ = - -  -- _= r ° ( x , y  ,p )A" n[~y ]._, 

and 

'c~=- 
x J:-~, ~ L ~x .1,_~ - - ( x ' y m ) A "  

where fl=plc~, E0(O is the zero-o~ler Bes~l function and ~ -- 13 

If the positions of the displacement discontinuity element is (x0,yo) with a 
slant angle T as shown in Fig. l(a), the stress field in (x,y) coordinates is 

't~ 0 , • 0 • • • * = [T;(x ,y ,p)cosT+T~,(x ,y ,p) smT]A 

- F~(x,xo,y,yo,T, p)A* 

and 
,t'~ = [T°(x',y ",p ) c o s T -  T°(x',y' ,p ) sin ~,]A" 

- F~(x,Xo,y,yo,%P)A', 

where x', y '  are the local coordinates determined by 

x '  = (x - x 0) cos T+ (y - Y0) sin T, Y' = (Y - Y0) cos T -  (x - x0 sin T. 

The use of  the superposition principle allows the solution for a mode III 
displacement discontinuity element in a rectangular sheet to be written in terms of 
a double periodic infinite set, as 

o o  o o  

~-~= E E [F~(x, xo+2mb,  y, yo+2nh ,7 ,p )+  
T I Z ~ - - - O 0  T t ~ - - O 0  

F i ( x , - x o  - 2mb, y, yo + 2nh,- '7,  P) - F ; ( x , - x o  - 2rob, y , - y o  - 2nh, 7,P) 

-F~(x ,  xo + 2mb, y , - y o  - 2nh , -7 ,p)]A* 

= f ; (x ,  xo, y, yo,7,p)A* 

(4) 

(5) 

(6) 
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and 

~ =  
O 0  O 0  

Z yo+2nh,'y,p)+ 
m = - - o o  n - - - - - o o  

F ~ ( x , - x o -  2mb, y, yo+ 2 n h , - 7 , p ) -  F ~ ( x , - x o -  2mb, y , - y o -  2nh,,y,p) 

-F*~(X, Xo + 2mb, y , - y o -  2nh, -7 ,p)]A ~" 

=- f ; ( x ,  xo, 

If the crack face is divided into N segments and the slant angle is o~, then the 
shear stress equations can be written as 

N ,k 

]~ ~,A: : x 0 k : l , 2  .... ,N 
j :  = 1  - ' - -  

(7) 

(8) 

where x'~o is the Laplace transform of the stress boundary value on element k and 

= ~(Xk,Xl,yk,yj,oq p) COS a--~(Xk,Xj,yk,yj,0L, p) sin 0~. 

The equivalent stresses [1] can be calculated as follows: 

~.k=__ y~ k = 1,2, . . ,N. 
x i=l~,~-4(j'-k)2a2/N 2 

The stress intensity factor is given by 

N 

K;,(.t.a) = Y. F ~ ' k ~  -, 
k = l  

(9) 

(lo) 

where P~;can be found in [1]. In the Laplace transform domain a set of values of 
the transformation parameter Pk are chosen as p~---'q + 2kxifr (k=0,1,2 .... ,L) (see 
Durbin [2]). The parameter tIT = 5 and T/t0=20, where t o is unit time. 

A cracked sheet is shown in Fig. 2(a), with a crack of length 2a; the width 
and height of the rectangular sheet are 2W and 2H, respectively. A uniform 
out-of-plane shear load %H(t) acts on the crack faces. The number of elements 
N--40. Results for the dynamic stress intensity factor are shown in Fig. 3 for three 
cases, (1) W/a = ¢¢, H/a=2; (2)W/a-~, H/a=0.5; and (3)W/a=3, H/a=2. 
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For case (1), there are more than three kinks on this curve. Each point 
corresponds to the time at which shear waves coming along different routes arrive 
at the crack tip as shown in Fig. 2(b). Route 1 is for the shear wave starting from 
crack tip B to travel directly to A (7,'=-2, R'I): route 2 is for the wave starting from 
tip A, travelling to the strip boundary and reflecting back to tip A (~=2 x 2, R'2); 
route 3 is for the wave starting from tip B to travel to the strip boundary and back 

p 

to tip A (i r = 2 x ¢~,R 3). Later kinks are due to multiple reflections. 

There are more kinks for case (2) as the crack tip is closer to the free 
boundaries in the narrower strip. There are three main kinks according to the 
route the shear waves travel. The first one is at 7 = 2 X 0.5 (R"I) for the wave 
starting from tip A to the boundary and being reflected to tip A again (mute 2). 

PP . 

Route 1 is the wave directly f r o ~ B  to A (3 = 2, R 2), route 3 from tip B to 
boundary and then to A (/-= 2 x /1.25,  R"3). 

For case (3), there is one more kink on this curve than in case (1), as there is 
a comer in the rectangular sheet from which the shear wave can be reflected. 
Rome 4 is for the shear wave starting from tip A to that comer and returning to tip 
A ([-- 2 x ¢~, R"~. This extra possible reflection has only a small effect but is 
responsible for the subsequent divergence between the results for cases (1) and 
(3). 
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Figure 1. Disnlaceraent d i s c o n t i n u i t y  element:  (a) 
in  r ec t angu la r  sheet .  

in infinite sheet; (b) 
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Figure 2. Rectangular sheet and shear wave travelling routes. 
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F i g u r e  3. Dynamic s t r e s s  i n t e n s i t y  f a c t o r s  f o r  a c r a c k  i n  r e c t a n g u l a r  
s h e e t .  
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