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Abstract Three-dimensional flow around a heated square cylinder is studied using
direct numerical simulation (DNS) in a mixed convective flow regime. In this study,
an infinite square cylinder is immersed in horizontal free-stream crossflow (air,
Prandtl number Pr = 0.7) at right angles to gravity. Numerical results are shown
with different heat levels defined by the over-heat ratio € = (T, — Tx)/ Txo, Where
T, and T, are equal to the surface and surrounding temperature. At large-scale heat-
ing € ~ O(1), the thermal straining and transport properties of the fluid particles
are varied. To capture this variation, an in-house solver of the compressible flow
model is employed. The compressible flow governing equations in Cartesian coor-
dinates are transformed into a body-fitted coordinate system and solved using the
flux-based particle velocity upwind-modified+ (PVU-M+) scheme. The low Mach
number M = 0.1 is used for all computations. The results obtained using the in-
house solver are validated with the values reported in the literature achieved by
experimental, DNS, and Floquet methods. The disordered vortical structure of the
mode B transition changes its shape and spanwise wavelength with the increase of
the heating level from € = 0 to e = 1 at the Reynolds number Re = 500. In addition,
a very significant change in the force coefficient and the vortex shedding frequency
is observed upon increasing the heating level. Variations in the frequency spectra of
the lift coefficient are observed with varying heating.
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1 Introduction

The dynamics of the three-dimensional vortex structure behind a bluff-body wake is
a very interesting phenomenon. Many experimental and numerical studies have been
conducted to understand the two-dimensional and three-dimensional wake dynamics
behind a bluff body. Three-dimensional flow studies mostly focus on the isothermal
wake behind unheated bluff bodies, especially circular and square cylinders. Only a
few three-dimensional studies have been conducted around a heated cylinder in the
mixed convective flow regime. However, in mixed convection, the three-dimensional
flow around a heated bluff body is of great importance in engineering and industries
based on applications such as electronics cooling, chemical reactors, and compact
heat exchangers.

The sequence of three-dimensional transition modes with an increase in Reynolds
number Re has been studied in the literature using various methods. These three-
dimensional transition modes are recognized by the shape and spanwise wave-
length A, of the vortical structure. The first transition, i.e., mode A, with longer
wavelengths,A, = 5D — 5.8D (where D is the side length of the square cylin-
der), is observed in the Reynolds number range between 150 and 200 [1-5]. For
Re = 190 — 250, the second transition, represented by mode B, appears with a
shorter wavelength A, = 1D — 1.2D [1, 2, 5]. The third transition known as mode
C with intermediate wavelength A, = 2.6D — 2.8 D between is detected using Flo-
quet stability analysis for Re = 200 — 215 [2, 6]. At higher Reynolds numbers
(Re > 250), an irregular three-dimensional instability is observed in the cylinder
wake [7].

In mixed convective flow regimes, experimental and numerical studies have been
performed on three-dimensional flow transitions behind a heated circular cylinder [8,
9]. In these studies, water flows perpendicular to gravity within the range of Reynolds
number 75 < Re < 117 and Richardson number range 0.35 < Ri < 2.5. Based on
these studies, it can be concluded that the three-dimensional transition with A, = 2D
in the heated cylinder wake, denoted as mode E, occurs at a lower Reynolds number
than the mode A transition of the unheated cylinder. Arif and Hasan [10] studied
buoyancy effects on the three-dimensional transition around a square cylinder, which
is subjected to horizontal crossflow using air and water as working fluids. In this
investigation, buoyancy effects on flow properties such as force coefficient, Strouhal
number, and Nusselt number are investigated for Re = 50 — 250 and Ri =0 — 2.
In literature, three-dimensional transitions around a heated cylinder have only been
studied using the Boussinesq approximation (small-scale heating scenario). In large-
scale heating in mixed convection, only two-dimensional wake transitions behind a
heated square cylinder have been demonstrated at Re = 100 using the non-Oberbeck
Boussinesq model [11-13]. These studies describe the effects of buoyancy on vortex
shedding and flow parameters.

In the present investigation, an infinite square cylinder is immersed in a uniform
free-stream crossflow (with fluid velocity Uy, and temperature T,) perpendicular
to gravity (see Fig. 1a). Since the spanwise length is infinite, the three-dimensional
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Fig. 1 (a) Horizontal flow past a square cylinder, and (b) Close view of two-dimensional mesh in
& — n plane

modes having definite spanwise wavelength can be captured by restricting the span-
wise domain with a periodic boundary condition, over a finite length H, = 6D (see
Fig. 1a). The flow is described by Cartesian coordinates in which the x—, y—, and z—
coordinates are in the streamwise, negative gravity, and spanwise directions, respec-
tively. A circular domain of radius R = 60D is used around a square cylinder whose
center is at the same position as the cylinder center. An O —type body-fitted mesh is
generated with 281, 309, and 61 grid points in the &, 5, and z directions, respectively.
The mesh is initially generated in two-dimensional £ — 5 coordinates and then uni-
formly replicated in the z—direction. Figure 1b shows a two-dimensional magnified
grid with a minimum dimensionless grid size of 1.7 x 1073, To capture the flow
field on this fine mesh, the dimensionless time-step Az = 5 x 107 is employed. In
current computations, the Reynolds number, Mach number, and Froude number are
kept fixed at Re = 500, M = 0.1, and Fr = 1.0, while the heating level varies from
e=0toe =1.

2 Numerical Model

2.1 Governing Equations

The three-dimensional governing equations of compressible gas flow in the strong
conservative form are given in non-dimensional form:

U oF 0G 0oH
R T 1
8t+8x+8y+82 I M
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where U is the solution vector, F, G, and H denote the flux vectors and J is source

vector. These vectors are defined as
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The above governing equations are closed by thermodynamics state relations which
are expressed in dimensionless form:

_ 1+ yM?p
- T

)’(”T_I)Mz(u2 + 07 4 w?).
1D
The symbols T, p, p, k, i, e and E represent the temperature, density, thermody-
namic pressure, thermal conductivity, viscosity, specific internal energy, and total
specific energy, respectively. In the above governing equations, the dimensionless
fluid velocities u, v, w are the components of V in x, y, z directions and ¢ denoted as
non-dimensional time. In Eq. 11, the value of e, is taken as unity. The values of «,
C, are determined using the least squares curve-fitting technique [11, 14, 15], while

Sutherland’s law is used to calculate the molecular viscosity relation.

T
s e:/ Co(T)dT + e, E=¢e+
1

2.2 Initial and Boundary Conditions

In the present computations, free-stream values that exist at an infinitely large distance
from the cylinder are used to initiate the simulation. At the cylinder surface, a uniform
elevated temperature is given and no-slip, no-penetration conditions are used for
the velocity. Pressure is determined using normal momentum equations, whereas
density is obtained by equation of state. In the spanwise direction, periodic boundary
conditions are employed. In order to induce transition to three-dimensionality, a
spanwise random perturbation with an order of 10~ is added at the initial condition
of the density in the cylinder wake.

At the artificial boundary, the characteristic numerical boundary conditions of the
Euler equations based on wave speed along the local normal direction have been
applied [16]. At the inflow, where the waves enter the flow region, the characteristic
variables are fixed and equal to the free-stream conditions, whereas, at outflow,
these attribute variables are extrapolated from the internal values of the domain. For
the pressure value at the outflow, the characteristic boundary condition reported in
Bayliss and Turkel [17] is employed, which is given as

0 1\ dV,
P_ (=) <o, (12)
ot M ot

where Vy is the normal velocity component. The value of density is obtained using
the equation of state at the inflow and outflow portion of the domain.
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3 Numerical Results

3.1 Validation Study

An in-house compressible solver is validated by comparing the obtained numerical
values of the time-averaged drag coefficient and the Strouhal number. The drag
coefficient (Cp), the lift coefficient (C}), and the Strouhal number (St) are defined
as

2Fp

= 2FL St = f_D
pooUoozDHz’

CD L= 5 >
,OooUoozDHz Us

, 13)

where f represents the vortex shedding frequency and Fp, F; are the integrated
forces (drag and lift) on the cylinder. At Re = 200 — 300 and € = 0, the obtained
numerical values of St and C, are compared with the reported values obtained via
DNS, experimental, and Floquet methods as listed in Tables 1 and 2. The St values
in the present study are calculated by the dominant frequency obtained using FFT
algorithm of time history of lift coefficient (Cy ). Table 1 shows that the St values of
the present study are very close to the values of the DNS study reported by Jiang et
al. [5], with a maximum deviation of 4%. Similarly, the Cp values are well validated
by the values reported by Jiang and Cheng [18] with deviations less than 3%, as
listed in Table 2.

Table 1 Comparison of Strouhal number (St) for various Re ate = 0

Re Present study | Jiang et al. [5] | Mahir [19] Okajima [20] |Luoetal. [1]
DNS DNS DNS Exp. Exp.

200 0.1445 0.1490 0.154 0.1395 0.159

220 0.1457 0.1504 0.151 - 0.159

230 0.1466 0.1510 0.154 - 0.161

250 0.1452 - 0.152 0.1421 0.159

300 0.1391 0.1453 - 0.1399 -

Table 2 Comparison of time-averaged drag coefficients (Cp) for various Re ate = 0

Re Present | Jiang and Cheng [18] | Sohankar et al. [3] | Mahir [19] | Robichaux et al. [2]
study DNS DNS DNS Floquet
DNS

200 1.405 1.393 1.459 1.518 1.642

220 1.432 1.41 - 1.554 1.671

250 1.451 - 1.491 1.567 1.73

300 1.479 1.438 1.561 - 1.873
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Fig. 2 Iso-surfaces of w, = 0.5 in the square cylinder wake at Re = 500 and ¢ = 900 for (a)
€ =0.0,(b)e =0.2,(c) e = 0.6,and (d) e = 1.0. Yellow and blue represent positive and negative
values, respectively

3.2 Vortical Structure

The three-dimensional flow in a bluff body wake depends on several factors such as
bluff body shape, incoming flow, and buoyancy effect. The strong buoyancy causes
the flow field to become asymmetric and significantly changes the shape of the
vortical structure in the cylinder wake. Figure2 shows the vortical structures of
streamwise vorticity (w,) in a square cylinder wake with different heating at Re =
500. The disordered vortical structure of the mode B transition is observed in square
cylinder wake at € = 0 as shown in Fig.2a. On increasing the heating level from
€ = 0to € = 0.6, the vortical structures with A, = 1.2D — 1.5D (depending on the
vortex pair in the cylinder wake) do not change significantly (see Fig.2a—c). Further
increasing the heating value to € = 1.0, the strong effect of buoyancy transformed
the disordered mode B structure into the mode C structure with wavelength A, ~ 3D
(see Fig.2d).

3.3 Time Histories of Force Coefficients

Figure 3 shows the time history of Cp and C fore = 0.0 and € = 1.0 at Re = 500.
Based on this plot, the amplitude of both the drag and the force coefficient becomes
smaller with increase in the heating of the cylinder. The mean value of Cp decreases
slightly on large-scale heating (¢ = 1.0), while the average value of C; changes
significantly with heating and gives negative values (see in Fig.3b). This negative
value of Cy, at strong buoyant force is observed due to unbalanced pressure and shear
forces around the cylinder developed by the asymmetric flow field.
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3.4 Frequency Spectra of Lift Coefficient

Figure 4 shows the amplitude of Cy, with the St value at Re = 500 for ¢ = 0.0 and
€ = 1.0. The vortex shedding frequency spectra are obtained from the Fast Fourier

Transform

(FFT) algorithm using the time history of the C;, values. Ate = 1.0, the

amplitude of Cy is about 10 times less than that of C; amplitude of the unheated
case (see Fig.4). Additionally, the dominant peak frequency of the vortex shedding
(i.e., St value) slightly increases upon heating of the cylinder surface (¢ = 1.0).
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4 Conclusions

This paper presents a DNS study of the three-dimensional flow around a heated square
cylinder subjected to a uniform free stream (Pr = 0.7) at right angle to gravity.
At Re = 500, the disordered mode B vortical structure with A, = 1.2D — 1.5D is
observed in the isothermal wake behind the unheated square cylinder (¢ = 0.0).
At € = 0 — 0.6, the vortical structure does not change significantly and the value
of A, remains the same. At large-scale heating (¢ = 1.0), a significant changes is
observed in the shape of the vortical structure with wavelength A, ~ 3D. The flow
field around the heated cylinder becomes asymmetric due to the non-parallelism
between the free-stream crossflow and buoyancy. The asymmetric flow field creates
unbalanced pressure and shear forces that lead to the generation of negative lift. The
amplitude of C; becomes smaller as the buoyant force increases. Additionally, when
the heating level is increased from € = 0 to € = 1, there is a very slight increase in
the St value of the vortex shedding.
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