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Preface

This book provides a self-contained introduction to Stein’s estimation, mainly
focusing on minimaxity and admissibility. For estimation of a P-variate normal mean,
if X ~ N,(u, I), the estimator X is the MLE, UMVUE and is minimax with the
constant risk p under the standard quadratic loss function. Stein (1956) showed that
estimators of the form (1 —a/(b + ||X||*))X dominate X, for a sufficiently small
and b sufficiently large when p > 3. James and Stein (1961) explicitly constructed
the dominating estimator, (1 — (p —2) / IXI°)X. Paradoxically the James-Stein
estimator is itself inadmissible and can be dominated by another inadmissible esti-
mate, its positive part. In such a situation, we are particularly interested in finding
admissible estimators dominating a given inadmissible estimator.

Over 50 years ago, the third author of this book, Strawderman (1971) (WS) first
constructed a class of proper Bayes admissible minimax estimators improving on
X for p > 5. In that same year, Brown (1971) proposed sufficient conditions for a
generalized Bayes estimator to be admissible. Brown’s (1971) results led to a greatly
enlarged class of generalized Bayes admissible minimax estimators.

Twenty years after Strawderman (1971), the second author of this book, Kubokawa
(1991) (TK) first found an admissible estimator dominating the James-Stein estimator
among the enlarged class of admissible minimax estimators. Further Kubokawa
(1994) proposed sufficient condition for a shrinkage estimator to be superior to the
James-Stein estimator. In that same year, 1994, the first author, Maruyama (YM),
entered graduate school at the University of Tokyo, where the second author, (TK)
was affiliated. YM got very interested in statistical decision theory, chose the second
author, TK, as his supervisor, and wrote a Ph.D. thesis in this area. Theorems 2.7
and 3.15 are from that thesis.

After YM graduated, he contacted WS, arranged a visit to WS’s University
(Rutgers), and began a fruitful, continuing collaboration, resulting in several co-
authored papers. Particularly, over the past five years, they have worked on admis-
sible estimation of a multivariate normal mean when the scale is unknown. Recently,
Maruyama and Strawderman (2021) constructed a class of generalized Bayes admis-
sible minimax estimators for this longstanding open problem. Coincidentally, this
occurred exactly 50 years after Strawderman (1971).
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TK and WS also have had a longstanding collaboration resulting in several
publications on minimaxity and admissibility in the general area covered by this
book.

However, this thin book represents the first project on which the three of us have
collaborated. It is our attempt to present a (nearly) self-contained introduction to
Stein estimation. We focus on minimaxity and admissibility results in the estimation
of the mean vector of a normal distribution in the known and unknown scale case
when the covariance matrix is a multiple of the identity matrix and the loss is scaled
squared error. For the most part, the estimators we study are spherically symmetric
shrinkage estimators, often corresponding to generalized Bayes estimators relative
to spherically symmetric (in w) priors.

Due to space limitations, we do not cover the rich literature of estimation in
restricted parameter spaces; estimation of loss (other than the SURE); loss functions
or priors that are not spherically symmetric; or predictive density estimation. In
particular, restricting attention to the spherically symmetric case allows a (relatively)
direct and compact treatment of admissibility, and avoids the necessity to develop
the deeper and more general, but somewhat more complex, development of Brown
1971).

We thank Yasuyuki Hamura for his helpful and constructive comments on an
earlier version of this book. We are grateful to our families who have supported us
during the preparation of this book.

Kobe, Japan Yuzo Maruyama
Tokyo, Japan Tatsuya Kubokawa
Piscataway, NJ, USA William E. Strawderman

June 2023
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Chapter 1 ®)
The Stein Phenomenon Geda

1.1 Problem Setting

In this book, we consider estimation of the mean vector of a multivariate nor-
mal distribution. Specifically, we consider i.i.d. p-variate normal random variables
Z1,Zy, ..., Zn ~ Ny, o2I), where the mean vector p is to be estimated. The
sample mean vector is given by

_ 1 <
=Z= ;; Ny (e, 1/n), (1.1)

where n = m /02. When the scale is known, we can set n = 1 without the loss of
generality, that is,
X ~ Np (l’La I)v

where X is a complete sufficient statistic for x. When o2, or equivalently 7, is
unknown, {X, S} is a complete sufficient statistic for {i, n}, where

ZHZ —7P X", for 5= = and n = p(m — 1). (1.2)
o

i=1

Note that X and S are mutually independent and that 5 is a nuisance parameter. We
will consider the known scale case and the unknown scale case, in Chaps. 2 and 3,
respectively.

Much of this book is devoted to investigation of decision-theoretic properties of
estimators in the two cases. While there are many similarities in the results, there
are also some important differences. In order to help clarify the differences, for the
unknown scale case, the mean vector u is replaced by 6, and we use following
notation:

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023 1
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2 1 The Stein Phenomenon
X ~N,6,1/n) and nS ~ x?2

in (1.1) and (1.2). In each case the loss function for estimation is assumed to be the
scaled quadratic loss function;

L(8; ) = [18(x) — pll’,  L(8;6,m) =nlld(x, s) =07, (1.3)

respectively.

1.2 Some Concepts of Statistical Decision Theory

In this section, we review some concepts of statistical decision theory, primarily for
the known scale case. Denote the probability density function of N, (u, I/n) by

p/2 _ 2
SCx — 1) = n (_nllx l )

Qmyr2 P 2

We simply write ¢ (x — ) whenn = 1.
The risk function of an estimator §(x) is given by

R(8; w) = E[16(X) — nl*] =/R) 18(x) — wl*p(x — wydx.

We say that an estimator § dominates § if

R(6; w) < R(8p; n) for all values of w,

R(8; ) < R(8gp; ) for at least one value of . (14)
Any estimator (such as § is in (1.4)) which is dominated by another estimator is
said to be inadmissible. An estimator é is admissible if it is not dominated by
any other estimator. Admissibility is a relatively weak optimality property, while
inadmissibility is often a compelling reason not to use a particular estimator.
An estimator 8, of 1, which minimizes the maximum risk,

sup R(8ys; w) = inf sup R(S; w)
neRr? 8 peRrr

is called a minimax estimator.

Bayes and generalized Bayes estimators also play an important roll in our devel-
opment. For a proper prior density 7 (i) which satisfies f]Rﬂ w(u)du = 1, (but for
most of the development, fw m(n)du < oo suffices), the Bayes risk is defined by
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r(;m) = /R R(S; wm(w)dp.

Let the marginal density of x and the posterior density of u given x be

mx)= | ¢(&x—wr(w)dp and w(p|x) = M, (1.5)
. m(x)

respectively. Then the Bayes risk of 6(x), r(§; 7), is defined as

r(&:n)=/R {/R ||8(x)—MII2¢(x—M)dx}ﬂ(u)dM
=/ { ||8<x>—uuzn(mx)du}m(x)dx.
RP RP

The minimizer of r(8; 7r) with respect to § is called the Bayes estimator under
7, and is given uniquely (a.e.) by

8 (1) = arg min / I — pllPe (e | x)d (1.6)
RP

Jrp 1 (x — )7 ()dp
Jro 1®(x — )7 ()dp

=/ (| 1)y =
RP
Further, from (1.6), the equality

1(8; ) —1(8x; 77) :/ {/R ||5(x)—an(x)||2n(u|x)du}m(x)dx (1.7)

R?
follows. By (1.7), we have the following result.
Theorem 1.1 The proper Bayes estimator 5, given by (1.6) is admissible.

Proof Suppose the Bayes estimator &, is inadmissible, that is, there exists an esti-
mator & such that § # &, on a set of positive measure and

R(5; u) < R(6;; n) for all values of w.

Then

{ R(87; ) — R(S; M)}ﬂ(u)du =1(87;7m) —1(8;m) >0,
RP

which contradicts (1.7), by uniqueness of §,. (]
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Even if the prior is improper, /}er m(n)du = oo, the posterior density given by
(1.5) is typically well-defined and hence the minimizer of (1.6) is also well-defined.
The minimizer of (1.6) under an improper prior is called a generalized Bayes estima-
tor. Unlike Theorem 1.1, a generalized Bayes estimator is not necessarily admissible.
Parameter dimension often play a critical role in the determination of admissibility.
A striking example of the effect of parameter dimension on admissibility is that of
estimating a normal mean vector, which we tackle in this book. The natural esti-
mator X, which is the maximum likelihood estimator and the uniformly minimum
variance unbiased estimator, is also the generalized Bayes estimator with respect to
the (improper) uniform prior on R”, since

Jro nb G — wdu N Jar (= )P — wydpe
f]Rp ¢(x - /‘L)d/'L fR/’ ¢(X — ,bL)d/,L

As noted in Theorems 1.4 and 1.7, X is admissible for p = 1, 2. However, for p > 3,
it is inadmissible (Stein 1956, Theorems 1.5 and 1.8). This effect is called the Stein
phenomenon since it was not at all expected at the time of its discovery.

Blyth (1951) method, given in Theorem 1.2 below, is applied to establish admis-
sibility of a class of generalized Bayes estimators. Suppose (i) is improper,

() >0 forall p, (1.8)

and §, is the generalized Bayes estimator under 7 (). Suppose m; (1),i = 1,2, ...,
is an increasing (in i) sequence of proper priors such that

lim 7; () = () and my(w) > O for all . (1.9)
=00

Note that the integral fRF 7; (m)dp is not necessarily equal to 1, but must be finite for
eachi. Let §; be the proper Bayes estimator under 77;. Then the Bayes risk difference
between 6, and §;, with respect to ; (u), is

A= AI {R(x: ) — R(@Gi; )} i ()de. (1.10)

The following form of Blyth’s sufficient condition shows thatlim;_, ., A; = Oimplies
admissibility.

Theorem 1.2 The generalized Bayes estimator &, is admissible if lim;_, o, A; = 0.
Proof Suppose that §,, is inadmissible and hence that there exists a 8" which satisfies

R(§'; u) < R(8;; n) for all values of 1,

, (1.11)
R(8"; o) < R(8z; o) for some pip.

By (1.11), we have
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/R 18, (x) — 8 () |I>¢ (x — pwo)dx > 0.

Further we have

2 d(x — )

— dx.
¢(X—M0)¢(x fo)dx

/ 162 (x) — 8" ()17 (x — p)dx = / 187 (x) — &' ()l
RP RP

Since the ratio ¢ (x — u)/¢(x — o) is continuous in x and positive, it follows that
f 187 () = &' (D) Pp(x — p)dx > 0
R?

for all . Set 8" = (8, + 8’)/2. Then we have

187 — pll® + 118" — el 18, = &'l

8// _ 2 — ,
I wll > 1

and

R("; w) =E[18" — ul*] < A/ E[I8" — pwlI*] + (1/2)E[18, — nll*]

1
=5 (RO 1) + RGx 1)} = R(Gx: ),

for all w. Then we have

A= A {R(8x; ) — R(i; )} mi (ydpe E/R {R(8x; ) —R(S"; )} i (wydp
> [ RG. 0 ~ RG5> 0
Rr

which contradicts A; — 0 asi — oo. O

Remark 1.1 In our version of Blyth’s lemma, we assume (1.8) and (1.9), that is,
m(n) > 0and 7 (u) > O for any fixed p, which are satisfied by all priors we assume
in this book. In fact, the theorem still is true with essentially the same proof with
the weaker assumption that 771 (C) > 0 for some compact set C. See Theorem 1.1 of
Fourdrinier et al. (2018) for details.

When we apply Blyth’s method in proving admissibility of §,, in some cases includ-
ing Theorem 1.4 with (1.33), we bound A; from above as A; < C/log(i + 1) for
some positive constant C, which immediately implies lim;_, -, A; = 0. However, in
most cases, the use of Blyth’s method in proving admissibility of 8, , consists of first
noting that the integrand of A; in (1.10) tends to O as i tends to infinity. The proof
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is completed by showing that the integrand is bounded by an integrable function.
Then, by the dominated convergence theorem, lim;_, -, A; = 0 is satisfied so that §,,
is admissible.

1.3 The Organization of This Book

In Sects. 1.5 and 1.6, we give some preliminary results for the known scale and
unknown scale cases, respectively. In both cases, the natural estimator X with the
constant risk, p, is shown to be minimax for any p € N (Theorems 1.3 and 1.6).
Further the estimator X is shown to be admissible for p = 1, 2 (Theorems 1.4 and
1.7). However, for p > 3, the James—Stein estimator

. p—2 A p—2 S
=(1- )x é =(1— )X, 1.12
fus = ( BaE '8 n+2 X2 (112

dominates X for the known scale case and the unknown scale case, respectively,
which implies that the estimator X is inadmissible in both cases (Theorems 1.5
and 1.8). In this section, we preview the principal admissibility/inadmissibility and
minimaxity results, which will be given in Chaps. 2 and 3.

In Chap. 2, we consider admissibility, inadmissibility and minimaxity of (gener-
alized) Bayes estimators for the known scale. In particular, we mainly focus on a
class of the (generalized) Bayes estimators with respect to an extended (Strawderman
1971)-type prior

o [l
wult) = [ B exp(— 1 (i, 0

( 8 )b 1 (1.13)
(g+De\g+1/ {log(g+ 1)+ 1}’
for a > —p/2+1, b> —landc e R.

where 7w (g;a,b,c) =

Strawderman (1971) original parameterizationis A = 1/(g + 1) € (0, 1). In partic-
ular, the case a = b = ¢ = 0 as well as p > 3 corresponds to the Stein (1974) prior

ms(Ipl®) = pl*=? (1.14)

since

[l >7.

/°° g - ||u||2> 1o Dlp/2= 1202
o o P T )T T gy
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For the behavior of 7 (g; a, b, ¢) around the origin, we have lim,_,¢ 7 (g; a, b, ¢)/
b

g’ =1land

1
1
b
dg = —— 1.15
fogg b+1<oo (1.15)

if b > —1, which we assume through this book. For the asymptotic behavior of
m(g;a,b,c), wehave limg_, o w(g; a, b, c)(g + 1)*{log(g + 1)} =1 and

/oo dg <00 (1.16)
1 (g + D*{log(g + D}

if
either{a > 1, ce Rjor{a=1, ¢ > 1}. (1.17)

The integrability conditions (1.15) and (1.16) imply that 7 (g; a, b, c) is proper if
b > —1 and {a, c} satisfy (1.17). As in (2.5) in Sect. 2.1, if

a>—-p/2+1, b>—landc € R,
the posterior density (and hence) the corresponding generalized Bayes estimator is
well-defined.

For the corresponding (generalized) Bayes estimator, we have the following
results:

Admissibility (Corollary 2.2 and Theorem 2.5)
provided p > 1 and either {a > 0, c € R} or {a =0, ¢ > —1}, (1.18)
Inadmissibility (Corollary 2.1)
provided p > 3 and either {—p/2+ 1 <a <0, ceR}or{a =0, c < —1},
Minimaxity (Corollary 2.3)
provided p >3, —p/2+1<a<p/2—1,b>0, ¢ <0.

Minimaxity results, under {b > Oand ¢ > 0} and {—1 < b < 0 and ¢ = 0}, are

also provided in Corollary 2.3 and Theorem 2.7, respectively. Further we find a

generalized Bayes estimator improving on the James—Stein estimator fi;5 given by
(1.12).
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Improving on the James—Stein estimator (Theorem 2.8)
provided p >3, a=b=c=0. (1.19)

A particularly interesting case when the scale is known seems deserving of atten-
tion. When a = b = ¢ = 0, the prior corresponds to the Stein (1974) prior g given
by (1.14). As in (1.3), (1.18) and (1.19), the corresponding generalized Bayes esti-
mator is minimax, admissible, and, as first established by Kubokawa (1991), superior
to the James—Stein estimator.

In Chap. 3, we treat the unknown scale case. We first consider admissibility within
the class of (scale) equivariant estimators of the form {1 — ¥ (||x||?/s)}x. A joint prior
of the form 1"n?/2q(n||0||*) for v € R, gives rise to such an invariant generalized
Bayes estimator. We show that the choice v = —1 is special in the sense that a joint
prior of the form

"2 q o),
where ¢(||i||?) is proper on w € R”, gives a generalized Bayes estimator which
is admissible within the class of equivariant estimators. Further, we investigate the

properties of the generalized Bayes estimators under n~'n?/?m (1]|0]|?) with 7 (-) by
(1.13). Here are some of the main results:

Admissibility among all equivariant estimators (Corollary 3.1 and Theorem 3.5)
provided p > 1 and either {a > 0, ce R}or{a =0, ¢ > —1}

Admissibility among all estimators (Theorem 3.6)

providedp>1, 0 <a <n/2+2, c=0. (1.20)
Inadmissibility (Corollaries 3.3 and 3.4)

provided p > 3 and either {—p/2+ 1 <a <0, ceR}or{a =0, ¢ < —1},
As in (1.18), the choice
either {a >0, ce Rlor{a =0, ¢ > —1},

implies admissibility for the known scale case. We conjecture that the choice (1.18)
implies admissibility for the unknown scale case as well.
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We also find minimax generalized Bayes estimators:

Minimaxity (Corollary 3.5)

-2 2
provided p > 3, b >0, ¢ <0, —p/2+1 <a< L0+

< . (12D
2Q2p+n—2)

The minimaxity results, under {b >0, ¢ > 0} and {—1 <b <0, c =0 } are
also provided in Corollary 3.5 and Theorem 3.13, respectively. Further we find a
generalized Bayes estimator improving on the James—Stein estimator ;s given by
(1.12).

Improving on the James—Stein estimator (Theorem 3.14)
provided p >3, a=b=c=0. (1.22)

Two interesting cases when the scale is unknown seem deserving of attention.
When a = b = ¢ = 0, the prior corresponds to the joint (Stein 1974) prior

1—p/2 _
e (1.23)

! x P Pas@l01?) = n~" x 0”2 {n)6]*}
where g is given by (1.14). As in (1.20), (1.21) and (1.22), the corresponding gen-
eralized Bayes estimator is admissible among all equivariant estimators, minimax,
and superior to the the James—Stein estimator, respectively, where the last result was
first established by Kubokawa (1991).

Another interesting case is a variant of the James—Stein estimator of the simple

form
o
1l——)x,
( Ix112/s + o + 1)

which is generalized Bayes under w(g;a,b,c) with c=0, b=n/2 —a, a =
(p/2—-14a)/(n/2+4 1 — a), as shown in Sect. 3.5. By (1.20) and (1.21), this esti-
mator with (p —2)/(n +2) <o <2(p —2)/(n + 2) is minimax and admissible.

1.4 Stein Identity

The following identity is called the (one dimensional) (Stein 1974) identity (or Stein’s
lemma). The identity not only provides a much easier proof of the initial results on
the Stein phenomenon, but also has been the most powerful technique for further
developments in this area.



10 1 The Stein Phenomenon

Lemma 1.1 (Stein 1974) Let X ~ N0, 1/n), and let f(x) be a function such that

b
f(®) = f(a) =/ f'(dx (1.24)

forall a, b € R. Further suppose E[| f'(X)|] < oc. Then we have
nEl(X —6) f(X)] = E[f"(X)].
Proof We have

nEl(X —6) f(X)] = nE[(X —O){f(X) — f(9)} (1.25)

—0)?
—n(/ / ){f(x) FO))(x - (2 )1/2 xp(—%)dx
2
=0 [ ff(y)(x—9>(2 )1/2 w (- 257 Javar

nx —6)
/ / Fx — (2 )1/2 Xp< T>dydx,

where the third equality follows from (1.24). Note

{x, )]0 <x<o0, 0 <y<x}={x,y)]y<x<o00,0<y<oo}, (1.26)
for the first term of the right-hand side of (1.25) and

{(x,y)| —co<x <6, x <y<06}
={(x,y)| —co<x <y, —c0<y<6}, (1.27)

for the second term of the right-hand side of (1.25). By (1.26), (1.27), and Fubini’s
theorem justifying the interchange of order of integration, we have



1.4 Stein Identity 11

nE[(X —0) f(X)]

_ 00 oo , n1/2 n(x_g)z
-/ / Fome =05 exp(—T)dxdy

(4 y 1/2 -0 2
- / f 1M = 0) exp(—%)dxdy
> > n'/2 n(x —0)°
=/; f(Y){/y U(X—Q)We)(P(—T)dx}dy
6 y 1/2 -0 2
o[ ne-ope (- e

(N, ' n(y — 6)?
:</9 +/oo)f(y)(2n)1/2€xp<_ 2 >dy

=E[f'(X)],
which completes the proof. (I
In higher dimensions, let f = (fi, ..., f,) be a function from R” into R”. Also,
forany x = (x,...,x,) € RPandforfixed j =1,..., p,setx_; = (x1,...,Xxj_1,
Xj,...,Xp), and, with a slight abuse of notation, x = (x;, x_;). Then, using the

independence of X; and X_;, we have

NENX; —up fi(X)]=EMENX; —u) f;(X;, X_)IIX;] (1.28)
= E[E[{0/0x;} fi (X, X_)1| X1 = E[{9/0dx;} f; (X)]. '

A more careful treatment of (1.28) can be seen in Chap. 2 of Fourdrinier et al. (2018),

where the development is extended to weakly differentiable functions which will be

useful in the rest of this book.

Stein’s lemma can also be used to establish a useful identity for Chi-square vari-
ables which are helpful in extending shrinkage estimation results from the known
variance case to the unknown variance case. Let Y1, ..., ¥, be independent normal
random variables with ¥; ~ N (0, 1/n), and let S = >""_, Y?. Then nS ~ x?. The
following was proposed as the Chi-square identity by Efron and Morris (1976).

Lemma 1.2 (Chi-square identity) Let nS ~ X,%‘ Then
nE[Sf(S)] = Elnf(S) +2Sf"(5)].

Proof Lemma 1.1 and (1.28) gives
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nE[Y,?f(.nlYf)}ﬂE[Yf{Yff(.n Yf)H

Then we have

nE[Sf(S)]=nE [ZY?f(Z Y})}

j=1
=>E [f(ZYf) +2Y7 f (ZY )} = E[nf(S) + 281" ()],
j=1 j=1

which completes the proof. (]

1.5 Preliminary Results: The Known Scale Case

In this section we consider admissibility and minimaxity of the estimator X for all
dimensions, p, in the case of a known scale. We first address minimaxity.

Theorem 1.3 The estimator X is minimax for all p € N.

Proof Recall R(X; 1) = E[||X — 1]|*] = p. Consider the normal prior with mean

0 and covariance i /,
[l l?
exp(— ; ) (1.29)
2i

mi(p) = Qri)r?

Then, by Lemma A.1 and (1.6), the Bayes estimator under 7; (1) is

Jop O — pm (ydp

i(x) = =—x (1.30)
Jer @ —mi(u)dpe P41
where the risk of [i; is given by
AN s (L 1 2
RGu 0 = E[I — ] = (=) 2+ () el 3D

For the prior (1.29), we have

f el Godie = ip
Rr
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and hence, with the risk (1.31), the Bayes risk of j; under 7; (1) is

, o
s ) = [ Ras o od = ()

Therefore, for any estimator §,

. i
supR(8; ) > / R(8; wm;i(u)ydp =r(8, m;) = r(fi;, m;) = ( )p,
m RP l+1

for all i € N. Hence

supR(3; u) > p = R(X; n) = supR(X; ),
Iz "

which completes the proof of minimaxity of X for any p. ]

The estimator X is the generalized Bayes estimator with respect to the improper
uniform prior on R?. Since the estimator X is the maximum likelihood, and uniformly
minimum variance unbiased estimator, and is also minimax, it is natural to expect
that it is also admissible. It was, therefore, very surprising when Stein (1956) showed
that X is inadmissible when p > 3. It is however, admissible for p < 2.

In order to establish the admissibility of the estimator X through the Blyth method,
let
log(g + 1)

ki(g) =1~ log(g +1+i)

(1.32)

Clearly k;(g) is increasing in i for fixed g, and decreasing in g for fixed i. Further
lim; o k; (g) = 1 for fixed g > 0. Some properties of k; will be given in Lemma
A.6 in Sect. A.2. In particular, for p = 1, 2, Part 2 of Lemma A.6 guarantees the
integrability

/ K (lplHdp = il f mg"/z—‘k?(gmg
Ry C'(p/2) Jo !

pp/2 (/1 o / K@) > pp/2 2+d+i
< : <
=t \J, ¢ dg+0 i (g)dg =T + (1 +1i)} < oo,

where the first equality follows from Part 1 of Lemma A.2. Using the sequence
kl.z(||,u||2) for (1.32) and the Blyth method (Theorem 1.2), we have the following
result.

Theorem 1.4 The estimator X is admissible for p = 1, 2.
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Proof The Bayes estimator with respect to the prior density kiz( llel?) is

Joo 1 (x = WK (Ipldp . Jor (1 = 0 (x = k7 (Il dpe

Jor 0 — R (InPdp Jor @O = 10K (2 1»)dpe

Jor @ = VK (2 l1»))dpe
Jor @ — 0K (Il dpe

fai(x) =

:x+

k]

where the last equality follows from Lemma 1.1 and (1.28). By the identity

I — mll® =l — pl* = =l — x> 4+ 2 — )" (1 — x),

the non-scaled Bayes risk difference is

A= A; (BIIX — wll’] — ElA (X)) — wl*1) &7 (el P dp

. / Il frr @ (x = M)V{k?(llullz)}dullzd

= > 2 X
R Jp @O — WK (ll)dp

_ / 14 [ 116 (x — ki (1 I)k] (e *)dpe®
R Jor & — W (e 1?)dpe

dx.

By the Cauchy-Schwarz inequality (Part 2 of Lemma A.3) and Part 1 of Lemma A.2,
we have

A <16 / ¢ (x — W kLNl ®dpdx
Rr JRP

p/2 o0
=16 d P21tk (9))2d
F(p/2) Rp¢(x) x/O g glki(9)} dg
16" % o
=10:072 ), gl {ki(g)} dg.

Note, for p =1, 2, gp/2 < g+ 1 forall g > 0. Hence, by Part 4 of Lemma A.6,

P/? 1
(&)dg < T'(p/2) log(1 + i)

i =1 (1.33)

1){k]
F( /2)f (g + Df

Thus we have A; — 0 as i — 0o, which completes the proof. (]
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Remark 1.2 Blyth (1951) showed the admissibility of X for p = 1, by using the
Gaussian sequence (1.29). Stein (1956) showed the admissibility of X for p = 2, not
by the Blyth method, but by the information inequality method, mainly because the
Blyth method, using the Gaussian sequence (1.29), does not work for p = 2. James
and Stein (1961) showed the admissibility of X for p = 2 by the Blyth method with
a proper sequence somewhat similar to k; given by (1.32). Our sequence k;, which is
always strictly positive, is regarded as a more sophisticated version of the sequence
of James and Stein (1961) as well as Brown and Hwang (1982), Maruyama and
Takemura (2008) and Maruyama (2009).

We next address the inadmissibility of X for p > 3. The risk function of an
estimator of the form 8y (x) = {1 — ¥ (]lx]*)}x is given by

R(3y; 1) =E[118,(X) — ul*]
p

=E[IX — ul’] +E[IXIP¥>(1XIH] =2 E[(X; — w X v (1X|P)].
= (1.34)
Then the Stein identity (Lemma 1.1 and (1.28)) gives

E[(X: — w)Xiw(IX 1] = E[v (IXI1P) + 2X7'(1X11)],

d 1.35
and 3 E[(X: — un Xep (1XIPY] = E[pw (X IP) + 2112y axipy].
i=1

By (1.34) and (1.35), we have R(8y; ) = B [ﬁ¢(||X||2)], where Ry, (||x1?) is called
the SURE (Stein Unbiased Risk Estimate) and is given by

Iiw(w) =p+ wlpz(w) —2p¥r(w) — 4wy’ (w). (1.36)

Now let Y55 (w) = (p — 2)/w for p > 3, which corresponds to the James and Stein

(1961) estimator,
s = (1= )X
Hnys = - 55 )4
X112

It follows that R]S wy=p—(p— 2)2 /w, which implies that the risk of the estimator
fys is

(p—2)7°

R(fus; 1) = ERys (I X[1)] = p — E[W

|=p=Ro:w. 37

Note that the above expectation exists and is finite for p > 3, but not for p < 2.
Hence we have the following result.

Theorem 1.5 The estimator X is inadmissible for p > 3.
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fus — p X -

Y

0

>

fus

Fig. 1.1 Pythagorean triangle of the James—Stein estimator

Two popular interpretations of the James—Stein estimator jis are as follows.

Remark 1.3 A geometric interpretation of the James—Stein estimator was provided
by Stein (1962) and explained in Brandwein and Strawderman (1990). In (1.37), we
have (p — 2)*E[1/[X||*] = E[|IX — fusl|*] and hence

E[llfus — nlI*1+E[IX — fssl*] = E[IIX — pll*]. (1.38)

Let f(x) and g(x) be two p-variate vectors of functions of x. Suppose the inner
product of f(x) and g(x) is defined by

(f,.e)e =Elf(X)"¢X)]= [ fx)'gx)p(x — w)dx,

RpP

and the norm of f is given by || f|lg = /(f, f) - Then, as in Fig. 1.1, (1.38) can be
written as

(X — g = (s — W + (X — fus) ks

which is a Pythagorean triangle among X, u and jijs.

Remark 1.4 A motivation of the James—Stein estimator as an empirical Bayes esti-
mator is given by Efron and Morris (1972a,b). The (empirical) Bayesian framework,
uses the prior u ~ N, (0, gI), with the variance g of the prior distribution treated
as an unknown parameter. By (1.5), the marginal distribution of X and the posterior
distribution of u given X = x are

X ~ N0, (g+ D), and | x ~ N, (s, {g/(g + D}, (1.39)
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respectively, where [ip is the posterior mean or the Bayes estimator under quadratic

loss, given by
1

g+1

ag =E[u|X =x]=x— X. (1.40)

Since g is unknown, we estimate 1/(g + 1) in (1.40) from the marginal distribution
given by (1.39). Noting that ||X||2/(1 + g) is distributed as X,z,’ we have

1 1 -2 1
e[t = o] -
X1l p—2 X1 I+

which implies that (p — 2)/||X||? is an unbiased estimator of 1/(1 + g). Substitut-
ing the unbiased estimator into the Bayes estimator jip gives the empirical Bayes
estimator which is identical to the James—Stein estimator.

As shown in Baranchik (1964), the James—Stein estimator is inadmissible since
it is dominated by the James—Stein positive-part estimator

Ak — _ p_—Z)
s maX(O, 1 X2 X.
In Sect. 2.6, we consider improving on the James—Stein estimator.

As mentioned above, this book focuses on the estimation of normal means, pri-
marily in the case of a covariance matrix equal to a multiple of the identity. Many
additional related problems on shrinkage/Stein estimation have been studied in the
literature. Fourdrinier et al. (2018) covers some of these additional problems.

1.6 Preliminary Results: The Unknown Scale Case

In this section we consider admissibility and minimaxity of the estimator X for all
dimensions, p, in the case of an unknown scale.
We first address minimaxity. In the unknown scale case, as in (1.3), the loss is
scaled as
L(5;0,m) = nlls(x,5) — 0%

Let the density of S ~ x2/n be denoted by
n/2.n/2—1
. nes ( ns )
W(si) = ————=—exp|—— ).
Ju(ssm) NCYDILE XPl—3
Then, for the joint prior 7 (8, 1), the Bayes estimator minimizes the Bayes risk given
by



18 1 The Stein Phenomenon

1(8; ) = // { /fnllfS(x,S) —017¢ (x — 05 1) fus; n)dde}ﬂ(G, n)dedn

://{/ ||5(x,s)—9||27?(0,r;|x,S)d9dn}ﬁ1(x,s)dxds,

where

rh(x,S)=// nex —0;n) fuls; nm (8, n)dodn,

ne(x —0;n) fuls; Mm@, n)
m(x,s) '

and7(0,n|x,s) =

Then, as in (1.6), the (proper) Bayes estimator, the minimizer of r(§; ), is given by

[ n0¢(x — 6; n)m (6, n)dodn
[ ngx —0; mm (0, n)dodn

Sy (x,s) = // 00, n|x,s)dodn = (1.41)

which is not the posterior mean of 6. Generalized Bayes estimators have the same
form provided the above integrals exist and are finite.

Theorem 1.6 The estimator X is minimax for all p € N.

Proof Recall R(X; 6, n) = E[n||X — 60]|*)] = p. Assume the prior on (6, n) with

i (0| n) x 7w (n), (1.42)

where (1) is any proper prior and

e nle|
70 ) = (zmwz‘”‘p(‘ )

Asin (1.30), Lemma A.1 and (1.41) give the Bayes estimator under the prior (1.42),

as
5 _ JI PG — i) fuls; mmi @ | mm(mdodn i
T g =03 m) fulss Mm@ | mw(pdody T i+ 17T

Further, as in (1.31), the risk of éi is

N A i \2 1 \2
R(@G:; 0, =E[ ei—ez]z( ) +( ) o112,
( m nll ll 1) P o nlell
Note, under the prior 7; (0 | n)7 (), we have

/ / nll0 12 (0 | )7 (n)dodn = ip
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and hence the Bayes risk under 7; (0) is
~ ~ i
((6,.m) = [ [ R@ 6. 0m@ |mndoan = ().
Therefore, for any estimator §, we have

supR(3; 0, ) = 16, ) = 10, ) = (= ).
0.1 i+1

for all i € N and hence

supR(8;0,n) > p =R(X;6,n) =supR(X; 0, n),
0.n 0.n

which completes the proof of minimaxity of X. O

As in Theorem 1.4, we have the following admissibility result for p = 1, 2.

Theorem 1.7 The estimator X is admissible for p = 1, 2.

Proof Recall the joint probability density of X and S is

np/2 ( T]HX _ 9”2 n/2 n/2—1 ns)

¢x —0:m) fulsin) = Gmyr2 P 5 )F(n/z)zn/2 eXP( 5

The Bayes estimator with respect to the density 7 (1)n”/ 2ki2(77||9||2), where k; is
given by (1.32) and 7 () is any proper prior, is

[ n0¢(x —0;n) fu(s: mm (n? 2k (n11011*)dodn

[ né(x — 03 m) fuls; M ()nP/2k? (n]|011>)dodn

[ 1O —x)¢(x — 65 n) fuls; Mm (MnP2ki (n]|6]*)d6dn
[ n¢x — 05 ) fuls; Mm (MnP2kE(n)|0]2)d6dn

ff¢(x —0;m) fu(s; M7 (mn?*Voki(n1l6]1*)dodn

[ né(x — 0; n) fuls: M7 (nnP/2k (n)|6]1>)dodn

b;(x,s) =

:x—|—

— (1.43)

where the last equality follows from Lemma 1.1 and (1.28). Note the identity
lbe =017 = 16; = 01 = =116; — x> + 2(6; — )"0 — ). (1.44)

Then, by (1.43) and (1.44), the non-scaled Bayes risk difference is
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a1 = [ (Btnix = 6121~ EWnidicx. $) - 01%1) w2l 1o

NIRRT VK )16 dodn]?
= : - 3 > xds
[ ne(x —0; ) fu(s; Mm (mnP2kF (n]|011>)d0dn
_ / 14 [0 (x — 6;n) f,(s; M (mn?*nk; IO 1>k, (n]|011*)dodn]>
[ ne(x — 05 n) fuls; M (nr/2k} (n]|6]1>)dodn

dxds.

By the Cauchy-Schwarz inequality (Part 2 of Lemma A.3),

A;

IA

16//// S0 — 0: 1) fuls: (Il 1P K. (116172 d6dndxds

16 / / 6 (x — 6: 1) fo(s: mdxds / / (0P, (1612 dodn

16 % winan [ o2k (o)1
= r(p/z)/ n(n)n/ g’ ki (9)} dg

P2

<16
- T/

/ (g + Dikl(g)Ydg.

It follows, as in (1.33) in the proof of Theorem 1.4, that A; — 0 as i — oo, which
completes the proof. (]

We next address the issue of inadmissibility of X when p > 3. The risk function
of an estimator of the form 8, (x, s) = {1 — ¥ (||x 12/5)}x is

R(Sy;6,m) =E[nlsy (X, ) —0|°] (1.45)

P
=E[nlIX — 01”1 + E[nIXI>¥>UIXI7/$)] =2 Y E[n(Xi = )Xy (IXI1/S)].
i=1
For the second term on the right hand side of (1.45), Lemma 1.2 gives

e[nxireaxie/s)] = e[us(ELyzaxps)] (1.46)

I1X1
S2

—[n(BEyx) /S))2+2S{—

< [wraxizs) + 25y axierswaxiye))

For the third term of the right hand side of (1.45), Lemma 1.1 implies



References 21

gg[no{i - e)xiw(@)] _ E[W(||?;||2> N 2”};”21#’(”);”2)]. L

By (1.45), (1.46), and (1.47), we have R(6y;6,n7) =E [li,/,(||X||2/S)], where
IAL,, (w) is called the SURE (Stein Unbiased Risk Estimate) and is given by
Ry (w) = p + (n — 2wy (w) — 4w’y )y’ (w) — 2py (w) — 4wy’ (w).

(1.48)
Let Ys(w) = (p — 2)/{(n 4+ 2)w} for p > 3, which corresponds to the James and

Stein (1961) estimator
A p—2 S
Oy = (1 )X.

42X

Then,
(p—271

Rys(w) = p — P

which implies that the risk of the estimator 6715 is smaller than p, as

A -~ —_2 ’ S
R(Gss; 0, n) = E[R;s(1X[/$)] = E[P - (l; T 2) ||X||2]

<p=R(X;0,7n). (1.49)
Hence we have the following result.

Theorem 1.8 The estimator X is inadmissible for p > 3.

Further the James—Stein estimator is inadmissible since it is dominated by the James—
Stein positive-part estimator

A -2 S
Hfgzmax<0,l—p —2>X.
n+2 X

In Sect. 3.8, we consider improvements of the James—Stein estimator.
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Chapter 2 ®)
Estimation of a Normal Mean Vector Geda
Under Known Scale

2.1 Introduction

In this chapter, we consider estimation of the mean of a multivariate normal distri-
bution when the scale is known. Without essential loss of generality, we take n = 1
in this chapter unless otherwise specified. For estimation of u, the loss function is
quadratic loss L(8; 6, 1n) = ||6 — |-

Let IT(dw) and mp be the prior measure and the corresponding marginal density
given by

mp(x) = | ¢ — wI(dw). (2.1
RP

Then the (generalized) Bayes estimator under IT(du) is given by

. Jro 1 (x — ) TI(dpe) Jro (0 = 0)p(x — TI(dp)
M = =X
Jgo @ (x — T (dp) Jgr @ (x — )T (dp)
mel'l(x)
=x+ —=x+ V,logmp(x). 2.2)
mp(x)

The identity in the second line is known as Brown (1971) identity or Tweedie’s
formula (Efron 2011).

In Sect. 2.3, we present a sufficient condition for inadmissibility of generalized
Bayes estimators under this general prior IT(du).

When considering admissibility in Sect. 2.4, we assume the prior density is given

by
©  ,—p/2 2
g ( [l )
T = exp( — IM(dg), 2.3
W /0 oy (=, ) T@®) 23)
© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023 23
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for a non-negative measure IT on g. We determine admissibility/inadmissibility of
generalized Bayes estimators for a certain subclass of mixture priors in terms of II.
The proof is self-contained allowing us to avoid the complexity of the deeper and
more general development in Brown (1971). If 1 is finite or proper, the corresponding
Bayes estimator is admissible. While we are mainly interested in the case of infinite
I1, we do not exclude the case of a finite measure IT.

By Lemma A.1, the marginal likelihood m, is

my (||x|*) = i ¢(x — W (u)dp

[ 1 llx 12 I1(dg)
= exp| — , 2.4)
o Qm)r/? 2+ 1)/ (g+ Dr/2
which is finite for all x if
< TI(dg)
> < 0. (2.5)
o (g+Dr/

Throughout this chapter, we assume the prior IT satisfies (2.5). By (2.2), together
with m, given in (2.4), the generalized Bayes estimator under 7 (1) given by (2.3)
is written as

fiz = x + Vilogm (||x[%)
_ (1 _ Jo g+ D)7 exp(=Ilx P /{2(8 + 1>})n<dg>>x (2.6)
Jo g+ DP/exp(—|Ix[2/{2(g + DHTTdg) )

We give a sufficient condition for admissibility of (generalized) Bayes estimators
(2.6) under the prior (2.3) in Sect. 2.4.2.

In order to explore the boundary between admissibility and inadmissibility, [T(dg)
in (2.3) is assumed to have a regularly varying density of the form

(gaboy= ——(E) 1 @

w(g;a,b,c)= , .

& e+ Di\g+1/) logg+ ) +1)°
fora > —p/2+1, b> —1, c €R, (2.8)

where (2.8) is sufficient for (2.5). We provide a sufficient condition for admissibility
of generalized Bayes estimators (2.6) under the prior (2.7) in Sect. 2.4.3.

Remark 2.1 The term 1/(g + 1)¢ in (2.7) comes from Strawderman (1971) and
Berger (1976). The term {g/(g + 1)}” in (2.7) comes from Alam (1973) (=1 < b <
0) and Faith (1978) (b > 0). The term 1/ {log(g + 1) + 1} comes from Maruyama
and Strawderman (2020).
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When minimaxity is considered in Sect. 2.5, we assume that I1(dg) in (2.3) has
aregularly varying density w(g) = (g + 1)7?£(g), where £(g) satisfies

AS.1 &(g) is continuously differentiable.

/
AS.2 £(g) is slowly varying with lim gé ) _
g0 £(g)

We provide a sufficient condition for minimaxity of (generalized) Bayes estimators.
Sect. 2.6 considers improvements over the James—Stein estimator.

2.2 Review of Admissibility/Inadmissibility Results

We are interested in determining admissibility/inadmissibility of generalized Bayes
estimators, for which Brown (1971) has given an essentially complete solution.
Among the many results of Brown (1971), the following result seems to be the
most often quoted.

Theorem 2.1 (Theorem 6.3.1 of Brown 1971) Suppose I1 (and hence also mp(x))
is spherically symmetric, and let mp (|| x||?) = mn(x). If

e dr 29
L P Pmny @)

then [ir is inadmissible. If the integral is infinite and the risk of iy is bounded or
equivalently
sup E[[|Vx log mn (I1X[1*) 1] < oo, (2.10)
n

then iy is admissible.

Suppose I1(dg) in (2.3) is assumed to have aregularly varying density 7 (g; a, b, c)
given by (2.7). Then a Tauberian theorem (see, e.g., Theorem 13.5.4 in Feller 1971)
gives

. "2 m(t;a,b,c)  T(p/2—1+4a)2r/?1+a
Pt nw(t;a,b,c) B 2m)p/?

@2.11)

where

R Ixl* \7(g;a,b,c)
T 2; 9 b? = / PN -
mz(lx|%; a, b, c) o (m)r~2 exp( 2(g + 1)) (g + DHr/2

Hence the integrability (or non-integrability) of (2.9) is equivalent to integrability
(or non-integrability) of
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* d
I(a,b,c) =/ 8 , (2.12)
1 gﬂ:(g; a, b5 C)

where, as in Lemma A.8 in Sect. A.3,

< oo eithera <0Qor{a =0andc < —1},

I(a,b,c) {

=00 eithera > 0or{a =0andc > —1}.
Further the risk of the corresponding (generalized) Bayes estimator is bounded since

sup ||V, log m (||x||*; a, b, ©)||* < oo,
X

which is shown in Lemma A.7 in Sect. A.3. Hence, given the result of Brown (1971),
we have the following result.

Theorem 2.2 Suppose the prior I1(g) has a regularly varying density, w(g; a, b, c)
given by (2.7). Then admissibility/inadmissibility of the the corresponding (gen-
eralized) Bayes estimator with nw(g;a, b, c) is determined by non-integrability/
integrability of I (a, b, c) given by (2.12).

In this book, we will provide a self-contained proof of Theorem 2.2, based on
Maruyama and Strawderman (2023b). Further, our more general sufficient condi-
tion for admissibility in Theorem 2.4,

f""H(dg)
< 00
0 g+1

includes the case where the risk of the estimator is not bounded. See Remark 2.4.

2.3 Inadmissibility

For the inadmissibility part of Brown’s theorem, the following proof is essentially
due to Dasgupta and Strawderman (1997), which relates inadmissibility to solving
Riccati differential equations. Following Brown (1971) and Dasgupta and Strawder-
man (1997), we do not assume (2.3) but just spherical symmetry of Il. Hence the
result is presented in terms of mp (2.1) and fi (2.2), not m, (2.4) and 1, (2.6).
With

my (I1x11%)

- . A
x¥(x) = Viegmp(||x||©) = men(”x”z)

in (1.36), the SURE of i given by (2.2), is
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+ Swm%(w),
my(w) m(w)

(2.13)

m’n<w))2 4,0 ()

Ru(lx|I>) = p — 4w<
mn(w)

where w = ||x||?. Using (2.13), we have the following result.

Theorem 2.3 The generalized Bayes estimator jir; under the spherically symmetric
prior T1(dw) given by (2.2), is inadmissible if

/00 dr
— <00,
| tP2mp (1)

Notice that the statement of Theorem 2.3 is equivalent to the inadmissibility con-
dition of Brown (1971). Hence, by (2.11), the inadmissibility part of Theorem 2.2
follows. More concretely, by Lemma A.8, the integrability of I (a, b, c) given by
(2.12) corresponds to the case either a < 0 or {a = 0 and ¢ < —1} and hence we
have the following corollary.

where mp (| x||%) := mp(x).

Corollary 2.1 The generalized Bayes estimator with mixing density w(g; a, b, c) is
inadmissible if

either {—p/2+1<a<0,b>—-1,ceR}lor{fa=0, b>—1, c < —1}.

Forthese values of a and c, the integral (2.9) and I (a, b, c) given by (2.12) converges.

Proof (Theorem 2.3) As in (2.13), the SURE of the estimator /iy given by (2.2) is

m’n(w)>2 miy (w) m’l (w)

~ 2y
Rl'l(”-x” ) =p 4w(mn(U)) mn(w) mn(U))’

where w = || x||?. Similarly the SURE of the estimator

. qx])

fng = fn—2———- (2.14)
1 mp(|lx?)

is R g (X% = Ru(Ix %) + A(llx||*; ¢) where

A(w; q) = 4w

qz(w)< 1 _pq(w)+2wq’(w))
mp(w) \mp(w) wg?(w) '

Now let r(w) = w”/>g(w). Then

1 _pq(w)+2wq/(w):2wp/2{; d( ! )}

my(w) wq?(w) 2wPlmp(w) | dw \r(w)
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o dr
y:/ — < 00. (2.15)
1

<
1P 2mp (1)

Assume

Then a solution of the differential equation A(w; g) = 0 is given by

1 1/w de
w2 o Pmpe

Hence, under (2.15), the estimator

’q* mu(||x]|?)
with g, (w) = w~P/%r,(w) has the same risk as that of fir;. Since quadratic loss is
strictly convex, the estimator given by the average of iy and fir 4, ,

2
S A(LI 016

mu(llx[?)"
strictly improves on fir. (]

Remark 2.2 Suppose floo dt/{t"??mp(t)} = oo in (2.15). Then a solution of
A(w; q) =0is

1 I/W dr Lc
rsw)  2Jp tPPmn(t)

where 1/r;(w) is decreasing with

1
lim = 400 and lim =
w—0 rn(u)) w—> 00 rt(w)

Hence 1/ry(w) takes the value O once. Let 1/r;(w,) = 0. Then we see that the
corresponding ¢ (w) satisfies lim,,_,,,, g(w) = oo and thus the SURE is not defined
for such a g (w) in (2.14).

Remark 2.3 Note

WP/

iy we(w) = Jn =15 [ de/{erPmn 0} +y

(—p/2+ DHw P~
—w=0 —1/Q2w?mp(w))

= (p = 2)mn(0),
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where the second equality follows from 1’Hopital’s rule. Then the shrinkage factor
of i — {g.(llx|1)/mn (|l x[*)}x, defined by

mu (X1 g«
mu(lxl?)  ma(lx]?)’

approaches —oo as ||x||> — 0, which implies that the average estimator (2.16) is
dominated by its positive-part estimator. Hence the average estimator improves on
[, but is still inadmissible.

Generally speaking, for an inadmissible generalized Bayes estimator fi, it is
difficult to find an admissible estimator which dominates fi;. On page 863 of Brown
(1971), there is some interesting related discussion on this topic.

2.4 Admissibility

In this section we establish conditions for admissibility of a subclass of generalized
Bayes estimators using Blyth’s method as presented in Theorem 1.2.

2.4.1 The Bayes Risk Difference

Let a sequence of (non-normalized) proper priors be of the form

Y N lel?y
e e AL IS

where k; (g) satisfies fooo kiz(g)l'l(dg) < oo for any fixed i and lim;_, » k; (g) = 1 for
any fixed g. Specific choice of k; (g) will be given by (2.23) in Sect. 2.4.2 and (2.26)
in Sect. 2.4.3.

Under the prior 7; (1), we have

m; (||x||*) = /R ¢ (x — W (wdp

_ [T 2\ A2(g)
_/0 Qm)r2 eXp(_z(g+1))(g+1)p/2r1(dg) (2.17)
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and

fli = x + Vi logm; (|x]1?)
_ (1 _ Jo g+ DT exp(—x P /{2(8 + 1)}>k?(g>n(dg)>x 2.18)
Jo (g + D rPexp(—|x|2/{2(g + DDk (TIdg) /°

The Bayes risk difference between (i, and [i;, with respect to 7; (i), is
A = /w {R(fx: ) — Rz ) } 71 (yd e,
which is rewritten as
8= [ [ (b =l = 1 = ) = o s
= /;v{(nﬁnnz = N )mi (1% = 2Gix — f1)" /R o (x — Wi (ududx
= fR Mitn = flPmi () dr. (2.19)
By (2.6), (2.17) and (2.18), the integrand of A; given in (2.19) is

e — fill*mi (w)
_ w(fo"“(g + D7 F(gwki(9Mdg) [ (g + D' Fs: w)n<dg>)2
1o° F(g; wk?(g)T1(dg) 1S F(g: wI(dg)

< / F(g: w)2()TT(dg), (220)
0

where w = |x||* and

_ (g+ 1)~p/? x ( w ) 221)

F(g,w) = I p 2@+ D)

2.4.2 A General Admissibility Result for Mixture Priors

This subsection is devoted to establishing the following result.

Theorem 2.4 (Maruyama and Strawderman 2023b) The (generalized) Bayes esti-
mator [L, given by (2.6) is admissible if
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/ww<oo. (2.22)
0 g+l

Clearly any proper prior on g satisfies (2.22). Further, even if the prior is improper,
ie., fooo [1(dg) = oo, the corresponding generalized Bayes estimator is admissible
under (2.22). Further, by Part 3 of Lemma A.8, we have the following corollary.

Corollary 2.2 The (generalized) Bayes estimator with mixing density w(g; a, b, c)
given by (2.7) is admissible if

either a > max(—p/2+1,0) or {a =0 and c > 1}.

For these values of a and c, the integral (2.9) and I(a, b, c) given by (2.12) both
diverge.

Proof (Proof of Theorem 2.4) Let

ki (g) =

, 2.23
g+i ( )

which is increasing in i and is such that lim;_, o k; (g) = 1, for any fixed g. The prior
7; () is proper for any fixed i since the mixture distribution is proper, because

/wk?(gm(dg) si/oo 168 _
0 o g+1

Applying the Cauchy-Schwarz inequality (Part 3 of Lemma A.3), to ||, — i
m;(w) given by (2.20), we have

i — fii s (w)
o ({fow(g + D7 g wki (@) (g (g + D™ F(s: w>n<dg)}2>
- Jo° F(g: wk?(g)TI(dg) fo° F(g: w)T(dg)

(2.24)

where F(g; w) is given by (2.21). Further applying the Cauchy—Schwarz inequality
(Part 1 Lemma A.3) to the first and second terms of (2.24), we have

o0 F .
Ve — AP (w) < 4w/ (82 9) 11dg).

o (g+1)?

This is precisely the bound required in order to apply the dominated convergence
theorem to demonstrate that A; — 0, since
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lim {; = i, and hence lim ||/, — fi;]|* = O for fixed w,
i—00 1—>00

and
/ I = fill*mi (llx11*) dx
R?
/ / Q)" )x|? ( Jl 11> )H(d )d
expl ———— b
O TR e TPE
_/ 4)y1I* exp(=llylI*/2)dy /oo T1(dg) _4 /°° T1(dg)
= = —— <00,
R? Q2m)r/? o &+1 o &+1
where the second equality follows from Part 2 of Lemma A.2. (]

Remark 2.4 The prior i ~ N,(0, gI) corresponds to the point prior on g in (2.3).
The proper Bayes estimator is g X /(g + 1) with unbounded risk

g p + llul?
(g+1)?

Theorem 2.4 covers this case whereas (2.10) of Brown (1971) result is not satisfied
by the proper Bayes admissible estimator gX /(g + 1).

2.4.3 On the Boundary Between Admissibility
and Inadmissibility

By (2.6), the (generalized) Bayes estimator with mixing density 7 (g; a, b, ¢) is

- <1 @ )PP exp(—IlxIP/{2(g + DD (gi a, b, c)dg)x (225,
! Jo (@ + P exp(—Ix[12/{2(g + DD (g; a, b, c)dg

Corollaries 2.1 and 2.2 settle the issue of admissibility/inadmissibility of /i, given

by (2.25) for all values of a and ¢ except for the cases {a = 0 and |c| < 1}. For

these cases, non-integrability of I (a, b, ¢) given by (2.12) holds. Hence Theorem

2.2 implies that for these values, near the boundary between admissibility and inad-

missibility, the generalized Bayes estimator is admissible.

Theorem 2.5 (Maruyama and Strawderman 2023b) Assume the measure I1(dg) has
the density w(g; a, b, c) with

a=0,b>—1, |c| <1.
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Then the corresponding generalized Bayes estimator {1, given by (2.25) is admissi-
ble.

In Sect. A.4, we prove Theorem 2.5, using the sequence

|- log(log(g + 1) + 1) -
ki(g) = log(logi + 1) + 1) (2.26)
0 g>i.

The proof is based on Maruyama and Strawderman (2023b), where » > 0in Theorem
2.5 was assumed. In this book, we include the case —1 < b < 0.

2.5 Minimaxity

In this section we study minimaxity of generalized Bayes estimators corresponding
to priors of the form 7 (g) = £(g)/(g + 1)¢, where £(g) satisfies AS.1 and AS.2
given in the end of Sect. 2.1. The marginal density (2.4) is

my (|x|I*) = /R ¢(x — wm(wydp

_ [T 1 Ix|12 £(g)dg
B fo Q2m)ri2 eXp<_ 2(g + 1)) (g + 1)p/2+a’ 2.27)

The SURE of the estimator given by (2.2), is given by

R(Ix1?) = p + 4M<p o
My (W)

m (w) —m (w) )
—m/, (w) my(w) /°

Since m/, (w) < 0, li(w) < p, for all w > 0, a sufficient condition for minimaxity,
is equivalent to A(v) > 0 for all v > 0 where v = w/2 where

VMo g+ DI eE(g) exp(—v/(g + 1))dg
Jo~ (8 + 17727170k (g) exp(—v/(g + 1))dg
v o (g + 7P E(g) exp(~v/(g + 1)dg
Jo g+ D7rak(g) exp(=v/(g + 1))dg

A() =p
(2.28)

We consider, separately, the cases where £(g) is bounded or unbounded in a neigh-
borhood of the origin in the next two subsections.
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2.5.1 &(g) Bounded Near the Origin

t — Sl( )
8

In this subsection, in addition to AS.1 and As.2, we assume the following.
AS.3 E(g) has at most finitely many local extrema for g € (0, 1).
!
AS.4 lim E(g) = lim w > —00
g—0 g— g

Under AS.3, E(g) does not oscillate excessively around the origin. By Part 6 of
Lemma A.5 under AS.4, we have 0 < £(0) < oco. Thus the assumptions suffice to
guarantee that £ is bounded in a neighborhood of the origin.

Let
- . &'(1) - e e
Ei(g) := flzlg){(t + 1)—50) } Ex(g) == Ei1(g) — E(8). (2.29)

Then we have the following result.

Lemma 2.1 1. E(g) is monotone non-increasing and lim E;(g) = 0.
g§—>00

2. Bx(g) = 0forallg =0, lim E,(g) = 0 and there exists E,, such that
g—>00

0 < By(g) < Bpy forallg = 0. (2.30)

Proof By definition, E;(g) is monotone non-increasing and E,(g) > Oforall g > 0.
By AS.2, limsup,_, , E(g) = lim,;, E;(g) = 0. Further

lim E,(g) = 0 2.31)
g—)OO

follows.
By AS.3, there exists go such that E(g) is monotone for g € (0, go). If it is
monotone non-increasing, E;(g) = E(g) and

Ex(g) =0for g € (0, go). (2.32)
If it is monotone non-decreasing, E;(g) = E(go) for g € (0, go) and hence

81(8) — E(g) = E(go) — E(8)
E(gg) — é1,1_1)1%) B(g) < oofor g e (0, go), (2.33)

82(9)

IA

where the inequality follows from the monotonicity of E(g) and the boundness
follows from AS.4. By AS.1, E(g), E1(g) and E,(g) are all continuous. Hence, by
(2.31), (2.32) and (2.33), there exists Ej, as in (2.30). (I
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A version of the following result is given in Fourdrinier et al. (1998).

Theorem 2.6 (Fourdrinier et al. 1998) Assume AS.1-AS.4 on £(g). Then the corre-
sponding (generalized) Bayes estimator is minimax if —p/2+ 1 <a < p/2—1—
2Es..

Proof Note (d/dg) exp(—v/(g + 1)) = v(g + 1)~ exp(—v/(g + 1)). Then

* &(g)exp(—v/(g + 1))
0 (g + 1)p/2+2+u
&(g)exp(—v/(g + 1)) 7% * E(g)exp(—v/(g + 1))
Z[ (g + 1)p/>+a ] +(p/2+a)f (g + Dp/atite
* &'(g)exp(—v/(g + 1))

o (g + Dr/>te
__EO oy )/ q(g v) g_/ E®asiv),, (2.34)
exp(v) o &+l
where
(e 0) — m(g)exp(—v/(g+1))  &(g)exp(—v/(g+ 1))
q\8; - (g + l)p/z - (g + 1)p/2+a
Similarly

< E(g)exp(—v/(g+ 1)
0 (g + 1)[1/2+1+a
£(0)

=- +(p/2—1+a)/ q(g; v)dg—/ E(g)g(g;v)dg. (2.35)
exp(v) 0 0

dg

By (2.28), (2.34), and (2.35), we have

D £(0) 2 1
A =—a+- -1+ ) - oo
W=-a+3 exp(v) (fo g+ D7 'g(g;vdg [y q(s: v)dg)

2fo°°(g +1D)7'E(@q(giv)dg  fyT E(g)q(g: v)dg
Jo (g + D 'q(g: v)dg fo a(g: vdg

(2.36)

In (2.36), we have

2 1 1

_ > > 0. (2.37
@+ Dg(givdg [y qlgsvdg — [ (g + D g (g v)dg 237
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Then, by (2.29), (2.36) and (2.37), we have
p
A() > —a + 5 I+ Aj(v) — Az(v)

where

A(w) = o g+ D Eig)g(giv)ds [ Eile)q(s: v)dg
Jo (g + D "q(g; v)dg ™ (g v)dg

Since E;(g) is monotone non-decreasing, the correlation inequality (Lemma A.4)
gives
Jo e+ D Ei(9)q(g: v)dg

Jo (g + D 'gq(g: v)dg

Ar(v) >

Further we have A,(v) < 2E&,,. Hence we have
p -
A(v) > —a+§—l—2az* >0,

which completes the proof. O

An interesting example is provided by the mixing density &£(g) = {g/(g +
1)}? {log(g + 1) + 1}7¢, for ¢ € R. In this case, b > 0 is necessary for AS.4. Here
is the result.

Lemma 2.2 Suppose £(g) = {g/(g + 1)}’ {log(g + 1) + 1}, for b >0 and c €
R. Then
0 c<0

c/{log(b/c+ 1)+ 1} ¢ > 0.

(1]

2%

Proof We have

H()_b c d()_ b+c 1
=8 = e T el logg + D+ 12

¢ Toggrnr1 M a® g

For b > 0 and ¢ < 0, E(g) itself is decreasing in g and we can set
B1(g) == E(g) and Ez(g) = 0.

Forb >0andc > O,

d b c 1

La@=-24 .
o8 At T T logg D+ 112
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Leto = b/c and g, = afl 4+ log(a + 1)}. Then

d c g g
—B(@g) = —(-a+
dg @ g2< g+ 1{1+log(g+ 1)}2)

which is negative for g € (0, g,). Hence let

E(g) 0<g<gs

E3(8) =1 .
L(g*) 82 8

which is decreasing and E;(g) < E3(g). Then, for g > g,, we have
Ex(g) = E1(g) — E(g) < BE3(g) — E(g) = E(g«) — E(9)

1(g
o o 1 1 ca c
= c<_ - - + ) S — = )
g log(g«+1+1 log(g+1)+1 g« logb/c+1)+1

which completes the proof. O

The next corollary follows immediately.

Corollary 2.3 Suppose b > 0. Then the corresponding (generalized) Bayes estima-
tor with (g; a, b, ¢) given by (2.7) is minimax if

p/2—1 c<0
—p2+1l<ac< 2c

21— oo
r/ logb/c+ D +1 <

2.5.2 &(g) Unbounded Near the Origin

In this subsection we give an example of a class of priors for which £ (g) is not bounded
in a neighborhood of 0, but for which the generalized Bayes estimator is minimax.
Suppose &(g) = {g/(g + )}” for —1 < b < 0. Then &'()/£(g) = b/{g(g + )}
approaches —oo as g — 0, which does not satisfy AS.4. Further lim,_,0&(g) = 00
and £(g) is unbounded on g € (0, 1). For such £(g), we have the following result.

Theorem 2.7 (Maruyama 1998, 2001) Assume —1 <b <0 and c=0 in
7w (g; a, b, c). The corresponding (generalized) Bayes estimator is minimax if

21—
P/ 4 <p<o.

—p/2+1 2—land — ———
p/2+1<a<p/ an 3p2ta—1-

Maruyama (1998) proved this theorem by expressing the marginal density (2.27) in
terms of the confluent hypergeometric function. Here is a more direct proof.
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Proof Let F(g; v) =exp(—v/(g+ 1)) —exp(—v). Then

d v v
_‘F 5 = I F)
0g (8:v) (g+1)? eXp( g—i-l)
lim F(g:v) = limexp<——) {1 — (— )} S )
g0 g g0 g+1 exp(v)
and hence
1in}) F(g;v)é(g) =0. (2.38)
g—)
Note

i{ £(2) }_{—(p/2+a)+ b } £(2)
dglg+priral =1 g +1 g(g+ 1) (g + Dr+e’

Then an integration by parts for (2.28) gives

*&(g)exp(—v/(g+ 1)
0 (g 4+ 1)P/2+2+a
_ [f(g; v)é(g)]w _/°° F(givEle) [ p/2ta b }
~Lg+prerade

d
g+ Drral” g1 " gg+ D]t

*© (g)dg p/2+a [ v(g)
o f v _
WA | T Dexp/s 1 1) exp) Jo g+ 18
_b/ F(giv)vig) | (2.39)
o glg+1

where v(g) = &(g)/(g + DP/*** = n()/(g + 1)?/. Similarly,

> £(g) exp(—v/(g + 1))dg /°° v(g)dg
= 2—1 P —
0 (g + p/2+iTa p2=1+a) | e/ g+ )
2—1
- % /O v(g)dg — b f Flg: ¥ (g) (2.40)

Then, by (2.39) and (2.40),

p Aq(v) b [,° g7 F(g; v)v(g)dg
A = _1-= ——— +2bA — s
= e T Y T T g e —ve + g

where



2.6 Improvement on the James—Stein Estimator 39

A = P2+ Jo g+ D vdg  (p/2-1+4a) [ v(g)dg
Joo (g + D (g exp(—v/(g + 1)dg [~ v(g) exp(—v/(g + 1))dg’
J g g+ DT F (g v)v(g)dg
Ar(v) =

Joo(g + D Mu(g) exp(—v/(g + 1))dg

Since (g + 1)~! and exp(—v/(g + 1)) are decreasing and increasing in g, respec-
tively, the correlation inequality (Lemma A.4) gives

Jo (8 +D7"v(e)dg - Jo v(g)dg
[ g+ D 'w(g)exp(—v/(g + 1))dg — [y~ v(g)exp(—v/(g + 1))dg’

and hence A{(v) > 0in (2.41). Let

J(g;v) = exp(vg/(g+ 1) — 1 Z(g ¢ 1>jflv_j‘

g/(g+1) J!
Then, exp(v)F(g; v) = exp(vg/(g + 1)) — 1 and

Jo T (g v)(g + D7?v(g)dg

Ar(v) < 22 .
W) = e(e £ 1) v(g)dg

(2.42)

Further since 7 (g; v) is increasing in g, the correlation inequality (Lemma A.4)
gives

o (@+1Dv(e)dg  B(p/2+1+a,b+1)  p/2+a
Jo° (g + 1) 2v(g)dg B(p/2+a,b+2) b+1

Ar(v) < (2.43)

Then, by (2.41), (2.42) and (2.43),

p/2+a b@Bp/2—1+a)+(p/2—1—-a)
A >p/2—1-— 2b = >0,
W = p/ R b+l

which completes the proof. O

2.6 Improvement on the James—Stein Estimator

In this section, we construct a class of estimators improving on the James—Stein
estimator. From (1.36) and (1.37), the risk difference of two estimators [ijs and
Qg = {1 — ¢ (lIx]I*)/lx]|*}x can be expressed as
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AM) =R(fs; 1) — R(fg; 1)

_ _E[{¢>(W) —(p=2))
B w

(2.44)

|+ 4B,

for W = || X||?> and A = ||||*>. The development in Kubokawa (1994) is particularly
useful for deriving conditions on ¢ which suffice to imply A(X) > 0.

Theorem 2.8 (Kubokawa 1994) The James—Stein estimator [Lys is improved on by
the shrinkage estimator [iy if ¢ satisfies the following conditions. (a) ¢ (w) is non-
decreasing in w; (b) limy, o ¢(w) = p — 2 and ¢ (w) > ¢o(w) where

Jo (g + D" exp(—w/{2(g + D)dg
Jo (g + D7Pexp(=w/{2(g + DHhdg

$o(w) =w

Proof We evaluate the first term — E[{¢ (W) — (p — 2)}?/ W] in (2.44). It follows
from condition (b) that

—{pw) — (p =2 =g (g + Hw) — (p = 2)F’I32,

*d
=/ 9+ hw) — (p ~ 2)dg
0 8
— 2w /0 (6((g + Dw) — (p — DI (g + Dw)dg, (2.45)

so that the first term may be written as

B E[{¢(W) —V‘Ep - 2)}2]

= 2/0 /0 {p((g + Dw) — (p — 2)}¢'((g + Dw)dgf, (w; A)dw

Srw/(g+ 1D

dv, 2.46
1 gdv (2.46)

_ / () — (p — D) )
0 0

where f,(w; 1) is the probability density function of noncentral chi-square distribu-
tion x (%) with noncentrality 2.
Replacing v with w in (2.46) gives

AV

*© o D)
=2 [ g iww) -2 [ LEEEE D D g g i faw

g+1
(w/(g+1); 1)

=2 [ s fow - -2 +2rwn) [ EEEE D D,

where
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fp(w; A)
F,(w; L) = — .
pis) Jo g+ D71 fp(w/(g +1); A)dg
Note that F,(w; 1) > F,(w; 0) since

1 1
Fp(w;2)  Fp(w;0)
_ /"" LA/ +Dd) S/t 0,
o g&+1 Sp(w; X) fp(w; 0)
=/°° 1 fw/@@+D:0) [ fr(w/(g+Dik) fp(w;)\)}dg <0, 247
o 8&+1 Sfo(w; 2) fr(w/(g+1);0) fp(w; 0) B

where the inequality follows from the fact that

fp(U); A) _ i ()»/Z)i F(p/2)2p/2 wP/2Hi—1p=w/2
Fowi0) — &= i T(p/2 + i)2r/2H wr/-le—w

_ i (A/2)  T(p/2)
& ST (p/2 402

i

is increasing in w. Hence A(X) > 0 if ¢'(w) > 0 and ¢ (w) > ¢o(w), where

¢o(w) =p —2—2F,(w; 0), (2.48)

which may be expressed as

po(w) =p —2— — 2exp(—w/2) (2.49)
Jo (g + Drl2exp(—w/{2(g + 1)})dg
(P =2) [ (g + )P exp(—w/{2(g + 1))dg — 2 exp(—w/2)
B Jo (g + Dr/2exp(—w/{2(g + 1})dg
_ wfo‘”(g + )72 exp(—w/{2(g + 1)})dg 2.50)
Jo (g + P2 exp(—w/{2(g + Dhdg '

where the last equality follows from an integration by parts. This completes the
proof.

O
Note that

1
F,(w;0) = — ;
() Jo (g + D7 exp(wg/{2(g + D}dg

which is decreasing in w and approaches 0 as w — oo. Thus, by (2.48) and (2.49),
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$o(w) =0, lim ¢o(w) = p —2.
w— 00

Hence the function ¢ (w) satisfies conditions (a) and (b) of Theorem 2.8. Comparing
¢o(w) with (2.25), it is clear that

Po(I1X1I?)
(“'HMP)X

can be characterized as the generalized Bayes estimator under 7 (g; a, b, ¢) with
a = b = c =0 or, equivalently, the Stein (1974) prior ws(||[|>) = ||||>*~? given
by (1.14). It follows from Theorems 2.8 and 2.5 that this is estimator is minimax,
and admissible, and also improves on the James—Stein estimator.

It follows from (2.50) that ¢o(w) < w. Hence the the truncated function

¢y = min(w, p —2)
corresponding to the James—Stein positive-part estimator
ffs = max(1 = (p —2)/1X ], 0) X,

also satisfies conditions (a) and (b) of Theorem 2.8, and dominates the James—Stein
estimator. See Baranchik (1964) and Lehmann and Casella (1998) for the original
proof of the domination.
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Chapter 3 ®)
Estimation of a Normal Mean Vector Geda
Under Unknown Scale

3.1 Equivariance

In this chapter, we consider estimation of the mean of a multivariate normal distri-
bution when the scale is unknown. Let

X ~N,®,1/n) and nS~ x,
where 6 and 5 are both unknown. For estimation of 6, the loss function is scaled
quadratic loss L(8; 6, n) = n||8(x, s) — 6%
The first three sections cover issues of Bayesianity, admissibility and minimaxity
among estimators which are both orthogonally and scale equivariant. The remaining

sections consider these issues among all estimators.
Consider a group of transformations,

X > yI'X, 0=y, S—y2S, n—n/y% (3.1)

where I' € O(p), the group of p x p orthogonal matrices, and y € R.. Equivariant
estimators for this group (3.1) satisty

O(yTx, y2s) = yTO(x, s). (3.2)

The following result gives the form of such equivariant estimators.

Theorem 3.1 Equivariant estimators for the group (3.1) are of the form
0y = {1 =y (IXI*/S)} X, where ¥ : Ry — R.
Proof Let the orthogonal matrix I' € O(p) satisfy
F=@/lxllz2 ... zp)" and Tx = (x]|0 ... 0)" = [x]le, (3.3)
where unit vectors 2, ..., z, € R” satisfy
zjz;=0fori # j, zix=0fori =2,...,p
© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023 45
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ande; :=(1,0,..., 0)" € R”. Further let y = 1/./s. Then, by (3.2), the equivariant
estimator 6 (x, s) satisfies

. 1~ .
O(x,s) = ;FTe(ny, y2s) = sTTO(llxll/+/s}er, 1)

_ Oidlxll/v5ler, D AN |
=T s Y gel(ﬁelvl)% (34)

where 6; is the ith component of 6.
For the orthogonal matrix I'yI" where I'j = diag(1, —1, 1, ..., 1), we have

D= @/llxll —z22z3 ... 2,)" and I'Tx = |lx]le;.

Hence the estimator (3.4) should be also expressed by

n 1 N
6(x,s) = ;(ﬁF)Te(y(Flr)x, y2s)

_ él({||x||/ﬁ}el, 1) ~ /1l p Il |
= lxll//5 X — «/392<ﬁ61, 1)22 + ﬁ;@,(Wel, l)z,. (3.5)

By (3.4) and (3.5), Gx({|Ix|l/+/s}er, 1) = 0. Similarly, & ({|lx]|/+/s}er, 1) = O for
i =3,..., p. Therefore, in (3.4), we have

_ Odlxl/sder, D
Ixl/ s

where the coefficient of x is a function of | x||?/s. This completes the proof. O

é(x,s)

Let f(t) = {(2w)P/*T"(n/2)2"/?}~" exp(—t/2). Then the joint probability density of
X and S is given by
PP 2L f(nfllx — 017 + s))

nP/? ( nIIx—GIIZ) n
= ex —_ X
(2m)p/? 2 I(n/2)21/2

n/2sn/271

exp(—ns/2).
Also, the generalized Bayes estimator of 6 with respect to a prior of the form

06, m;v, ) =n"n"*q(@lIo1) (3.6)
for v € Ris given by

S on@rmRR f(p{llx — 011> + s)g (nll611*)dédn
S n@rmzeEl £ (pfflx — 0112 + sHg (n1011>)dédn -

bg0(x,5) = (3.7)
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The value of the estimator éq,v(x, s) evaluated at x = yI'x and s = yzs where I" €
O(p), the group of p x p orthogonal matrices, and y € R, is given by

040 (yTx, y2s)

_ JLonCrm R faillly D — 61 + yishale1dedn o o
Jf nermz L f (nfllyTx — 6112 + y25})g (n1911*)dodn

By the change of variables # = yI'6, and n, = y?#, this may be rewritten as

[ 0037 £ (llx — 6,11 + sDq (116,12 d6.dn,
[ pEPEmREREL £t — 6,07 + sHg (116,112 d6,dn,
= Vréq,v(xs ). (3.9

6,0(yTx, y%s) = yT

By (3.2), §,.,(x, 5) is equivariant.
In the next section, we show that the case v = —1 is special within this class.

3.2 Proper Bayes Equivariant Estimators

In this section we first show that the risk of an estimator that is equivariant under the
group (3.1), depends only on the one dimensional parameter A = 1||6]|> € R,.. We
then consider Bayes estimators among the class of equivariant estimators relative to
proper priors on A. We show that such estimators are admissible among equivariant
estimators and are also generalized Bayes estimators relative to Q (6, n; v, g) with
v = —1 given by (3.6).

Theorem 3.2 The risk function of an equivariant estimator for the group (3.1),
Oy = {1 —v(IXI*/9} X
depends only on . = n|0|* € R,.

Proof As in (3.3), let the orthogonal matrix I be of the form
'"=@/I10llz2 ... z,)" and TTO = (|60 ... 0)". (3.10)

By the change of variables, y = 7'/?T""x and v = 7s, we have
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R(0y;0,n)

— / / n 1 = vl 2/))x — 0] "7 £ (il — 6112 + s)deds
- / J{1 = w Iy I2/oITy — n'26 | v F(ITy — 7'20)1% + v)dydv

- f {1 = w Ay IP /0y — T0'20] > v £({lly — T'n"/?01 + v)dydv

p
= //|({1 =Yy = n'2181)" + (1= vy IP/wP Y 32

i=2
,
V2 (= ' 2100) + D7 97 + v)dydu,
i=2
where the last equality follows from (3.10). This completes the proof. (]
By Theorem 3.2, the risk function may be expressed as
R(@y: 0, m) =Ry 01 (3.11)

Now assume that A = 1|6 |> € R, has the prior density 7 (1), which, in this section,
we assume to be proper, that is, fooo 7 (A)dA = 1. For an equivariant estimator 6y,
we define the Bayes equivariant risk as

i@y ) = /Ooli(éw; A7 (W)dA. (3.12)
0

In this book, the estimator 92,, which minimizes f(éw ; ), is called a (relative to 7 (1)).

In the following, let

() = F(p/z))\l P27 (%) (3.13)

so that 7 (||4|?) is a proper probability density on R?, that is,
/ A (lll*)dp = 1. (3.14)
Rr

Let the Bayes equivariant estimator, which minimizes f(éw; 1), be denoted by 0.
Theorem 3.3 below shows that 6, is equivalent to the generalized Bayes estimator of



3.2 Proper Bayes Equivariant Estimators 49

6 with respect to the joint prior density n~'n”/?>7(1/6||?), and that it is admissible
among equivariant estimators.

Theorem 3.3 (Maruyama and Strawderman 2020) Assume that 7 (A) is proper.

1. The Bayes equivariant risk, 1’(92/,; 1) given by (3.12) is

"M, (z, ) )}

2h ) — 2 2y _
r(Gw,ﬂ)—prl//(llzll et —2(1 - =mes

x ||zII* My (z, w)dz + p,

where

M(z,7) = f / n®P2 £ ({llz — 011> + 1D (nll@]1*)dedn,

(3.15)
My(z, ) = / / Onr2 f(nillz = 017 + 1D (|0]*)dodn.
2. Given 7 ()), the minimizer of f(é,/,; 7T) with respect to r is
N ' My(z, )
,,(||z||2) =argmin , 1(0y;7) =1 — —"—"——, (3.16)
v T 12IPM 2, )
and the Bayes risk difference under 7w ()) is
P(fy; 7) — F(6r; 7)
2
= / {dizl®) = v Uiz} 121> Mi 2, 7)dz. (3.17)
Rr

3. The Bayes equivariant estimator
Or = {1 =y (IXI7/5)} X

with Y, by (3.16), is equivalent to the generalized Bayes estimator of 6 with
respect to the joint prior density n~'n?/> ()10 |%) where 7 (X) is given by (3.13).

4. The Bayes equivariant estimator 0, is admissible within the class of estimators
equivariant under the group (3.1).
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Proof (Parts 1 and 2) The Bayes equivariant risk given by (3.12) is

#0,: 7) :/ Ry NP ()
RP

= [ R@y; n0IHnP 2z (n)|6%)d6 = / R@y; 6, mn? >z (n)1611*)d6,
Rr RP

where the third equality follows from (3.11). Further, expanding terms, f(év, ; T) may
be expressed as

f(@y; ) = fR E [nIX 12w (IX12/S)] n? 2= (1|6 )1*)do
—2/ E[nIX12 (IX12/S)] "7 (llo[1*)de
Re (3.18)
+2 / E[nv(I1X17/$)X"0] " (n|0]1*)do
R
+/R E[nllX — 01*] n”*x (nl|@]*)d6.

Note that, by the propriety of the prior given by (3.14), the third term is equal to p,
that is,

AE[nllX—9||2]n”/271(n||9||2)d9=/lé pr(Ipul®du = p. (3.19)

The first and second terms of (3.18) with v/ (||x||>/s) for j = 2, 1 respectively,
may be rewritten as

/R E [nlIX 1Py (1X17/8)] n”*7 (nl|@11*)do
= f / / nllx 1297 (Ix11?/s)n@P 02" 271 £ (i llx — 011> + sHh (|6 11*)dodxds
= / / f nsllzl*yd (2l n@P s PRl f (|| sz — 017 + s})

x t()|0)1*)d0dzds (z = x//s, J = s"/?)

= / / / nsllzIPy (2l @PH02s@rm2t f(snfllz — 6,01 + 1})
x 7 (ns]|0.]1*)d0.dzds (0, = 0/+/s, T = ")

- / / 21297 l2IPn 2 £ {1z — 6,12 + 1)

X 7 (1.16,1%)d6,dzdn. (. =ns, J = 1/n)
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2.0 2
= [z e (3:20)
RP
where z = x/./s, J is the Jacobian, and

M (z, ) = // NP2 fnfllz = 017 + 1) (ll611*)dodn.

Similarly, the third term of (3.18) may be rewritten as

fR E[nw(nxnz/S)XTe]n”/zn(nnenz)de= R}w(||z||2)zTMz(z,n)dz, (3.21)

where
My(z, ) = f/ Onrt2 f(nfllz — 011 + 1) (nl|6[1*)dodn.

Hence, by (3.19), (3.20) and (3.21), we have

i@y ) = | (¥ UzIPHzI*Mi(z, )
R;
=29 (IlzIHzI*Mi (z, ) — 2" Ma(z, 7)}} dz + p. (3.22)

Then the Bayes equivariant solution, or minimizer of f(éw; T), 18

A Z'M(z, )
U (z]1?) = argmin , T(0y;7) =1 — ————F— (3.23)
i v IzI2Mi (z, )
and hence the corresponding Bayes equivariant estimator is
T
n M (z,
§, — Mhm) (3.24)

= Z—x’
lzl*Mi(z, )

where z = x/./s. Parts 1 and 2 follow from (3.22), (3.23) and (3.24).

[Part 3] Note that for I" € O(p), the group of p x p orthogonal matrices,
M,(T'z, 1) = I'M;(z, 7). Hence, as in (3.8) and (3.9), M»(z, q) is proportional to z
and the length of M, (z, q) is 2" M>(z, q)/||z|l, which implies that

IM(z,q) z

My (z, ) = .
27 Izl Izl

(3.25)

By (3.25),
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5 _ "My (z, ) x= 5 722" M>(z, q) _ SMz(z,n)

T lzlIPMy (2, ) IzII2M1 (2, q) Mi(z, )
_ sff9ﬁ(2p+")/2f(fl{||x/x/_— 611> + 1) (n]611*)dodn
[ n@rtm2 f(n{llx//s — 611> + 1D (n]|6]>)dodn

By the change of variables 6, = /s and n, = n/s, we have

o SO Ol — 0. + )7 (o 6. 17)d6.
T )
I nSP2 f(llx = 6,02 + sH (01164 112)d6,dn.

which is the generalized Bayes estimator of § with respect to n~'n?/?z(n||0]), as
in (3.7).

[Part 4] Since the quadratic loss function is strictly convex, the Bayes solution is
unique, and hence Part 4 follows. O

As in (3.9), the generalized Bayes estimator of 8 with respect to Q(@, n; v, ) for
any v € R, given by (3.6), is equivariant under the group (3.1). Part 3 of Theorem
3.3, however, applies only to the special case of

v=—1. (3.26)
This is the main reason that we focus on the case of v = —1 in this book. It should be

noted, however, that Theorem 3.3 implies neither admissibility or inadmissibility of
generalized Bayes estimators within the class of equivariant estimators, if v # —1.

3.3 Admissible Bayes Equivariant Estimators Through
the Blyth Method

Even if 7 (1) on R, (and hence 7 (||£]|?) on RP) is improper, that is
o0
/ m(lpel?dp =/ 7(L)dr = oo,
RP 0

the estimator éﬂ discussed in the previous section can still be defined if M;(z, 7)
and M, (z, ) given by (3.15) are both finite. The admissibility of such 6, within the
class of equivariant estimators can be investigated through Blyth (1951) method.
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3.3.1 A General Admissibility Equivariance Result
Jor Mixture Priors

Suppose

~ ) = OO)LP/Zflgfpﬂ i [de)
7 )_/0 20121 (p/2) eXp(_2g> 8

or equivalently

o [Tl
(Il = /0 Gy 0(= 75, ) M) (3:27)

where [;° T1(dg) = oc. Then, for (3.15), we have

M\(z, ) = ff NP2 f(nfllz — 017 + 1) (1l6]1*)dodn

[// @pm/2 ¢ - n{llz — 611> + 1}>
ql(p, n) 2

nllo ||2
p(- P )mdg)dedn

(2,T)p/2 2

nrn nllzI?/(g + 1) + 1)
ql(p n) // (g+1)P/2 ( 2 )H(dg)dn

_ Mp+m/2+1) (g + P *I(dg)

= , 3.28
q1(p, n)2=PH2=1 Jo {1 4 |1z]12/(g + D}pFm/2H (3:28)
where the third equality follows from Lemma A.1, and
qi(p.n) = 2m)P’T (n/2)2">. (3.29)
Similarly, for (3.15), we have
r 2+1 o0 + 1)~P?11(d
Moz, ) = (p+n)/2+1) 8z g+D (dg) (3.30)

qi(p, )2~ m2=1 | o+ T {1+ |22/ (g + D}ptm/2ti

Then, by (3.16), (3.28) and (3.30), the (improper or generalized) Bayes equivariant
estimator is

0, =1 =¥ (lzlH} x

(1_ Jo g+ 1" p/2—1{1+||z||2/<g+1)}—<P+">/2—1H(dg>>x 331
J (g + DP2{1 + |zI12/(g + D}-rmi2-1Tidg) )77 T
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where ||z||> = ||x||?/s. For some k(g), assume the propriety of k?(g)I1(dg) as
Jo " kX (9)T1(dg) < oo. Then

_ e8] )\p/2—1 A )
i (A) =/0 WGXI’(—g)ki (g)I(dg) (3.32)

is also proper. Let Opi = {1 — ¥ (]x]I?/s)}x be the proper Bayes equivariant esti-
mator under 7; (1). By (3.17), the Bayes risk difference between 6,, and 6,;; under 7;
is

(6 7)) — FOni; )

= /R [ (1217 = Yre (21D 1207 M (2, 7)dz. (3.33)

For w = ||z||?, the integrand of (3.33) is expressed as

W (12l = Y (I P12l My 2, 70)
J2 @+ D7PP {1+ w/(g + D}~ P21 (dg)
- w( JZ @+ )21 + w/(g + D) P2 1 T(dg)
[+ D721+ w/(g + DY~ PH2- 12 ()M (dg) \
g+ DR+ w/ (g + D)2k ()T (dg) )
L Dp +m/2+ 120/ /w (g + D7k (g)M(dg)
a1(p.n) o {L+w/(g+ D)/l

(3.34)
Asin Sect. 2.4.2, with the sequence ki2 (g) = i/(g + i), we have the following result
on admissibility within the class of equivariant estimators.

Theorem 3.4 (Maruyama and Strawderman 2020) The estimator é,, is admissible
within the class of equivariant estimators if

/ > T(dg)
< 00
0 g+ 1
Proof Under the above assumption, kiz(g) =1i/(g + i) gives an increasing sequence
of proper priors since

o0 L[ TI(dg) . [ TI(dg)
K2 =/ &) f %8 o,
/0 S(@Tl(dg) =i L eti <i et < 00

for fixed i. Applying the inequality (Part 3 of Lemma A.3) to (3.34), we have
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o n)q/'z(i ’32(,,“) S W2l = Y Q2P M 2. )

<{fooo(8 + D7+ w/(g + D) P27 TI(dg))
<2w =
Jo (€ +D7P2{1+w/(g + D)}~ r+m/2-1TI(dg)
(@ + D1+ w/(g+ 1)}_(”+”)/2_'k,~2(g)l'l(dg)}2)
Jo @+ D71+ w/(g + D}~ Ptm/2-1k2 (g)[1(dg)

where g1 (p, n) is given by (3.29). Further, applying the Cauchy-Schwarz inequality
(Part 1 of Lemma A.3) to the first and second terms, we have

X n)q/‘z(i ’320’”) W (1) = Y2l P 2P M 2, i)

cape [T (e DNMg
- (1 + [12I2/(g + D)@rm/+

Hence, we have

q1(p, n)
C((p 4 n)/2 + 1)2w+m/2+1

[1; W1zl = Vi (12l P10 M) (2, ) dz

<4/ / llzll? I(dg) .
T e {1+ 1IzlI?/ (g + D}PHm2H (g + 1)p/2+2

_ np/2 / / P2 H(dg)dt
B F(p/2) (I + )2+ g 41
p/2 H(dg)

T
=4 B 241 2
T i "/)/

< 00,

where the equalities follow from Part 1 of Lemma A.2 and Part 3 of Lemma A.2,
respectively.
Then by the dominated convergence theorem, we have

Jim {r(éﬂ; 7)) — i ﬁi)} —0

i—00

which, by the Blyth method, implies the admissibility of 6, within the class of
equivariant estimators. O

As in Sect. 2.4.3, suppose [1(dg) in (3.27) has a regularly varying density of the
form

1 g \* 1
. _ . 3.35
w(g;a,b,c) (g + 1) <g+1> {log(g + 1) + 1}° ( :

Then, by (3.31), the corresponding generalized Bayes estimator is of the form
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) ( S5 (g + D71+ w/(g + DY 2 (g5 a, b, c)dg)
T @+ DR+ w/(g + D)2 (g a, b, c)dg
(3.36)
As a corollary of Theorem 3.4, using the argument in the admissibility proofs of
Sect. 2.4.3, we have the following result.

Corollary 3.1 The generalized Bayes estimator 6 given by (3.36) is admissible
within the class of equivariant estimators if

either{a >0, b>—1, ceR}or{a=0, b > —1, ¢ > 1}.

3.3.2 On the Boundary Between Equivariant Admissibility
and Inadmissibility

For the class of densities w (g; a, b, c¢) given by (3.35), witheither —p/2+ 1 <a < 0
or {a =0 and ¢ > 1}, Corollaries 3.3 and 3.4 in Sect. 3.6 show the inadmissibility
of the corresponding generalized Bayes estimator by finding an improved estimator
among the class of equivariant estimators. Hence, together with Corollary 3.1, the
issue of admissibility/inadmissibility within the class of equivariant estimators for
all values of a and c except for the cases {a = 0 and |c| < 1}, has been settled. The
following result addresses this case.

Theorem 3.5 (Maruyama and Strawderman 2020) Assume the measure T1(dg) in
(3.27) has the density m(g; a, b, c¢) given by (3.35) with

a=0,b>—-1, -1 <c<l.

Then the corresponding generalized Bayes estimator is admissible within the class
of equivariant estimators.

Proof See Appendix A.6. (|

Our proof unfortunately does not cover the case ¢ = —1, although we conjecture
that admissibility holds within the class of equivariant estimators as well. The proof
of Theorem 3.5 is based on Maruyama and Strawderman (2020), where b > 0 was
assumed. In this book, we also include the case —1 < b < 0.

While this section considers admissibility only within the class of equivariant esti-
mators, the next section broadens the discussion and considers admissibility among
all estimators.
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3.4 Admissibility Among All Estimators

3.4.1 The Main Result

In this section, we consider admissibility of generalized Bayes estimators among all
estimators for a broad class of mixture priors. In particular, we consider the following
class of joint prior densities:

1
7.0, 1) = e n"x(nll6]1%)

where

o . p/2 2
) g ]

= — ca,b,0)dg, 3.37
2 (lul?) /0 R exp( 3 )7 (g5 a. b, 0)dg (3.37)

and where 7 (g; a, b, ¢) is given in (3.35). We note that all such priors are improper
because each is non-integrable in 1 for any given 6. Then, as in (3.36), the corre-
sponding generalized Bayes estimator is

{T—oUxI?/s)/UxI?/s}x
where

@ )T+ w/(g + DY PP (gr a, b, 0)dg

P = ) PPl +w/ (g + D) PP ix(gia, b O)dg

(3.38)

Here is the main theorem of this section.

Theorem 3.6 (Maruyama and Strawderman 2021, 2023a) The generalized Bayes
estimator under 1w, (6, n) is admissible among all estimators if

max(—p/2+1,0) <a <n/2+2, b > —1, c=0.

Remark 3.1 As far as we know, Theorem 3.6 is the only known result on admissi-
bility of generalized Bayes estimators of the form {1 — ¢ (lx[1*/s)/(llx[*/s)} x. As
in Corollary 3.5 in Sect. 3.7, the generalized Bayes estimator under 7w, (6, 1) is also
minimax if
o2l PIREED Ly
2Q2p+n-2)

Strawderman (1973) considered the truncated proper prioron 1, n°I, o) withc < —1
and y > 0instead of the invariant prior on 5. Under this prior, a class of proper Bayes,
and hence admissible estimators dominating the usual unbiased estimator for p > 5
was found. However, because of the truncation of the prior on 7, such estimators are
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not scale equivariant of the form {1 — ¢ (||x||*/s)/(|lx|[*/s)} x, but instead have the

form {1 —o(x)?/s, s)/(||x||2/s)} X.

Recall 7 (g; a, b, c¢) given by (3.37) is proper for a > 1 and ¢ € R. In order to prove
the result, we construct a sequence of proper priors 7; (6, ) converging to (6, )
of the form

hZ 00 p/2
won = [ exp(— L 10 (39)
n Jo 28

(2m)r/2gr/2
where
log(i + 1)

hi(n) = - ,
log(i + 1) + | logn|

1 1

— M max(—p/2+1,0) <a <1,
ki(g) = log(g +1+1)
1 l<a<n/2+2.

Note thatlog(1 4+ 1) < 1 < log(2 + 1). For this technical reason, the sequence starts
at i = 2. Properties of %;(n) and k;(g) are provided in Lemmas 3.1 and A.6. In
particular, we emphasize that hiz(n) /n and n(g)kiz(g) are both proper by Part 2 of
Lemma 3.1 and Part 5 of Lemma A.6, respectively, which implies that ; (8, 1) given
by (3.39) is proper.
Lemma 3.1 Let

log(i + 1)

hi(n) = - .
(m) log(i + 1) + |log n|

1. h;(n) is increasing in i and lim;_, - h;(n) = 1 for all n > 0.
o0
2. / n~'hZ(n)dn = 2log(i + 1).
0

Proof (Part 1) This part is straightforward given the form of 4; (7).
[Part 2] Let j = log(i + 1). The results follow from the integrals,

* hi(n) b jRdn < jidy
dn = — >+ YT PRy
0 n o n(j—logn) 1 n(j +logn)

.2 1 _.2 00
=[] =] =2
j —logndo Jj +lognli
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3.4.2 A Proof of Theorem 3.6

We start by developing expressions for Bayes estimators and risk differences which
are used to prove Theorem 3.6. We make use of the following notation. For any
function ¥ (9, 1), let

m(y (6, n))
nn/an/Z—l

"> Ilx — 6117 ns
/W D Gyert © xp(— 2 )r(n/Z)zn/zeXp(_T)ded"'

Then, under the loss (1.3), the generalized Bayes estimator under the improper prior
(6, n) is

b — mnom.(6,n))
T om0, n)

and the proper Bayes estimator under the proper prior 7; (0, 1) is

5 _ mom©.m)
m(nm;(6,n))

The Bayes risk difference under r; is

ai= [ [ (B[, - 0] = & [n1di ~ 012] ) 0. mavan.

Note that [0, — 02 — [|6; — 011> = [10.11> — 16;11> — 2070, — 6;). Then A; can be
re-expressed as

A = /f[/n(né*nz — 1017 = 26" @. — )

nP/Z ( Ix — 9”2) 77”/25‘"/2_1 (
X €X — €X
Qm)r2 T ) T2y P

= / / {m@m) 16,12 = 1017 — 2m (o™ 0. — 0) | dwas

—?)m(@, n)dxdsdfdn

=/ 16, — 6:11Pm (n7; (6, n))dxds. (3.40)

Next, we rewrite ,, §; and ||é* -6 I>m(nm; (6, n)), the integrand of (3.40). By
Lemma A.1, we have
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n/2.n/2—1

nk’? lx — 617\ n"/%s ns
) /// " @myprn ™ _" 2 >r(n/2)2n/2eXp(_?)

n"" HON
x Wexp(—gllml ) m(g)k?(g)dodgdn

n/2—1
d / / Fg, n: w, )R> (m (9)k (g)dgdn, (3.41)

" aipn)
where w = ||x|1/s, q1(p, n) = 27)?/?T'(n/2)2"/2, and
p/24n/2 -
P = comm (=7 (1+ 57))
Similarly we have
gn/2-1

m(nb;) = /f X F(gum: w2 () (g)dgdn.  (3.42)
q1(p,n) g+1

By (3.41) and (3.42), the Bayes estimator under 7; is

s m(Onm;) i (w, s)
6 = —2 = (1 - 222y, 3.43
m(nm;) ( w )x (.43
where
b (0. 5) — /@ + DT (g, n; w, )R () (9)k} (g)dgdn (3.44)
o [ F(g,n; w, )k} ()7 (2)k} (g)dgdn
With h; = 1 and k; = 1 in (3.44), we have
e, 5) = [f(e+ 1D F(g,n; w,s)m(g)dgdn (3.45)
o [ F(g.m; w, )7 (g)dgdn '
and our target generalized Bayes estimator given by
bo=(1- M)x (3.46)
w
Note that
®© C(p/2+n/2+1) 257! p/2+n/2+1
F(g,nw,s)dn =
/0 (o 0n == (w7 0)
which implies
¢u(w,s) [ (g+ DRI+ w/(g + D) PP n(g)dg (3.47)

w o [Fe+ D PP+ w/(g + D) P22 1x(g)dg
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In the following development, however, we utilize (3.45) not (3.47) as the expression

of ¢ (w, s).
By (3.41), (3.43) and (3.46), we have

A

QI(P, n)

A |2 _QI(p,n) ¢)*(wvs) ¢i(w9s) 2
—||x||2s"/2*1 9*—9,-‘ m(nm;) = /21 ( ” — ” )m(nm)
= A(w, 55 1),
where

Atw,s, o-(/[ e // . ) || Frimiiagan

I Fndgdn [ thrrkzdgdn
(3.48)

Applying the inequality (Part 3 of Lemma A.3) to (3.48), we have

1 (ff(g + 1) 'Frdgdy  [[(g+ 1)1Fhfnkfdgdn)2
3 [[ Frdgdn [ Fhiwk}dgdn
_ ( J/(g+ D 'Frdgdn  [[(g+ 1>—'Fh%ndgdn)2
- [[ Frdgdn [[ Fhizdgdn
(ff(g + 1)~ Fhindgdn  [f(g+ 1)‘1Fhi2nki2dgdn)2
[ Fhndgdn [ Fh*ndgdn
(ff(g + )~ 'Fhixkidgdn  [[(g+ 1)1Fhl.2nki2dgdn)2
JJ Fhimdgdn JJ Fhimkidgdn '

Hence we have

A(w, s;10)

3 < A(w, s;0) + Ax(w, 55 0) + Az(w, 55 §),

where

h? Frdgdn)2
Ay(w, 53 1) = L | f/Fh?ndgdn,

1
f/‘ff Frdgdy  [[ Fh’mdgdn! g+1
2
f (g + D' FR2r(l — k,?)dgdn)
[ Fh*ndgdn

' ( [fg+1) Fh271k2dgdn X X
Asz(w, s;i) = (ff thndgdn)z ff thnkzdgdn <// Fhim(l —k; )dgdn) .

Ar(w,s;i) =

)

In Sects. A.7.1-A.7.3, we prove that
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: 2.n/2—1 2 L _ _
lim [[x||“s A¢(l|x|I7/s, s;i)dxds =0, for € =1,2,3,
11— 00

which implies that A; — 0 as i — oo. Thus the corresponding generalized Bayes
estimator is admissible among all estimators, as was to be shown.

3.5 Simple Bayes Estimators

Interestingly, and perhaps somewhat surprisingly, suitable choices of the constants
a and b (with ¢ = 0) lead to admissible minimax generalized Bayes estimators of a
simple form. Further, this form represents a relatively minor adjustment to the form
of the James—Stein estimator. Here are the details. Consider the case b = n/2 — a in
(3.38). For the numerator of (3.38), we have

/°° g+ 177 He/(g+ D)dg /°° g"*dg

0 {1+ w/(g+ D22+l o (g+ 14 w)r/>n/2+1
_ 1 o gr2-adg _ Bm/24+1—a,p/2+4a)
T (L4 w)p/2ra Joo (14 p)p/2An/2+1 T (1 + w)r/2+a+2

Similarly, for the denominator of of (3.38), we have

f"o (g+ D" g/(g + 1)) dg

o (L+w/(g+ D

_ /00(1 " )(g+ 1)1 g /(g + 1))’dg

Th T T e
_Bn/2+1—a,p/24+a) Bm/2+2—a,p/2—1+a)
B (14 w)r/2+a (1 + w)p/2-1+a
_B(n/2+1—a,p/2+a) n/2+1—-a

B (1 4+ w)r/2+a <1 p/2—1 +a(w+1)>

Thus the generalized Bayes estimator is of the form

o= (1= —% )
« IxlI?/s +a+1/7"

where o = (p/2 — 14+ a)/(n/2 4+ 1 — a). This estimator was discovered and stud-
ied in Maruyama and Strawderman (2005). By Theorem 3.6, provided

p—2

Os
) < a>

o >

é(fB is admissible among all estimators. Also, by Theorem 3.5, é,fB witha = (p —
2)/(n + 2) is admissible within the class of equivariant estimators. Additionally, by
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Corollary 3.5, in Sect. 3.7 below, minimaxity of é(fB holds for

p—2 (p—2)(n+2)
0<a<2 —p24l<a< PZDNTI
ses2s © TPRFl<asoa T

3.6 Inadmissibility

3.6.1 A General Sufficient Condition for Inadmissibility

This section is devoted to the question of inadmissibility of shrinkage estimators of
the form é¢ = (1 —-¢(w)/w)x where w = ||x||2/s. Note that such estimators are
equivariant. By (1.48) in Chap. 1, with ¢ (w) = ¢ (w)/w, the SURE for an estimator
of the form 6, is

2, = pt (n+2){p(w) —2cpnlep(w)

Ry = —4¢' (w) {1 + p(w)}, (3.49)
w

where ¢, , = (p — 2)/(n + 2). For a competing estimator of the form

Bpsr = (1 _9(w) Z V(w))

X,

the difference in the SURE between 6, and 0, , is

Ry — Rypy = v() A (w; @) + Ar(w; ¢, )} (3.50)
where
Ar(w: ) =2(n + 2)”’*”_7"’(’”) + 49 (w),
vw) V' (w)
Ao(w; p,v) = —-n+2)— +4'(w) +4——{1 + ¢ (w)}.
w v(w)

Our approach to finding an estimator dominating é¢ is to find a non-zero solution
v(w) to the differential inequality Ry — Ry, > 0. Here is the result.

Theorem 3.7 (Maruyama and Strawderman 2017) Let c,, = (p —2)/(n + 2).
Suppose

limsupgp(w) < cp,

W 3.51
and liminf log w {(n +2Dfcpn —d (W)} + 2w¢)’(w)} > 2(1 +cpp). ( )

w— 00

Then the estimator é¢ = (1 — ¢(w)/w)x with w = ||x||*/s is inadmissible.
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Proof By (3.51), there exist
w; >exp(l) and 0 <€ < 1 (3.52)

such that for all w > wy,

1
+ cpn .

d)(U)) - Cp,n = 6

and

logw {(n 4+ 2){cp.n — P (W)} + 2w’ (w)} — 2(1 + ¢, (1 +€) = 0,
1+ cp,,,)(l +€) -0 (3.53)

’

or equivalently Aj(w;¢) —4
wlog w

Let g (w; w,) be the cumulative distribution function of ¥ + w,, where w, > w; will
be precisely determined later and Y is a Gamma random variable with the probability
density function y exp(—y)/(0,00) (), that is,

0 forO <w < w,
g(w; w2) =1 ww,
0 yexp(—y)dy forw > ws.

Then g (w; w,) is non-decreasing, differentiable with ¢’ (w)|y=w, = 0 and g(c0) =
1.
Let v(w) for the competing estimator be given by

q(w; wy)

_—, 3.54
(log w)!+</2 (3.54)

v(w; wy) =

with € satisfying (3.52) and (3.53). Then, for all w > w,, we have

(I +cp)+e)
wlog w
- (+2) gw;wy) 4l +€/Dq(wiwy) - 4q"(w; wy)
w(log w)1+e/2 w(log w)2+e/2 (log w)1+e/2
q'(w; wy) 1+6/2}{1 Jr¢(w)}+4(1 topn)d+e)
qg(w; wy) wlogw wlogw

Ao[w; ¢, v(w; wa)] + 4

+4

Note that ¢'(w; w) > 0, ¢(w; wy) < 1, (log w)***/? > (logw)'**/? and

l+cpn e)
6

2
=+ cp,n)(4+ 2e+ 501 +e/2)e) < @ +36)(1+cpn).

41+ €/2){1 + p(w)} < 4(1 + 6/2)(1 Fepn +
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Hence

Aolw: ¢, v(w; wy)] + 4L L)

wlog w
- _4(1 +cpa)(1+3e/4) _ 4(14+€/2)+n+2 4(1 +cp )1 +6)
- wlogw w(log w)!l+e/2 wlogw

(3.55)

(1 + Cp,n)6 4(1 + 6/2) +n+2 1
=—<1 — )

wlogw (I +cpn)e (log w)</?
- (1+cp’,,)6(1_4(1+6/2)+n—|—2 1 )
~ wlogw € (log w)</2/"
Now let

4(14+€/2) +n+ 2}2/e>’ w]}_

Wy = max{exp(i
€

Then, by (3.53) and (3.55), we have

Ar(w; @) + As[w; ¢, v(w; wy)]

_ o U4cpa)d4e) ) ) (I +cp)d+e)
= {Al(w"p) (/3w log w }+ {AZ[w"p’ w2l = logw }
>0, (3.56)

for all w > w,. Hence, by (3.50), (3.54) and (3.56),

=0 forw < w;

Ry — Ryt = VW) [A (w5 @) + Ax(w; ¢, v(w; w2))) {> 0 forw > w,

which completes the proof. U

As a corollary of Theorem 3.7, we have the following result.

Corollary 3.2 The estimator é¢ is inadmissible if ¢ (w) satisfies either

-2
limsup ¢ (w) < P

w—00 n 2

and lim we¢'(w) =0 (3.57)
w—00

or

-2 !
lim pw) = 222, tim wlogw® ™ — o,
w— 00 n-+2 w— 00 ¢(w)

2(p +n)
(n+2)?°

(3.58)

w— 00

o p—2
d timinfloguw{ ==~ ¢ w))
and liminf log w a2 d(w)t >
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3.6.2 Inadmissible Generalized Bayes Estimators

In this subsection, we apply the results of the previous subsection to a class of
generalized Bayes estimators. As in Sect. 2.5, we assume that [T(dg) in (3.27) has a
regularly varying density 7w (g) = (g + 1)7“§(g) where £ (g) satisfies AS.1 and AS.2
given in the end of Sect. 2.1. The corresponding generalized Bayes estimator is of
the form (1 — ¢ (w)/w)x where

Jo (g + D7PP 1+ w/(g + 1) PPADE(g)dg

= Jo @+ Dl w/(g + D)1+ 0E(g)dg

In addition to AS.1 and AS.2, we assume the following mild assumptions on the
asymptotic behaviors on £(g);

AS.5 lim sup{(g +1)log(g + 1)°8)
g—>o0 §(g)
A.S.6 &(g)isultimately monotonei.e., £(g) is monotone on (gy, oo) for some gg > O.

} is bounded,

Under AS.1, AS.2, AS.5 and AS.6, we have the following result on the properties of
o (w).

Lemma 3.2 Suppose —p/2 +1 <a <n/2+ 1. AssumeAS.1,AS.2,AS.5and AS.6.
Then ¢ (w) satisfies the following;

S (g + DL w /(g + D) PP g () dg

1. lim =1

w—oo  wP2H-ag(w)B(p/2 —1+a,n/2 —a+2)

2—1

2 lim gy = P2=1Fa

w—>00 n/2+1—a
3. lim wM =0

w00 ¢(w)
Proof See Sect. A.10. O

By (3.57) of Corollary 3.2 and Parts 2 and 3 of Lemma 3.2, we have the following
result.

Theorem 3.8 Assume AS.1, AS.2, AS.5 and AS.6. Then the generalized Bayes esti-
mator, with respect to the regularly varying density m(g) = (g + 1)7*£(g), is inad-
missible if —p/2+1 <a < 0.

AsinSect.2.4.3, suppose I1(dg) in (3.27) has aregularly varying density 7 (g; a, b, ¢)
as given in (3.35). It is easily seen that £(g) = {g/(g + 1)}*{log(g + 1) + 1}7¢, for
b > —1 and ¢ € R, satisfies AS.5 and AS.6 as well as AS.1, AS.2. Hence we have
the following corollary.

Corollary 3.3 Assume
—p/2+1<a<0,b>—1, c eR,

inm(g; a, b, c). Thenthe corresponding generalized Bayes estimator is inadmissible.
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When limy o ¢ (w) = (p — 2)/(n + 2), recall that a sufficient condition for inad-
missibility is given by (3.58) of Corollary 3.2. The following lemma on the behavior
of ¢ (w) is helpful for providing an inadmissibility result for 7w (g; a, b, ¢) when
a=0.

Lemma3.3 Leta=0,b> —1,andc #0inn(g;a,b,c). Then

. p—2 _ 2p+n)
/
and lim wlog wM =0. (3.60)
w— 00 ¢(w)
Proof See Sect. A.11. ([

Then, by Parts 2 and 3 of Lemma 3.2, Lemma 3.3, and (3.58) of Corollary 3.2, we
have the following result.

Corollary 3.4 Assume
a=0,b>—-1, c<—1

inm(g; a, b, c). Thenthe corresponding generalized Bayes estimator is inadmissible.

Note that Corollaries 3.3 and 3.4 correspond to Corollary 2.1 for the known scale
case.

3.7 Minimaxity

3.7.1 A Sufficient Condition for Minimaxity

In this section, we study the minimaxity of shrinkage estimators of the form

é¢= (1— M)x

w

where w = ||x||?/s and ¢ (w) is differentiable. The risk function of the estimator is

i=1

d*(W)
v ] 3.61)

Asin (3.49) the SURE for an estimator é¢ is give by R(é(,,; 0,n) = E[ﬁ¢ (W)], where

n {(n+2)p(w) —2(p — 2)}¢p(w)

w

Ry(w) = p —4p'w) {1 +¢w)}. (3.62)
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Hence, for a nonnegative ¢ (w), we have the following equivalence,

w{Ry(w) — p} <0 2p=2)—(n+2)pw) @' (w)
et — P wot >
¢ w){l + ¢ (w)} 1+ ¢(w) ¢ (w)
This implies the following result, which is Lemma 4.1 of Wells and Zhou (2008).

Theorem 3.9 Assume that for p > 3 and a constant y > 0, the differentiable func-
tion ¢ (w) satisfies the conditions: for any w > 0

we' (w) p—2-2y
bw) >—y and 0 < ¢p(w) < Zm-

Then, the estimator é¢ is minimax.

Kubokawa (2009) proposed an alternative expression for the risk function which
differs from the SURE estimator given by (3.62). We will use the result below to
strengthen Theorem 3.9.

Theorem 3.10 (Kubokawa 2009) The risk function is R(é¢; 0,n) =
nE[(S/W)Z(W)], where

1
Z(w) = ¢*(w) +2¢(w) — (n + p) / "¢ (w/z)dz.
0

Proof Unlike the development of (3.62), we apply both Lemmas 1.1 and 1.2 to the
second term on the right hand side of (3.61). Define a function ® (W) by

1 1 ; wn/2 [od] ¢(f)
- /2 —
P (w) = Zw/O dew/2)dz = — =
where the third expression results from the transformation ¢t = w/z. Using Lemma
1.2, we obtain

d ¢ (W)
S|X —_ ESIX _ —ESIX| 222
nE [P(W)S]=E [n@(W)—i—ZS SCD(W)] E [ ], (3.63)

where E5!%[.] denotes the conditional expectation with respect to S given X. Note
that all the expectations are finite since ¢ (w) is bounded.
By (3.63), we can rewrite the cross product term in (3.61) as

P P
UZE[ﬂX X = 00| =n* Y BISOWNXi(X; =601 (364)

i=1 i=1

Note 5 2
L o(lx|2/s) = (llx|2/s) +2 = — @' (w)

, 3.65
ox, (3.65)

w=|lx||?/s




3.7 Minimaxity 69

where

' (w) =

Lyt [ 20 4 By _ 1,20 o0
2

/242 w2 w w2

: ) (3.66)

By Lemma 1.1, (3.65) and (3.66), we have

$00)

14
X|s (X. —0.)] = EXIS _
1Y EX S [0 XX - 001 = X[ (p 4+ maw) - 7

i=1

and, by (3.64)

WXP:E[MX (X; — A)]=nE[ {(p+n)q>(W)_%}]

i=1
The proof is completed by combining the appropriate terms above. (]

Suppose ¢ (w) is differentiable in Theorem 3.10. Then we have

14
p(w/z) — 7 Pp(w) = % {w/2)"¢(w/2) — w”d(w)}

Zy w/z d Zy w/z . ¢()
= § {Etw(r)]dt:W/w tY ¢)(t){ +tm]dt,

and hence
1
I(w) = ¢*(w) +2¢(w) — (n + p) / P p(w/z) — ¥ p(w) + 27 p(w)} dz
0

1
=< ¢2(w) +2¢(w) — (n + p)¢(w)/ gy

— Pw) + 26w —2— P4 (w)

n—+2+2y
_ p—2-2y
=g (o) -2, ——5-")

where the inequality follows if ¢ (w) > 0 and w¢'(w) /¢ (w) + y > 0. Then we have
the following result.

Theorem 3.11 (Kubokawa 2009) Assume that for p > 3 and a constant y > 0, the
differentiable function ¢ (w) satisfies the conditions for any w > 0,

we' (w) p—2-2y
o(w) >—y and 0 < ¢(w) < 2m-

Then, the estimator é¢ is minimax.
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Note that the result given by Theorem 3.11 is slightly stronger than that in Theorem
3.9 since 9_5 n_2
Al 5217— Y
n+2+4y n+242y

For this reason we will use Theorem 3.11, to consider the minimaxity of generalized
Bayes estimator in Sect. 3.7.2.

3.7.2 Minimaxity of Some Generalized Bayes Estimators

Suppose 7(g) = (g + 1)7*£(g) where £(g) satisfies AS.1-AS.4 as in Sect. 2.5.1.
In this section, we investigate minimaxity of the corresponding generalized Bayes
estimators with

fo (g + D771 +w/(g + D) P22 Vg (g)dg

P = Jo g+ D7r2ma(l + w/(g + D)2+ Dg (g)dg

Recall that, in Sect. 2.5.1, E(g), E1(g), E2(g) and E,, were defined based on £(g)
and that the properties of these functions are summarized in Lemma 2.1. These results
imply to the following properties for ¢ (w).

Lemma 3.4 Suppose —p/2+1 <a <n/2+ 1 — Ep. Then

—2+2a+ 28, !
pwy < L 2H2aH 28,0 o g (3.67)
n—+2—2a—28, ¢ (w)
Proof Section A.12. (Il

Hence by Theorem 3.11 and Lemma 3.4, we have the following result.

Theorem 3.12 The generalized Bayes estimator is minimax if

p+2+4+2a+28 - p—2—2E
n—2—2a—282* - I’l+2+282*

Foré(g) ={g/(g + 1)}b/{10g(g + 1) + 1}° with b > 0, the following corollary fol-
lows from Lemma 2.2 and Theorem 3.12.

Corollary 3.5 Form(g;a,b, c) given by (3.35) with b > 0, the corresponding gen-
eralized Bayes estimator is minimax if either

(p—2)(n+2)

Pl2¥l<as s Ty ¢S

or
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(p—2)(n+2)
2Qp+n—-2)°
(p —242a){l +1log(b/c+ 1)} +2c - 2(p —2){1 +log(b/c + 1)} — 2c.
(n+2—2a){1 +logb/c+ 1)} —2c = (m+2){1 +log(b/c + 1)} +2c

—-p2+1l<a<+ c>0,

Suppose

E(g) = (ﬁ)b for —1 <b <0,

as considered in Sect. 2.5.2. For this case, the behavior of the corresponding ¢ (w)
is summarized in the next result.

Lemma 3.5 Let —1 < b < 0. Then ¢(w) of the corresponding generalized Bayes
estimator satisfies

p—2+2a ¢'(w) (p+2a)b
and w > .
n+2—2a+b(p+n) ¢ (w) 2(b+1)

o(w) <

Proof Section A.13. O

Thus Theorem 3.11 and Lemma 3.5, give minimaxity under the following conditions.

Theorem 3.13 The generalized Bayes estimator is minimax if —1 < b < 0 and

p—2+2a - (p—2B+1)+b(p—+2a)
n+2—-2a+b(p+n) ~ m+2)b+1) —b(p+2a)

3.8 Improvement on the James—Stein Estimator

In this section we extend the discussion in Sect. 2.6 to the case of unknown variance.
As in (1.49) and Theorem 1.8, the James—Stein estimator

A p—2 S
ejsz(l— 2>X
n+2 X

dominates the estimator X for p > 3. Using the expression for the risk of §¢ given
by (3.49), the risk difference is given by

A() =R(ss; 6, n) — R(@y: 6, 1)

{¢ ( W) - Cp,n }2

=E[—(n+2) W

+ 4L+ WY W) .

where ¢,, = (p —2)/(n+2), »=n|#|* and W = | X||>/S. Conditions on ¢
which ensure that A(A) > 0 are provided in the following theorem.
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Theorem 3.14 (Kubokawa 1994) The shrinkage estimator é¢ improves on the
James-Stein estimator Oys if ¢ satisfies the following conditions: (i) ¢ (w) is non-
decreasing in w; (ii) limy_. o ¢ (W) = (p — 2)/(n 4 2) and ¢ (w) > ¢o(w) where

@+ D7+ w/(g + D)2 dg
fooo(g + 1)7[7/2{1 + w/(g + 1)}*p/27n/2,1dg .

do(w) = w

Proof LetU = || X||>and V = S, and let fp(u; A) and f, (v) be density functions
of x2() and x;;, respectively. Then U ~ x>(1) where A = n|6||*> and V ~ x?. The
expected value of a function v (|| x||?/s) may be expressed as

Ely (1X17/$)] = ElY (nll X117} /{nSH]
= f/ Y (u/v) fpu; A) fu(v)dudv = / Y (w)vf,(wo; A) fr(v)dvdw

_ / v f fp (w0 1) £, )dv | dw
0 0

Y A2 [ (wu)PP i exp(—wv/2) v exp(—v/2)
_/0 Ww); 2] H/O T (p/2 + i)2r T(n/2)2' d”}dw

= fo Y (w) jp.n(w; A)dw,

where
o0

o ( -x)—z(x/z)" wP/2—1(1+w)_p/2_n/2( . )i
Tpn 5 4) = < el B(p/2+in/2) \w+1/"

i=

Then, arguing as in (2.45) and (2.46), the first term of A(A) may be expressed as
written as

—E[W ' @W) —cpn)?)

A, [T ) ® jpaw/(g+1); 1)
= 2/0 {p(w) — cpald (w){/o o dg Jdu

and hence A(A) may be written as
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Jpn(w/(g +1D;A) dg

a0 =2 [ ¢+ Dhpw) — ey [ LS

+ 21+ ()} (w5 1) )du
=2 [0/ (0 + 20 ) = . 201+ B0 2)

o jp,n(w/(g +1); 1)
X {/0 P dg}dw,

where ]
Jpn (W3 2)

J n ;)‘- = — - .
P 2) Jo @+ D7 jpa(w/(g+ 1:A)dg

Further, as in (2.47), J,, ,(w; A) > J,, ,(w; 0) holds where

jp,n(w; 0)
fOOO(g + D7 jpa(w/(g 4+ 1); 0)dg
_ (1 4+ w)—p/2n=2
T @+ DR+ w/(g £ D) PR

Jp,n(W; 0) =

(3.68)

Hence we have A(L) > 0if ¢/(w) > 0 and
(n+2){p(w) — cpnt +2{1 + P (w)}Jpn(w; 0) = 0,

which is equivalent to ¢ (w) > ¢o(w) where

— 227, ,(w; 0)
po(w) = 2 pn
n+2+2J,,(w;0)

( 2)/“’ (g+1)"Pdg 2
_ P77 Ut/ DR (o wyrn

= (g1 D) "7dg 2
2
o+ )/o T+ w/(g + Dy T (A wyrzer

(3.69)

(3.70)

For the denominator of (3.70), an integration by parts gives
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00 1)~?/2d 2
o {14+w/(g+ D22 7 (1 4 w)r/2+n/2

%0 1)"/2d 2
=m+D/ (g +1)""dg n
o (1+g+w)r/2n/2 = (1 4 w)p/2+n/2

* (p+m)2
_ n/2+1
_2/0 €+ D +{(1+4g'+w)P/2+”/2“]dg
_ * g+ Dridg
=04 [ et D

(3.71)

Similarly, for the numerator of (3.70), an integration by parts gives

( 2)/"" (g +1)r2dg 2
PTO ) U w/G+ DPEE (@ f wyrr

Y i W (p+mn)/2
_2/0 (g7 [(g+1)2{1+w/(g+1)}P/2+"/2“}dg

(gD dg
= (p+n)w/O T+ w)(g + Djr/ara (3.72)

By (3.70), (3.71) and (3.72), we have

Jy(g + D7+ w/ (g + D) P g
fooo(g + D) P21 +w/(g + 1)}r/2n/2-1dg

do(w) = w , (3.73)

which completes the proof of Theorem 3.14. (]
By (3.68), we have

1

J n ;O = %) ,
pn(w; 0) S (g + D21+ w) /(1 + w + g)}r/2n/2dg

which is decreasing in w and approaches 0 as w — 00. It then follows directly from
the first line of (3.69) that

$o(w) =0, lim ¢o(w) = (p —2)/(n +2),

and hence the function ¢y(w) satisfies conditions (i) and (ii) of Theorem 3.14. It
follows that the estimator associated with ¢o(w) is a minimax estimator improving
on the James—Stein estimator. Further, comparing ¢o(w) with (3.36), we see that

2
(1 _ (I X]| /S))X
X112/
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can be characterized as the generalized Bayes estimator under 7 (g; a, b, c) in (3.35)
witha = b = ¢ = 0, or equivalently, the joint Stein (1974) prior given by (1.23),

1—-p/2

n~t x nPPrsmlel®) ==t x n?* {00117} = |16]I>~7, (3.74)

where g is given by (1.14).
Additionally, by (3.73), ¢o(w) < w and hence the the truncated function

¢js = min{w, (p —2)/(n +2)}

corresponding to the James—Stein positive-part estimator

N p—2 S
ot = max(O, 1-— —)X,
5 n+2 X2

also satisfies conditions (i) and (ii) of Theorem 3.14, which implies that the James—
Stein positive-part estimator dominates the James—Stein estimator, See Baranchik
(1964) and Lehmann and Casella (1998) for the original proof of the domination.

It seems that the choice a = b =c =0 in w(g; a, b, c¢) is the only one which
satisfies the conditions (i) and (ii) of Theorem 3.14. Recall, however, that we have
concentrated on priors with v = 1 in (3.6) when deriving minimaxity and admissi-
bility results in this chapter. As a choice of prior with v # —1 in (3.26), suppose the
joint improper prior

wtm-t o [T (_nll9||2> 1 q
! o Qorgr ST g ) (g

for @ > 0. The choice o = 0 corresponds to the joint Stein prior (3.74). Then the
generalized Bayes estimator is given by

. fooo(g + 1)~@D@2=D=209 4y /(g + 1)}~ @FD@/24n/D=14 4
O = < - fooo(g + 1)~@+Dp/2=D=1{] 4 w/(g + 1)}—(a+l)(p/2+n/2)—ldg>x
The following result is due to Maruyama (1999).

Theorem 3.15 (Maruyama 1999) The generalized Bayes estimator Oy for a >0
dominates the James—Stein estimator Oys. Further 0, approaches the James—Stein
positive-part estimator OJE as o — oQ.

Proof Appendix A.14. (]

We do not know whether éa, for @ > 0, is admissible within the class of equivariant
estimators.
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Appendix A

Miscellaneous Lemmas and Technical Proofs

A.1 Identities and Inequalities

In this section, we summarize some useful lemmas used in this book.

A.1.1 Identities

This identity, proved by by completing the square, is frequently used.

2 4 : ) )
Lemma A.1 [|x — x| + ||M.|| _ HT H _ x” !|x|| .
! i+1 i+ 1
Proof
lpl® i1
e =l + == = —— el = 20"+ )
i+1 i 2 i 2 2 l+1H i H2 ||x||2
S H,u ,'_|_1xH i+1”x” + [xlI” = ol L —y
m

These standard results on multiple integrals are also often used in this book.

1 e = 2
Lemma A.2 . / x X =
e L (p/2)

2. Assume p/2+a > 0and B > 0. Then

/ ~ P27 F(de.
0

x> P

)dx =
B I'(p/2)

(¥ exp(~

Rp
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3. Assume B > o > —p/2. Then

p/2

T
f (Ix D% + ||Ix|1) 7P Pdx =
Rr

l"(p/Z)B(p/z +ao,f—a).

A.1.2 Inequalities

Different forms of the Cauchy—Schwarz inequality are of use in several places
throughout the text.

Lemma A.3 (Cauchy-Schwarz inequality) Assume m(x) > 0 on .

2
1A rmewman} = [rornao [ erna,
2. Let F() = (fi(x), ... fo(0)". Then

2
| [ Fogcom@o] < [ 1FeiPnao [ gwpm@.
Q Q Q

3 (Zipzl ai)z = pzil aiz'

Proof [Part 1] For t € R, we have
/Q {tf (x) + g(x)’m(dx)

=1 / {f()m(dx) + f {g(x)*m(dx) + 2t /Q f(x)g(x)m(dx)
Q Q
(x)g(x)m(dx)\*
_ 20 ( Jo f )
/g{f N m ot o P o)

{[o, f()g(x)m(dx)}?
2 d _ Q
* fg{g N m () = o P (@)

Lett, = —{[,{f(0)P’m(dx)}~" [, f(x)g(x)m(dx). Then

S 2 A FEgmdn)P
Offg{t*f(x)+g(x)} m(dx) —/Q{g(xn m@) = e @
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which completes the proof of Part 1.
[Part 2] By Part 1, we have

2
{ /Q fi(x)g(x)m(dx)} < /Q {f: 0)Y2m(dx) /Q {g(x)}*m(dx)

fori =1,..., p and hence

2 p
Z{ /Q ﬁ-(x)g(x)m(dx)} <> /Q /i)Y mdx) fg {0y m(dx)
i i=1

i=1

p
< [ Ytnwrm@ [ eerna.
i=1

Then Part 2 follows.
[Part 3] Suppose m(dx) is the counting measure at x1, X2, ..., x,. Let
fx) =ai, fx)=a, ..., f(xp) =ap, gx1) =gx) =---=g(x,) =L
Then Part 1 gives Part 3. O

This standard correlation inequality is used frequently.

Lemma A.4 (Correlation inequality) Suppose f(x) and g(x) are both monotone
non-decreasing in x. Let X be a continuous random variable. Then

E[f(X)g(X)] = E[f (X)]E[g(X)].
Proof Suppose G = E[g(X)]. Let x, satisfy

) <G x =<x
X
§ >G X > Xy

Then

E[f(X)g(X)] — E[f(X)]E[g(X)] = E[f (X){g(X) — G}]
= E[f (X){g(X) = GH(—o0.x,)(X)] + E[f (X){g(X) — G}, .00 (X)]
> E[f (x){g(X) = G}H (oo x,)(X)] + E[f (x:){g(X) = G} (x, 00 (X)]
= f(x)E[g(X) — G] =0. m
These functional inequalities are also frequently useful.
LemmaA.5 . Forx € (0,1), (1 —x)* > 1—max(1, a)x.
2. Forx >0anda € (0, 1), (x + 1)* <x*+ 1.

o
3. Letx > 0anda > —1. Then ( < x%Io11(x) + 211 00) (x).

X+
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4. Forx € (0,1)and o > 0, |[logx| < 1/(ax®)
ot,B —q
5. Foranya > 0and B > 0and all x € (0, 00), |logx|? < —i-—ﬁx
o
6. Let f(x)forx € (0, c0) be positive and differentiable andlim inf o f'(x)/f (x) >
—o00. Then f(0) < oo.
7. Forany o > 0and B > 0 and all x € (0, 00), x* exp(—Bx) < (a/B)*.

Proof [Part 1] Fora < 1, we have (1 — x)* > 1 —x =1 —max(l, a)x, since 0 <
1—x < 1.Fora > 1,(1 — x)*isconvexinx € (0, 1) and the derivative of (1 — x)*
at x = 0 is —«. Hence we have

1-x)*>1+(—a)(x —0) =1 —max(1, a)x.

[Part 2] Let f(x) =1+ x* — (x + 1)*. Then f(0) = 0 and

and the result follows.
[Part 3] For o > 0, we have

{x/(x + D} < x%L,17(x) + 1(1,00) (x)

and the result follows. For @ € (—1, 0),

<x i 1)“ - (x ;L 1)7(11(0'”(” + (xxi)ialu,oo)(X)

< {14+ A/x)" o, 11(x) + 27 I (1,00) (x)
< x%I11(x) + 211 00y (%),

where the first inequality follows from Part 2. Thus Part 3 follows.
[Part 4] Recall logx™ < x~* — 1 for x > 0. Then for x € (0, 1), we have

1 1 1
alog— < — —1land|logx| < ,
X x¢ ax?

for @ > 0. Then Part 4 follows.
[Part 5] For x € (1, 00), we have log x* < x% — 1,

alogx < x®—1and |logx| < x%/a.
Then, together with Parts 4 and 5 follows.

[Part 6] By the assumption, there exists M such that f'(x)/f(x) > M for all
0 < x < 1. Thus we have
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1 / 1
f(t)dtzM/ de,
« J@® x

which implies that f(x) < f(1)e™“=D, This completes the proof.
[Part 7]

ept-p0=sfoous £]) <o) - (4) e

o

< oxp(a (~1 + log(@/B)}) < (@/B)". 0

A.2 Some Properties of k;

In this section, we investigate the function

log(g + 1)

ki(g)=1— —28T )
8 log(g + 1 +1i)

which is used for proving admissibility of X for p =1 and 2 through the Blyth

method in Sects. 1.5 and 1.6.
1+i)log(l+1i
LemmaA6 1. k(g) < Dled+D oo i
(g+1+i)log(g+1+1i)

/ kr(g)dg < 1+i.
0

ki(g) <0 forall g = 0 and (kj(g))* <

N

1
{(g+Dlog(g + 1+ 0}

w

N

. + D{k dg < ——.
/O (& + Diki(g)}"dg log(1 +1)
. Assumea >0,b > —landc =0inmn(g;a,b,c) givenin (2.7). Then

o0
1
ca,b,0)k*(g)dg < —— +2(1 +1i).
fon(ga ),(g)g_b+1+(+z)

|9

Proof [Part 1] The function k; (g) may be rewritten as

o igG/(g+1+10)
T (g+1+i)log(g+1+10)

ki(g)

where ¢(x) = —x'log(1 —x) =1+ Zle x! /(I + 1), which is increasing in x.
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Hence

ic(i/(1+1i)) (1 +i)log(l +1i)

ki(g) < - — = - —.
(g+1+i)log(g+1+i) (g+1+i)log(g+1+1i)

[Part 2] By Part 1,

© ® (14 i)*{log(l +i))’dg /°° (1+4i)%dg i
/o ki(g)dgf/o Gtitfoge+ I+ ~Jo @ritor "

Then the result follows.
[Part 3] The derivative is

1 log(g + 1)

K (g) = — .
) = e Dlogg 1140 T g+ 1+ Diloglg + 1112

Then we have

log(g + 1)
log(g + 14+ i)kj(g) = — + . .
e(s ) = T T G T+ i)logg + 14 1)
1 1 —ki(g)

g+1 g+1+4i (A1)

where

1 1 —ki(g)
> - >0
g+1 g+1+4i

(A2)

Hence k(g) < 0.
By (A.1) and (A.2), we have &;(g) < 0 and

log(g + 1+ Dkl(9))* < ——.
{log(g Dk (8)}” = PEE
[Part 4] By Part 3, we have

1
(g + Dilog(g + 1 +)}>

(g + Diki(9))* <
Then we have

/lk + DK (g)Pdg < — /i ¢ ___!
) & S = o+ D)2 Jo g+ 1 log(l +1)
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oo / 2 * dg = !
[ arvuwras | e - A

and

Then the result follows.

[Part 5] By assumption, 7 (g; a, b) < {g/(g + 1)}". Further by Part 3 of Lemma
A,
b
7@ = () =8 0@+ 2U0.09(). (A3)

Note kiz(g) < 1 by definition. Hence, by (A.3) and Part 1 of this lemma, we have

00 1 00
1
/ 7()k; (8)dg = f g"dg +2/ kA (g)dg < —— +2(1 +1),
0 0 0 b+1

which completes the proof of Part 5. O

A.3 Some Properties Under 7 (g; a, b, ¢)

This section gives properties of functions related to w(g; a, b, ¢), given in (2.7), and
used throughout the text.

Lemma A.7 sup ||V, logm,(||x||*; a, b, c)||* < oc.
X
Proof By (2.6), let

FUIxXI?) = IV logmy (Ix11%; a, b, o) (A4)
[ (g + 7P Vexp (=[x 11 /{2(g + DY) 7 (g; a, b, c)dg
Jo (g + D rexp (—lIxl12/{2(g + D}) (g5 a. b, 0)dg

= |lx]|

where

00 —p/2 2
g+ D" Il
(21 a, b, ) =f (

— ;a,b,c)dg.
| S (g e b o

Clearly f(0) = 0 since

fooo(g + )P (g:a, b, c)dg

J O = X s D P (gr . b o)
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Note, as in (2.11),

PP\ (t;a,b,¢)  T(p/2—1+a)2r/>~'+

o e (2n)rP2 (A-5)
Similarly,
’p/zf oo( +1)7;/(2g+;1&e’xb’(2(215 1)
zlggo e a(t;a,b, c)p : =T(p/2+ a2, (A.6)

Hence, by (A.4), (A.5) and (A.6), we have lim,_o. "> f(t) =2(p/2 — 1 +a),
which implies that lim;_, », f(¢#) = 0. Together with f(0) =0, f(¢) is bounded.
O

-1
Lemma A.8 1. Foreithera < — or {fa =0andc < —1}, /w& < o0
1 m(gsa,b,c)

n(g;a,b,c)
g+1

. o0 dg
3. Foreithera > 0or{a =0andc > —1)}, _—_— =
1 gr(g;a,b,0)

o0
2. Foreitheru>00r{a=0andc>1},/ < oQ.
0

Proof [Part1]Lety =2fora < 0and y = —c for a = 0. Further let

_ {log(g + 1) + 1}7*¢ (g + 1>b+1

/ie) @+ D g

which is bounded for g € (1, 00), for either a < 0 or {a =0 and ¢ < —1}, since
f1(1) < oo and f1(0c0) < oo. Then

/°° dg /°° fi(8)dg
L en(gabo i @D logg + D+ 1Y

o dg _ (log2+ 1!~
=i fl(g)/l G+ Dlogg+ D1y W T

which completes the proof of Part 1.
[Part 2] For0 < g < 1,

m(gia,b,c)  gl{log(g+1)+1}°

= < 1, (log2 + 1)~“}g?. A7
1 @ + Do < max{l, (log2+1)"“}g (A7)

Forg > 1,lety =2 fora > 0 and y = ¢ for a = 0. Further let

—of & \? et
£ = g+ 17 () togte + 0+ 17,
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whichis bounded for g € (1, oo) since f1(1) < coand f;(co0) < oo.Then,forg > 1,
we have

n(g;a,b,c) 12(8) - maxg> f2(g)

= . (A8
g+1 (g + Dflog(g + 1) + 1} = (g + Dflog(g + 1) + 1} (A5

By (A.7) and (A.8), we have

/"o w(g;a,b,c)
0 g+1

1 00
l, 1 2 1)~¢ bd / maxgzl fZ(g)
= maxtl, dog2+ D }/og $T) G Dlogg+ D+ 1y
_ max{l, (log2 4+ 1)~¢}  (log2 + nHi-r

b+1 y —1

’

which completes the proof of Part 2.
[Part 3] Let

_ {log(g + 1) + 1}'** (g + 1)”‘

13(8) 1) P

which is positive and bounded away from O, for eithera > Oor {a = Oandc > —1}.
Then

/"" dg :/"" f3(g)dg
1 gm(gia,b,o) 1 (g+D{log(g +1)+1}

. o0 +Dd
zrgrllfs(g)/ (g +1)_dg

| logg kD41 S® [log({log(g + 1) + 1D]7 = oo,

which completes the proof of Part 3. O

A.4 Proof of Theorem 2.5

For the proof of Theorem 2.5, recall a = 0. Hence it is convenient to use the notation

- B g\’ 1
§(g)=m(g) = <g+ 1) {log(g + 1) + 1}

A.4.1 The Sequence k;

Let L(g) = log(g + 1) + 1. Then the non-integrability
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—_— = =0
o (+DL Jo z+1

_ log(L(g))

ki(g) = log(L (7))
0 g =i

follows. Let
O<g<i

For fixed g, k;(g) is increasing in i and lim;_ ., k;(g) = 1. Since k;(g) = 0 for
g>1i, fooon(g)kiz(g)dg < oo even if fooon(g)dg = oo. Note k;(g) is piecewise
differentiable as

1

K(g) =1 (g+DL(g) log(L(i))
0 g >1i.

O<g<i

Then ki2 (g) is continuously differentiable since {ki2 (8)Y = 2ki(g)ki(g)andk; (i) = 0.
Further we have
1/log(L(1)) O0<g <1

sup [k ()| {(g + DL(g)} < {l/log(L(g)) g>1,

and hence

1/{log(L(1)}? 0<g<l1
1

oo (A.9)

sup{k/(9)}*(g + DL(g) =

(g + DL(g){log(L(g)}

which will be used in Sect. A.4.4.

A.4.2 Re-Expression of the Risk Difference

Letv = w/2 = ||x||*>/2 and

1 v
Fg;v) = W(“P(—m) - GXP(—U)>,

which, for b > —1, gives

) g \*
1 : —) —0
lim 7 (g5 0) (S

as in (2.38). Let
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&
v(g) = —(g IIVTR (A.10)

Then an integration by parts for [1; given by (2.18) gives

® (g4 1)~r! v )
v /O Wew(—m)é(g)ki (g)dg (A.11)
[T (@ 0E@KNR) T [ Flgv) p/2=1 d s
_[ (g + 1)p/2-1 ]0 _/0 (g + 1)p/2-1 {_ P + dg{é(g)ki (g)}}dg
p/2—1 [ (ki (g)
= (p/2 — )m;(2v) — ST /0 exp(0) d

B b/"" v(g)k; (g)
g

0

> v(g)k?(g)
;v)d —
F(g;v) g+0/(; L)

- 2/0 (g + Dv(9ki(9k;(g)F (g; v)dg.

¥ (g; v)dg

For fi,letk; = 1in (A.11). Then ||fi; — [i;||>m; (2v) given in (2.19) is

m;(2v)

I — fill*m;: (2v) = 4 5
v

[41(0) +245(0) + bA3 (V) — cAs W)},

where

Ay(0) = p/2—1<f0°°v<g>k?<g>dg __Jyv(g)dg )
BT Texp) \@)PPm2u)  2r)Pm, (2v)

c (fooo{v(g)/L(g)}kiz(g)dg B fooo{v(g)/L(g)}dg>

Cexp) N\ 2m)PPm;(2v) Q)P (20)
o 2 e T v@ki@ds s F (s v)v(g)dg)
m;(2v) mx (2v)
Ay = J0_ 8T DV@K(OK (ST (5: v)dg
m; (2v)
Aty — S v@k () ' F (g v)dg [, v(@)g™ F(g; v)dg
)= m;(2v) B my (2v)
f * gkl (g)dg /°° V(g)dg
Auoy = Do L@exp/+1) _Jo Lexpv/(g+1)

(2m)P2m;(2v) (2m)PPmy (2v)

Further, by the inequality (Part 3 of Lemma A.3), we have
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A~ A~ nm; 2v
liir — i Pmi 20) < 16 2(v N2 ) +4A20) + BA20) + A2

As noted earlier, the proof is completed by proving dominated convergence for each
of these 4 terms.

A.4.3 Dominated Convergence for the Term Involving A

Since m; (2v) < m;(2v) and 0 < ki2 < 1, we have

p—2 Jy v(g)dg 20l [ (v(g)/L(g)}dg
Q2r)P/2 exp(ym;2v)  (2m)P/>  exp(v)m;(2v)
[ v(9)e ' F (g; v)dg

m; (2v)

[A1(v)] =

+ 21b|
For g € (0, 1/2), we have

(2n)P/2@ = exp(glvl) : {1 - eXp(g fv1>} = eXp(‘%)gi 1

< vexp(—z?v),

where the first inequality follows from the general inequality, | —e™ < yfory € R.
Further by Part 7 of Lemma A.5, we have

son(2) = ron( -2 on( ) < Low(-2)

and hence

A1(v)
(P =2 [vigdg 20l [ {v(g)/L(g)}dg 21| [, v(g)dg
~ exp(v)2m)P2m; Qu) - exp(v)2m)P2m;(2u)  exp(dv/7)(2w)P/2m; (2v)

< A
~ exp(dv/T)2m)P2m; (2v)’

where

172

v(8) dg+21|b|/ v(g)dg.

ﬂ1=<p—2>/0 v(g)dg+2|c|/0 e

Note m(2v) < m;(2v) fori € N and
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exp(v) 2m)"2my (2v) = / V(K] (g)exp( -)de = / v(g)ki (g)dg.
0 +1 0

Hence

A2 exp(—8v/7) ! A2 exp(—v/7T)

Qm)Pm;(2Qv) — Qm)P/? exp(v)(2m)P/2m (2v)
1 ﬂzexp( v/7)

= Quyr Jo v(gki(g)dg

m;(2v) A (v) <

Recall v = w/2 = ||x||?/2. By Part 2 of Lemma A.2, we have

1 1 Jlx]I* pri>!
e | (=, )ax = . (A.12)
Qm)r? Jgo llx|| 2B p—2
Then we have
. 2 2 _ 2
/ ml(I|)62II )A%(||x||2/2)dx§ _ ﬂlz / exp( II)cII2 /142)dx
re x|l Jo v(@ki(g)dg Jrr  Q2m)P2|x]|
7p/2 lﬂZ

TR I V(g)kz(g)dg

A.4.4 Dominated Convergence for the Term Involving A,

Note 0 < F(g; v) < 2w) P> exp(—v/(g + 1)) and hence

(g + Dv(g)ki()lk;(g) exp(—v/(g + 1))dg

Jo
[A2(v)] < Qm)P?2m; (2v)

The Cauchy-Schwarz inequality (Part 1 of Lemma A.3) gives

(/w (8 + Dv(©ki(9)Iki(9)l | )2

0 exp(v/(g + 1))

> (g + D2v(g) ki ()}
exp(v/(g+ 1))

< @7)"m; 2v) /
0

Recall v(g) = &(g)/(g + 1)?/2 as in (A.10). Then, we have
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, 2 1 ® (g4 D%E(9){kl(9))?

mz(ZU)AZ(U) S (27‘[)”2‘/(; (g+1)p/zexp(v/(g+1)) 8
! /°° (g + D?L(g){k. ()} ( g )”d
=emr )y g+ Drexpu/(g+ 1) \g+1/ 8

where the second inequality follows from the fact

b 1 b
s = (gf—1> loge + D+ 1) = <gi1> L)

for |c| < 1. Then, by (A.12), we have

; 2 X o4 b ’
e it ras = [7 80 () Lo etk o

By Part 3 of Lemma A.5 and (A.9), we have

i 2 oo b
(-2 [ PR A mar < [+ 0 () L stk
R? 0 g+1 i

[lx]2
- /1 g’dg o /‘” {log(L(g))}2dg
o {log L(1)}2 . (g+DL(g)

b+ 2
= TogLD) gLy ~ % AP

A.4.5 Dominated Convergence for the Term Involving A3

Forg € (1/2,00),F(g; v) < @m) " exp(—v/(g + 1)), g = (g + 1)/3 and hence

(27T)p/2 F(g;v)

3 —v
I < ( )
(172,00 (8) < et 1 exp 1

Then

{fo (g + D 'v(9)k?(g) exp(—v/(g + 1))dg}?
m; (2v)
{7 (g + D7 1v(g) exp(—v/(g + 1)>dg}2>
+
my (2v)
_ / > 36v(g)dg
o (g+D%expv/(g+1)’

Q2m)"*m; (2v)Ad(v) < 18(

(A.14)
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where the second inequality follows from the Cauchy—Schwarz inequality (Part 1 of
Lemma A.3). Recall v(g) = &(g)/(g + 1)?/? as in (A.10). By (A.12) and (A.14),
we have

%) 5 36 [ £(g)
/Rp e A3 /z)dxfp—zfo G+ 18 =

A.4.6 Dominated Convergence for the Term Involving A4

We rewrite {(Zn)p/zmi(w)}zAﬁ(v) as

{@m)"2m(w)}? Af(v)
_ (/“’ v(g)ki (g) { 11 /O" v(g){L(g)}"dg}dg>2
o exp(v/(g+ 1)UL mzQ2v)Jo expv/(g+1) '

By the Cauchy-Schwarz inequality (Part 1 of Lemma A.3), we have

Qm)?*m; (2v) A% (v) (A.15)
- /°° V(@) () { ! _fO“{L(gn*lv(g)exp(—v/(g+1)>dg}2d
=Jo expo/Gg+ 1) L) 1 (20) ¢
- /°° v(8) { ! _ff{L(g)}*‘v(g)exp(—v/(g+1))dg}2d
o expv/(g+ 1) L L(g) 7 (20) ¢
_ /°° v(g)dg CUTIL@)  v(g) exp(=v/(g + 1))dg)?
o exp(v/(g+1)L*g) Jo7 v(g) exp(—v/(g + 1))dg

where the second inequality follows from the fact k*(g) < 1.
When —1 < ¢ < 1, we have

PR > v(g)dg
enrrmain < |
_ /00( g )b exp(—v/(g + 1))

o \g+1/) (g DrLe(n s

and, by (A.12) and Part 3 of Lemma A.5,

Loy [ mE®) /°° g\ dg
(p 2>/Rp A< | () e

"(g+ 1) gbdg 2/"" (g+D'dg _ 1 N
~—Jo L?+(g) 0 L?¢(g) T~ b+1 1+4c

< 00,
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which completes the proof for the case —1 < ¢ < 1.
When ¢ = —1, a more careful treatment is needed. In (A.15) we have

/°° v(g)dg
o L(g)exp(v/(g+ 1))
_ [ /2 v _ 1 \?
_'/0 g+ D77 exp( —+1><1 _g+l) dg

o 2 v _ max(b, 1)
Z/O b eXp< g+1)(1 g+1 )dg
— P/ /v i (1 _ tmax(b, D)dt

o exp(?) v

00 p/2-2
> v*l’/”l(r(p/z— 1)—/ éip(t)dt—max(b, 1)“’2/2)),

where the first inequality follows from Part 1 of Lemma A.5. Hence there exist
01 > 0and v; > exp(2Q) such that

/"" v(g)dg - F(p/2—1)(1_ 0 ) 1T(p/2-1)
0

L(g)exp(u/(g + 1)) — v/ L) =2 et B0

for all v > v,. Further we have

/ ¥ vigds (A.17)
o exp(v/(g+1)

- / T D" exp(~—) (1 - g{)b{log@ 1)+ 1)dg

1
/(g—i—l) ”/zexp( j_l)<1 g+1){logv—log{v/(g+1)}+l}dg

B v(g)dg 1 [V (logt)?/?~2 b

=L - 1)/ Lo/t D) o1 )y expy Y

< L )/Oo v(g)dg max(1, {1 — l/vl}b) /1 |logt|t”/2 2 dr
)y Lig)expw/(g + 1) pp/2-] exp(t)

where the last inequality follows under all v > v;. By (A.16) and (A.17), for all
v > v, we have

Jo~ v(g)exp(—v/(g + 1))dg
Jo (@/L(®)}exp(—v/(g + 1))dg

<L)+ 0> (A.18)

where |
Jo Nogt|tP/>2 exp(—1)dt

L(p/2=1)

Q> =2max (1, {l — 1/v,}?)
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Further, for all v > max (v, exp(Q>)), we have Q,/L(v) < 1 and hence

0:)_ LW

L)+ 0r = L(v){l ol ST o to

Then, by (A.16), (A.18) and (A.19), we have

(o v(9)/L(g)} exp(—v/(g + 1))dg}?
Jo  v(g) exp(—v/(g + 1))dg

SR P TRy

— wP/2-1L(v) L(v)

93

(A.19)

(A.20)

for all v > max(vy, exp(Q7)). Let v, = max(vy, exp(Q,)) and Q3 = Q1 + Q».

Then, by (A.20), we have

1 {fo v(@)/L(g)yexp(—Ilx|*/{2(g + DDdg)* dx
Q)P Jro IxIP f3 vg) exp(—lx]1?/{2(g + Ddg

o1 / L _2r(p/2 - 1) (- @
= @077 Jype, I AR ILARP/2) N LARI/2)

_ ! (/°° dg _/” Q3dg)
p—2\), gL J, g{L@}?/

By (A.12), (A.15) and (A.21), we have

, 2
(r—2) A A g 2)a

[lx1I2

<f°° dg _/°° dg +/°° Q3dg

“Jo (g+DL J, gL(® J, glL(®})?

2/”2 dg _/°° dg +/°° Q3dg
o (+DL J, glg+DL( J, gL}’

f " dg / ©  Qsdg
= + < 0
o (+DL( J, gl{L(®)}?

(A21)

We conclude then, by dominated convergence, that A; — 0, which completes the

proof.
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A.5 Properties of ¢(g; w)

This section gives properties of the function ¢(g; w) used in the proof of Theorem
3.5 in Sect. A.6.

(n/2+1—a)(g + P!

LemmaA.9 /.
w {1+ w/(g + 1))p/22+1

d n/24+1-a
_{(1_L> ](g+l+w)—l’/2+l—d
_Jd g+1l+w
= f{(l w )n/2+1—a ( )}( 14 )7p/2+17a
— - ;W w ,
dg g+1+w vis &
where ebltw w2t
pgw =1- (2200 (A22)
g+ DHw+1)

2. Letn>2,b>—1, —p/2+4+1 <a <n/2in ¢(g;, w) given by (A.22). Then
©(g; w) satisfies
1

g 1
cw) <max(1,n/2+1—a and 1 — Tw <—+—.
p(g;w) (I,n/ )ngl p(g; w) o

Proof [Part 1]

(n/2+1—a)(g+ 1)~p/2—a~]
{1 +w/(g+])}p/2+n/2+l

=w@n/2+1 - a)(l _ w%)n/zfa(g 1wy
[ e

dg at(- ;:H%) -(1-1) bg 414 wy-r/2+1a,
where

[Part 2] By Part 1 of Lemma A.5, (1 — x)"/**1=¢ > 1 —max(n/2 4+ 1 — a, 1)x and

¢(g; w) <max(n/2+1—a, 1)1% <max(n/2+1—a, l)?

follows. Further, 1 — ¢(g; w) for a < n/2 is bounded as follows:
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g+1l+w \n/2+l-a g+l+w
=gl < (LI _sd b
(g+ Dw+1) (g+ D(w+1)
_ 1 N L1 N 1
g+l wHl T g+l wl -

A.6 Proof of Theorem 3.5

By the assumption of the theorem, the measure [1(dg) in (3.27) has the density £(g) =

{g/(g + D}*{log(g + 1) + 1}7¢. Then the Bayes risk difference (3.33) between 6,

given by (3.31) with £(g) above and ém- under 77; given by (3.32) with £(g) above
and with

| _ loglog(g + D+ 1)

ki(g) = log(log(i + 1) + 1)

0 g =i,

O<g<i

is

F(Or; ) — TOni; ) =/ [Wr (2l = Yre (21D 1202 M (2, 70)dz,

RP

where the integrand is

W (1217 = Vi QI 21> Mo (2, 70) (A.23)
@D L 4w/ (g + DY P e (g)dg
B ( [ (g + D7P2 {1+ w/(g + D}-rtn/2-1g(g)dg
I + D71+ w/(g + D)2 k2 (g)E (g)dg | 2
[+ DR 4w/ (g + DR ()8 (g)dg )
L D(p +m)/2+ 120t /°° (g + D"k} (9)8(g)dg
a1(p.n) o {1+w/(g+ D)2

where w = ||z]|2.
Part 1 of Lemma A.9 with a = 0 gives

(n/2+ 1)(g + 1)=p/27!

Y w/(g + Dz (A2
= %{(1 _ g—'—l%)n/2+l B (1 _ HLw)n/zﬂ}(g 14wy
= %{(1 - W%)n/%ﬁ(p(g; w)}(g 14 w) P2
" g+1+w \n/2+l
w0 =1 (G D ) 9
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By (A.24), an integration by parts gives

k2 (g){g/(g + D}’ {log(g + 1) +1}¢
(g + VP21 + w/(g + Drrm/z 8
=(p/2—1) /Oo k?(g){g/(g + D}’ {log(g + 1)+ 1}°¢
- o (g+ P21+ w/(g+ 1)}ptm/2+1
_ /"" S(0: wy T @8/ (g + D) flog(g + 1) + 1)
0 vis (g + DP2{1 +w/(g + 1)}ptm/2+1
+ C/“’ (0: wy LH W/ @+ D K @)e/(g + D) lloglg + D + 1) *
0 v log(g+1)+1 (g+ DP2{1+w/(g+ 1)}ptm/2+]
_ f ¥ gy @K (g + 1+ w)g/ (g + D log(g + D) + 1)
ne (g + DP2{1 4+ w/(g + 1)}p+m/2+1 8

n/2+ Hw /OO (A.26)
0

where

1 ;
g w) = pSTITWLEW) 1 = p(e: w)). (A27)
g+1 g

Similarly, by (A.24), we have

{g/(g+ D} {log(g + 1) + 1}°¢
(g + D2 {1 + w/(g + D}em/ 8
=(p/2-1 /oo {g/(g + D} {log(g + 1) +1}¢
- o (g+DP21+w/(g + D}pim/2+l 8
_/°° s w8/ (8 + DI {log(g + D) + 1)
PR g DPP{T +w/(g + Dy 8

n/2 + l)w/OO (A.28)
0

L+w/(g+1D) {g/(g+ D} {log(g+1+1}~
log(g + D) + 1 (g + DPP{I + w/(g + Dyrrmast &

+Cf (g w)
0

Let
F g w) = B8+ D} {log(g + 1)+ 1}7¢
= e+ D+ w/(g + DY

Then, by (A.26) and (A.28), the multiple of the integrand given by (A.23) is
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(n/2+1)"*q1(p, n)
T((p +n)/2 + 1)2(p+n)/2+1
1( b2 (g wIA@F (g w)dg  [5° Glg: w)F (g: w)dg
Jo2 k2 @)F (g: widg [ F (g widg

W UIz1?) = Vi (zIDY 121> My (2, 77)

w
Jooil+w/(g + Dilog(g + 1) + 1}~k () F (g5 w)e(g; w)dg
—c 0 1 i ’
J5C k2 (9)F (83 w)dg
N Ao+ w/(g+ DHloge + 1) + 171 (g5 w)e(g: wydg
Jo° F(g: wydg
SO k! k; 1+ w)F(g;w cw)dg\ 2 o0
+2fo {kl(9)/ l(}go())i(liz_(;);g;)w)(:g )o(g )g) X/ 27 (g wie.

Note 0 < ¢(g; w) < 1. Further, by the Cauchy-Schwarz inequality (Parts 3 and 1 of
Lemma A.3), we have

n/2+ D 2q1(p,n)
T((p +n)/2 + D2p+m)/2+1

5 [Cfnn2,.. 21+ w/(g+ 12 o2 2 .
< 5/0 {Z(p (g3 w) + 2¢ (m) + 4K (P + 1+ w) }‘F(g, wydg.

W (lzI?®) = Y Q21D 121> My (2, 77)

For ¢Z(g; w), by Part 3 of Lemma A.3 and Part 2 of Lemma A.9, we have

{Iblmn/2+ 1D+ (p/2= DY | bP®n/2+1D)*w? (p/2—1)2)

~2 .
@ (g9 U))S3( (g+1)2 (g+1)4 w1/4

By Part 3 of Lemma A.2, we have

f 1 (1 lIz]? )—p/2—n/2—1dZ w2 B(p/2—1—a,n/2+2+a)
R 12l g+1 T(p/2) (g + 1)-p/2H1ta :

and hence

1
——F(g; Iz?)dz
/R EREEAGIER

s {g/(g+ 1)) (log(g + ) +1}¢
= F(p/z)B(p/2—1—oe,n/2—i—2—i—ot) G+ D .
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As in (A.13), the integral

}2{8/(g + DY

dg.
Ligy ¢

[0 (g + 1) sup{ki(g)

for b > —1 and ¢ > —1 is integrable. Further since all the integrals

/'°° {g/(g + D) dg /oo {g/(g + )" dg /oo {g/(g + D) dg
o @+ DIHL@Y Jo @+ DHVHL@K Jo (g + D{L(g))*Fe’

for b > —1 and ¢ > —1 are finite, it follows that

/ W Uzl = Y (1211 1212 M1 (2, ) dz < oo.
RP
Then by the dominated convergence theorem, we have

lim {F(fr; ;) = (i )} = 0

which, through the Blyth method, implies the admissibility of (i, within the class of
equivariant estimators, as was to be shown.

A.7 Lemmas Used in the Proof of Theorem 3.6

This section is devoted to showing that the integral of each term involving A, A»,
and Aj respectively, in the proof of Theorem 3.6, approaches 0 as i — co.

A.7.1 Proof for A;

By the Cauchy-Schwarz inequality (Part 1 of Lemma A.3),

Ay(w, s;10) (A.29)

Frdgdn // 1 hi2 2 // )
= — Frdgdn || Fhirdgdn.
- // (g +1)? (ff Frdgdn  [f thndgdn> mdgdn imdgdn
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Note

1 h? 2
(ff Frdgdy — [f Fhizzrdgdn> (&.30)

e e (e
IS Frdgan [ (] Fi2ndgdn/ \\[[f Frdgdn /[ FR2ndgdn
| hi /[ Frdgdny 2 \/m 2
~ JJ Frdgdy fthizndgdn(l_ m) ( JIJ Frdgdn H”)
52 hi [ Frdgdny2
= Jf Frdgdn [ Fh2rdgdn (1_ \/W) ’

where the inequality follows from the fact0 < h; < 1.
Further,

hiy/ || Frdgdn\?2
;// Fn(l - M) dgdp (A.31)
2 [] Frdgdy /] Fh2mdgdn

([f Fhimdgdn)? (] Fhimdgdn)?
=1- ff <1

Frdgdn [[ Fhimdgdn — Bl [ Frdgdn [[ Fhimdgdn’

where the inequality follows from the fact that

(ff Fhimdgdn)?
[ Frdgdn [[ Fhlrndgdn

€ (0,1),

which follows from the Cauchy—Schwarz inequality (Part 1 of Lemma A.3). By
(A.29), (A.30) and (A.31), we have

Fr(g)dgdn
Ay(w, s;i) <8A1(w S; 1)// PRSI (A.32)

where
(ff Fh,-ﬁdgdn)2

JJ Fredgdn [ Fhimdgdn

Al(w,s;i)=1-— (A.33)

For (A.33), the following lemma is useful.

Lemma A.10 Assume —p/2 + 1 < a < n/2 + 2. Then there exists a positive con-
stant ¢y, independent of i, x and s, such that

Aj(w, 531) < ga(1 +|logs|) 2. (A.34)
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Proof See Sect. A.8. O
By (A.32), (A.34) and Lemma A.11 below, we have

2gn/2-1F dgdndxd
J [ st A s, s ivads < sqp [ [ [ S TSRO
(g + D21 + [Togs)

= 16¢3(0)g2B(a, b + 1) < oo,

where ¢3(B) is given by

pnyrt 2L P/2+ 1= T (/2 + B)
I'(p/2) "

For all w and s, lim;_, o A{(w, s; i) = 0. Thus, by the dominated convergence the-
orem,

(A.35)

q3(B) =2F

lim f f lxl?s" > Ay (llx1? /s, 55 i)dxds = 0,
1—> 00

which completes the proof for A;.

Lemma A.11 Assume —n/2 < 8 < p/2+ 1. Then

F
J[[ et EE TR 445 = 24+ 1),

where q3(B) is given by (A.35).
Proof

F
///” ”2 n/2—1 (877 ”x” /S S)dl’]d_xds
(1 + |log s])?
p/2+n/2 2 dndxd
/f e [psnzt exp<—E{1+ [l /S}> ndxds
g+ e 2 g+11/(1+logs|)?

sPIANR=Y 1y |2(1 + g)s pP/>n/ ns ) dndyds
- L sexp( =5 {1+ IyIP}) s
(1+g)r/ (g+ D7/ 2 (I + |logsl)
_D(p/2+n/2+1) fm ds lyl*dy
=T e S+ Togs? Jor (4 [y [Py /2]

=2¢3(0)(g + D),

(g+D

where the second equality follows from change of variables

X;
N TN

and the last equality follows from Part 3 of Lemma A.2. O

with Jacobian |dx/dy| = (1 + g)P/?s?/?



Appendix A: Miscellaneous Lemmas and Technical Proofs 101

A.7.2  Proof for A,

For A,, we have only to consider the case max(—p/2 + 1,0) <a < 1.Lete = a/2.
Recall

2
</ (g+ V) '"Frim(l — k,?)dgdn)

ff Fhl.zndgdn

Ax(w, s;0) =

By the Cauchy-Schwarz inequality (Part 1 of Lemma A.3),

(1 —k)*

i

i’ Fh’rdgdn. A.36
(g+ 12 s (A30

Ar(w, s51) 5/

The two inequalities

2log(g + 1)
log(g + 1+1i)
€
Floge+ 1) =@+ D=1 =@+ D7,

1—K=(+k)1A—k) <2(1 —k) =

give
€/2
2o Hogg+ D) 40+
"7 log(l+i) T elog(l+1i)

(A.37)

By (A.36) and (A.37),

) 16 Fh?mdgdn
Ax(w, s;i) < - .
e2{log(1 +i)}? (g+ 1%

Then, by Lemma A.12 below as well as Part 2 of Lemma 3.1, the integral involving
A, is bounded as follows:

1643(0) [y~ n~"hZ(mdn /°° m(g)dg

€?{log(1 +1)}? o (g+ DI
_ 32¢3(0)B(a/2,b+ 1)
- e2log(i + 1)

/ 125> Ay (l1x 117 /s, 53 i)dxds <

I

where g3(0) is given by (A.35). Hence, by dominated convergence,

lim / f (17" A (l1x |12 /s, 55 i)dxds = 0,
1—> 00

which completes the proof for A,.
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Lemma A.12 Assume —n/2 < 8 < p/2 + 1. Then

lx]]2s™/21 ' X i )
/ WF(& n; I1x01%/s, s)dxds = Py
Proof
2 n/2 1
// ||()Iillllz/ )8 F(g.n; x]*/s, s)dxds

llx|[2s/2=1 pp/24n/2 sn /X2
N / 2/5)p /2 exp(——( + 1))dxds
(lxll=/s)* (g + )P 2\U1+g
2 n/2—=1  ,p/2+n/2
= 1yP/2gp/2 lyllcs(g + Ds n (__77 - )d 5
f b 2P0+ 9f (g+ D2 P75 (IylI* 4 1) )dyds

_Tp/2+n/2+1) [yl =P dy 1 _ s
27p/2=n/2=0 - fon (1 + [y |22/ 2 (g + 1AL T p(g+ DAL B

A.7.3 Proof for A3

For A3, we have only to consider the case max(—p/2 + 1,0) < a < 1.Lete = a/2.
Recall

» ([f(g + )" Fh2wk2dgdy)’ 5 ,
A0S D = e T dgdn? [ Fhiekidgdn // Fhim( =k )dgd”>

By the Cauchy—Schwarz inequality (Part 1 of Lemma A.3),
Fhlzyrkl2 5 12 hzrrk2
( d dn Fhlrk2dgdy
g+1 (g + 1)2
< || Fhink’dgd // —fd dn,
_// pidagan [ 3 agan

where the second inequality follows from k? < 1. Further

(ff Fr2z(1 — k2)dgdn)’
I thrrdgdn

//(g + 1) Fhirdgdn,

/(1 k2?2 Fh?wdgdn

< -
B 2{10g(1+ )}

where the second inequality follows from (A.37). The following lemma is useful in
completing the proof.
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Lemma A.13 There exists a positive constant q4 such that

[f(g + DFh?rdgdn
[f Fhimdgdn

Proof See Sect. A.9. O

< gqs(w +1).

By Lemma A.13, we have

Asz(w, s;1) <

16g4(we + 1) // Fhink?
Ao+ 1 ] e+ 128"

Then, by Lemma A.12 as well as Part 2 of Lemma 3.1,

/ x> As(l1x]1? /s, w; i)dxds
32q, _m(g)dg * m(g)dg
= log(i + 1) +1> g3 )/ g+ i q3(0)/0 g+ 1 )

- 32q4{gs(=€) + 430}
€?log(i + 1)

B@a/2,b+1) < o0.
Hence, again by dominated convergence,

lim f / lx1%s"2~ A3 (1% /s, 55 i)dxds = 0,
1—> 00

which completes the proof for Aj.

A.8 Proof of Lemma A.10

The proof of Lemma A.10 in Sect. A.7.1 is based on Lemmas A.14-A.16, whose
proofs are given in Sects. A.8.1-A.8.4.
First we re-express A (w, s; i) as follows.

Lemma A.14 Let z = ||x||?/(||x||> + s). Then

_{EH:i(V/s) | z1)?

A1(||x||2/57s§i) = E[H>(V/s)|z] ’

(A.38)

where the expected value is with respect to the probability density on v € (0, 00),

pP+m/2 1 tp/272+a(1 _ l)b v
—t))dt, (A.39)
—Z
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with normalizing constant ¥ (z) given by

tp/2 2+a(1 _ t) v
(p+n)/2 _
V(z) = / / A exp( T Zt))dvdt, (A.40)

and () |
Hip) = —=1 = . (A.41)
log(i +1) log(i + 1)+ |logn|

The behavior of the probability density f given in (A.39) is summarized in the
following lemma.

Lemma A.15 Suppose —p/2+1 <a <n/2+2.
1. Fors < 1andfork >0, there exist Ci(k) > 0 and C»(k) > 0 such that

S*C](k)/ [Togv|¥ f (v | z)dv < Cy(k).
0

2. Fors > 1 and for k > 0, there exists C3(k) > O such that

exp (s/4) / [logv|* f(v|2)dv < C3(k).

It follows from Lemma A.15 that
E[llog VI*|z] < Ca(k) + C3(k) := Ca(k). (A.42)
Using Lemma A.15, {E[H;(V /s) | z]}? and E[Hiz(V/s) | z] with H; (-) givenin (A.41)
are bounded as follows.
Lemma A.16 Let j = log(i + 1).
1. There exist 0 < Cs < 1 and Cg > 0 such that

E[log V| z] Ce

. 2 , 2 — -
(j — logs){E[H;(V/s)|z]} =2 1-2 —logs (1 —log 5)2

forall0 <s < Cs,allz € (0,1) and all j > 1.
2. There exists C7 > 0 such that

E[logV | z] C;
Jj —logs (1 — logs)?

(j —logs)*E[H(V/s)|z] <12

forall0 <s < 1,allz € (0,1)andall j > 1.
3. There exist Cg > 1 and Cy > 0 such that
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[log V| z] Co

E
. 2 . 2
(j +log ){E[H; (V/s) [z]}" = 142 T logs (17 logs)?

foralls > Cg, all 7z € (0,1)and all j > 1.
4. There exists C19 > 0 such that

E[logV |z] Cio
j+logs (1 + log s)2

(j +1logs)*E[H (V/s)|z2] < 1+2

foralls > 1,allz € (0,1)andall j > 1.

Using Lemmas A.14-A.16, we now complete the proof of Lemma A.10. As in
Lemma A.16, we still assume j = log(i + 1).

[Proof for smaller s] We first bound A 1(w,s;i) for 0 < s < y; where y; is
defined by
y1 = min[Cs, 1/ exp{4C4(1)}].

Note, for0 < s < y1,

E[log V E[|log V 20,(1) 1
2 [ 5 |Z]zl 2M21_ (0 _ 1 (A.43)
j —logs —logs 4C4(1) 2

where the second inequality follows from (A.42). Further, by Parts 1 and 2 of Lemma
A.16, for 0 < s < y;, we have

E[logV |z] Cs
il iy =1 - EHWDINE 7 7 j—logs (1 ~logs)?
E[H?(V/s5)|z] . 2E [log V| 7] C7
j —logs (1 —logs)2
Ce + C7 E[logV |z] C7 -1 2C¢+2C7
:(1—10gs)2( "2 T hoas (1—logs)2) = U —logs)?

where the second inequality follows from (A.43).

[Proof for larger s] Here we bound Al(w, s;i) for s > y, > 1 where y, is
defined by
y2 = max{Cg, exp(4C4(1))}.

Note, for s > y»,

E[logV |z] >1_2E[|logV||z] o 26 1

1+2— > = =
j +logs log s 4C4(1) 2

(A.44)

where the second inequality follows from (A.42). Further, by Parts 3 and 4 of Lemma
A.16, for s > y,, we have
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E[logV |z] Co
- . (E[H; (V/s) | z])? i +logs (1 +logs)2
AQl?ys sy =1 — STy Jdlosy  (logs)
E[H?(V/s)|z] | +2E[long] C1o
Jj +logs (1 4+ logs)?
_ Co+Cio (1 ,Ellog V7] Cio )—1<2C9+ZC10
T (1 +logs)? jtlogs | (I+logs)?) = (1+logs)?

where the second inequality follows from (A.44).
By (A.38), Al(w, s;1) < 1 for all x and s and thus the bound for y; <s <y, is

1. With
C11 = 2max(Cs + Cy, Co + Cio, 1/2) {1 + log max(1/y1, y2)}2,

we have A] (w,s;1) <Cp1/(1+| logsl)2 for all s > 0 and this completes the proof
of Lemma A.10.

A.8.1 Proofof Lemma A.14

Asin (A.41), H;(n) = h;(n)/j with j = log(i + 1) and hence

it / / Fh{mdgdn
- [f el G o v (Y v

for £ = 0, 1, 2. Apply the change of variables

1—1¢
g = where z =
(1 -2t w+1
with
P et 11—zt n W z/(l—z) ‘ ’_ 1
& =2 g+ 1 ¢+ 1 l—zt arl T a -
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{log(i + 1)}~* / f Fhimdgdn (A.45)

f (1 —2)t p/2+a< 1—¢ )b pP/2Hn/2 N ( o
l—Zl 1 —zt (1_Z)I2 p 2(1—21)

_ gyp/a-1+a // (R 1) — — ppl2n2 exp( i )H[(ﬁ)dtdn
1 - Zt)”/2+a+b 2(1 — zt)

_ (=g // PP s

v
sp/2+n/2+1 (1 — zt)p/2+ath exp(— 2(1 — zt)

) HE (drdn

)Hf(v/s)dtdv

(1 —g)r2 e

- WW () E[H (V/5)] 2],

where 1/ (z) is given by (A.40), and the result follows.

A.8.2 Properties of ¥ (z) and f(v|2z)

This section presents preliminary results for Lemma A.15. We consider a function
more general than v (z) given by (A.40). Let

V(z; b,m) = // AR Ul SR SO RERY ( v )d 0
" 1 = pypi2vath ¥ exp(———)dvdr,
Z; (1 — zt)p/2+atb p (1= 20)

under the conditions
n/24+2—-a>0, £>-1, m=>0. (A.46)
Clearly ¥ (z) given by (A.40) is

¥ (2) =v(z0, 1.

Lemma A.17 Assume assumption (A.46). Then
0<¢¥(0;¢4,m) <oo and 0 <yY(1;£,m) < oo. (A.47)

Further
Ti(€,m) < ¥ (z; €, m) < Th(€,m), (A.48)

where

Ti(€, m) = min{y (0; £, m), ¥ (1; £, m)} and
T, (£, m) = max{y (0; £, m), ¥ (1; £, m)}.
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Proof Note
Y@ om) =T((p +n}/2+ 1+ {n/2 +2 — a}t)@m)PHm/2HFe/2eor

1
% / tp/272+a(1 _ [)b(l _ zt)("/2+270)(z+1)7b71dt,
0

which is monotone in z (either increasing or decreasing depending on the sign of
(n/2+4+2—a)(€+ 1) — b — 1). Further,

'p+n}/24+1+{n/2+2—-a}l)
(zm)—(p+n)/2—1—(n/2+2—a)l
F{p+n}/2+1+4+{n/2+2—a}l)
Q2m)~(p+m)/2=1-(n/2+2-a)e

¥ (0; £, m) = B(p/2—1+a,b+1),

v €,m) = B(p/2—1+a, (n/24+2—-a)(t+ D),

which are positive and finite under the assumption (A.46). Thus (A.47) and (A.48)
follow. O

Lemma A.18 Foranye € (0, 1),
f|z) < T3(e)p™/*H1-a—eb+h

where

{(p—2+2a+2eb+ 1))p/2-1+areCEDB(p/2 — 1 +a, (b + 1)e€)
T1(0, 1) '

T3(e) =
Proof Note, for e € (0, 1),

(1=

/2l —a—e(b+1)
(1 — z1)p/>+ath (1 —z1)

_d t)(b-s-l)e—l( 1—1t )(b+1>(1—e>
B 1—zt

<1- t)(b+1)efl(1 _ Zt)fp/2+17afe(b+l)'

Part 7 of Lemma A.5, gives

exp(—v/{2(1 —zH)}) - (p —2+4+2a+ 2+ 1)>p/2—l+a+é(b+1)

1 - Zt)p/2—1+a+e(b+l) - v

Further, by Lemma A.17, ¥ (z) > T1(0, 1) for all z € (0, 1). Hence, by the definition
of f(v|z) given by (A.39),

f(l) | Z) < T3(6)v"/2+1—a—e(b+]). .
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A.8.3 Proof of Lemma A.15

[Part 1] Let
1 .n(n/Z +2—a
] —_—

* — 7 72 091
¢ b1 )e.n

4

in Lemma A.18. Then,

_ _n/2+2-a . b+1
C1(0) .—n/2+27a76*<b+1>—T{“*ml“(l’zm)}>°
and hence (€)
3W&) o) _ 1(0)
d A4
/f(v|)v<c(0) = C5(0)s (A.49)

where C;(0) is defined by C,(0) = T3(e.)/C1(0). Hence the lemma holds for k = 0.
Now consider k£ > 0. By Part 4 of Lemma A.5,

4k
n/2—a

k
|10gv|k S( ) (/2420 /4.

for all v € (0, 1). Thus, for k > 0,

Ci(k) :=n/2+2—a—6*(b+1)—%(n/2+2—a)

(n/2+2—a){4 mm(l 2’1/21%)] > 0.

Hence, for k > 0, .
/ llogv[* f(v]z)dv < Ca(k)s P, (A.50)
0

where C, (k) is defined by

i T5(es) 4k k
Gk = C, (k) (n/2+2—a> '

By (A.49) and (A.50), Part 1 follows.
[Part 2] Note, for v > s,

eXp<_2(+—zt)) - eXp<_4(1 - zt)) exP(_4(1 - zt))

= e (~g=) 9(3) = o2 (g o0 (3)



110 Appendix A: Miscellaneous Lemmas and Technical Proofs

For k = 0, by Lemma A.17,

exp(s/4) / Fo]2)dv

[} v(p+n)/2 1 tp/272+a(l _ [)b v drd
< — t
—/Y V@0, 1) Sy (1= zryriarath exp a1 —zt)> Y
< ¥(z,0,2) - 15(0,2) :
=%@0.1) - 710, 1)

= C3(0),

where the third inequality follows from Lemma A.17.
For k > 0, note by Part 5 of Lemma A.5,

2k

)k (V242012 | = 0/242-0))2)
1242 —a

|logv|* < (
Then

o0

exp(s/4)/ llog v[* f (v | 2)dv
- /oo( 2k )" (v(n/2+2fa)/2 4 vf(n/2+2*ll)/2)
=) \W2i2-a

p(Pm/2 el p/2=2%a (] _ p)b v

———)dtd
“geo Jy a2

- ( 2k )kW(z,—l/Z, 2)+Y(z1/2,2)

n/2+2—a ¥(z; 0, 1)

<( 2%k )sz(—1/2, 2) + Tr(1/2,2)
=\212-a 7,0, 1)

= C3(k),

where the third inequality follows from Lemma A.17. This completes the proof. O

A.8.4 Proof of Lemma A.16

[Part 1] Assume s < 1 equivalently —logs > 0. Then by Part 1 of Lemma A.19
below, we have
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(j —logs)E[H;(V/s)|z]

¥ j—logs /"o j —logs
= | L8 d L d
/0 Fr1ogis/n ! C1NYT | T g 1O

©  j—logs
Z/s 7+ log(u/s) ! V1A

0 logv |logv|?
> 1— — d
_/S ( j —logs (1—logs)2>f(v|z) v

E[logV | ] ~ Jo Nogv|f(vlz)dv  E[[log V[ |z]

>1- dv —
- /0 flady Jj —logs j—logs (1 —logs)?

By Lemma A.15, there exists T4 > 0 such that

Jo ogv| f(v]z)dv +E[|logV|3|z] - T,

d
/0 fladv+ == (1—logs)? — (1—logs)

for all s € (0, 1) and hence (j — logs) E[H;(V/s) | z] > g(s, z; i) where

EllogV T
gs, i) =1— [g 2] S (A.51)
Jj —logs (1 —logs)?
Further
El|logV E||llogV Cy(1
| E [log IZ]I< [llogVilz] _ CaD) (A52)

j —logs 1—1logs — 1-—1logs

andhence g(s, z; i) > 0,foralls < Cs = 1/exp{C4(1) + T4}. Consider {g(s, z; i)}?
for all s < Cs. By (A.51) and (A.52),

E [log V 2Ty E [log V 2T.

(g, 2 = 1 o108 VIE] 2TBfoeVIg]) s
j —logs (1 —logs) (1 —logs)
E[logV|z] Ce

>1-2— - )
Jj —logs (1 —logs)?
where C¢ = 2T4{C4(1) + 1}. This completes the proof for Part 1.

[Part 2] Assume s < | equivalently —logs > 0. We consider E[H*(V /s) | z]
given by

fwlz) dv+/°°{ flz)

{j +log(s/v))2 Pt logump A

E[H(V/s)|z] = /0

Note
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T A A I E9) (J—IOgs)Z/

(j —logs) /(; {j+10g(s/v)}2dv< f|z)dv
B 2 [* _ (I—logs)* [y f(w]2)dv

< (—togs) [ fwloy = TR SO

In the numerator above, by Lemma A.15, there exists 75 > 0 such that

(1 —logs)* / f|z)dv < Ts
0

for all s € (0, 1). Further, by Part 1 of Lemma A.19 below,

; 2 [ fvlz)dv 0 2logv Z£2|10gv|
Gtoes? [ e = (e A gy )€

o0 2logv Z/z 2|10gv|
< 1-— d
_/o (1= T egs T4 Sragar 0100
_,_ElogVizl 3, Cae)
- j—logs (1 —logs)?’

(A.54)

Then by (A.53) and (A.54),

) EflogV | z] Cq
-1 2E[H*(V <1-2 ,
(j —logs) [ 7 ( /S)|Z] < 7 logs (1 —logs)?

foralls € (0, 1), where C; = T5 + 4 Z‘gzz C4(£). This completes the proof for Part
2.

[Part 3] Assume s > 1 equivalently logs > 0. Then by Part 2 of Lemma A.19
below,

(j +1ogs)E[H;(V/s)|z]

" jtlogs ©  j+logs
- fo e fwlod / T8 v

J +log(v/s)
¥ j+logs
L e d
2/0 7t log(symy? V1O

s log v |logv|?
> 1 — d
_/0 ( +j+10gs (1+10gs)2)f(v|Z) v

00 oo 3
zl—/ f(vIz)dv+EDOgV|Z]—f‘ [logv|f(v|z)dv E[llogV*|z]

Jj +logs Jj +logs (1 + log s)?

By Lemma A.15, there exists T > 0 such that
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o <11 d E[|logV|? T,
/ f(v|z)dv+fs Inglf(vIz)v [[ og ||z]S s
s Jj +logs (j + logs)? (1 + log s)?

forall s € (1, c0) and hence
(j +logs)E[H;(V/s)|z] = g(s,2;0)

where [ ]
EllogV |z T
gls i) =14+ o A O
Jj +logs (1 +logs)

Further, by (A.52), we have g(s, z; i) > 0, for all s > Cg where Cs = exp{C4(1) +
Ts}. Now consider {g(s, z;i)}* for all s > Cg. By (A.51) and (A.52),

El|logV 2T6 E |logV 2T,
(g5, 220 = 1 oLl VIE]  2MeBfloeVIc] | 2t
Jj +logs (1 +logs)3 (1 +logs)?
E|logV C
S 142 [log |Z]_ 9

j+logs (1 +logs)?’

where Cg = 2T¢{C4(1) + 1}. This completes the proof for Part 3.
[Part4] Assumes > 1equivalently logs > 0. We consider E [HiZ(V/s) | z] given
by

dv.  (A.55)

2 _ fwlz) -/Oo fw]2)
E[H,- (V/S)|Z] —/(; dv + : {j+log(v/s)}2 ’

{J +log(s/v)}?

Note

. L[ fwl2) <j+logs>2/°°
G “(’gs)/s Gtlogmp l =" ) Jwlod

(1+1logs)* [ f(v|2)dv
(1 + log s)2 ’

< +10gs)2/oo f|z)dv =

In the numerator above, by Lemma A.15, there exists 77 > 0 such that

(1 +10gs)4/00 f|z)dv < Ty

for all s € (1, 00). Further, by Part 2 of Lemma A.19 below,
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(j +logs)? /
0

flz)
{j + log(s/v)}?

‘ 2logv 3, |logv|’
< 1 4== d
_/o( +j+logs (1 +logs)? )f(vlz) v
> 2logv 30, |logl’
< 1 4== )d
_/0 ( +j+10gs (1 + logs)? )f(v|z) v
E[log V ¢ JE[llog V|
142 [.og 2] > - Elllog V|*| 7] (A.56)
Jj +logs (1 + logs)?
Then by (A.55) and (A.56),

(j +logs)’E[H(V/s)|z] < 1+2

Eflog V| z] Cio
j+logs (1 + logs)?

for all s € (1, 00), where Cg = T7 + 4Z?=2 C4(£). This completes the proof for

Part 4.

Lemma A.19 Assume j > 1.

1. Fors <landv > s,

j—logs logv |log v|?
j+logv—logs —  j—logs (1—logs)?

j —logs logv [logv|* + |log v|?
j+logv—logs —  j—logs (1 —logs)?

and

log v 4Z?=z | log v|*

1 )
(dles yoy o, ,
j+logv —logs j—logs (1 —logs)?
2. Fors > landv <s,
j +logs logv |log v|?
Jj+logs —logv — Jj+logs (1+logs)?
j+logs logv [logv|?> + [logv|?
j+logs —logv — j+logs (1 + log s)2
and .
( Jj +logs >2<1 log v 4Z£=2|logv|[
j+logs —logv j+logs (1+1logs)?
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Proof [Part 1] Forv > s,

j —logs _1 logv
j+logv—1logs j +logv —logs
logv (log v)?

B j —logs + (j —logs)(j +logv —logs)
logv (log v)?
j—logs T (j—logs)?
(log v)*
©(j —logs)2(j +logv —logs)’

=1-

Then, for j > 1, three inequalities follow from the inequality

(logv)’ _ _llogvl* _ |logv|®
(j —logs)?(j +logv —logs)| = (j —logs)? = (1 —logs)*

[Part 2] The proof of Part 2 is similar. O

A.9 Proof of Lemma A.13

The proof of Lemma A.13 in Sect. A.7.3 is based on Lemma A.16 in Sect. A.8. Note
(g+Dn(g) =(g+ 1) "{g/(g + D). By the definition of H; given by (A.41)
and (A.45), we have

J[(¢ + D Fhimdgdn 1  y(z;a—e€) E[H(V/s)|z,a— el
[[ Fhizmdgdn —— (1-2° ¥(za)  E[H}(V/s)|z.al

Y (z;a—€) {j+|logs|E[H}(V/s) | z,a — €]

V(a)  {j+[logs)?E[H}(V/s)|z.a]

= (w+ 1) (A.57)

Asin (A.57), in this subsection only, we write ¥ (z) and E[Hiz(V/s) | z] as a function
of a unlike (A.45) in Lemma A.14. By (A.48) in Lemma A.17,

Yia—e) _
V(z; a)

0 < 00, (A.58)

where both (finite) lower and upper bounds are independent of z. Note

j+llogs| _ j+llogs| 1
j+Togv/s| = j+1logs|+ logu] ~ T+ logv|

for j > 1. By Jensen’s inequality,



116 Appendix A: Miscellaneous Lemmas and Technical Proofs

. 2 2 1 2
{j +logs|}"E[H (V/s)|z,a] > (m)

1 2 1 2
- V-(rdaa) o
1 4+ max; E[|log V||z] 1+ C4(1,a)
where Cy4(k, a) is given in (A.42). Further, by Parts 2 and 4 of Lemma A.16,

{j + [logs|}*E[H?(V/s) | z,a — €]
<142E[|logV||z,a — €] + max(Cs(a — €), Cip(a — €))
<1+4+2C4(1,a —€) + max(Cs(a — €), Cip(a — €)).

Part 2 of Lemma A.5 gives
w+Df<w +1 for 0<e <. (A.60)

Combining (A.57), (A.58), (A.59) and (A.60), completes the proof of Lemma A.13.

A.10 Proof of Lemma 3.2

[Part 1] Under the assumptions on £(g), AS.5 and AS.6, there exist M, > 0 and
w; > 0 such that

£'(g) £'(g)
M, or — M, < D1 1
E(g)f 1, or 1 < (g+1)log(g + )g(g)

for all g > w;. The representation theorem for slowly varying function (Theorem
1.5 of Geluk and de Haan 1987) guarantees that there exist measurable functions
c1(+) and ¢, (+) such that

0<(g+ Dlog(g+1)

SO’

lim c¢;(g) =c1« > 0, and lim c;(s) =0
g—>00 §—>00

and

8
e = a@en( [ Aas)

for g > 1. Recall p/2 + a + 1 > 0. Hence there exists an M, > 0 such that
E(g) < My(g + 1)W/2Hetb/s (A.61)

for g > 1. Let
p/2+a

e=—"""2"__<(0,1).
p/2+n/2+ 1 ©.1
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For w > (w; + D179 let

=01, L=duw""~-1],

L= ™ =1Lw"”-1], IL=w—-1,0).

For the integral over I; we have

/ (g+ D" 5(e)dg [y 5(8)dg
i AL w/(g + DY = (1 w/2)p /2T

Since p/2+n/2+1=((p/2—-1+a+1/2)+n/24+1—a)+1/2,

lim
w—> 00

—p/2—a d
p/2—1+a+1/2 (g+ 1) %(g)dg
‘ /Il {14+ w/(g + D)}yp/2+n/2+1 0 (A.62)

For the integral over I,, we have

{14+ w/(g + 1)}p/2+n/2+1 = 2 A (1 4 we)p/2n/2+1

_ 4M, 1
T 3(p/2 — 1 +a) wp/2ta’

/ (g + )P (g)dg “u (g + HB3w-raii=lge
b

where the first inequality follows from (A.61). Hence

. . + )PP (g)dg
lim /212 / (s —0. A63
wito n U+ w/ (g + D)o (o9

For the integral under 14, by (A.61), we have

{1+w/(g+ Dyp/2n2+t = vy (g + D30/ Tra)/at]
_ 4M, 1
T 3(p/2 — 1 +a) w2 1ta)s

/ (g + )PP 9% (g)dg <M /oo dg
14 w

Hence

lim wP/2—1+a+p/2=1+a)/9 (g + )" k(g)dg
w—>00 i AL+ w/(g + D}p/2tn/2tl

= 0. (A.64)

For the integral over I3, a change of variables gives
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—p/2—a
/ (g + 177 (g)dg (A.65)
I

AL+ w/(g + 1)p/2n/2+
_ E(w) /wf tﬁ/2+a—2$(w/t — 1

T wp/2—14a S (14 t)p/2+n/2+1§(w)

Since £(g) is slowly varying, lim,,_. .. E(w/t — 1)/§(w) = 1, for any fixed ¢. Recall
£(g) is ultimately monotone as in AS.5. Suppose £(g) for g > (w; + 1)/179 is
monotone non-decreasing. Then we

w321 &1 wi2—1
/ é(g)dg §M1/ dg
wi-—1 §(8) wi-—1 (g+1)log(g+1)

which implies that

sw-1 _( 3 \"
S(uﬂ—e—l)—(z(l—e)) '

Similarly suppose £(g) for g > (w; + 1)'/U~9 is monotone non-increasing. Thus
fw' - _ 3 \"
Ew3?2—-1) ~\20-¢)) ~

Hence, for € (w2, we),

IA

Ew/t—1) _  E@—1) Ew' -1
Ew) max(swl-e 1) W — 1>)

3 M,
(77a)

wel tP/2=2+a S(w/t -1 _ [ tP/2=2+aq;
- o (1+ t)p/2+n/2+l

=B(p/2—-1+a,n/2+1—a),

Then, by the dominated convergence theorem,

B S T 0P E(w)

and hence, by (A.65),

lim

wr/2 1+ / (g + 1) 7> (g)dg _B(p
wooo Ew)

n
AL+ w/(g + D)p/2n/2+t 5—1+a,§+2—a>,66
(A.66)
By (A.62), (A.63), (A.64) and (A.66),

i o @+ DT 4 w/(g + DY PP ey dg
wooo  wP2Hl-ag(u)B(p/2 — 1 +a,n/2+2—-a)

which completes the proof of Part 1.
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[Part 2] As in Part 1 of this lemma,

fo (g+ D772 1+ w/(g + DY P22 Vg (g)dg

w—>oo wP2=ag(w)B(p/2 +a,n/2+1—a) =L

Then

fo g+ D711 +w/(g + D} P20 g(g)dg
fo (g + PPl + w/(g + D}~ w/2H1/24Dg (g)dg
_ B(p/24a.n/24+1-a)  p/2—1+a
-~ B(p/2—1+a,n/24+2—a) n/2+1-a’

hrn o (w) = 1

which completes the proof of Part 2.
[Part 3] Generally, for differentiable functions A(w) and B(w), we have

{wAw)/Bw)}' _ - wA’(w) B wB’(w). (A.67)
A(w)/B(w) A(w) B(w)

By the definition of ¢ (w), we have

(A.68)

we' (w) ) Jo @+ D722l + w/(g + 1)} 1E(g)dg
= —l—mw[— =
¢ (w) Jo g+ D7P21=a{l +w/(g + 1)} "&(g)dg
Jo @+ Dl 4w/ (g + 1)}7”“15(8)018}
Jo (g + =Pl + w/(g + D} E(g)dg

where m = p/2 +n/2 + 1. By Part 1 of this lemma,

lim w [ (g + D722+ w/(g + 1)) ™" 1E(g)dg

w— Jo g+ PP 1=a{l 4 w/(g + 1)} E(g)dg
_B(p/2+1+a,n/2+1—-a) p/2+a _p/2+a
 B(p/2+a,n/2+1—a)  p/24+n/2+1  m

and

i o @ DT+ w/(g + D)6 (g)dg

m w =

w—oo [ F(g+ 1)7P2a{1 +w/(g 4+ 1)} E(g)dg

_ B(p/2+a,n/2+2—-a)  p/2—-1+4a p/2—1+a
CB(p/2—1+a,n/2+2—-a) p/2+n/2+1 m

Hence ,
lim wo(w) _ l—(p/2+a)+ (p/2—-1+a) =0,
w— 00 ¢)(w)

which completes the proof of Part 3.
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A.11 Proof of Lemma 3.3

This section is devoted to proving the equalities in Lemma 3.3.
[Proof of (3.59) of Lemma 3.3] As in (A.25) and (A.27), let

g+1+w n/2+1
ol =1 - (AELEY )
g+ Dw+1)

g+1+wo(g; w)

o + (/2 = D{1 — o(g; w)}.

P(g;w)=b
As in the identity (A.28), we have

¥ (g+ D" E()de
(n/2+ l)w/O T+ w/g Dy
=pp-n [ D "PE()dg [ ot D"E(g)dg
-7 o T+ w/(g+ DY~ Jy 1w/ (g + D)es
+C/°° (o wy L/ EHD (g + D7IRE(g)dg
0 s log(g+ 1)+ 1{1 +w/(g+1)}(p+n)/2+1’

and hence

(n+2)¢w) — (p —2) (A.69)
[ @g; w(g + D721+ w/(g + D) P2 g (g)dg
T e+ D+ w/(g + DYt/ TE(g)dg
IS 1+w/(g+1) o(g; w)(g + 1)P2E(g)dg
O log(g + D+ 1 {1+w/(g+ 1))p+m/2+
Jo @+ D1+ w/(g + D}t/ 2-1g(g)dg

Part 2 of Lemma A.9 and Part 1 of Lemma 3.2 give

/°° 1¢(g; w)l(g + 1)7PE(g)dg
lim ol 1w/ + Dyemr (A.70)
w—>00 ®  (g+ 1)7PPE(g)dg

fo {1+w/(g+ D}rtm/2+

Further Part 1 of Lemma 3.2 gives
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/°° 1+w/(g+ 1 o(g:w)(g+ D P2E(g)dg
lim log w2 log(g+ 1)+ 1 {1+w/(g+ 1)}ptm/2+]
w—00 * (g+1)"PE(g)dg
/0 {14+w/(g + D)prm/a+l
B(p/2,n/2+1) 4 p—2
B(p/2—-1,n/2+2) n+2

(A.71)

=1+

By (A.69), (A.70) and (A.71),

2(p +n)

. p—2
lim logw{—— —¢(u))} = —c T2

w— 00 n—+2

thus proving (3.59).
[Proof of (3.60) of Lemma 3.3] Recall (A.68) as

we'(w)
¢ (w)

_fooo(g + D1+ w/(g + DY e (g)dg
Jo g+ D2 {1+ w/(g + 1)} E(g)dg

S @+ D7 PP 1+ w/(g + 1)}_'"_15(8)(18}
L@+l +w/(g+ 1)) E(g)dg

=1+ mw{ (A72)

wherem = p/2 +n/2+ land&(g) = {g/(g + 1)}*{log(g + 1) + 1}~ forb > —1
and ¢ € R. Note

mw d
1 1 —m—1 - 1 1 -m __ 1 —m
il Tw/et ) gg I+ w/ @+ D) =+ w)™)
= @{{1 +w/(g+ D} (g w},
where ( )_1_< g+1+w )m
vis = g+ Dw+1/ "’
and . B o\ 1
i1+ w/+ 0106 () e T =

for b > —1 and ¢ € R. Then an integration by parts gives
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mwf (g + DPP2(1 +w/(g + Dy " E(g)dg
0

S 2 {1+ w/(g+ D"
/"" (g+ D77 o(g; w)E(g)
0

{log(g + 1) + 1}{l +w/(g + D}"

{1+w/(g+ D)"

El

where

(g w) = b(p(g; w)

+§u—¢@nwy

Then, by Part 1 of this lemma,

/°° (g+ D" () .
lim logw<mw o {1+w/(g+ Dpm — E) =—c
w00 f°° (g + 1)"”/2’15((&')Ol 2 '
0

{I+w/(g+ D"

Similarly,
/” (g+ D" E(g) .
m+1 -2
lim logw(mw o U+w/s+ D) _r >:—c.
w— 00

/"" (g+ D)7%E(g) q 2
o {(1+w/(g+ D)n

Combining (A.72), (A.73) and (A.74), completes the proof.

A.12 Proof of Lemma 3.4

By Part 1 of Lemma A.9, an integration by parts gives

_p /°° (g + D PP e(g)dg /‘” (g + D" '9(g; w)é(g)dg
0 0

(A.73)

(A.74)
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® (g+ D)7PF1Tag(g)dg
n/2+1-— a)w/0 TP

_ [(1 w )n/2+1*a £@9) ]°°
B g+1+w (g + 1+ w)r/2-1+aly

(g + DP9
or- e [ S

§ (g) w (g + 1) P17 ¢(g)dg
/ (& +1)$( ) g+]>{1+w/(g+])}p/2+n/2+l
§@0)

_ © (g+ 1D)PFE(g)dg
=~ F DR +((p/2-1 +a)/0 T4 w/(g 7 Djrarme

~_ w (g + 1) PP (g)dg
—/0 u(g)(l + ¢+ 1) (1+w/(g+ 1)}p/2+n/2+1'

By (2.29) and Lemma 2.1, we have E(g) > —E»(g) > —Eas,

> (g 1)PPIaE(g)dg
{1 + U)/(g + 1)}p/2+n/2+1
[ g+ )PP E(g)dg
<(p/2-1+a+ az*)/(; (1 +w/(g + 1)}p/2+n/2+1
e /00 (g + )7P271-eg(g)dg
iy o {1 + w/(g 4 1)}p/2+n/2+1 ’

n/2+1 —a)w/
0

and hence
n/2+1—-a)yp(w) < (p/2 —1+a+ Ex) + Exndp(w),

which completes the proof of the first equality.

As in (A.68),

’ 0 —p/2—2—a —m—1
we (w):1+mw{—f°0§g“’ Pt w/ g+ DI e
¢ (w) Jo (g + D721l +w/(g + D} 5(g)dg

[ (g + 7P+ w/(g + 1)) " E(g)dg }
[ (g + Dmrl2=a{1 +w/(g + 1)} & (g)dg

where m = p/2 + n/2 + 1. For the second term of the right hand side of (A.75),

(A.76)

w / ¥ (g + Dk (g)dg [<g + 1>-ﬂ/2—“s<g>]w
o {l4+w/(g+ Dyt {I+w/(g+ D} o
(g + D E(g)dg /°° (g + D)7 PP98'(g)dg
{I1+w/(g+ D" o {l+w/(g+Dy"

v (p)2 +a>/0
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Similarly, for the third term of the right hand side of (A.75), we have

/“ (g + D" g(g)dg _ [(g + 1)"’/2“‘“5(5’)]00

o {1+w/(g+ D)t {1+ w/(g+ D) o

*® (g + )PP E(g)dg _ /°° (g+ 1) P/F1~eg!(g)dg
{1+w/(g+ D" 0 {l+w/(g+ D"

(A.77)

+(p/2—1+a)/
0

Hence, by (A.75), (A.76) and (A.77),

we'(w) _ _ EO)Y(T +w)™ (A78)
¢ (w) Jo (€ +D7P 27 1={l +w/(g + 1)} E(g)dg
B EO)(1 +w)™
Jo @+ DPP {1 +w/(g + D} ™&(g)dg
S+ )P+ w/(g + 1)) "€ (g)dg
Jo (g + Dr21=a{l + w/(g + D) "E(g)dg
@+ DT 4w/ (g + DY E (g)dg
S g+ DP2a{l + w/(g + D} E(g)dg
In the first and second terms of the right hand side of (A.78),
/"" g+ D72 e(g)dg _ /°° (g + DH7PP g (g)dg
0 {1+w/(g+Dy"  —Jo {l+w/(g+ D"
and hence
/ 0 = —p/2—1—a —m
wg'w) _ Jy E@E+D™ {1+w/(g+ D} "E(g)dg (A79)

pw) [T+ DAl 4w/ (g + 1)) E(g)dg
o B+ D7l +w/(g + D} "E(g)dg
Jo g+ Drafl + w/(g + DY "E()dg

Recall E(g) = E;(g) — E»(g) where E;(g) is monotone non-increasing and 0 <
E2(g) < By, as in (2.29) and Lemma 2.1, By the correlation inequality (Lemma
A4),

Jo Bi(@)(g + D7PP 1 + w/(g + D) "E(g)dg
Jo g+ PP+ w/(g + 1)) "E(g)dg
W E@G@H DT+ w/(g+ DY Mg
JoS (g + Dr2a(l + w/(g + D} E(g)dg '

(A.80)

Further,
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CJo BEa@@+ DL+ w/(g + D) "E(g)dg

A.81
J (g + Dpm1=a{l + w/(g + D} &(g)dg (A8
fooo E2(9)(g + D721+ w/(g+ 1)} "E(g)dg %
g+ D P el +w/(g+ Dy mE(e)dg

Combining (A.79), (A.80) and (A.81), completes the proof.
A.13 Proof of Lemma 3.5
For

¢ (w) (A.82)

_ o @ DT w/ (g 4 DY g /(g + 1) dg
T @ )P w/ (g + D)2 (g /(g + 1)Jdg
0

note w/(1 4+ g) = —1 4+ {1 + w/(1 + g)} in the numerator of (A.82). Then

Jo g+ D"l +w/(g + D) " g/ (g + D)'dg

P S e D T+ w/g + D) e/ + Dpdg
form = p/2 + n/2 + 1. Further
{1+w/(g +_1)}"”“ _ (1 tw/(g+ 1))""“ (A.84)
(1 4 w)—m! I+w
=(- oy )= § FF(Tm_—lltif) (criws )
Similarly .
SR LR e

Then, by (A.83), (A.84) and (A.85), and using the hypergeometric function,

(o]

Fla,Biyiv) =Yy

i=0

Pl@+)TB+i) Ty o
T TE T+l

(A.86)

we may express ¢ (w) as

Fb+1,m—1;p/2+a+b;v)
(1—vF®b+1,m;p/2+a+bv)’

$p(w) =—-1+
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where v = w/(1 4+ w). Further by Part 1 of Lemma A.20 below, we have

m—1
o(w) =1+ n/24+1—a+(p/2—-1+a)G(v)
(p/2-1+a){1 -Gw)} - p/2—1+a

T a2+ l—-at+(p2—1+a)Gw) ~n2+1—a+tb(p/2+n)2)
where the inequality follows from Part 2 of Lemma A.20, where

F(b,m—1;p/2+a+b;v)
Fb+1,m—1;p/2+a+b;v)

Gv) =

This completes the proof of the first inequality of the lemma.
By (A.67), we have

wg'w) | o {_ g+ D7PP a1+ w/(g + Dy g /(g + D)Pdg
o (w) fo S+ Dr21=afl 4 w/(g + 1)} {g/(g + 1)}*dg
g+ D7PP =1+ w/(g + D} Hg /(g + D)Pdg }
L@+ PPl +w/(g + DYy ™{g/(g + Dibdg

By w/(1+g) = —1+ {1 +w/(1 + g)}, (A.84), (A.85) and (A.86), it follows that

wg'(w) _ ] Jo g+ D2 1 +w/(g + D)™ g/(g + D}"dg
¢ (w) Jo (g + 7P 1=afl +w/(g + 1)} {g/(g + D}bdg
S g+ DT+ w/(g + DY g/ (g + D)dg ]
Jo g+ 7P {1+ w/(g + D}y {g/(g + 1)}*dg
Fb+1,m+1;£4+1;v) B Fb+1,m+1;¢; v)}
Fb+1,m;L+1;v) Fb+1,m;ev) V

=1+m(1—v){

where £ = p/2 4+ a + b. By Part 1 of Lemma A.20,

we’ (w) _ Fb,m; ¢+ 1;v) Fb,m; ¢;v)
d(w) _(p/2+a)F(b+l,m;€+l;v) _(p/2_1+a)F(b+l,m;K; v)

Further
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Fb,m; L+ 1;v) F(b,m; ¢;v)
2 —(p)2—14aq)—2EY)
R R s Pt = i e
p/2+a Fb,m; £+ 1;v)—1
fr— 2
Forlmitto P TR et Lo
p/2—1+a Fb,m;¢;v)—1
B e N ), S | i et Sk B
FotLmtn PRI OR Ty
Fb,m;£+1;v)—1
> (p)2
R I i B
>(P/2+d)b’
= b+l

where the last inequality follows from Part 2 of Lemma A.20 below. This completes
the proof of the Lemma’s second inequality.

Part 1 of Lemma A.20 below is the the formula number 15.2.18 of Abramowitz and
Stegun (1964). Part 2 of the lemma is essentially due to Maruyama and Strawderman
(2009).

LemmaA20 . (y —a—B)F(o,B;y;2)—(y —a)Fla—1,8;y;2)+B(1 —2)
Fla,p+1v;2)=0.
2. For—1<b<0,>0andy >0,

F®,B;y;v) >F(b,/-‘3;y;v)—1> Fb, B;y;v) —1 - b
F(b+1,By;v) ~ Fb+1,8;v:v) ~ Fb+1,Biy;v)—1 ~ b+1’

Proof [Part 1] The ith component of the left hand-side is given by

z_iF((x+i)F(ﬂ+i) C(y) {( o p) a—1 v — )
il T@ TB To+nl” ati—17
iy +i—1)
D)
The term
—1 iy +i— 1

is zero, which completes the proof of Part 1.
[Part 2] By —1 < b < 0,

F(b,B;y;v)—1<0and Fb+1,8;y;v) —1>0,

for all v. Then
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Fb,Biyiv) 1 Fb,p;y;v) —1
F(b+1,B;y;v)  Fb+1,By;v)  Fb+1,B;y;v)
>F(b,ﬂ;7/;v)—1> F®,B,y:v)—1

TFO+1LByiv) T Fb+1,8y;v)—1"

Further
S IeETE LD T v
Fb.pryiv) — 1 Z T T@) T+

Fo+1LByv:iv -1 ETe+1+)TB+i) Ty) v
re+1n 1B Ty+i)i!

ZF(b—I-i)F(ﬁ—i-i) ry) v
p ZTGh+1) TP Ty+i)il b

= > .
b+1§:I‘(b+1+i)F(ﬁ+i) I'y) o ~ b+1
i=1

i=l1

T(b+2 TP Ty+i)i!

This completes the proof of Part 2. O

A.14 Proof of Theorem 3.15

Recall the estimator éa is {1 — ¢ (w)/w}x where

f0°°(g + D)~@tbp/2=D=201 4 w/(g + 1)}—(a+1)(p/2+ﬂ/2)—1dg

bo(w) = wfooo(g + 1)~@EDG2=D-1] 4 /(g + 1))@ D@/ 24n/2-1d g

As in (3.71) and (3.72), an integration by parts gives

(g + 1)~@rbp/2-D-14, N )
{14+ w/(g+ D}etD®/24n/2) (] 4 y)@+D(p/24n/2)
00 (g + 1)(0l+1)(n/2+1)71dg )

(1 + g + w)@+tD@/24n/2) + (1 + w)@+Dp/24n/2)
) 00( n 1)(ot+l)(n/2+1){ (@+1D(p+n)/2 }d
B 0 & (1 —+ g + w)(d+1)(p/2+n/2)+1 8

(g + I)~@tb/2=D-1q,
{14+ w/(g+ 1)}etDp/2+n/2+1

m+nm+m/
0

=(0t+1)(n+2)/
0

:(a+l)(p+n)/
0

and
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o) (g + 1)7(o¢+1)(p/271)71dg 2

(@+D(p— 2)/ —
o {14+ w/(g+ DYe+D@/241/2) (1 4 w)@tD(p/2+n/2)
* @ - w (@+1)(p+n)/2
22/ (g + 1)~@thw/2 1>{ 5 4 1/2 5 1}dg
0 (8 + D2 {1 +w/(g + D)etDp/2tn/2+
(g + 1)7(a+1)(p/271)72dg

{14+ w/(g + D}etD@/24n/+1"

= (a + 1)(p+n)w/
0

Then
. ) fooo(g + 1)7(a+1)P72{1 + w/(g + 1)}7(a+1)(P+N)71dg
w)=w
(] fooo(g + 1)—(a+1)P—1{1 +w/(g+ 1)}—(a+1)(P+N)_1dg
_P=Tuw)
N + Jo(w)

where P = p/2 —1land N =n/2+ 1 and

I 0 dg (1 4+ w)(1 + g)\@thP+N)
Falw) @t 1)/ (g+1 )(““)PH( l+w+g )

— )/ ( wog )7(a+1)<P+N)
o ( +1)(0¢+1)P+1 1+w1+g

F'(la+1D(P+N)+1i) w g \
(Ol—l—l)/ (g +1)(“+1)P+1Z I'((ea + 1)(P + N))i! (1+w1+g>
F((Ol—i-l)(P—i-N)-i-i)( w )i
T+ DP+N)i! \1+w

=<a+1)ZB(<a+1>P, +1)
i=0

i (¢ + DI ((@+ DHP) F((a+1)(P+N)+z)( w )f

F(@+DP+i+1D T(@+D@P+N) \l+w

i=0
For fixed i, the coefficient of 1/ 7, (w),

(¢ + DI'((@ + DP) T'((@ + D(P + N) +1i)

C(@+DHP+i+1) T((a+DH(P+N))

_ 1 P+N~|—1/(oz+1)X”.XP+N+(i—1)/(ot—|—1)
P+ifla+1) P+1/(@+]1) P+(@G—1)/a+1)

)

is increasing in «. Then, by the monotone convergence theorem, we have

0 . (P+ N)w
o lZ(P+N w ) _ 1/(1—m) w < P/N,
a—o0 Ju(w) Pi:O P 14+ w 00 w > P/N,

and hence
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. e w w<(p—2)/(n+2),
alLIIOIOQﬁa(U)) = ¢_]S(w) = (p—=2)/n+2) w=>(p—-2)/(n+2).
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