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Abstract In the domain of land vehicles, the researches which focus on the subject 
of slippage mostly develop methods for detecting and avoiding slippage or com-
pensating for slippage. Even when slippage is considered as a potential advantage, 
this is mostly researched for high speeds. This paper proposes a method that uses 
slippage as an advantage even at low speeds. This is achieved by using the nonholo-
nomic properties of a 4WS (4 wheel steering) vehicle with independent front and 
rear drives. It is experimentally shown that controlled low speed slippage can be 
advantegous for certain tasks by comparing the vehicle behavior to a similar 2WS 
(2 wheel steering) vehicle which cannot leverage slippage. 

Keywords 4WS · 2WS · AWS · Ackerman steering · Wheel slip · Drift ·
Maneuverability 

1 Introduction 

Autonomous ground vehicles (AGVs) can be used in crowded spaces such as offices 
and homes, or on challenging terrains. They can be used for carrying items in an 
office or in a warehouse and carrying out rescue missions on challenging terrains. 
Uneven terrains or unpaved off-road scenarios may require high maneuverability to 
carry out certain tasks. 

There are different vehicle structures to achieve different amounts of maneuver-
ability. The most common vehicle structure used in daily life is 2WS (2 wheel steering) 
cars. While adding more complexity to the vehicle structure, 4WS (4 wheel steering) 
cars provide higher maneuverability by allowing a smaller turning radius [ 8]. Both of 
these structures are designed to mostly avoid slippage and some researches assume 
no-slip conditions while modeling these vehicles [ 7]. Some outdoor vehicles such as 
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Fig. 1 An example case where the vehicle can move sideways using wheel slippage 

tanksmayutilizedifferentialdriveswithnosteeringtoprovidearbitrarilysmall turning 
radii. However, all the movements that can be executed by differential drive vehicles 
involve slippage. The maneuverabilities of these vehicle structures have been exten-
sively studied so far [ 5, 6, 10, 13, 14]. 

Wheel slippage is not desired for various reasons. On one hand slippage accu-
mulates error in dead reckoning, on the other hand, it decreases controllability of 
vehicles. Hence, slippage in general is not a desired state. However, it may be useful 
to force these vehicles to slip for certain tasks. While vehicles with 4WS-4WD with 
independent front and rear drives and differential drives can start slippage at low 
speeds, a 2WS vehicle with Ackerman steering cannot. 

In this paper, it is hypothesized and later shown that using 4WS with independent 
drives for front and rear wheels, one can control the vehicle to slip in an arbitrary 
direction without requiring prior maneuvers. As an example, consider the case shown 
in Fig. 1 where a 4WS vehicle steers at the opposite directions with the front and 
rear wheels while driving the front and rear wheels in the opposite directions. This 
actuation may cause the vehicle to drift sideways if controlled properly. 

Although the results of excessive slippage may have adverse effects on wheels 
in everyday usage, using slippage only when it is completely necessary may allow 
cars to execute maneuvers that are otherwise harder or impossible such as fitting in 
tight parking spots or making very sharp maneuvers in crowded places. Since most 
4WD electric cars already use independent electric motors for front and rear drives, 
the proposed structure is somehow similar to existing cars. However, controlling 4 
inputs, 2 steering angles and 2 drive speeds, manually is a considerably more difficult 
task compared to driving a regular car. Therefore, the control of slippage needs to 
be automated for such applications in order to get the maximum benefit from wheel 
slippage. 

In order to automate the controlled slippage to enhance maneuverability, we 
present a proper mathematical model for the proposed vehicle structure in the next 
section. While the starting point is the commonly used bicycle model, many additions 
and modifications are added to the model in order to make it more suitable for the 
case where the vehicle slips. The nonlinear model of the vehicle is then linearized to 
utilize linear state space methods.
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Fig. 2 Small scale prototype 

In the third section, two different control methods are discussed. The first one is 
a relatively naive approach that allows the user to directly use the coordinates of the 
vehicle as reference states using LQR. The second control method allows the user to 
control the vehicle to follow a certain path to reach to a given coordinate. In order to 
enable the vehicle to follow a certain path, a linear transformation is applied to the 
states of the system using the output matrix. Then, the controller’s parameters are 
tuned in order to prioritize staying on the given line. 

Finally, the proposed method is applied to the real life small scale prototype shown 
in Fig. 2. The feedback for the controller is provided using a Vicon optical motion 
tracking system. Using the same controller structure, a 2WS and a 4WS vehicle with 
independent drives (proposed structure) is compared. In order to compare the perfor-
mances of different vehicles, their performance on following a relatively challenging 
trajectory is considered. 

2 Mathematical Model 

The mathematical model can be inspected in three parts: wheel forces, friction 
moment and input limits. After considering those points, a non-linear dynamic model 
is created using Kane’s method and sympy mechanics module on Python. To utilize 
linear state space methods, the model is linearized around the instantaneous state 
at any time step using the Jacobian method. This requires the evaluation of system 
matrix and input matrix at each time step while keeping the linear approximation 
fairly accurate at any time. 

Plant inputs are selected as steering angles (. θ f , . θr ) and angular velocities of 
the wheels (.ω f , .ωr ). The states are selected as the position of the vehicle (. x , . y),
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Fig. 3 Mathematical model 

orientation of the vehicle with respect to the x axis (. θ ), the velocity of the vehicle 
(. vx , . vy) and the angular velocity of the vehicle (. ω) respectively as shown in (1) and 
Fig. 3. 

.x =

⎡
⎢⎢⎢⎢⎢⎢⎣

x
y
θ

vx
vy

ω

⎤
⎥⎥⎥⎥⎥⎥⎦

(1) 

2.1 Wheel Forces 

For the mathematical model, the vehicle is considered to be a rigid body in a planar 
space with 2 wheels (front and rear) attached as shown in Fig. 3. The friction between 
the wheels and the ground is assumed to be viscous. Although this assumption is 
clearly counter-intuitive, it results in a simple (i.e. less non-linear) mathematical 
model. It is hypothesized and observed in the experiments that the inaccuracy is not 
significant at tested speeds.
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Under the viscous friction assumption, the force that is applied on the vehicle by 
a single wheel can be expressed with the following equation. 

. →Fw,i = ci (→vw,i − →vc,i ), i = f, r (2) 

where .ci is the viscous friction coefficient between the wheel and the ground, .→vw is 
the velocity which is dictated by the wheel and.→vc is the velocity of the wheel center 
with respect to the ground. 

For a given wheel, .→vw can be expressed in terms of the inputs . θi and . ωi . 

.→vw,i = rωi (cos(θi + θ)ı̂ + sin(θi + θ)ĵ), i = f, r (3) 

where .θi is the steering angle and .ωi is the angular velocity by which the wheel is 
driven. The subscript . i is used to denote whether the wheel is front or rear. 

2.2 Friction Moment 

When the rotation of the vehicle around the front wheel alone is considered, the 
assumption of no friction due to the rotation can be acceptable. However, when there 
are 2 front wheels, in order to account for the friction caused by the rotation of the 
vehicle around the center of the front wheels, one has to introduce an extra moment 
to the bicycle model. This moment is assumed to be proportional to the angular 
velocity of the vehicle and the friction coefficient. It is also affected by the distance 
between the front wheels. Then the additional friction moment can be represented 
by the following expression. 

. →M f r = −d →ω(cr + c f ) (4) 

where . →M f r is the additional friction moment, . d is the distance between the front 
wheels and . →ω is the angular velocity of the vehicle. 

2.3 Input Limits 

Both the steering angle and the angular velocity of the wheels are limited to certain 
ranges. Due to the non-linearity of the system, simply clipping the controller outputs 
before feeding them into the plant would not work. The limits of these variables 
should be represented in the mathematical model. 

In order to achieve that, 2 variables which are expressed with the following equa-
tions are introduced. 

.ωi = lωtanh(ω
ini tial
i ), i = f, r (5)



164 E. Ata and A. B. Koku

.θi = lθ tanh(θ
ini tial
i ), i = f, r (6) 

If the plant inputs are selected as .ωini tial
i and .θ ini tial

i , then the absolute values of 
steering angle and the angular velocity of the wheels will be limited to .lω and . lθ
respectively. 

3 Control Method 

Using the linear quadratic regulator (LQR) method, the states can be directly con-
trolled to achieve a desired state. For a linear system, LQR method optimizes the 
expression given in (7). However, that does not put any constraint on the path that 
will be followed. For most tasks that require the vehicle to move to a certain location, 
a specific path should be followed. Using a proper output matrix, the vehicle can be 
controlled to follow a line with a specific speed. For more complicated paths, it is 
possible to approximate the path with line segments. 

.

∞∫

0

xTQx + uTRu dt (7) 

For both methods, two important tricks are used. Firstly, since the controller is 
allowed to instantly change the steering angles in the mathematical model, this causes 
a discrepancy between the model and reality. Similarly, the driving angular velocity 
of the wheels cannot be instantly changed. To resolve this issue, the controller’s 
steering output is forced to be pseudo-continuous by limiting the change between 
time steps. Secondly, when the controller decides to suddenly change the steering 
angles and apply a certain angular velocity to the wheels, before the new steering 
angle is applied, the wheels may start to turn. This causes an unintended action to be 
executed. In order to overcome this problem, the angular velocities are significantly 
reduced when a sudden steering angle change is detected. 

3.1 State Control 

While using LQR directly on the states (with unit output matrix) allows one to move 
the vehicle from a given position and orientation to another, the priorities cannot be 
properly defined for the controller. An example path is shown in Fig. 4. 

As the example suggests, the vehicle is controlled from the origin to the desired 
arbitrary position, .(0.3, 0.07) m, successfully. However, the optimum decision of 
the LQR does not enable one to control the path. The .Q matrix of the LQR for this 
example is given in (8).
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Fig. 4 The resultant path of controlling with unit output matrix in a mathematical simulation 

.Q =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

(8) 

3.2 Output Control 

To overcome the issue of not being able to control the path, a suitable output matrix 
can be defined. The purpose is to define a line that connects the initial and reference 
positions of the vehicle and use one of the states as the deviation from this line. The 
same transformation can be applied to the velocities. 

Let the line that connects the initial position and the reference position be defined 
by the equation .ax + by = c. Choosing the output matrix and reference state as 

.C =

⎡
⎢⎢⎢⎢⎢⎢⎣

a b 0 0 0 0
a' b' 0 0 0 0
0 0 1 0 0 0
0 0 0 a b 0
0 0 0 a' b' 0
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

(9)
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.r =

⎡
⎢⎢⎢⎢⎢⎢⎣

c
c'

θre f
0
cvel

ωre f

⎤
⎥⎥⎥⎥⎥⎥⎦

(10) 

enables one to prioritize the error in a new coordinate system. To make the trans-
formed coordinate system an orthogonal coordinate system with the reference posi-
tion as the origin and the new y axis as the line to be followed,.a', b', c' can be chosen 
as follows. 

.a' = b (11) 

.b' = −a (12) 

.c' = bxr − ayr (13) 

Let the goal position be. →pr = xr ı̂ + yr ĵ , and the initial position be. →pi = xi ı̂ + yi ĵ . 
The desired velocity can be calculated using the expression 

.cvel = b→g · ı̂ − a→g · ĵ (14) 

where . →g is the unit vector in the direction of the desired movement. 

.→g = ( →pr − →pi )/| →pr − →pi | (15) 

Using the described output matrix, the first two error components represent . e1
and .e2 in Fig. 5. 

Using the output matrix . C and reference input . r, the path given in Fig. 6 can be 
obtained. 

The vehicle is controlled between the same initial and final positions. However, 
in this example, the errors are properly prioritized to control the vehicle on a line. 
The .Q matrix of the LQR for this example is given in (16). 

.Q =

⎡
⎢⎢⎢⎢⎢⎢⎣

10 0 0 0 0 0
0 0.1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0.1 0
0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

(16)
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Fig. 5 The transformed coordinate system and the error components 

Fig. 6 The resultant path of controlling with the described output matrix in a mathematical simu-
lation
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4 Experimental Results 

4.1 Setup 

The proposed 4WS, 4WD vehicle structure is tested on a prototype vehicle with state 
feedback from a Vicon optical motion capture system. The structure is compared to 
a commonly used 2WS vehicle structure in terms of trajectory tracking performance. 
Equation (17) describes the cost metric. 

.C =
t f∫

0

|→xt (t) − →xv(t)| dt (17) 

where .t f is the time when the end point is reached, .→xt (t) is the position the vehicle 
has to be on at the time . t and .→xv(t) is the position of the vehicle at the time t. 

As a test case, the vehicles are initially positioned at the origin with.0◦ angle (i.e. 
facing east). Then, the vehicles are controlled to the position .(0, 0.4) m targeting 
approximately .3.33 cm/s in the direction of the target. 

Since the control of a 2WS vehicle requires long term planning, the movement 
is divided into several parts. For each part, a similar controller is used and different 
controller parameters are selected. 

For the 2WS vehicle, three long term strategies are used. The first one involves 
the vehicle to make a smooth movement towards the end of the trajectory but this 
requires the vehicle to considerably deviate from the line. For the second strategy, 
the vehicle executes 2 maneuvers to change its angle before moving towards the end 
point. The last strategy involves 4 maneuvers however, this causes the vehicle to 
delay and increases the trajectory tracking cost. 

The maneuvers simply involve the vehicle being controlled to a specific angle 
until a certain deviation from the desired path is reached. This corresponds to a case 
where the vehicle has to move in a narrow hallway since deviating too much from 
the middle of the hallway is not possible. 

For the 4WS vehicle, 2 different reference input, priority pairs are used. The first 
one involves the vehicle to be controlled at .0◦ while tracking the trajectory. In the 
given figures, this mode is called “Full Slip” since the vehicle has to always slip 
during the motion. The second mode involves the vehicle to be controlled to 1.37 
radians during the motion. Once the angle target is reached, the vehicle does not 
have to slip for the rest of the motion. Since movement towards the target without 
slippage can be achieved in a relatively wide angle range, the angle priority of the 
controller is selected to be somehow lower compared to the first mode.
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Fig. 7 Paths and trajectory errors 

4.2 Results 

The paths that are followed by the vehicles and the deviation from the trajectory in 
the best trial for each are given in Fig. 7a, b respectively. 

Using (17) for the given trials, the costs of different structures and modes are 
given in Table 1. This result shows that making more than 2 maneuvers only causes 
the 2WS vehicle to delay further. This means that it is not necessary to increase the 
number of maneuvers any further. 

The trajectory tracking errors defined by the metric given in (17) are  given in  
Table 1. 

The maximum error in terms of the angle was less then.12◦ when the 4WS vehicle 
was controlled to .0◦ during the motion. 

An animation of the movements of different structures in the experiment are given 
in this video. 

Table 1 Costs of different 
structures and modes 

Mode Cost 

2WS (No maneuvers) 0.767 

2WS (4 maneuvers) 0.386 

2WS (2 maneuvers) 0.319 

4WS (Full slip) 0.260 

4WS 0.103

this video
 -909
44284 a -909 44284 a
 
https://www.youtube.com/watch?v=94vEuCYD3ss
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Two videos of simulations are given in video 1 where the vehicle follows a narrow 
hall while maintaining a desired orientation and video 2 where the vehicle parks in 
a difficult spot. 

A recording of a real life experiment is given in this video. 

4.3 Discussion 

Figure 7a suggests that the proposed vehicle model can maintain a velocity towards 
the target with a relatively smaller deviation from the shortest path. However, the 
baseline 2WS vehicle has to either considerably deviate from the desired path or 
make multiple maneuvers causing it to lag. 

The results given in Table 1 demonstrate that the proposed structure can perform 
significantly better even when it is forced to stay at angle which requires slippage. 
When the angle requirement is relaxed, a further significant improvement can be 
obtained for the proposed structure. 

5 Conclusion 

In this work, it is shown that slippage at low speed can be advantageous while tracking 
a challenging trajectory. A warehouse robot which has to make sharp maneuvers in a 
crowded space or a regular car which is trying to parallel park in a tight spot may need 
to follow a challenging trajectory which may might be possible to follow without 
slippage. 

It is shown that using the proposed structure and the controller, the vehicle can be 
forced to slip in a desired direction without prior maneuvers. It is also important to 
note that the proposed structure can avoid slippage unless it is necessary. Therefore 
the adverse effects of excessive slippage can be avoided when it is not necessary to 
slip. 

Even though a similar amount of maneuverability may be reached by complex 
wheel structures such as omni wheels, the proposed method demonstrates that it can 
be done with simpler wheels. 

Acknowledgements METU-ROMER supported this work by providing access several to manu-
facturing methods, electronic components and the motion tracking system Vicon. This work would 
not have been possible without the support of METU-ROMER.
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 16209 -581 a 16209 -581 a
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video 2
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