Chapter 2 ®)
Vector Spaces oo

This chapter explores one of the fundamental topics in linear algebra. It starts by
defining vector spaces, highlighting their importance as mathematical structures with
essential qualities such as closure under addition and scalar multiplication. Subspaces
are introduced as vector space subsets with their vector space features, followed by
an in-depth analysis of linear dependence and independence of vectors, which are
critical for constructing bases. The ideas of span and basis are emphasized as critical
tools for understanding the structure of vector spaces, with dimension serving as
a quantitative measure of their complexity. Finally, the chapter looks into vector
space sums and the particular case of the direct sum, providing a more in-depth
understanding of vector space composition.

2.1 Introduction

In Chap. 1, we have called an element of Euclidean space R” a “vector”. From this
chapter onwards, we will be using the term “vector” with a broader meaning. An
element of a vector space is called a vector. Roughly speaking, a vector space is
a collection of objects which are closed under vector addition and scalar multipli-
cation and are subjected to some reasonable rules. The rules are chosen so that we
can manipulate the vectors algebraically. We can also consider a vector space as a
generalization of the Euclidean space. In this chapter, we will be discussing vector
spaces in detail.

Definition 2.1 (Vector space) A vector space or linear space V over a field K is a
non-empty set together with two operations called vector addition (denoted by ‘+)
and scalar multiplication (as the elements of K are called scalars) satisfying certain
conditions:

(V1) vi+vye Vioralv, v, eV.
(V2) aweVforallAe Kandv e V.
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(V1) and (V2) respectively imply that V is closed under both vector addition and
scalar multiplication. The following properties are familiar as we have seen these in
Chap. 1, associated with another algebraic structure, Group.

(V3) (vi +vp) +v3=v; + (va +v3) forall v, vy, v3 € V.
(V4) thereisanelement0 € V suchthatv+ 0 =vforallv e V.
(V5) foreach v € V there exists an element —v € V such that v + (—v) = 0.

Thus we can say that V under vector addition must be a group. Now (V 6) imply that
(V, +) is not just any group, it must be an Abelian group.

(V6) vi+vy=v,+vforallvy, v, € V.

Along with closure properties and (V, +) being an Abelian group, the following
properties also must be satisfied for V to be a vector space over the field K under the
given operations.

(VT Avi+v) =Avy +Avy forall A € Kand vy, v, € V.
(V8 A+wmwv=rw+puvforallA,u e Kandv € V.
V9 (v = A(uv) forall A, u € Kandv € V.

(V10) lv=vforallv e V.

Now let us get familiar with some of the important vector spaces that we will see
throughout this book. Let us start with a basic one.

Example 2.1 Consider V as the set of all real numbers, R under usual addition as
vector addition and usual multiplication as scalar multiplication, the scalars being
taken from the field R itself. In Chap. 1, we have seen that (R, 4) is an Abelian
group. Scalar multiplication in this case is the usual multiplication of real numbers,
which is closed. Properties (V7) — (V'10) are easy to verify. Thus R over R is a
vector space. Similarly, we can show that C over C is a vector space. What about C
over R and R over C?

Example 2.2 Let K be any field. Then K" is a vector space over K, where n is a
positive integer and

K”:{(xl,xz,...,x,,) | X1, x2, ..., Xp G]K}

Addition and scalar multiplication are defined component-wise as we have seen in
the previous chapter:

(X1, %2, s X)) + (VY20 ) = (1 H YL X2 4 V2 X+ V)
A(xrxo, o x) = (A, Axg, L Ax), A €K

In particular, R" is a vector space over R and C" is a vector space over C (Verify).
Is R" a vector space over C?

Example 2.3 The collection of all m x n matrices, M, «, (KK), with the usual matrix
addition and scalar multiplication is a vector space over K.
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Example 2.4 If [F is a sub-field of a field K, then K is a vector space over [, with
addition and multiplication just being the operations in K. Thus, in particular, C is a
vector space over R and R is a vector space over Q.

Example 2.5 Let P,[a, b] denote the set of all polynomials of degree less than or
equal to n defined on [a, b] with coefficients from the field K. For p, g € P,[a, b],
and A € K the addition and scalar multiplication are defined by

(P +q)(x) = p(x) +q(x) = (ay + by)x" + - + (a1 + by)x + (ao + bo)
where p(x) = a,x" +---+a1x +apand g(x) = b,x" +--- 4+ b1x + by and
(Ap)(x) = A (p(x)) = (Aay)x" + -+ + (Aar)x + (Aap)

P,[a, b] along with zero polynomial forms a vector space over K. Denote by P[a, b]
the collection of all polynomials defined on [a, b] with coefficients from K. Then
Pla, b] is a vector space over K with respect to the above operations for polynomials.

Example 2.6 Let C[a, b] denote the set of all real-valued continuous functions on
the interval [a, b]. If f and g are continuous functions on [a, b], then the vector
addition and scalar multiplication are defined by

(f +9) () = f(x) + g(x) and (A f)(x) = Af (x)

where A € R. Then Cla, b] is a vector space with respect to the above operations
over the field R.

Example 2.7 Let K be any field. Let V consist of all sequences {a,} in K that have
only a finite number of non-zero terms a,,. If {a, } and {b,} arein V and A € K, define

{an} + {bn} = {an + bu} and AMa,} = {Xay}
With the above operations V forms a vector space over K.

Example 2.8 V = {0} over the field K is a vector space called the zero space.

Now, we will establish some of the basic properties of vector spaces.

Theorem 2.1 Let V be a vector space over a field K. Then the following statements
are true.

(a) Ov =0 foreachv eV.

(b) A0 = 0 for each » € K.

(c) ForveVandi €K if \v =0, then either . =0 orv = 0.

(d) If vy, v, and v3 are vectors in a vector space V such that vi + vy = v, + v3,
then v, = vs.

(e) (—X)v = —(Av) = A(—v) foreach > € Kand eachv € V.



52 2 Vector Spaces

Proof (a) For v e V, by (V2), 0v € V. By (V5), for Ov € V there exists (—0v)
such that Ov 4+ (—0v) = 0. And by using (V8),

Ov=0+0v=0W+0v=00=0

(b) For 2 € Kby (V2) A0 € V. By (V5), for A0 € V there exists (—A0) such that
A0 4+ (—A0) = 0. And by using (V7),

AM=20+0)=20+20=20=0

(c) Let Av = 0. From (1), if A = 0, then Av = 0. Now suppose that A # 0, then
there exists ,]T € Kand %(Av) = ,]TO =v=0.

(d) Suppose that vy, vy, v3 € V be such that v; + v3 = v, + v3. Since v; € V, by
(V5) there exists —v3 € V such that v3 + (—v3) = 0. Then

Vi +v3 =2+ vz = (U1 +v3) + (—v3) = (v2 +v3) + (—v3)
= v1 + (13 + (=v3)) = v2 + (v3 + (—v3)) (using (V3))
= v; = v, (using (V6))

(e) By (V5), we have Av + (—(Av)) = 0. Also Av + (—AM)v = (A + (—A))v = 0.
By the uniqueness of additive inverse, this implies that (—A)v = —(Av). In par-
ticular, (—1)v = —v. Now by (V9),

A(=v) = Al(=Dv] = [A(=D]v = (=)v

From the next section, we will use O for zero vector, instead of 0.

2.2 Subspaces

For vector spaces, there may exist subsets which themselves are vector spaces under
the same operations as defined in the parent space. Such subsets of a vector space
are called subspaces. We will define the subspace of a vector space as follows.

Definition 2.2 (Subspace) A subset W of a vector space V over a field K is called
a subspace of V if W is a vector space over K with the operations of addition and
scalar multiplication defined on V.

If V is a vector space, then V and {0} are subspaces of V called trivial subspaces.
The latter is also called the zero subspace of V. A subspace W of V is called a
proper subspace if V # W. Otherwise it is called an improper subspace (if it exists).
Can you find any subspaces for the vector space R over R other than R and {0}? By
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definition, a subspace is a vector space in its own right. To check whether a subset is
a subspace, we don’t have to verify all the conditions (V1) — (V' 10). The following
theorem gives the set of conditions that are to be verified.

Theorem 2.2 Let V be a vector space over a field K. A subset W of V is a subspace
if and only if the following three conditions hold for the operations defined in V.

(a) 0 e W.
(b) wy + wy, € W whenever wy, wy, € W.
(c) Aw € W whenever A € Kand w € W.

Proof Suppose that W is asubspace of V. Then W is a vector space with the operation
addition and scalar multiplication defined on V. Therefore (b) and (c) are satisfied.
And by the uniqueness of identity element in a vector space 0 € W.

Conversely suppose that the conditions (a), (b), and (c) are satisfied. We have
to show that W is a vector space with the operations defined on V. Since W is a
subset of the vector space V, the conditions (V3), (V5) — (V10) are automatically
satisfied by the elements in W. Therefore W is a subspace of V.

Certainly, we can observe that Condition (a) in the above theorem need not be
checked separately, as it can be obtained from Condition (c¢) with A = 0. But Con-
dition (a) can be used to identify subsets which are not subspaces as shown in the
following example.

Example 2.9 Let V =R? = {(x, x2) | x1, x» € R}. We have seen that R? is a
vector space over R. Consider W) = {(x, x2) | x; +x2 = 0} and W, = {(x1, x2) |
x1 + xp = 1}. Then Wj is a subspace of V. For,

(a) Clearly, the additive identity (0, 0) is in W;.

(b) Take two elements (x1, x2), (y1, y2) € Wi. Then x; + x, =0 and y; + y, = 0.
This implies that (x1, x2) + (y1, ¥2) = (x1 + y1, X2+ y2) € Wy as x; +x2 +
yi+y=0.

(c) Take (x1, xp) € Wy and A € R. Then x| 4+ x, = 0. This implies that A(xy, x;) =
(Ax1, Axp) € Wy as Axyp 4+ Axo = A(x; + x2) = 0.

But W, is not a subspace of R? as zero vector does not belong to W,. Now let us
discuss the geometry of W, and W, a bit. W; and W, represent two lines on the plane
as shown in the figure (Fig.2.1).

Later, we will see that the only non-trivial proper subspaces of R? are straight
lines passing through origin.

Example 2.10 Let V = M,,,(K) and W = {A € M,,(K) | AT = A}. That is,
W is the set of all n x n symmetric matrices over K. We will check whether the
conditions in Theorem 2.2 are satisfied or not.
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Fig. 2.1 Observe that W depicted in (a) (straight line passing through origin) is a subspace and
W> depicted in (b) (straight line not passing through origin) is not a subspace

(a) The zero matrix is equal to its transpose and hence belongs to W.

(b) By the properties of symmetric matrices, the sum of two symmetric matrices is
again a symmetric matrix. Thatis, A + B € W whenever A, B € W.

(c) AlsorA € W whenever A € W and A € K, since (AA)T = AAT = AAas AT =
A.

Therefore, the set of all n x n symmetric matrices over K is a subspace of M, ., (K).
What about the set of all n x n skew-symmetric matrices over K?

Example 2.11 Let V = P,[a, b]. Consider W = {p € P;[a, b] | p(0) = 0}.

(a) Since p(0) = 0 for zero polynomial, zero polynomial belongs to W.

(b) Take p,q € W, then p(0) = ¢g(0) = 0 and hence (p + ¢)(0) = p(0) + q(0) =
0. Thus p + g € W whenever p,g € W.

(¢c) Let p € W and A € R, then (Ap)(0) = Ap(0) = 0. That is, Ap € W whenever
pe€WandxeR.

Therefo~re {p € Pyla, b] | p(0) = 0} is a subspace of P;[a, b]. Now, consider the
subset W = {p € P,[a, b] | p(0) = 1}.Isitasubspace of P;[a, b]? Itisnot!! (Why?)

Remark 2.1 To check whether a subset of a vector space is a subspace, we verify
only the closure properties of vector addition and scalar multiplication in the given
set. Therefore Theorem 2.2 can also be stated as follows:

e A subset W of a vector space V is a subspace of V if and only if Aw; + pwr € W,
whenever wy, w, € Wand A, u € K

e A subset W of a vector space V is a subspace of V if and only if Aw; + wy € W,
whenever wy, w, € W and A € K.



2.2 Subspaces 55

Example 2.12 In the previous chapter, we have seen that the collection of all
solutions to the system Ax = O satisfies the conditions in Remark?2.1 where A €
M, x» (K) and hence they form a subspace of K”. That is, the solutions of a homo-
geneous system form a vector space under the operations defined on K”. But the
solutions of a non-homogeneous system does not form a vector space as zero vector
is never a solution for a non-homogeneous system.

The next theorem gives a method to construct new subspaces from known sub-
spaces.

Theorem 2.3 Let Wy and W, be two subspaces of a vector space V over a field K ,
then their intersection Wi N Wy = {w | w € W and w € W,} is a subspace of V.

Proof Since W, and W, are subspaces of V, 0 € W, and 0 € W,. Therefore 0 €
Wi N W,. Now let v, w € Wi N W,, then

vvweWnNnW,=>v,we Wiandv, w € W,
=v+we Wy and v+ w € W, as W; and W, are subspaces
sv+weW NWwW,

For A e Kand w € W; N W,,

weWnNW,=>weW andw e W,
= Aw € W; and Aw € W, as W, and W, are subspaces
= iw e WiNnw,

Therefore W N W, is a subspace of V.

The above result can be extended to any number of subspaces. As we have shown
that the intersection of subspaces is again a subspace, it is natural to ask whether the
union of subspaces is again a subspace. It is clear that the union of two subspaces
need not be a subspace of V (Fig.2.2).

The following theorem gives a scenario in which union of two subspaces of a
vector space is again a subspace of the same.

Theorem 2.4 Let V be a vector space over the field K and let Wi and W, be
subspaces of V. Then W U W, is a subspace of V if and only if either W; C W, or
W, C W;.

Proof Let W, and W, be subspaces of V. Suppose that either W, € W or W; C W,.
Then W, U W, is either W; or W,. In either cases, W; U W, is a subspace of V.
Conversely, suppose that W; U W, is a subspace of V, W; ¢ W, and W, € W;.
Then there exists at least one element w; € W such that w; ¢ W, and w, € W, such
that w, ¢ W;. As W, W, € W; U W, both wy, w, € Wi U W,. Since Wy U W is a
subspace of V, w; + w, € W; U W,. Then either w; + w, € Wy or wy + wy € Ws.
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Fig. 2.2 Consider V = R2, take W| = x — axis and W, = y —axis (depicted as (a) and (b)
respectively). Then W and W, are subspaces of V but W; U W, is not a subspace of V, since
(1,0) € Wy, (0,1) € Wa, but (1,0) + (0, 1) = (1, 1) ¢ W U W5, as we can observe from (c)

Suppose w; + w, € Wj. Since w; € Wy and W is a subspace, —w; € W; and hence
(—wy) + wi; + wy = (—w; + wy) + wy = wy € W; which is a contradiction. Now
suppose wi + w, € W. Since w, € W, and W, is a subspace, —w, € W, and hence
wi + wy + (—wy) = w; + (W, — wy) = w; € W, which is again a contradiction.
Therefore our assumption is wrong. That is, Wi U W, is a subspace of V if and only
if either W; € W, or W, C W;.

Example 2.13 Let V be the vector space R? over R. Consider W; = {(x1, x2, 0) |
X1, X2 € R} and W, = {(0, x2, 0) | x, € R}. Clearly, W; U W, = W, is a subspace.
Observe that W, C Wj.

2.3 Linear Dependence and Independence

Let V be avector spaceoverafield K. Letvy, va, ..., v, € Vand Ay, Ag, ..., A, € K.
Then the vector
V=iV + A4+ AL,

is called a linear combination of the vectors and the scalars A, Ao, ..., A, are called
the coefficients of the linear combination. If all the coefficients are zero, then v = 0,
which is trivial. Now suppose that there exists a non-trivial representation for 0, that
is, there exists scalars Ay, A,, ..., A, not all zero such that a linear combination of the
given vectors equals zero . Then we say that the vectors vy, vy, ..., v, are linearly
dependent. In other words, the vectors vy, vy, ..., v, are linearly dependent if and
only if there exist scalars A, A2, ..., A, not all zero such that

AMur+ v+ -+ A0, =0
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The vectors vy, va, . .., v, are linearly independent if they are not linearly dependent.
That is,

if vy +Av+---+A,0, =0, thenii =l =---=1,=0

Clearly, any subset of a vector space V containing zero vector is linearly dependent
as 0 can be written as 0 = 1.0. Since Av = 0 implies either A = 0 or v = 0, any
singleton subset of V containing a non-zero vector is linearly independent.

Example 2.14 Consider the vector space V=R and the subset S; = {(1, 0), (1, 1)}.
To check whether S| is linearly dependent or not, consider a linear combination of
vectors in S; equals zero for some scalars A; and A,. Then

A(1,0) + A2(1, 1) = (0,0) = (A1 + A2, 42) = (0, 0)
S AM+2=0,Xx=0
=2 =0,2,=0

That is, there does not exist non-trivial representation for zero vector in R2 using
vectors of S;. Thus S is linearly independent. Note that (1, 0) cannot be obtained
by scaling (1, 1) or vice verse.

Now consider a subset S, = {(1, 0), (2, 0)} of R? and a linear combination of the
vectors in S, equals zero. Then

A1(1,0) +A2(2,0) = (0,0) = (A1 + A2, A2) = (0,0)
= A +20 =0

Then there are infinitely many possibilities for A and X,. For example, A; = 2 and
Ay = —1 is one such possibility. Clearly, 2(1, 0) 4+ (—1)(2, 0) = (0, 0). Thus the
zero vector in R? has a non-trivial representation using the vectors of S,. Thus S, is
linearly dependent. Note that (2, 2) = 2(1, 1) is a scaled version of (1, 1) (Fig.2.3).

Using the above geometrical idea, try to characterize the linearly independent sets
in R and R2. Also observe that the equation, A1(1,0) + A2(1, 1) = (A + Az, A2) =
(0, 0) formed by vectors in S, from the above example, can be written in the form of

a system of homogeneous equation as |:(1) }] Bl:| = [8:| We have seen in Section
2

1.7 that a n x n homogeneous system Ax = 0 has a non-trivial solution when the

11
[ 01 = 2. Therefore
the system does not have a non-trivial solution. Thatis, A; = A, = 0. Now, for vectors

coefficient matrix A has rank less than #. In this case, rank

in S,, observe that the coefficient matrix A = |:(1) 3:| has rank 1, which implies that

there exists a non-trivial representation for the zero vector. Using this idea, can we
say something about the linear dependency/independency of a collection of vectors
in R? Is it possible to generalize this idea to R"? Think!!!
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Fig. 2.3 Examples for a linearly independent vectors in R? and b linearly dependent vectors in
R2. Observe that the linearly independent vectors lie on two distinct straight lines passing through
origin and the linearly dependent vectors lie on the same line passing through origin. We will soon
prove that a set of two vectors is linearly dependent if and only if one vector is a scalar multiple of
the other

Remark 2.2 We can say that the number of linearly independent vectors in a collec-
tion S of m vectors of K" is the rank of the n x m matrix A formed by the vectors in
S as columns. As the rank of a matrix and its transpose is the same, we may redefine
the rank of a matrix as the number of linearly independent rows or columns of that
matrix.

Example 2.15 Consider the vector space V = P;[a, b] and the subset S§;={1, x, x2}.
Now, for Ay, Ao, A3 € K,

)\«1-1+)sz+)»3)€2=0:>)\,1=)n2=)»3=0

Thus S is linearly independent.
Now consider the subset S» = {1 — x, 1 4+ x2,3 — 2x + x?} of P5[a, b]. As

20 —x)+ 10 +x>) =3 —2x +x2

S is linearly dependent.

100
As we have seen in the previous example, consider the matrices | 0 1 0 | and
001
113
—1 0 =2 |. Is there any relation between the rank of these matrices and the linear
011
dependency/independency of vectors in S; and S, given in Example 2.15?
The following results are some of the important consequences of definitions of
linear dependence and independence.
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Theorem 2.5 Let V be avector space over a field K and W = {w;, w, ..., w,} be
a subset of V, where n > 2. Then W is linearly dependent if and only if at least one
vector in W can be written as a linear combination of the remaining vectors in W.

Proof Suppose that W is linearly dependent. Then there exists scalars
A, A2, ..., A, € K, not all zero such that

Mwy+Awy + -+ A,w, =0

Without loss of generality, assume that A; # 0. Thensince A; € K, % € Kand hence

Conversely suppose that one vector in W can be written as a linear com-
bination of the remaining vectors in W. Without loss of generality, take w; =
lwy + -+ -+ A,w,. Then wy — Awy + - - - + A, w, = 0. That is, there exists a non-
trivial representation for zero. Therefore W is linearly dependent.

Corollary 2.1 A subset of a vector space V containing two non-zero vectors is
linearly dependent if and only if one vector is a scalar multiple of the other.

Proof Suppose that {v;, v,} C V be linearly dependent. Then there exists scalars
A1, A2 € K not both zero such that 1jv; + Arvy = 0. Without loss of generality, let
M #0.Thenv; = —j\\—fvz. The converse part is trivial.

Theorem 2.6 LetV be avector space over a field K, and let W, € W, C V. If Wy is
linearly dependent, then W, is linearly dependent and if W, is linearly independent,
then Wy is linearly independent.

Proof Suppose that W, is linearly dependent and W; € W,. Then there exists
Vi, V2, ...,0, € Wiand Ay, Ay, ..., A, € K, notallOsuchthat A;v; + Ayvp +--- +
Anv, = 0. Since W € W,, W, is linearly dependent.

Now suppose that W, is linearly independent. Then from above W, is linearly
independent. For if W, is linearly dependent, then W, must be linearly dependent.

Thus we can say that any super set of a linearly dependent set is linearly dependent
and any subset of a linearly independent set is linearly independent.

2.4 Basis and Dimension

In this section, we will study the basic building blocks of vector spaces known as
basis. A basis of a vector space is a subset of the vector space which can be used
to uniquely represent each vector in the given space. We will start by the following
definition.
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Fig. 2.4 Observe that both Span(S1) and Span(S,) are straight lines passing through origin

Definition 2.3 (Span of a set) Let S = {vy, v2, ..., v,} be a subset of a vector space
V. Then the span of S, denoted by span(S), is the set consisting of all linear com-
binations of the vectors in S. That is,

span(S) = {Mvy + v+ -+ X0, | A, Ao, .., Ay €KY

For convenience, we define span{¢} = {0}. A subset S of a vector space V spans
(or generates) V if span(S) = V. If there exists a finite subset S of V such that
span(S) = V,then V is called finite-dimensional vector space. Otherwise it is called
infinite-dimensional vector space.

Example 2.16 Consider S; = {(1,0)} and S, = {(1, 1)} in R?. Then (Fig.2.4)
Span(S)) = {A(1,0) | L € R} ={(X,0) | A € R} = x — axis

and
Span($;) ={A(1, 1) [ A e R} ={(A,A) | A € R}

In fact, span of any non-zero vector of the form (x;, 0) in R? will be the x —axis
and span of any non-zero vector of the form (x;, x;) in R? will be the line y = x. In
general, we can say that span of any single non-zero vector in R? will be a straight
line passing through that vector and the origin. This can be generalized to R”" also.
Now consider the set S3 = {(1, 0, 0), (0, 1, 0)} in R?. Then (Fig.2.5)

Span(Ss) = {A1(1,0,0) + 22(0,1,0) | A1, A, € R}
={(X1,22,0) | A1, 22 € R} = x — y plane

Theorem 2.7 Let V be a vector space over a field K. Let S = {v1, v2, ..., v,} bea
subset of V, then span(S) is a subspace of V and any subspace of V that contains S
must also contain span (S).
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N

Fig. 2.5 The span of
S3=1{(1,0,0), (0, 1,0)} in
RR3 is the entire x — y plane

=

Proof Clearly, 0 = Ov; 4+ Ovy + - - - + Ov,, € span(S). Let v, w € span(S). Then
there exists Ay, Ay, ..., Ay, 1, U2, ..., by € Ksuchthat v = Ajv; + Ao +--- +
vy and v = pyvy + wpvy + - - - + w,v,. Then

u+v=_~0 +u)vr + A+ p)vz + - -+ Ay + wp)v, € span(S)
and for u € K,
no = p(rvy +A2v2 + -+ Apvp) = (RADVL + (RA2)v2 + -+ (RAy) s € span(S)

Therefore span(S) is a subspace of V. Now let W be any subspace of V containing
S = {v1, v2, ..., v,}. Then for any scalars Ay, A, ..., A, € K, as W is a subspace
of V, vy + Aovy + -+ - 4+ Ayv, € W. That is, span(S) C W.

Remark 2.3 Consider a matrix A € M, «,, (K). We can view each row(column) as
a vector in K" (K™). The span of the row vectors of A is called row space of A and
the span of the column vectors of A is called column space of A.

Definition 2.4 (Basis) Let V be a vector space over a field K. If aset B C V is
linearly independent and span(B) = V, then B is called a basis for V. If the basis
has some specific order, then it is called an ordered basis.

Theorem 2.8 Let V be a finite-dimensional vector space over a field K and
S={vy, v2, ..., v,} spans V. Then S can be reduced to a basis B of V.

Proof Let V be afinite-dimensional vector space overafield K and S = {vy, v, ...,
vp}spans V.Let Sy = {Vs,, Vg, - - - , Uo, } denote the set of all non-zero elements of S.
Now, we will construct a linearly independent set B from S, with span(B) = S. Pick
the element v,, € S, to B. If v,, = Avg,, for some A € K, then v,, ¢ B, otherwise
Vs, € B. Now consider vy, € Sy. If vy, = AjUs, + A20,, for some A1, A, € K, then
Vs, ¢ B, otherwise v,, € B. Proceeding like this, after oy steps we will get a linearly
independent set with span(B) = V.

Corollary 2.2 Every finite-dimensional vector space V has a basis.
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Proof Let V be a finite-dimensional vector space. Then there exists a finite subset
S of V with span(S) = V. Then by S can be reduced to a basis.

Example 2.17 Consider the set
B={e =(,0,0,...,0),eo=(0,1,0,...,0),...,e, =(0,0,0,..., 1)}

in K" over K. We will show that B is a basis for K". Let us consider an element
a=(ay,a,...,a,) € K" arbitrarily, then we have a = aje; + azer + - - - + a,e,.
That is, every element in K" can be written as a linear combination of elements in B
with coefficients from K. Thus B spans K" over K. Also

aer+mer+---+ae, =0=>a1=a=---=a, =0

That is, B is linearly independent. Therefore B is a basis for K" over K and is called
the standard ordered basis for K" over K.

Example 2.18 Consider the set B = {En = [(1) 8] ,Epp = [8 (1):| ,Ey = |:(1) 8j| ,

Exn = in May2(K) over the field K. Consider an element |“'! 12
01 a1 axn
szz(K). Then

ayy agn _ 1 O O 1 0 0 0 0
[azl azz] =ap [0 O] +app |:O 0:| + as [1 0:| + ax |:0 1:|
That is, B spans M, (K) over the field K. Also
10 01 00 00 00
M [00]4”2 [00} +k3[1 0} + [o 1} = [00}

N Al |00
A3 As| |00
Therefore B is a basis for M, (K) over K.

= A1 = Ap = A3 = Aq = 0. Thatis, B is linearly independent.

Example 2.19 Consider the set B = {1, x, ..., x"} in P,[a, b] over R. Then B is
linearly independent as

k1.0+A1x+~-~+Anx"=0=>)u0=)»1=-~-=A,l=0

and clearly B spans P,[a, b]. Therefore B is a basis for P,[a, b] over R

Example 2.20 Now consider asubset S = {(1, 1, 2), (2, 1, 1), (3,2, 3), (—1,0, 1)}
of R3 over R. We know that span(S) is a subspace of R3. Can you find a basis
for span(S)? To find a basis for span(S), we have to find a linearly independent
subset S of R such that span(S) = span(S‘). We may observe that the span(S) is
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1 12
. 2 11 .
the same as the row space of the matrix A = 3923 Thus to find a basis for
—-101
span(S), it is enough to find the linearly independent rows of A. We can reduce
11 2
0-1-3 .
A to the row reduced form as A = 00 0| From this we can say that the set
00 O

S= {(1,1,2), (0, —1, —3)} forms a basis for span(S).

Theorem 2.9 Let V be a vector space over a field K. If B = {vy, vp,...,v,} is a
basis for V, then any v € V can be uniquely expressed as a linear combination of
vectors in B.

Proof Let B be abasis of V and v € V. Suppose that v can be expressed as a linear
combination of vectors in B as

V=AMV + A4+ AL,

and as

V= WUv + QUova + - Uy
where A;, u; € K forall i =1,2,...,n. Subtracting the second expression from
first, we get

0= —p)vr + A2 — pu2)va + - -+ + (A — wp)Vy

Since B is linearly independent, this implies that ,; — u; = Oforalli = 1,2, ..., n.
Thatis, A;, = u; foralli =1,2,...,n.

Theorem 2.10 Let V be a finite-dimensional vector space over a field K and B be
a basis of V. Then basis is a minimal spanning set in V. That is, if B is a basis of V,
there does not exist a proper subset of B that spans V.

Proof Let V be a finite-dimensional vector space over a field K and
B = {vl, vy, ...,vn} be a basis of V. Let S be a proper subset of B that spans

V.Since § C B and S # B, there exists at least one element v such that v € B and
v ¢ S. Rearrange the elements of B so that the first £ elements are also elements
of S and the remaining n — k elements belong to B only. Now take any element
Vk+i € Bwherei € {1,2,...n — k}. Since span(S) = V and vi4; € V, there exists
A, A2, ..., A € K such that vgi; = Ajv; + Apvp + - - - + Axvr. This can also be
written as vgy; = A v + Aovp + -+ + Agvg + Ovggy + - - - + Ov,. Alsoas vgy; € B,
vr+; can be represented as a linear combination of elements of B by taking 1 as the



64 2 Vector Spaces

coefficient to viy; and O as the coefficient for all elements in B other than vy,;. This
is a contradiction to the fact that representation for any element with respect to a
basis must be unique.

Theorem 2.11 Let V be a finite-dimensional vector space and S be a minimal
spanning set of V, then S is a basis.

Proof Let S = {vy, v, ..., v,} be a minimal spanning set of V. To prove that S is a
basis, it is enough to show that S is linearly independent. Suppose that it is linearly
dependent, then by Theorem 2.5, at least one element say v; € S can be written as a
linear combination of the remaining vectors. Then S \ {v;} is a spanning set for V.
This is a contradiction to the fact that S is a minimal spanning set.

Theorem 2.12 Let V be a vector space over a field K and B = {v, vy, ..., v,} be
a basis of V. Let W = {w1, wy, ..., w,} be a linearly independent set in V, then
m < n.

Proof Since B = {v;, vy, ..., v,} is a basis of V, B spans V and B is linearly
independent. Since w; € V, by the previous theorem w; has a unique representation
using the vectors in B, say

w; = AV + A0 + -+ A0, (2.1)

Now we can express one of the v;, say v, in terms of w; and the remaining v;s. That
is,

Uk = UW1 + L1V F - g1V F U1 Ukl T+ LU (2.2)

where u = ;—:and,uj = %’,j * k.

Now we will show that the set By = {wy, vi, va, ..., Vk—1, Ug+1, - - - , Uy } Obtained
by replacing vy by w; is a basis for V. That is, we will prove that B; is linearly
independent and B; spans V. Suppose that they are linearly dependent. Then by
Theorem 2.5 at least one of the vectors in B; can be written as a linear combination
of the remaining vectors. Since (2.1) is the unique representation for w;, we cannot

express w; in terms of vy, va, ..., Uk—1, Vk+1, - - - » Uy. Therefore some v; € B can
be written as a linear combination of the remaining vectors in B;. That is, there exist
scalars o, oy, ..., 01, 01y« ooy Op—1, Okt 1, - - -, 0y € K such that

vy =oawy + vy V-1 F 01V s 1 Vk—1 F Qg1 Vk1 s 0 Up

Now substituting (2.1) in the above equation we get that v; can be expressed as a
linear combination of vectors in B, which is a contradiction as B is linearly inde-
pendent. Therefore B; is linearly independent. Since v, can be expressed as in (2.2),
span(By) = span(B) = V. Therefore B is a basis of V. We repeat this process by
replacing some v; € By, by w,, and so on.
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Now if m <n, B, = {w, wa, ..., Wy, Vi, Vi, ..., V;,_,} is a basis for V. If
m > n, B, = {w;, wy, ..., w,}is abasis for V. Then w,+; € W can be written as
a linear combination of vectors in B,,, which is a contradiction to the fact that W is
linearly independent. Therefore m < n.

Basis of a vector space is not unique. For example, consider R?. Clearly B, =
{(1,0), (0, 1)} is a basis for R? as any vector (xi,x;) € R? can be written as
(x1,x2) = x1(1,0) + x2(0, 1), x1, x € R and B; is linearly independent. Now con-
sider the set B; = {(1, 0), (0, A)}. Then B; is a basis for R? for any A #0 € R as
any vector (x1, xp) € R2 can be written as (x;, x2) = x;(1,0) + ’%(0, A, x,x eR
and B, is linearly independent for any A # 0 € R. The following corollary shows
that any two bases for a vector space have the same cardinality.

Corollary 2.3 For a finite-dimensional vector space V over K, any two bases for
V have the same cardinality.

Proof Let By = {v, va,...,v,} and B, = {wy, wy, ..., wy,} be any two bases for
V. Consider B; as a basis and B, as a linearly independent set, then by the above
theorem, m < n. Now consider B, as a basis and B; as a linearly independent set,
then n < m. Therefore m = n.

Corollary 2.4 Let V be a vector space over a field K and B be a basis of V. Then
basis is a maximal linearly independent set in V. That is, if B is a basis of V, there
does not exist a linearly independent set S such that B C S C V.

Proof Let B be a basis of V and S be a linearly independent set in V. By the
Theorem 2.12, the cardinality of S is less than or equal to cardinality of B. Therefore
there does not exist a linearly independent set S such that B C S C V.

In the above corollary, we have shown that every basis is a maximal linearly
independent set. Now we will prove that the converse is also true.

Theorem 2.13 Let V be a finite-dimensional vector space over a field K. Let S =
{vi, va, ..., v,} be a maximal linearly independent set in V, then S is a basis.

Proof Let S be a maximal linearly independent set in V. To show that S is a basis, it
is enough to prove that span(S) = V. Suppose that this is not true. Then there exists
anon-zero vector v € V such that v ¢ span(S). Now consider the set S} = S U {v}.
We will show that S is linearly independent, which will be a contradiction to the fact
that S is maximal. Now let A, A1, A, ..., A, € Kbe such that Av + Ajv; + Aqvy +
-+ + Ayv, = 0.If A = 0, then as S is linearly independent A} = A, = --- =X, = 0.
If A #0,as v ¢ span(S), the expression Av + Ajv; + Ajvp + - -+ + A,v, = 0isnot
possible. Therefore S is linearly independent.

Theorem 2.14 Let V be a finite-dimensional vector space over a field K and S be
a linearly independent subset of V. Then S can be extended to a basis.
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Proof Let V be a finite-dimensional vector space over a field K. Let
B={vy, va, ..., v,} be a basis of V. Let S be a linearly independent subset of V.
Now S U B is a spanning set of V. By Theorem 2.8, it can be reduced to a basis. If
|S| = n, then by Theorem2.12, S is a maximal linearly independent set and hence
a basis. Suppose that | S| < n. Then take the vector v; € B. If v; ¢ span(S), then
S1 = S U {v} is a linearly independent set. If |S;| = n, then as above S is a basis.
If v; € span(S), discard v;. Then choose v, € V and proceed in the same way. By
repeating this process, we obtain a basis for V which is an extension of S.

The following theorem summarizes the results from Theorems2.10-2.14.

Theorem 2.15 Let V be a finite-dimensional vector space over a field K and B =
{vi, va, ..., v,}. Then the following are equivalent:

(a) Bisabasisof V.
(b) B is a minimal spanning set.
(c¢) B is a maximal linearly independent set.

In Corollary 2.3, we have seen that any basis for a vector space has the same
cardinality. Therefore, we can uniquely define a quantity to express the cardinality
of a basis for a vector space.

Definition 2.5 (Dimension) Let V be a vector space over a field K and B be basis of
V. The number of elements of B is called dimension of V. It is denoted by dim (V).
For convenience, the dimension of {0} is defined as 0.

Example 2.21 From Example2.17, it is easy to observe that K" over K has dimen-
sion n.

Example 2.22 From Example?2.18, M., (K) over K has dimension 4. In general,
M, (K) over K has dimension n>.

Example 2.23 From Example?2.19, P, [a, b] over R has dimension n + 1.

What about the dimension of P[a, b]? Does there exist a finite set which is linearly
independent and spans P[a, b]? If such a finite set does not exist, such vector spaces
are called infinite-dimensional vector spaces. Can you give another example for an
infinite-dimensional vector space? What about C[a, b]? Now, the following remark
discusses some interesting facts about the importance of field K, while considering
a vector space V (K).

Remark 2.4 One set can be a vector space over different fields and their dimension
may vary with the field under consideration. For example C = the set of all complex
numbers is a vector space over both the fields R and C. Since every elementa + bi €
C can be written as

a+bi = (a+bi)l

where a + bi € C (field under consideration) and 1 € C (set under consideration),
{1} is a basis for C (C) and dim¢ (C) = 1. If R is the field under consideration, then
a + bi € C can be written as
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a—+bi =a(l)+b®)

wherea, b € Rand 1, i € C. Therefore {1, i} is a basis for C (R) and dimp (C) = 2.
Theorem 2.16 Let V be a finite-dimensional vector space, then

(a) Every spanning set of vectors in V with cardinality the same as that of dim (V')
is a basis of V.

(b) Every linearly independent set of vectors in V with cardinality the same as that
of dim(V) is a basis of V.

Proof (a) Let V be a finite-dimensional vector space with dim(V) = n. Then by
Corollary 2.3, any basis of V have cardinality n. Let S be subset of V with
span(S) = V and |S| = n. By Theorem 2.8 any spanning set can be reduced to
a basis. Therefore S is a basis for V.

(b) Let V be a finite-dimensional vector space with dim (V) = n. Let S be a linearly
independent subset of V with | S| = n. By Theorem 2.14 any linearly independent
set S can be extended to a basis. Therefore S is a basis for V.

Theorem 2.17 Let V be a finite-dimensional vector space over a field K. Let W be
a subspace V. Then W is finite-dimensional and dim(W) < dim (V). Moreover, if
dim(W) =dim(V), then V = W.

Proof Let W be a subspace of V. Then W is a vector space with the operations
defined on B. Consider a basis B for W. Then B is a linearly independent set in
V. Then by Theorem2.12, dim(W) < dim (V). If dim(W) = dim(V), then by the
previous theorem, B is a basis for V also and hence V = W.

Example 2.24 Consider the vector space R? over R. Let W be a subspace of R?.
Since dim(R?) = 2 the only possible dimensions for W are 0, 1, and 2. If dim (W) =
0, then W = {0} and if dim(W) = 2, then W = R?. Now let dim(W) = 1. Then W
is spanned by some non-zero vector. Therefore W is given by W = {Av | A € R}
for some v # 0 € R?. That is, W is a line passing through origin. Hence the only
subspaces of R? are the zero space, lines passing through origin, and R? itself.
Similarly, the only subspaces of R* are the zero space, lines passing through origin,
planes passing through origin, and R? itself.

2.5 Sum and Direct Sum

In the previous section, we have seen that the union of two subspaces need not
necessarily be a subspace. Therefore analogous to union of subsets in set theory, we
define a new concept called the sum of subspaces and analogous to disjoint union of
subsets we introduce direct sums.

Theorem 2.18 Let Wy, W,, ..., W, be subspaces of a vector space over a field K,
then their sum Wy + Wy + -+ W, ={w; +wy +--- 4+ w, | w; € W;} is a sub-
space of V and. it is the smallest subspace of V containing Wi, W, ..., W,.
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Proof Since W, W, ..., W, are subspaces of V,0e€ W; foralli =1,2,...,n.
Then
0=04+0+4+---4+0eW +Wo +---+ W,

Nowletv,we Wi+ Wo +---+W,and A e K, thenv =v; + v, +--- 4+ v, and
w=w; +wy+---+ w, where v;, w; € W; foralli =1,2,...,n. Aseach W, is
a subspace of V, v; + w; € W; and Av; € W; foralli =1, 2, ..., n. Hence

vhw=Y itw)eW +Wot- W,

i=1
and

)\U:Z)\U[EW1+W2+"'+W11

i=1

Therefore W) + W, + --- 4+ W, is a subspace of V. Since w; € W; can be writ-
ten as w; =04+---4+0+w; +04+---+0e W, + Wy 4+ -+ W,, W) + W, +
.-+ + W, contains each W;. Now to prove that W; + W, + - - - + W, is the small-
est subspace containing Wy, W, ..., W,, we will show that any subspace of V
containing Wy, W, ..., W, contains W; + W, + --- + W,,. Let W be any subspace
containing Wy, W, ..., W.letw =w +w +---+w, e Wi+ Wo+---+ W,
where w; € W; foralli = 1,2, ...,n. Since W is a subspace of V and W contains
Wi, Wo, ..., W, weW.

Example 2.25 Let V = R?. Consider W) = {(x1, x2) | X; = x2, X1, x, € R} and
Wy = {(x1, x2) | x1 = —x2, x1,x, € R}. Then W, and W, are subspaces of V
(Fig.2.6).

AN W] ‘4]2 AN

¢ > ¢ >
2 ~+
(a) (b)

Fig. 2.6 Observe that both W| and W, depicted in (a) and (b) respectively are straight lines passing
through origin and hence are subspaces of R?
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Any vector (x1, xp) € R2 can be written as a linear combination of elements of
W, and W, as follows:

X1 +x2 x1+x2 X1 — X2 X2 — X1
) = 3 5 W W
(%1, x2) < > 5 )+< 5 : )e 1+ W,

As W, + W, is a subspace of R2, this implies that Wy + W, = R2. Also observe that
the representation of any vector as the sum of elements in W; and W, is unique here.

Example 2.26 Let V = M., (R). Consider

a ap
Wy = | air, apn, axn € R
0 ax

a; O
W2={|:11 :||011,0217022€R}

and
asy axn

Then W, and W, are subspaces of V (Verify). Also any vector in M., (R) can be
expressed as a sum of elements in W; and W,. But here this expression is not unique.

For example,
12 12 00
L4=b4+LJem+%

12 02 10
3] =[o5]+[54] e m+w

If the elements can be expressed uniquely, then it has particular importance and
is called direct sum. That is, the sum W; + W, is called direct sum denoted by
W, @& W, if every element w € W| + W, can be uniquely written as w = w; + wy,
where w; € Wy and w, € W,. That s, if w = v; + vy, where v € W, and v, € W,
then v; = w; and v, = w,.

Definition 2.6 (Direct sum) Let V be a vector space over a field K and
Wi, Wa, ..., W, be subspaces of V. If every element in V can be uniquely rep-
resented as a sum of elements in Wy, W,, ..., W, , then V is called the direct sum
of Wi, W,,..., W, andisdenotedby V=W, @ W, & --- D W,.

Suppose we have a vector space V over a field K and subspaces Wi, W,, ..., W,
of V. Then it is not easy to check whether every element in V has a unique represen-
tation as the sum of elements of Wy, W,, ..., W,,. The following theorem provides
a solution for this.

Theorem 2.19 Let V be a vector space over a field K and Wy, W», ..., W, be sub-
spaces of V. Then V.= W, @ W, @ - - - @ W, if and only if the following conditions
are satisfied:



70 2 Vector Spaces

(@ V=Wi+Wot +W,
(b) zero vector has only the trivial representation.

Proof LetV =W, & W, & --- & W,. Then by the definition of direct sum both (a)
and (b) hold. Conversely, suppose that both (a) and (b) hold. Let v € V have two
representations namely,

v=v +tuv+---+v, (2.3)
and
v=w;+wr+ -+ w, 2.4)
where v;, w; € W; foralli = 1,2, ..., n. Then subtracting (2) from (1) gives
0= —w)+ W2—w2)+ -+ (v — wy)
and as zero has trivial representation only, v; — w; = Oforalli = 1, 2, ..., n which
implies v; = w; foralli = 1, 2, ..., n. That is, every vector has a unique represen-

tation. Therefore V=W, e W, & --- d W,.

Example 2.27 Consider V = R? and take W, and W, as in Example 2.25. Then V =
Wi @& W,. We already know that V = W; 4+ W,. It is enough to prove that the zero
vector has only the trivial representation. Let (x;, x1) € W; and (x,, —x,) € W, be
suchthat (x, x;) + (x2, —x2) = (0, 0). Thisimplies that (x; + x, x; — x3) = (0, 0)
and hence x; = x, = 0. Thus zero vector has only the trivial representation.

The following theorem gives a necessary and sufficient condition to check whether
the sum of two subspaces is a direct sum or not.

Theorem 2.20 Let V be a vector space over a field K. Let Wi and W be two
subspaces of V,thenV = W; @ W, ifand onlyif V.= Wy + W and W, N W, = {0}.

Proof Let V = W, @ W,, then by the definition of direct sum V = W; 4+ W,. If
w € Wi N W, then

weWnNW,=>weWandwe Wy, = —w e W,

Now 0 = w + (—w) € W) + W,. Since V = W| @ W,, this implies that w = 0.
That is, W; N W, = {0}.

Conversely, suppose that V.= W; + W, and Wy N W, = {0}. Let 0 = w; 4+ w;
where w; € W and w, € W, be a non-trivial representation of the zero vector. Now
0=w +w, = —w; = w, € Wy, since W is a subspace. As W; N W, = {0}, this
implies that w; = w, = 0.
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Fig. 2.7 Observe that any A
vector in R? can be written (0,5 F=--1(2,9)
as a sum of elements of W 1
and W,. Also observe that :
Wi N Ws = {0} (=1,3) -4(0,3)
1 1
1 1
(30 NN
o (=1,0] (2,00
1 1
1 1
1 1
(_3,_3) ____________ (4’ _3)
0’ _3)
N

Example 2.28 Let V = Ps[a, b]. Let
Wi = {ap + axx? | ag, as € R}

and
Ws = {aix + a3x® | a1, a3 € R}

Any element in Ps[a, b] is of the form ag+ a;x 4+ ax*> + azx3. Then clearly
Psla, b] = Wy 4+ W,. Also W, N W, = {0}, as polynomials in W, and W, have dif-
ferent orders. Therefore P3[a, b] = W, & W,.

Example 2.29 LetV = R2. Let W, = {(x1,0) | x; € R} and W, = {(0, x,) | x €
R}.

Then any vector (xi, xo) € R? can be written as (x;, x3) = (x1,0) + (0, xp) €
W, + W,. Since W) 4+ W, is a subspace of R2, we get V.=W; + W,. Also W; N
W, = {0}. Therefore R> = W, @& W, (Fig.2.7).

The examples discussed deal with subspaces of finite dimensional vector spaces.
Now let us give you an example from an infinite-dimensional vector space.

Example 2.30 Let V = Cla, b]. Take
Wi ={f) | f(=x)=—=f)}

and

Wo = {f(x) | f(=x) = f(0)}

W, and W, are respectively the collection of all odd functions and even functions.
(Verify that they are subspaces of C[a, b].) Now, for any f € Cla, b], consider
Sfilx) = —f(x)’zf(”‘) and f>(x) = —f("Hzf(*X). We have
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Fi(ex) = Jf(=x —2f(—(—x)) _ (& g fG=) _ A

and
_ f(=x)+ f(=(—=x)) _ f(=x)+ f(x)
2 2

fa(=x) = fa(x)

Thus f; € Wy and f> € W,. Clearly, f = f1 + f» and hence Cla, b] = W) + W>.
Also observe that Wy N W, = {0}.Forif f €¢ Wi N W, f(—x) = —f(x) = f(x)Vx
€ [a, b]. This gives f(x) = Oforall x € [a, b]. Thus we can conclude that C[a, b] =
W, & Ws,.

Observe that the above proposition discusses the case of two subspaces only. When
asking about a possible direct sum with more than two subspaces, it is not enough
to check that the intersection of any two of the subspaces is {0}. For example, con-
sider the subspaces of R3 given by Wi = {(x1,0,0) | x; € R}, W, = {(0, x2, x3) |
X2, x3 € R}, W3 = {(x1, x1,0) | x; € R}. Clearly, R} =W, + W, + W3 and W; N
W, =W NW; =W,nNW; = {0} (verify).But]R3 =W & W, d W;as(0,0,0) =
(0,0,0) + (0,0,0) + (0,0,0) and (0,0,0) = (1,0,0) + (0, 1,0) + (—1, —1, 0).

Now we will discuss the dimension of the sum of two subspaces of a finite-
dimensional vector space.

Theorem 2.21 Let V be a finite-dimensional vector space over a field K and Wy, W,
be two subspaces of V, then

dim(Wy + W) =dim(W;) +dim(W,) — dim(W; N Wy)

Proof Let W;, W, be two subspaces of finite-dimensional vector space V. Then
Wi N W, is also a subspace of V. Let {uy, us, ..., u;} be abasis for W; N W,. Since
Wy € Wi N Wy, {uy,us,...,u;} is a linearly independent set in Wy, and hence
it can be extended to a basis {u, us, ..., u;, vy, V2, ..., v, } of W;. Similarly, let
{ui,us, ..., u;, wy, wy, ..., w,} be abasis of W,. Clearly

B ={uj,uy, ..., u;,,v1,02,..., Uy, W, W, ..., W)}
is a spanning set of W; 4+ W,. Now will show that B is a basis for W; + W,. It is
enough to show that B is linearly independent. Let Ay, ..., A;, (1, -y s E1s oo vy
&, € K be such that
}\lul +- 4+ )\lul + (m1vy s U Uy +$lwl +-+ snwn =0 (25)
This implies

Siwp + -+ Ew, = =AUy — - — MUy — (V] — - — Uy € Wi NW),
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as{uy, uy, ..., u;, vy, v, ..., Uy,}isbasis for W; and {w;, wa, ..., w,} € W,. Now
{ui, us, ..., u}is abasis for W N W, implying there exist scalars «y, o, ..., €
K such that

Siwy + -+ Eyw, = aquy +opur + - oy

Since {uy, us, ..., u;, wy, wo, ..., w,} is a basis for W, the above equation implies
thaté =..-=§, =a; =--- = o = 0. Then (3) changes to Aju; + - - - + Mju; +
wivy + -+ v, = 0. Since {uy, us, ..., u;, vy, V2, ..., vy} is abasis of Wy, this
impliesthatA; = --- =X, = u; = --- = u, = 0. Thatis, B islinearly independent.

Thus we have shown that B is a basis for W; + W,. Now

dim(Wy + W) =l+m+n
=(l+m+U+n)—1
=dim(Wy) +dim(W) —dim(W; N W>)

Example 2.31 Consider the vector space M, (R) over the field R. Let

ay apn
W, = | a1, arz, a2 € R
ayp ax

and

_ app —a
W, = {|:a12 0 :| | aii, ai ER}

Verify that W| and W, are subspaces of M., (R). Since { |:(l) 8i| , [(1) (1)] , |:8 (l)i| } isa

basis for Wy, dim(W;) = 3 and as {|:(1) _01:| , |:(1) 8]} is a basis for W,, dim(W,) =

W10W2={|:a61 8} lan GR}

Since {|:(1) 8j|} is a basis for W; N W,, dim(W; N W,) = 1. Thus

2. Now

dim(Wy + W) =dim(Wy) +dim(W,) —dim(W;NW,) =4
Hence Wy + W, = My, (R).
Example 2.32 Consider the vector space P4[a, b]. Let
Wi = {Ao + Aax? + Aax* | Xo, Ao, Ay € R}

and
Wy = {Ax —‘1-)\,3)63 | A1, A3 € R}
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Since {1, x2, x*} is a basis for W;, dim(W;) = 3 and as {x, x3} is a basis for Wa,
dim(W,) = 2. Clearly dim(W; N W,) = 0 (How?) and hence

dim(Wy + Ws) = dim(Wy) + dim(W») — dim(W, N W») = 5

As Wi + W, = Pyla, b] and W; N W, = {0}, we have P4[a, b] = W, & W,.

Theorem 2.22 Let V be a finite-dimensional vector space over a field K. Let
Wi, Wa, ..., W, be subspaces of V, such that V=W, + W, +---+ W, and
dim(V) =dim(Wy) +dim(W,) + ---+dim(W,)). Then V=W, &W,H--- D
W,.

Proof Let V be a finite-dimensional vector space with Wy, W, ..., W, as sub-
spaces of V. Consider a basis B; for each i =1,2,...,n and let B =U!_| B;.
Since V.= W; + W, +--- + W,, B spans V. Now suppose that B is linearly depen-
dent. Then at least one of the vectors can be written as a linear combination of
other vectors. Then dim (V) < dim(W;) +dim(W5) + - - - + dim(W,), which is a
contradiction. Therefore B is linearly independent and hence B is a basis of V.
Now let 0 = w; + wy + - - - + w, where w; € W;. Since B; is a basis for W;, each
w; € W; can be expressed uniquely as a sum of elements in B;. i.e., 0 can be writ-
ten as a linear combination of elements of B. As B is a basis for V, this implies
that the coefficients are zero. That is, w; =0 for all i =1, 2, ..., n. Therefore
V=WeWe - -& W,.

2.6 Exercises

1. Show that the collections given in Examples2.2-2.7 are vector spaces with
respect to the given operations.

2. Consider the vector space R? with usual addition and multiplication over R.
Give an example for a subset of R? which is

(a) closed under addition but not closed under scalar multiplication.
(b) closed under scalar multiplication but not closed under addition.

3. Does R? over R with operations defined by
(X1, %2) + (y1, y2) = (X1 + X2, y1 + y2) and A(x1, x2) = (Axy, 0)

form a vector space?
4. Check whether the following vectors are linearly dependent or not.

(@) {(1,2), (2, 1)} in R? over R.

) {(1,2, 1), 2, 1,1). (1, 1,2)} in R3 over R.
(©) {@, —i), (—1, 1)} in C? over R.

@) {@, —i), (=1, 1} in C? over C.
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(e) {1 +x,1+x2}inP,[a, b] over R.
@) {2,x —2,14+x+x%, x> —x?} in P3[a, b] over R.

© H:(l) %] ’ B (1):| ’ |:g }:| ’ B (1)” in M (R) over R.
® H} _01] ’ |:(1) }] ’ B _111“ in M(R) over R.

5. Let {v;, vy} be a linearly independent subset of a vector space V over a field K.
Then show that {v; + v, v; — v,} is linearly independent only if characteristic
of K is not equal to 2.

6. Check whether the following subsets of R? are subspaces of R? over R. If yes,
find its dimension and write down a basis.

@ {(x1,x) € R* | xp = 1}

(®) {(x1,x2) € R? | x; +x, = 0}
© {(x1,x) eR* [ L =1)

(d) {(x1, x2) € R? | x1, x, < 0}
) {(x1,xy) € R? |x12 —l—x% = 0}.

7. Check whether the following subsets of M, (K) are subspaces of M, (K) over
K. If yes, find its dimension and write down a basis.
@ 1|92 e My (K) | an +an = 0}
[ 421 a2 |
®) 2 e My (K) [ any +an = 1}
| 421 a22 |
(¢) {A € M, (K) | det(A) = 0}
(d) {A € M (K) | det(A) # 0}
ap ap
e M, (K = .
(e) |21 an | (K) | any dzz}
8. Check whether the following subsets of P, (R) are subspaces of PP, (R) over R.
If yes, find its dimension and write down a basis.

@ {p(x) e P, (R) | p(0) =0}

() {p(x) e P, (R) | p(0) =1}

© {p(x) e P (R) | p(0) = p(1) =0}
d {px) e P, (R) | p(x) = 0}

© {p(x) € P2 (R) | p(x) = p(—x)}.

9. State whether the following statements are true or false.

(a) Anon-trivial vector space over the fields R or C always has an infinite number
of elements.

(b) The set of all rational numbers Q is a vector space over R under usual addition
and multiplication.

©) {(x1,x2) | )cl2 + x% =0, x1, x, € C} is a subspace of C? over C.
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(d) There exists a non-trivial subspace of R over R under usual addition and
multiplication.

(e) {(i, 1), (=1, i)} is a linearly independent set in C? over C.

() If Wi, W,, W are subspaces of a vector space V such that W, + W = W, +
W, then W, = W,.

(g) If W;, W, are subspaces of R” with dim (W,) = 4 and dim (W,) = 4, then
dim (Wi NW,) =1.

10. Show that R with usual addition and multiplication over QQ is an infinite-
dimensional vector space. (Hint: Use the fact that 77 is a transcendental number.)

1 -1

20 [

12. Show that the rows of a 3 x 2 matrix are linearly dependent.

13. Show that the columns of a 3 x 5 matrix are linearly dependent.

14. Which of the following collection of vectors span R? over R?

(@) {(1, D}

() {(1,2),(0,4)}

(©) {(0,0), (1, =1), 3,2)}
@ {(2,4), (4, 8)}

() {(3.,2),(1,4), (4,6)}.

15. Which of the following collection of vectors span R? over R?

(@) {(1,1,0), (0,1, D}

(b) {(0,2,0),(1,0,0),(1,2,0)}

() {(0,0,-1),(0,1,-1), (—=1,1,-1)}
(d) {(0,4,2),(0,8,4),(1,12,6)}

(e) {(1,3,2),(1,2,3),(3,2,1),(2,1,3)}.

11. Find the row space and column space of

16. Which of the following collection of vectors span P*[a, b] over R?

@ {(x2+1,x*4+x,x+1}

®) x+1,x—1,x2—-1}

© {(x2+x+1,2x -1}

d 2x2—x+1,x>+x,2x —3,x2 -5}
() {x+1,2x +2,x*+x}.

17. Let Wy, W, be subsets of a vector space V over the field K. Show that

(a) span (W, N W,) C span (Wy) Nspan (W).
(b) span (Wy) U span (W) C span (W; U Wy).

Does the converse hold in both a) and b)?

18. Let W;, W, be subspaces of a vector space V over the field K. Show that
span (W + Wy) = span (W)) + span (W>).

19. Let Vi = {vy, va, ..., .}, Vo = {vy, va, ..., vy, v} be subsets of a vector space
V. Then span (Vi) = span (V,) if and only if v € span (V}).
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20. Check whether the given collection of vectors form a basis for corresponding
vector spaces.

(@ {(2,1,1),1,2,1),(,1,2)} for R? over R.
) {I,x — 1, (x — 1)?} for P, (R) over R.
(c) {1,x*—1,2x% + 5} for P, (R) over R.

@ H:O —2i| ’ [0 0:| ’ [2 ()] ’ |:() 1j|} for M, (R) over R.

21. Determine which of the given subsets forms a basis for R* over R. Express the
vector (1,2, 3) as a linear combination of the vectors in each subset that is a
basis.

(@ {(1,1,1),(1,1,0),(1,0,0)}
b {1,2,1),2,1,1),(1,1,2)}
(© {(2,3,1),(1,-2,0), (1,5, 1)}

22. Check whether the sets given in Questions 14 — 16 form a basis for the respective
vector spaces. If not, find the dimension of their span.
23. Find the dimension of span of the following collection of vectors:

(@ {(1,=2), (=2,4)} in R? over R.

®) {(=2,3),(1,2), (5, 6)} in R? over R.

(©) {(0,3,1),(—1,2,3),(2,3,0), (—1,2,4)} in R? over R.
@ {1+ x,x%+x+1}inPs[a, b] over R.

(e) {1 —x,x% 2x%+x — 1}inP,[a, b] over R.

® H:(l) (1)] ’ |:(1) _Oli| ’ [(1) (]):| ’ |:_01 (l)i|} in M (RR) over R.
© H} (1)] ' |:(1) }] ’ |:} (1)] ’ |:(1) i]} in M (R) over R.

Also, find a basis for the linear space spanned by the vectors.
24. Consider two subspaces of R* given by

Wi = {(x1, X2, 2x1, X1 +x2) € R* | x4, %, € R}

and
Wa = {(x1, 2x1, X2, X1 — x2) € R* | x4, x, € R}

Find

(a) Wi+ W, and W; N W,.
() dim (Wi + W,) and dim (W N W,).

25. Let V be a finite-dimensional vector space over a field K and W; be a subspace
of V. Prove that there exists a subspace W, of V such that V = W; & W,.

26. Let V be a vector space over a field K and Wy, W, ..., W, be subspaces of V
with W; " W; ={0} Vi # jand W, + W, + .- + W,, = V.Is the sum a direct
sum?
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27. Let Wi ={A eM, (K) | A;; =0 Vi>j}, Wa ={AeM,(K)|A; =0V
i <j},and W3 ={A € M, (K) | A;; =0V i # j}. Then show that M, (K) =
Wi W, Ws.

28. Let

W ={AeM, K | A" = A}

and
Wr={A eM, XK)| A" =—-A}

Then show that M, (K) = W; & W,.

Solved Questions related to this chapter are provided in Chap.9.



	2 Vector Spaces
	2.1 Introduction
	2.2 Subspaces
	2.3 Linear Dependence and Independence
	2.4 Basis and Dimension
	2.5 Sum and Direct Sum
	2.6 Exercises


