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1 Introduction

Except for the famous Wigner-von Neumann potentials [48], bound states of
quantum systems are usually found below the energies of scattering states. The
bound state energies and the scattering energies are separated by the ionization
threshold corresponding to the essential spectrum threshold. Above this threshold,
the particles cease to be bound and move to infinity. Below the threshold, the binding
energy, i.e., the difference between the ionization threshold and the energy of the
bound state, is positive. Since the minimal energy cost to move a particle to infinity
is given by the binding energy and since regular perturbation theory predicts that
the energy changes only little under small perturbations the quantum system is
stable under small perturbations. As long as the binding energy stays positive the
corresponding eigenfunctions are still bound, i.e., they do not suddenly disappear.
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Imagine a parameter of the quantum system being tuned such that the energy of
a bound state, e.g., the ground state energy, approaches the ionization threshold. At
this critical value, the perturbation theory in the parameter breaks down. Moreover,
at this threshold there is no energy penalty for moving the quantum particle to
infinity anymore. So it is unclear what happens exactly at this binding—unbinding
transition: Does the bound state disappear, i.e., the quantum particle can move
to infinity and the eigenstate of the quantum system spreads out more and more
and dissolves, or does the bound state still exist at the critical parameter and
then suddenly disappears (see, for example, the discussion in [29]). Consider a
Schrodinger operators of the form

sz—LA—VA(x)—i-U(x) (D
2m

where — ﬁ A is the kinetic energy, U a non-zero repulsive part of the potential and
—V,. acompactly supported attractive part of the potential depending on a parameter
A. This operator describes one-particle models, however with slight modifications
it can also describe interacting many-particle systems. The well-known WKB
asymptotics, see also the work of Agmon [2], shows that the eigenfunction ¥
corresponding to a discrete eigenvalue E of the operator (1) falls off exponentially
with the distance to the origin, i.e.,

U ~ exp (—w/2mAEA|x|>

for |x| — oo where AE;, > 0 is the binding energy, i.e., the distance of the
eigenvalue E to the bottom of the essential spectrum of H,. Such a decay estimate
does not provide any useful information at critical coupling when AE, = 0. Even
worse, all rigorous approaches for decay estimates of eigenfunctions usually provide
upper bounds of the form

W)l < Csexp (~(v2mAE, - 9)lx]) )

for all small enough § > 0 with a constant Cs which diverges in the limit § —
0, see e.g. [2]. Therefore, in order to be able to prove bounds on the asymptotic
behavior of bound states, which still yields useful information when the binding
energy vanishes, a new approach is needed. It can not require a gap between the
eigenvalue and the threshold of the essential spectrum to work.

The new method developed in [23], which is presented in the next section, can
be viewed as a higher order correction to the WKB method. The main ingredient is
still a suitable energy estimate. However, our approach to energy estimates is based
on the idea that a positive long—range repulsive part of the potential can stabilize a
quantum system. Such a long range positive part allows us to gain extra flexibility, in
particular, it remove the necessity of positive binding energy, i.e., a safety distance
with respect to the bottom of the essential spectrum. The underlying intuition is
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Fig. 1 Sketch of tunneling
problem for the ground state
at zero energy: black line
corresponds to the potential,
red line to the energy level,
green to the eigenstate and
grey area to classically
forbidden region 0

Potential

that if the binding energy AE, vanishes as the parameter A approaches a critical
value, the bound state can only disappear when it tunnels through the positive tail
of potential, see Fig. 1. If this tunneling probability is zero, the ground state cannot
disappear, hence the quantum system stays bounded at the critical coupling. This
behavior is also predicted by numerical calculations [12, 13, 19, 42]. Our method
makes this intuition precise, including upper bounds on the asymptotic behavior of
the corresponding eigenfunctions at the ionization threshold.

Before we present our approach let us shortly mention some known results
for the existence and non-existence of threshold eigenvalues. Early results on
existence or non-existence of threshold eigenvalues go back to [1, 26, 28, 30—
32,37, 39,40, 44, 49]. In [9] it was noted that a long range Coulomb part can create
zero energy eigenstates, see also [36, 50]. An analysis of eigenstates and resonances
at the threshold for the case of certain nonlocal operators recently appeared in [27].
The references presented above are by no means exhaustive.

The main result of the paper, presented in Theorem 1, yields decay estimates for
bound states of quantum systems which do not require that the binding energy AE;
is positive if a suitable long-range repulsive part of the potential is present.

2 The Method

For simplicity of the exposition we will only consider one—particle Schrodinger
operators H, of the form (1) in the following. We also assume that the potentials
V). and the long range repulsive part U are in the Kato—class, see [4, 11] or [45]
for the definition. This ensures that the potentials are infinitesimally form bounded
with respect to the kinetic energy —A, so the Schrodinger operator (1) is well—
defined with the help of quadratic form methods, [41, 46]. The ionisation threshold
Y, = infoess(H)) is given by the bottom of the essential spectrum. We also assume
that the potential vanishes at infinity, in which case g (Hy) = [0, 00),1.e., &) = 0.
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Theorem 1 Each normalized eigenfunction ) corresponding to an eigenenergy
E; < 0 of H), satisfies

1 |[VF|?
Ul Sexp(—F — =In( AE, + U — 3)
2 2m
with AE), = —E), being the binding energy, and F being any function which is
bounded from below and satisfies
IVFP?
<AE, +U )]
m

forall |x]| > R > 0. Here U > 0 is the repulsive part of the potential.

Remark 1 Choosmg F(x) = p|x| yields [IVF(x)|*> = u?. Note that AE, + U —

2
IVF E > AE), — — since U > 0. Thus in the subcritical case, when the binding

energy is positive, upper bounds of the form (2), which, for one—particle operators,
coincide with the result of Agmon [2], follow immediately from Theorem 1.

In the critical case, when the binding energy vanishes, a non-zero repulsive part
U is indispensable since otherwise (4) can never be satisfied. However, in contrast
to the usual WKB asymptotics our bound provides detailed information on how
well the quantum system is localized at critical coupling, when a repulsive part
U is present. The logarithmic expression in the exponent of (3) corresponds to a
polynomial correction of the asymptotic behavior and in all relevant cases it is of
smaller order than F.

The existence of the eigenstate is a necessary assumption in Theorem 1. On the
other hand, as shown in [23, 24], the existence of an eigenstate for the critical case
follows from bounds of the form (3) together with tightness arguments in the form
of, e.g., [21].

Proof In the following we will, for notational simplicity, drop the dependence of
the Schrédinger operator, the wave function, and the eigenenergy on the parameter
A.

Starting Point Consider a self-adjoint operator H given in (1) with and a normal-
ized eigenvector i satisfying
where E is the corresponding eigenvalue below or at the threshold of the essential
spectrum.
1st Step Let 0 < x < 1 be a smooth real-valued function satisfying
0, for|x| <1
x(x) = : )

1, for|x| >2
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The scaled functions given by xg(x) = x(x/R) for R > 0 smoothly localize in the
region {|x| > R}. Note that suppV xr is localized in the annulus {R < |x| < 2R}.

Let F be another smooth and bounded real-valued function for which also |V F|
is bounded. With & = yge! one calculates from the eigenvalue equation

Re((&)*y, HY) = E((&)*y, ¥) = E|lgy|*.

2nd Step Using a variant [11, 16] of the IMS localization formula [25, 35, 43], we
obtain

Ellxre" ¥II> =Re((€)*y, HY) = (§y, HEY) (W, IVEPY) .

1
2m
Clearly, VE = V(xgef) = Vx,ef + xgVFel, so

V&P < (IVxrl? + 22k Vxg|IVFI) € + V1262

Note that the good part G = (IV)(RI2 +2xrV xR - VF) ¢2F has compact support,
because the support of V xr is compact for any R > 0. Rearranging the terms, we
obtain

F 1 2 F 1
(xre™ v (H = E =S IVFI?) xre™v) < 5~ (. Gy). (©)
2m 2m
The usual argument now uses Persson’s theorem [38] for the bottom of the essential
spectrum

T =infoes(H) = lim {(¢, Hp) : ||l = 1, supp (¢) C By} (7
R—o0

where B = {|x| > R}. Thus, since we assume that ¥ = 0, for any § > 0 there
exist Rs < oo such that

(o, Hp) > (X — 8){p, p) = —58(p, ¢)

for all ¢ with support outside a centered ball of radius Rs. So with R = R;, we get
from (6)

(¥, GY)

(xre" v (=8 E— - \VFP)xxe"y) < -

2m 2m

but one needs positivity of —6 — E — ﬁ|VF|2 and this requires £ < —4, i.e., a
safety distance of the negative eigenvalue to the essential spectrum.

Instead, we use the assumption that the potential is given by —V + U, where V

has compact support and U is positive. Chosing R so large that the support of V is
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contained in {|x| < R}, we have
(xreF v, Hxre" v) = (xgef v, (= A + U)xretv) = (xret v, Uxgefv)

and using this in (6) one arrives at

1 1
(xre™v. (AE+U = IVFP)xpe o) < 5 (.G} ®)
2m 2m
where AE = —FE is the binding energy. We want to use this energy inequality to
prove exponential bounds on ¥, but for this we need that F is growing.

3rd Step In order to overcome the requirement that F is bounded, we regularize it.
Let F be smooth, bounded from below and let V F be bounded. Adding a constant
to F, we can assume that F > 0. This also does not change the gradient of F'. Then
for any ¢ > 0 the function

_F
T 1+4¢F

&

is smooth and bounded. Since VF, = (1 + ¢ F)"2VF also VF, is bounded. Let &
and G, be defined as above with F replaced by F,. Clearly F; < F and |VF,| <
|[VF| forall ¢ > 0. Hence G, < G and

IVE* < G + |VF:|’8] < G+ |VFIE]

for all € > 0. The argument leading to (8) then shows
F, 1 2 F, 1 2
(xre™ v, (AE+U = IVFP)xre™y) < s (0. G) < KIWIP. )
2m 2m

with K = ﬁ SUPR<|x|<2r G (x) < 00, since G is supported inside {R < |x| < 2R}.

Note that

2
qgefetim (AE+U— L IVFP) y H '

1
(xre" . (AE+U = —IVFP)xpefy) = ‘
2m
The monotone convergence theorem and (9) yield

2
H qef i (AE+U— L |VFP) v H

. F, 1 2 F, 2
=11m<XRe £, (AE~|—U——|VF| )XRe 81/f>§K||1//|| < 00.
£—0 2m
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for any normalized eigenfunction ¥ with energy E < 0. This proves an L2
exponential bound on ¥, i.e., the function

1 1 )
X > exp <F(x) + Eln(AE+U — %WFl )) ¥(x)

is in L2 under the condition that all exponential weights F satisfy (4). The claimed
pointwise bound on ¢ then follows from such an L? bound using subsolution
estimates of [45], see, e.g., the discussion in [23, Corollary 5.4].

3 Examples

In this section we consider illustrative examples of a quantum particle in a potential
well with a long range Coulomb repulsion term. In the first example the tunable
parameter is the depth of the potential well. We will see that the bound from
Theorem 1 fits very well with the explicitly calculated asymptotic behavior of the
ground state of such a system. In a second example we tune the strength of the
repulsion term. In the last example we illustrate that a long range repulsion term is
crucial at critical coupling.

First Example In dimension 3 let us consider

1 >1
HA:—A—)»I{MSl}—i—%. (10)

Here we chose m = % for convenience. In this case U (x) = 1/|x| for |x| > 1. It can
be easily shown that there exists a critical value A s.t. for A > A, the Hamiltonian
H, has at least one bound state and for A < A there are none. Furthermore, for this
system we have ¥ = 0 and A & 0.634366.

Take F(x) = 2b|x|'/?. Then VF (x) = blx|~"/? and

—p?
x|

Ux)— [VF(x)|> = ! >0

whenever b? < 1 and |x| > 1. Thus Theorem 1 shows the upper bound
|¢A| 5672b\x|1/2+%ln|x| (11)

for large |x| and all eigenstates with energy E) < Oandall0 < b < 1. Thisis a
stretched exponential decay.

One can make the bound tighter by choosing a more general radial weight
function. With a slight abuse of notation, we set F'(x) = F(|x|). Then VF(x) =
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F’(|x])x/|x| and the borderline case allowed, or better, just not allowed by
condition (4) is

AE+U@F) —|F'(n?*=0

with r = |x|. Hence we want to solve the equation F'(r) = /AE + U(r). For
a,b > 0let F, p, be given by

r p\ 12
Fap(r) = / (a + —) ds
0 S
n b\ '/? . b inh ar
= — ——arcsin — .
a r " Ja V b

It is easy to check that the derivative in r of the right hand side is given by integrand
(a+b/r)'/2. Splitting U(r) = 1/|r| = 8/r + (1 —=8)/r,for 0 < § < 1, suggests to
takea = AE; and b = 1 — §. Theorem 1 then gives the upper bound

12)

[¥5.(0)] < e—FAEk.l—8(|x|)+%ln x| (13)

for the ground state of H, with AE, > 0 and any 0 < § < 1. In the subcritical
case, where the binding energy A E; > 0, the first part on the right hand side of (12)
corresponds to exponential fall-off with exponential weight «/AE) |x| (recall that
we put m = 1/2), which is exactly the prediction of the WKB method, and the
second one is the polynomial correction since arcsinh[y] = In(y + /y2 + 1).

Note that

lin%) Fup(r) =2br
a—>

so in the limit where the binding energy vanishes we recover the bound (11)
from (13). See Fig. 2 for an illustration.
One can further improve upon the upper bound, by trying an ansatz of the form

F(r) = Fap(r) — K|x|* (14)

forany K > 0and 0 < « < 1/2. It is straigtforward to check that witha = AE;
and b = 1, this ansatz satisfies (4) for all large |x| and all AE, > 0.

For vanishing binding energy, i.e., at . = A, @ matching lower bound for the
ground state, which can be chosen to be strictly positive, of the form

e VIR <y L ()
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Fig. 2 Scaled plot of normalized ground states for the Hamiltonian (10) with varying parameter A
for x € [0, 1600]. The convergence of the ground states for A \( Ae & 0.63 is visible. Note that
in this choice of scale the parabolic curves correspond to the ground state decaying asymptotically
as exp(—c|x]), as is predicted by the WKB method, when the parameter A > Ar. For A = A¢; the
nearly straight line indicates that the ground state decays like exp(—2+/[x])

forany K > 0and 0 < « < 1/2, was obtained in [23] using a subharmonic
comparison lemma [3, 17]. Explicit calculations show that the eigenfunction has
asymptotic behavior in the form

C e*ZM
Yier (%) P

for large |x| which is in perfect agreement with our result.

Remark 2 In general the existence or non—existence of ground states at critical
coupling depends crucially on the dimension of the considered problem, see [24]
for more details.

Second Example We consider again an operator describing a quantum particle in a
potential well with a repulsion term everywhere outside that well. However we do
not decrease the depth of the well but increase the repulsion term. We start with an
operator having a long range Coulomb repulsion term in three dimensions

Cc

He = —A — 1q<y(Ix]) + Ta<xp(xD (15)

|x|

Increasing the repulsive term, i.e., increasing the parameter c, the eigenfunctions
become more localized up to the numerically calculated critical value ¢ =~
3.11693, see Fig. 3.



268 D. Hundertmark et al.

Fig. 3 Plot of the normalized 0.8F"
ground state eigenfunction for — ¢c=0
the model (15) for several c=1
values of ¢ 0.6¢
c=2
o L — C=C i
504 cr
0.2+
0.0 ‘ ‘ ‘ =
0 2 4 6 8 10
X
This operator has essential spectrum oess(H) = [0, 00) for any ¢ and it has

negative energy ground state for sufficiently small positive ¢ < c¢r. The argument
from Example 1 shows that eigenfunctions . of H, with energy E. < 0 decay as

e ()] S exp (= Fig, e (x) + xlx|?)

for any k > 0 and 0 < § < 1/2, where Fg,| is given by (12) with the choice
a=|E; and b =c.

At critical coupling ¢ = ¢ the operator (15) has a normalizable ground state
with eigenvalue 0. For this it is crucial to have a long range repulsive term. Without
long range repulsion the eigenfunctions will delocalize more and more for ¢ ¢,
as is illustrated in the next example.

Third Example To see the importance of long range behavior of the repulsive
potential we consider next a Hamiltonian with only a finite size repulsive barrier

He = —A — 1<y (1x]) + el <ppi<2) (1x1) (16)

again in dimension three. Note that the value 2 is artificial and has no particular
importance. If we start to increase the parameter ¢ up to the critical value Co; ~
2.7938776, we see that far away from the critical value the increase of ¢ leads to
the localization of the wavefunction even by a short range potential. However for
¢ > 2.5 the wavefunction starts to spread further and further and for ¢ = 2.78 the
fall-off of the function is hardly visible, see Fig. 4. Using results of [24] it is easy to
see that 0 is not an eigenvalue of the operator given in (16) for ¢ = C¢;.

The presented plots highlight the physical intuition that the wavefunction has
to tunnel through the repulsive barrier in order to leave the potential well and
delocalize. However the long range Coulomb repulsion is too sticky for the
wavefunction to delocalize even at the critical value and hence we are able to prove
fall-off behavior at the threshold of the essential spectrum.
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Fig. 4 Plot of the normalized

ground state eigenfunction for — ¢=0

the model (16) for several 0.6} c=1

values of c. It illustrates, that

as ¢ approaches Cy; the c=2

wavefunction delocalizes 0.4 — ¢=25
>

— ¢=2.78
0.2} k ]

0.0 | ¥ ]

4 Outlook

Our method is not restricted to a Coulomb type long range part of the potential nor
to the case of one-particle models. A variety of physical systems can be handled.
For example, it is easy to check that for a long range repulsive potential U, which is
radial, say, any exponential weight F' of the form

F(r)= S/r,/U(s)ds (17)
ro

for some rp > 0 and 0 < § < 1 will satisfy (4). To yield a useful upper bound
one need that lim, o, F(r) = o0, i.e., the integral | :) /U (s) ds should diverge in
the limit r — oo. For power law repulsive potentials of the form U(r) = c1r™¢
this shows that one needs o < 2. Since for vanishing binding energy AE = 0, the
correction term satisfy

1 |VF(@r)?
——In(UGr)— ———— ) ~c2Inr
2 2m

for some (computable) constant ¢, and all large r, we get a useful upper bound for
any ¢; > O when o < 2. If @ = 2, i.e., the repulsive part U (r) decays like a Hardy
type potential, we also need that c; is large enough.

Of particular importance are multi—particle systems, such as N electron atoms
with a nucleus of charge Z. For such atomic systems ground states exist once N <
Z + 1, due to a classical result by Zhislin [51]. For N > 2Z + 1, no such states exist
[33]. Hence, for any fixed number N there is a critical charge Z.(N) such that for
Z > Z.(N) bound states exist and for charges Z < Z.(N) the quantum system has
no bound state. Note that Z.(/N) does not have to be a whole number.

For helium-like systems, a variational calculation of Bethe[8] shows that Z.(2) <
1. Numerically, it is known [5] that Z.(2) ~ 0.91. The existence and absence of an
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eigenstate for the simplest nontrivial example of helium-like systems for Z = Z.(2),
was studied extensively by M. and T. Hoffmann-Ostenhof and Simon [18]. They
derived the existence of an eigenstate at critical coupling Z.(2) for a singlet state
and conjectured its fall-off behavior to be subexponential [18]. This conjectured
fall-off behavior of threshold eigenstates was used for example in [10, 14, 20, 34].
Using our method we recently proved in [23] that the conjecture made in [18] is
correct.

For general atoms, the existence of a ground state at critical coupling was studied
in the Born-Oppenheimer approximation in [7] and without it under the additional
condition Z.(N) € (N — 2, N — 1) in [15]. These results establish the existence
of an eigenstate, but the derived decay bounds are far from what is physically
expected [20].

Our approach relies mostly on energy estimates which, when combined with
a geometrically inspired lower bounds for the multiparticle potentials of atomic
systems, see e.g. [47], are also applicable to many-particle systems. In particular,
our method is applicable to atomic systems under the additional assumption that
N — K > Z.(N), where K is the number of electrons leaving the atom as Z
decreases below Z.(N). A preprint with a proof of concept is available on the arXiv
[22].

For very large atoms, it is undoubtedly necessary to use, at least for the inner
electrons, the corresponding relativistic equations to obtain the correct results. Our
method relies mainly on the IMS localization formula. Thus using known results for
pseudo-relativistic quantum systems [6], it should be possible to adapt our method to
systems with pseudo-relativistic electrons. Moreover, calculations suggest that our
method is also valid within Hartree-Fock and Density Functional Theory (DFT).
This is especially interesting due to the fact that these theories are inherently
nonlinear.
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